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In this paper we present a self-contained and detailed exposition of the new
renormalization group technique proposed in [1, 2]. Its main feature is that the
renormalization group transformation acts directly on a space of operators rather
than on objects such as a propagator, the partition function, or correlation functions.

We apply this renormalization transformation to a Hamiltonian describing the
physics of an atom interacting with the quantized electromagnetic field, and we prove
that excited atomic states turn into resonances when the coupling between electrons
and field is nonvanishing.  © 1998 Academic Press
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I. INTRODUCTION

In this paper we give a detailed and mathematically self-contained presenta-
tion of the new renormalization group technique proposed in [1, 2].

The mathematical problems we address in this paper are encountered
in the quantum theory of atoms and molecules coupled to the quantized
electromagnetic field. As explained in [ 1, 2], our task is to explore spectral
properties of Hamiltonians that generate the time evolution of systems of
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electrons (“particles”) bound to static nuclei and interacting with the
quantized radiation field (“bosons”). In paper [2] we justify studying the
following simplified quantum mechanical model system.

The Hilbert space of pure state vectors of the system is given by

H = Ay ® T LAR)], (L1)

where 7, the “particle Hilbert space”, is some separable Hilbert space (for
a single electron, e.g., given by L(X)® C?, X=~R? in the Schrodinger
representation), and %, = %[ L*(R?)] is the Fock space of the quantized
radiation field, i.e., % is the Hilbert space of symmetric tensors of arbitrary
rank (“multi-boson states”) over the one-boson Hilbert space L*(R?). Here
R? is the momentum space of one boson (while X~ R? is the physical
configuration space). The Fock space %, carries a unique, unitary,
irreducible representation of the canonical commutation relations between
creation- and annihilation operators, a'(k), a(k),

[a(k), a(k')]=[a'(k),a’(k)]1=0,  [a(k),a’(K)]=0(k—K'), (12)

for arbitrary k, k' e R% in the sense of operator-valued distributions. The
boson Fock space contains a special unit vector, Q, the vacuum vector,
which is characterized, up to a phase, by the equations

a(k) 2=0, for all keR? (L3)

(“lowest-weight condition”). The vacuum vector is a cyclic vector for the
polynomial algebra generated by creation-and annihilation operators smeared
out with test functions; (the representation of the commutation relations (1.2)
on %, is uniquely characterized by unitarity, the lowest-weight condition (1.3),
and the cyclicity of Q).

The time evolution of the system is generated by a Hamilton operator
H (0 =0), which is a self-adjoint operator defined on a dense domain in .
The family of operators H,(0) is defined by
Hy(0):=H,®1+e 1QH+ WY, (1.4)

g

where H, denotes the particle Hamiltonian,
H,:= j w(k) a'(k) a(k) dk (15)

is the (free) boson field Hamiltonian, which is self-adjoint on its natural
domain Z(H,) = Z,[ L*( R9)], where the dispersion w is given by w(k) := |k|?,
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>0 (note that y=1 and =3 for physical photons). The term W” is of
the form

wh= Y MO (L6)

g
I<M+N<2

W(]\Z?N:f G Y (ST Y S %N; 0)

®a'(ky)---a'(ky) alk,) - aky) dk, ---dk,, dk, ---dky, (L7)

where G,, » are functions with values in the operators on J, and g is a
coupling constant. It describes the interactions between the particle(s) and
the boson field. The parameter 6, a complex number with |Im 8| small, is
introduced, in order to reveal the resonance structure of the spectrum of H,;
the physical value of 8 is @ = 0. Exploring properties of the spectrum of H,(0),
in particular of H,(0), is the main purpose of the present paper. For a detailed
summary of our results, our methods, and background material, as well as
references to related work see [2].

Next, we define H,;, H,, and ng‘” more precisely and describe the basic
assumptions underlying our analysis.

L1. Assumptions on the Model and Main Result

We assume that H,, is a self-adjoint operator on a dense domain of definition
Y(H,) < #, with a standard spectrum, o(H,), i.e., o(H,) contains isolated
eigenvalues e, < e, <e, < --- <2, of finite multiplicity without any accumu-
lation point below X and (absolutely) continuous spectrum contained in
[2, o0) (see Fig. 1). These spectral properties are typical for Schrodinger
operators, —A4 .+ V(x), describing the dynamics of nonrelativistic point
particles (see e.g. [3, 8]). We wish to study the spectrum of H,(0) in the
vicinity of one of the eigenvalues, e;, of H,,. For simplicity, we assume e;
to be non-degenerate and isolated by J >0 from the other spectrum of H,,.

The two parameters y (the power in the dispersion relation @) and d (the
dimension of the photon momentum space) will affect the perturbation
theory that we shall develop. For this reason, we want to keep their values
unspecified. Of course, we ensure that our results cover the physically relevant

gr. states (abs.) cont. spectrum
exc, states

Ey, E, E;, --- X

FIG. 1. The spectrum of H,,.
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case. In contrast, polarization degrees of freedom, which physical photons
possess, do not have any effect on the present results and are neglected.

Fixing 0:=i8, 0 <9 <n/2, we observe that Hy(0)=H,_,(0) in (1.4) is a
non-self-adjoint, but normal operator on # with spectrum a(Hy(0))=
o(H,)+e "a(H,) (see Fig. 2).

As illustrated in Fig. 2, the eigenvalues ey, e, e,, .., ¢e;, .. of H, are
eigenvalues of H(0), as well. They are not isolated from the remaining
spectrum anymore, however, and one cannot apply standard perturbation
theory to study their fate when the perturbation is switched on, g>0.
Indeed, the main achievement in the present work is to construct a pertur-
bation theory for eigenvalues which are not isolated from continuous
spectrum.

We remark that Hy(0) (trivially) is an analytic family of type A [6, 8]
for 0 in a sufficiently small neighborhood of zero. Under suitable analyticity
assumptions on W(g(’ ), which we state in Hypothesis H-2 below, this extends
to H,(0) for small values of g. One may thus obtain the analytic continuation
of matrix elements (¥ |[ H(0=0)—z] ' @) from ze C, across the real
axis into zeC_, by studying that of (¥ |[H(0=i9)—z] '®) for
0<3<m/2 and ¥, @ taken from a universal dense set ¥ = #. By means
of this meromorphic continuation, we can identify spectral properties of
H (0 =i9) such as eigenvalues and continuous spectrum, with poles, branch
points and cuts on the domain of analyticity of the meromorphic continuation
of matrix elements of the physically relevant resolvent [ H,(0 =0) —z] . This
procedure is known in mathematics as complex scaling and is described,
e.g,in [3,5, 8].

We turn to the specification of W, = W“” We assume that, for ke R,
G, o(k), Gy 1(k), and their adjoints are quadratlc forms on s, with form
domain containing Z(|H,|"*). Likewise, G, o(k, k'), Gy »(k, k'), G (k, k'),
are assumed to be bounded operators on .#,,, for all k, k' € R

Before we specify our bounds on the norms of the coupling functions,
G, .k, ...k, ,), in a Hypothesis, we introduce natural dimensionless
units, in order to rewrite the Hamiltonian of the system in a simpler form:
We introduce the distance ¢ of the eigenvalue e; to the rest of the spectrum
of H,, as our unit of energy. This enables us to set 0 =1, throughout the
following.

0E1

AN\ 4

FIG. 2. The spectrum of H(0
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In order to see that we are not loosing generality in setting 6 = 1, we apply
a unitary scale transformation, I',, to H,: This transformation unitarily
implements the scaling of boson momenta,

ks>nk,  keR?% >0, (18)

on the Fock space Z[ L(R?)] and is determined by the properties that
Q=0
}7 2

Fna"(k) F;,"zn_(d/zy)a"(n_“/”k), and

0y —(d/29) 4 —(1/7) (19)
I'ya(k) I'y=n a(n k).
Note that I, is obtained by lifting the operator f(k) > n%?f('k), defined
on the one-particle space, L*(R?), to the Fock space. Thus, using w(k) = |k|”
and choosing # :=J, we observe that

and, for I <M+ N<2,
W) =6 AQT,) W (AR T ) (L11)

:[ Gs(le,s]c\[)(kls (XXT) kM’ kl: eeey kN)

®a'(ky)---a'(ky) alky)---alky) dk, --- dk,, dk, --- dky,

where
G%ﬂ“’\,’(kl, v Kpg g ) 1= O NY2) = IGM, MO0V, 0k yp n). (113)

So,  defining HU*):=0"'(1QTI,) H(1®I}) and WU :=
Sicmin<2 &Y W(A}‘;Sf\,), we find that

H{*)=0""H,®1+e 1@ H,+ W=, (1.14)

The benefit of passing from H, to H{* is that the eigenvalue 0 ~'e; of
the rescaled particle Hamiltonian H(* :=35~'H,, is now separated by a
distance 1 from the rest of its spectrum. Moreover, by a trivial energy shift,
we may replace 0 ’lej, by zero.

We formulate our assumptions and henceforth drop the superscript
“(resc)”.
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HypPOTHESIS 1. Zero is a non-degenerate isolated eigenvalue of H,, with
normalized eigenvector ¢, separated by a distance 1 from the rest of its
spectrum, i.e.,

Ker(H,) =span{¢,,}, dist[ 0, o( H,)\{0} ] =1. (L15)

Next we give the precise assumptions on the coupling functions G, y,
which also depend on 0 e C in practical applications.

HyProTHESIS 2. There exists a non-negative function J =0 such that, for
all k, kK e R and M+N=1 (ie., (M, N)=(0,1) or (M, N)=(1,0)),

[(1He| 4+ 1) 7Y G ap w(R) ([ Hegl + 1) o, < (), (L16)
and, for M+N=2 (ie., (M, N)=(2,0), (M, N)=(1,1), or (M, N)=(0, 2)),
1G ar, w (ks K| s, < J(K) J(K). (L17)

If Gy y additionally depend on 0 € C, then the maps 0w G,  are assumed
to be bounded analytic in a complex neighborhood of 6 =0 with respect to the
norms specified in (1.16) and (1.17).

Moreover, J is a square integrable function obeying

Ay = “[ler(k)lsz(k) ddk}l/2<oo. (L18)

Under the assumptions of Hypothesis H-2 the map 0+ H,(0) defines an
analytic family of type A in a complex neighborhood of #=0. Thus we
obtain the analytic continuation of the resolvent (H,(0=0) —z)~ ! across
the real axis from the deformed resolvent (H (0 = i) — z)~"tor 0< 3 <m/2
sufficiently small. (Note that if ¢, is the ground state of the particle
Hamiltonian H,, ie., j=0, then §=0.)

Although we do not give a proof here, we shall make it plausible to the
reader that Hypothesis H-2 is both necessary and sufficient for the applica-
tion in atomic physics discussed in [2]. First, every factor of ' or a in W,
accounts for a factor of H? in its relative bound with respect to H,. (This
is made precise in Chapter III). So, Hypothesis H-2 guarantees that, for
M+N=1,

[<W | W x| <const|[(|H, |+ 1)@ (H+ D)™y (119)
and that, for M+ N=2,

[KY | Wy <const [ 1@ (Hp+ 1) || (1.20)
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These bounds are sufficient to ensure the boundedness of W, relative to H,.
Requiring that G, (k) and G, (k) are bounded would, however, not allow
for the main application in atomic physics, where these coefficients are bounded
relatively to ./ — 4, only. This is exactly what is required in (1.16), because
in atomic physics H,, is comparable to —4 and, hence, (|H,|+1)"* is
comparable to ./ —4 + 1. For an explicit specification of H, and G, »
derived from a model of nonrelativistic quantum electrodynamics we refer
the reader to [2].

It turns out that the properties of J assumed in Hypothesis H-2 are not
sufficient for the convergence of the renormalization group developed in
Chapter IV. Indeed, one of the central aspects of the present work in the
search for the weakest possible condition on J that still admits a convergent
renormalization group analysis. We have found the following hypothesis to be
sufficient.

HyproTHESIS 3. There exists a positive number u >0 such that the func-
tion J in Hypothesis H-2 additionally obeys

As = sup {w(k)(d/Zy)—l—(/l/Z) J(k)} < o0, (I.21)

keR4

Note that if the coupling functions are non-vanishing and thus 4,, 45> 0,
then we may additionally assume without loss of generality that

A,>1 and As=1, (1.22)
by replacing the coupling constant g by min{A,, 45}g, if necessary.

Next we describe our main result. We assume Hypotheses H-1, H-2, and
H-3. In these hypotheses, the parameters

>0, A =1, As=1, 0<9<mnf2 (1.23)
are specified, and we consider these fixed, henceforth. Moreover, for purely

technical reasons, we assume u <2. Using these parameters, we define
additional constants C,, Ag, o, Po,> P, ¢, and ¢ by

Copi=dy 7T (d)2) + 1], (1.24)
po:=2""%sin(9/2), (1.25)
pr=min{Cy', 278}, &:=p"2/12800 (1.26)

E:=min{C 2 pB+tmi C 1 (1.27)
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A, 45(1+/2C,)

Ao sin(9/2)

12

. 4 . 1/2 ‘f fc‘a’pl/2
=P min{ /6400 pl2, < .12
8o (1.28).(106)./16“““{ 6400-pg". 5 3 (1.29)

Our main result is the following theorem.

THEOREM 1.1. Assume Hypotheses H-1, H-2, H-3, and Condition (1.23).
Let 0<g<g,. Then

(i) the operator H,(0) has a simple eigenvalue, E = E g, 0)
corresponding to an eigenvector ¥ ., = ¥(.,(g, 0) e A ;

(ii) the eigenvalue E ., and the eigenvector ¥, can be constructed
by iterating a renormalization map, R,, on a ball in a Banach space of
effective Hamiltonians;

(iii) if additionally g <pC*+*Pg, then the spectrum, o(H,(0)), of
H(0) is located as follows:

a(Hy0)) "D, o S E)+ Ko, (1.30)

where D, ,=1{zeC: |z| <po/2} is the disk of radius po/2 about the origin,
and K, = C is the cuspidal domain defined by

Ky = { To(r) +C10<r < 1, [(] < T8ep =2/ + 0} (131)

where T, eC%[0,1],C) is a Lipschitz continuous curve in C defined
in (V.72). It satisfies T(.,[0]1=0 and arg (T ) = =3+ O(g).

Assertion (i) in Theorem 1.1 is proven in Theorem V.10 and Assertion
(iii) in Theorem V.7. The proof of Theorem I.1 is based on the renormali-
zation group map %, that we construct in Chapter IV. We outline some of
the key ideas involved.

1.2. The General Strategy of the Renormalization Group Construction

1.2.1. Passing from a single operator to a Banach space of operators.
First we construct an effective operator, H)[z], from the Hamiltonian
H,(0)—z in (1.4) in several steps. We decimate the degrees of freedom
corresponding to the particles and to the photons of energies > p,, where
0<po<1 is defined in (1.25). Next, we rescale the photon momenta as
k> pl?k and the energies as E+p,'E. In addition, we change the
spectral parameter z as z+> e’ 'z Let

Po=Po @[ H<pol, (1.32)
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where P, = |¢.> {¢.|is the orthogonal projection onto the eigenspace of the
atomic Hamiltonian H,, corresponding to the eigenvalue zero (see Hypothesis
H-1), and y[ H;<p,] is the spectral projection of H, onto the subspace of
vectors in Fock space with field energy < p,. The decimation is done with the
help of the Feshbach map, %, for a given projection P (see Eq. (IL.1)),

Fp(H)=PHP — PHP(PHP)~' PHP, (1.33)

where P:=1— P, and the invertibility of PHP on Ran P is assumed. Zp
maps operators on a given space (on which P is defined) into operators
on Ran P. A key point is that the map %5 is isospectral (in the sense of
Theorem II.1 below), i.e.,

z€04(H)=0€0,(H—z)=0e€0,(Fp(H—2)) (L.34)

where 6, =0 or 6, =0,,. Applying the Feshbach map .75, we obtain the
effective Hamiltonian

e[ Tp(Hy(0) —z) + 2Py ], (1.35)

where z belongs to the disk D,,, ie, |z| <py/2. Since P, is one-
dimensional, we can view the operator in (1.35) as acting on the Hilbert
space 7[ H,< po] [ LA(RY)].

Next, we rescale the photon momenta as

ki pYrk (136)

by means of the unitary dilation I',,, where I', is defined in (L9), and we
rescale the energies as E+— p, ' E, passing from the operator in (1.35) to a
unitarily equivalent Hamiltonian, poH.q[ (], which is defined by
efiS
Py ®@Hel (] = I (Fp(He(0) =)+ Cx[Hp< pol) I, (L37)
p

0

for all {e D, ,, on the Hilbert space
Heq = y[H,<1] Z[LA(RY)] =Ran y[H,<1]. (L1.38)
Just like the photon momenta, we rescale the spectral parameter, z. We
introduce the bijection

eis
Zoy:Dppp =Dy, (o — (1.39)

Po

(see Fig. 3), and we define

Ho)[Z0)(0)] := Heal 1, (1.40)
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FIG. 3. First rescaling of the spectral parameter.

for all {e D, ,. Composing these two operations, we explicitly have
e
P(’/®H(U)[Z]=pT /)O(JPO(H( ) (0) [Z])+Z((J)[Z] X[Hf<,00]) /)0
(L41)

on A4, for all ze Dy, 1= {]z] <1/2}.

After rescaling of the photon momenta and the spectral parameter,
we expand the resolvent Py(PyH(0) Py—{) ' P,, where Py=1—P,, in
Fp(Hy(0)— () of (L41), in powers of PyW,P,. Using a straightforward
generalization of Wick’s theorem, we show that the operator H [z] can
be represented in the form

Hlz]:=y[H<11(E[z]-1+ Tz H ]+ W lz]) x[H,<1],
(1.42)

where E(O)[z] e Cis a number, T'[ z; H/] is a function of H,, and Wy [z] =
Suin=1 WS yz] is a sum of “Wick monomials” of the form

W) J[z]= f dk™ dfeNat (kM) wQ) [z Hyy kO, K] a(RY),  (143)

for M+ N> 1. Here, we use the shorthand notation

M
KM = (ky, o ke py) € RIM, Ak =] d%%,,  (144)
i=1
M M
at(k™) =[] a'(k,), k™)=Y k).  (145)
=1

i= i=1

In Section IIL.2, we show that, for each zeD,,, H[z] belongs to a
certain Banach space, W, of Hamiltonians on .4 = y[ H,<1] %,, which
we now define.
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The Banach space #",, defined as

Wy =CoT @ @ WsM,N), (L46)

M+N=1

depends on three parameters 0 < p <1/16, 0 <& <1, and x> 0 (the scaling
parameter in Hypothesis H-3), which we collect in the triple

4= (u, p, ). (L47)
In (146),
T :={T:[0,1]1>C||T'|.. < o0, T(0)=0} (148)

denotes the Lipschitz continuous functions on [0, 1] that vanish at the
origin. Furthermore, % (M, N) is the Banach space of functions

warn: [0, 1]1x BY x BY - C, (1.49)
Lipschitz continuous in the first variable and such that
IWar, wll4 <0, (L50)

where B, :={keR?| |k| <r}, BM is the cartesian product of M copies of B,
with B} for M =0 omitted, and ||w,, y| 4 is the norm defined by

HWM,NHA 3=max{5_(M+N) HWM,NH(AOO)a

(Calp') =M 10, wpr 115}, (L.51)
where
HWM,NH(AOO):: SupM+N{|WM,N[r; k(M), %(N)M
[0, 1] x B}
M N N
[T w(k,) @ -1=w> 1] w(kj)(d/Zy)l(ﬂ/Z)} (152)
i=1 J=1
and

bose. I’ = sop {J [wag, wLrs KO0, kT
[0, 1]

N ddEj

1;11 w(/;j)(d/27)+(ﬂ/2)}~ (I.53)

)
J

M d%,
[1 (k) @D+ P2

i=1
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We denote elements of @ 5, o1 #4(M, N) by W={ Wy n}srsn>1- The
linear space ¥, is a Banach space with norm given by

ICE, T, W)y i=max{ |E|, [Tl oo, |W]4:= max [wa nlaf, — (154)
M+N=1

for (E, T, W)ye#w",.
To every element (E, T, W)e %", we assign the operator

H:=y[H<1)(E-1+T[H+ W) y[H;<1] (155)

on H.q, where W=3 1, n>1 Wi n, With
Wy n= j dk™ dkMat (kM) w oy, N[ Hp kD, K] a(k™). (1.56)

Clearly, H in (1.55) uniquely determines an element (E, 7, W)e #"',, and
H=(E, T, W)e %", whenever this appears to be convenient. Furthermore,
operators of the form (1.56) are called (M, N)-monomials and the functions
Wz, v entering their definition, coupling functions of W,y Since the corre-
spondence between W=3 ., yo1 Wy v and We @ 31,y W4(M, N) is
one-to-one, as well, we also write W instead of W whenever this appears
to be convenient.

To control the z-dependence of the operators H[z] € #,, we introduce
the Banach space, #, of analytic families of bounded operators, H: D,
— B[ Hieq], parametrized by elements H[z]=(E[z], T[z], W[z]) eV,
with the property that

IHL- 1.4 := sup [[H[ 2]l < 0. (1.57)

ze Dy

1.2.2. (Unprojected) renormalization map on #,. In order to elucidate
general features of the infrared renormalization problem studied in this
paper, we first introduce a formal renormalization map, 9?,,, defined on a
subset of the Banach space #, and then sketch some properties of orbits
under iterations of the map @p by identifying the fixed points of 9?,, and
the stable and unstable manifolds through these fixed points. We define a
cylinder € <%, by

% :={H[z]eW",||arg E[z]| <0,, |0,T[z] — A| <4, |arg A| < 0,,
2] >0, |W[z]]s<e, |arg z| = 40,}. (L58)

where 6 and & are small constants (depending on A), and 6,>0 is
sufficiently large.
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The map %p is defined by

A,(H)[z] = p T [ Ty y(HI 21— 2) + 27 [ H,<p]1 T}, (1.59)

for H[z] € 6. The renormalization map #, has the following properties:

(1) The fixed points of ,@?/, are the operators in
FP={AH,||arg 1| <0,}. (1.60)

(2) At a point \H,e F2 (A#0, |arg 1| <0,), the space #, can be
split into a direct sum, 2@ .4 @ .#, of a one-dimensional subspace, %, of
relevant perturbations, defined by

R:=E[z]-1, (Lol)

a one-dimensional subspace of marginal perturbations,
M ={uH;|peC}, (1.62)
and a co-dimension-2 subspace, .#, of irrelevant perturbations, defined by

I = (W] | W], < ). (163)

(3) The expansion rate of 9??/, in the direction of # is given by p !,

in the direction of .# it is =0, and the contraction rate of @p in the
direction of .# is > p*. An orbit of an operator in % is sketched in Fig. 4.

Our interest in the renormalization map %, lies in the circumstance that
it is isospectral in the sense of Theorem II.1. Of course, the low-lying

C R

FIG. 4. Orbit under # starting at H,,.
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spectrum of H[ z] is related to the spectrum of ,@p(H )[z] by some invertible
map, C— C. Thus, in order to study, e.g., the resolvent set of a family
H[ z] €%, we may study the resolvent set of Q?Z(H )[ z]. Since the perturbation
I/AV=Z m+n>1 War v becomes small under iterations of 9?,,, the operators
#7(H)[z] are simpler to analyze than the original operator H[z].

A difficulty in analyzing orbits of families of operators in % under iterations
of 4, is the divergence of such orbits in the direction of the relevant perturba-
tions, #Z. This difficulty can be avoided by projecting orbits along # onto the
stable manifold of @p and by successive fine-tuning of the initial value of
the spectral parameter, z, in such a way that it approaches an eigenvalue
of the operator H,(6). Some details of our construction of such a modified
renormalization map, #,, are described in the next subsection.

1.2.3. Projected Renormalization Map on . We define a polydisc, 4(9, ¢),
of operators in # by

B(0,e):={(E, T, W)e W 110, T—1| <0, |W| <& |E|<e}. (164)
Next, we pick He %(1/8,1/16) and define

. 1
Z:U"™ > D, CH;(C—E[C]), (L.65)

where
W = (e Dy, | |L—E[L11 < p/2) (166)

(see Fig. 5). We observe that (e %™, He %(1/8,1/16), and 0<p <1/16
imply that |{| < [E[{][+[{—E[{]] < 1/4. Thus,

U™ <D,y (1.67)
Then Cauchy’s estimate with contour on 0D, yields that

0.Z(0)—1]<4 sup {|E[(]]} <% (1.68)

CEDU2

This proves that Z: %™ — D, , is a bijection.
We now proceed to defining a projected renormalization map, #,. For
He%(1/8,1/16) and ze D, ),, we set

R (H)z]—z:=(S, 2, [H[Z (s)]—Z"\(2)], (1.69)

where
Z,(X) :=,971p(X) and (1.70)
S(Y):=p~'I', YT}, (L71)
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FIG. 5. Rescaling of the spectral parameter.

with y, =x[ H,<p]. We note that &, is a decimation map, projecting out
all degrees of freedom corresponding to energies > p, while %, changes the
maximal energy scale back to unity. More explicitly, Z,(H) is given by

1
Z,(H)[z] =;F,;[~%(H[Z"(Z)] —Z7(2))

—(E[Z ') ]+ Z Y(2) x,1 Tk (L.72)

Our strategy in applying the projected renormalization map, 2, is as

follows. First, we demonstrate in Section II1.2 that the initial operator
family H [ z], defined in (I1.41), belongs to #(1/16, 1/16),
H o) € B(16> 16)- (1.73)

Then we show that %, maps %(d, ¢) into %(6 + ne, ne) with n <1/2, provided
p is sufficiently small,

R,: B0, &) > B0 +ne, ne). (1.74)

This obviously enables us to iterate %, on H[z], for suitable values
ofzeD,,,

H(n)[z] = (E(n)[z]s T(n)[z]s W(n)[z]) = %Z(H(O))[Z]' (L75)
The isospectral property of %, guarantees that

Z M z1eo ,(H(0)<0ed ,(H,[2]—2), (1.76)



220 BACH, FROHLICH, AND SIGAL

where

—1._ 7—1 —1 —1. (in)
PN =Zg o ZG e o ZG Dy > U, (L77)

with Z () =e®pg'C on D, ,, and, for n>1,
. 1
Zny- %E:,n)) = Dyp, CH;(g—E(n—l)[C])a (L78)

where
%%)3={C€D1/2| |C—E(n—1)[C]|<P/2}- (1.79)

1.3. Organization of the Paper

Our paper is organized as follows. In Chapter II we introduce the Feshbach
map which we apply the first time to H(0) in Chapter III to eliminate the
particle and high photon-energy degrees of freedom. The resulting operator,
suitably rescaled, is the initial operator Hy, (defined in (1.41)) for the iteration
of #,. The proof that H ,, actually lies in the ball %(1/16, 1/16) about His
given in Chapter IV. In Chapter IV we show that Z, is a contraction in the
sense that it maps #(9, ¢) into %(d + ne, ne), with n <1/2. From this contrac-
tion property, we derive Assertions (i) and (ii) of Theorem 1.1 in Section V.

Our paper has three appendices. In Appendix A, we develop two algebraic
tools, the Pull-trough formula and a generalized form of Wick’s theorem,
which are used to rewrite H, in the form prescribed by (1.42)~(1.43). In
Appendix B, we derive the basic norm bound for M, N-monomials of the
form (1.43), which is one of the building blocks of our analysis. Finally, in
Appendix C we compute integrals over simplices with special attain paid to
their behaviour as the number of integration variables gets large.

II. THE FESHBACH MAP

In this chapter we develop an important ingredient of our analysis: the
Feshbach Map, deriving from the Feshbach projection method. On a formal
level, at least for the perturbation of finitely degenerate, isolated eigen-
values, it can be found in almost every textbook on Quantum Mechanics,
e.g., [7]. To meet our aim of developing a perturbation theory for non-
isolated eigenvalues, however, we need to formulate the Feshbach projection
method in a framework that provides sufficient generality. Before doing so, we
remark that this method is known in the physics literature under the name
Feshbach projection method, while to mathematicians the Grushin Problem or
Krein’s Formula may be more familiar, but are essentially identical.
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To formulate the method (here, we use the terminology of [ 6], especially
Ch. VI), we require the following: a separable Hilbert space s, a (bounded,
but not necessarily orthogonal) projection P = P? whose complement is
denoted by P:=1—P, a closed operator H, which is densely defined on
9 < A with Z = Ran P and which commutes with P, i.e., PH,P = PH,P =0,
an operator W which is defined on 2, and which is relatively H,-bounded
in a sense made precise below. Furthermore, we set H := H,+ W.

With these ingredients, we (formally) define the Feshbach map &, by

Fp(H—z):=P(H—z) P— PHP(PHP — zP)~' PHP
= P(H,—z)+ PWP— PWP[ PH,+ PWP —zP]~' PWP.
(IL1)

To give meaning to the right side of (IL1) and to make the Feshbach
projection method work, it is sufficient to assume that PHP —z is invertible
on P and that the operators

(PHP—z)"' P, PWP(PHP —z)7 !, (PHP —z)~! PWP,
PWP(PHP—z)~' PWP,  PWP (11.2)

extend to bounded operators on . Indeed, (I1.2) implies that %,(H —z)
is a closed operator on P# because Fp(H —z) — PH, is bounded and PH,
is closed on Ps#. Thus, we may regard %, as a map from the operators on
A into the operators on Ps#. The virtue of %, is that it provides an
isospectral map from a class of operators on s into the operators on PJ#.
More precisely, assuming (II.2), we can reconstruct the full resolvent
(H—z)"!on # from [ Zp(H—z)] ! on P# and, if neither exists, we can
reconstruct the kernel of H — z from the kernel of %,(H — z), and vice versa.
Yet, Zp(H — z) poses a potentially simpler spectral problem, as compared
to H, since P is contained in »#. The tradeoff is the non-linear dependence
of the new operator %»(H — z) on the spectral parameter z.

TueoreM II.1 (Feshbach Projection Method). Assume that PHP —z is
invertible on P# and that

(PHP—z)"' P, PWP(PHP —z)7 !, (PHP —z)~! PWP,
PWP(PHP—z)~! PWP, PWP (IL.3)
all extend to bounded operators on H# . Then

(a) the operator Fp(H — z) is invertible on P if and only if H—z is
invertible on #. In this case [ Fp(H—z)] " '=P(H—2z)"' P.
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(b) if HYy=zy, for some eigenvector 0 # e H, then the projected
vector 0 # Pyre P solves Fp(H—z) Py =0,

(c) if Fp(H—2z)@p =0, for some eigenvector 0+# @ =Pp e PH, then
the vector 0# e A, defined by :=[P_(PHP—z)~' PWP] ¢, solves
Hy =z

(d) dim Ker[ H — z] =dim Ker[ %p(H —z)]. (I1.4)

Proof. Passing from H to H,to H+ z and H, + z, respectively, we may
henceforth assume that z=0.

(a) Let us first assume that H is invertible on 5. Then

Fo(H) PH™'P=[ PHP — PHP(PHP)~' PHP] PH'P
=PH(1—P)H~'P— PHP(PHP)~' PH(1—P) H™'P
=P—PHPH 'P+ PHP(PHP)~' PHPH 'P=P.

(ILS)

Similarly, PH ~'PZ,(H) = P. So we conclude that %p(H)~'=PH'P.
Conversely, assume that Z(H) ! exists on P#. Then the operator R
on #, defined below, is bounded.

PRP := Fp(H) ™! (IL6)
PRP := — Z,(H)~' PWP(PHP) !, (IL7)
PRP := — (PHP)~' PWPZ(H) ™", (IL8)
PRP :=(PHP)~'+(PHP)~' PWPZ,(H)~' PWP(PHP)~. (1L9)

Somewhat involved but straightforward algebra yields RH=HR=1, and
thus r = H ~!, proving (a).

(b) Assume Hy =0, for some 0 # 1y € #. Using P=1— P, it is easily
checked that this implies Zp(H) Py =0. Moreover, 0= PHy = PHP}s +
PWPY which is equivalent to Py = —(PHP)~! PWPy. Thus, we get

1Py = (1+ |(PHP)~' PWP|) ™! Iy >0, (IL10)

which yields (b).

(c) Assume that 0+# @ = Pp e P# solves Fp(H)p =0, and set iy :=
[P—(PHP)~! PWP] ¢. A simple computation shows that Hiyy=0. We
also have Py = Py, implying Pp =[1+ (PHP)~' PWP] . Hence,

Il =1+ [(PHP)~" PWP|)~" || >0, (IL11)

which yields (c).
(d) This part follows by linearity from (I1.10) and (IL.11). |



RENORMALIZATION GROUP ANALYSIS 223

Next, we derive Assumption (I1.3) in Theorem II.1 from more explicit
conditions on the perturbation W and the unperturbed operator H,. In
fact, in Lemmata II.2 and II.3 below, we give two independent sets of
conditions on W to justify (IL.3). In Lemma I1.2, we assume W to be a
relatively bounded perturbation of the operator H,. In contrast, in
Lemma II1.3, H, is required to be normal and m-sectorial, and W is treated
as a relatively bounded perturbation of the closed sectorial form corre-
sponding to H, in Lemma II.3. The main example for H, and P which
meets all these requirements is Hy,= T(A4), where T is a function of a
positive operator 4 >0 which obeys |T'(r)—1| <1, and P=y,(A) is the
spectral projection of 4 onto an interval 4 = R. It depends on the context
which set of conditions is more convenient to work with. In the present paper,
it is more natural to formulate the renormalization scheme in Chapter IV
using Lemma I1.3.

Lemma 11.2  Assume H, to be a closed operator, densely defined on & < #
and P to be a bounded projection commuting with H, (as explained above).
Suppose that Ry :=(H,—z)~"! exists on PA, and assume that

IWPR,|| <1, | WP| < . (IL12)

Then H is a closed operator with dense domain 9 < #, and Fp(H — z) defines
a closed operator with dense domain P9 < PA. Moreover, PHP —z is
invertible on P, and

(PHP—z)"' P, PWP(PHP —z)7!, (PHP—z)~! PWP,
PWP(PHP—z)~' PWP,  PWP (IL13)

all define bounded operators on A .

Proof. To prove that H is closed, we write H= H,+ WP+ WP. By
assumption, WP is bounded and WP is relatively H,-bounded with bound
strictly smaller than one. It follows (see, e.g., [ 6, Ch. VI]) that H is closed
on the same domain ¥ < # as H, is.

Next, we construct (PHP —z)~! P and W(PHP —z)~' P from Neumann
series

(PHP—z)~' P (—1)" RyP(WPR,)", (IL.14)

I
I M8

W(PHP—2)~1P=Y (=1 WPR,P(WPR,)",  (IL15)
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which converge to bounded operators because | WPR,| <1 and |R,P| < .
We complete the construction of the operators in (I11.13) by observing that

|(PHP —z)~' PWP| <|(PHP —z)~'P||-|WP| < o, (IL.16)
|PWP(PHP —z)~' PWP| < |PWP(PHP —z)~' P|-|WP| <, (IL17)
[PWP| <|P|-|WP| < co. (IL18)

Thus, #»(H—z)— PH, is bounded and %,(H —z) is closed on PY < P#
since PH, is. ||

Lemma I1.3.  Assume H, to be a normal, m-sectorial operator, densely
defined on 9 = # and P to be a bounded projection commuting with H, (as
explained above). Suppose that Ry := (H,—z) ~" and, thus, R} := |Hy—z| =7
exists on P, and assume that

\|R(1)/213W13R(1)/2 <1 (IL.19)
and
|\R(1,/2PWPH, HPWFR(I,/2 I, |PWP| < 0. (I1.20)

Then H is a closed m-sectorial operator with dense domain 2' < H, and
F,(H) defines a closed operator with dense domain P%' = PA . Moreover,

PHP — z is invertible on PA, and
(PHP—z)~' P, PWP(PHP—z)~', (PHP—:z)~' PWP,
PWP(PHP—z)~' PWP,  PWP (I1.21)
all define bounded operators on A .

Proof. To prove that H is closed, we first consider the quadratic form
associated with H,— z which is closed and sectorial, since H,, is closed and
m-sectorial. The bounds (I1.19) and (11.20) guarantee that W is a relatively
(Hy,—z)-bounded perturbation with relative form bound strictly smaller
than 1. It follows (see e.g. [ 6, Ch. VI]) that H is a closed sectorial quadratic
form with form domain 2 which arises from a unique closed m-sectorial
operator H with dense domain &',

Next, we construct AP(PHP —z)~! PB, for arbitrary bounded A4 and B,
using

AP(PHP—z)~' PB
— APRY(U+ RY> PWPRY?) ~' PR\ PB

— APRY?P| Y U*(—RY*PWPRY?U*)"| PRY?PB,  (I1.22)
n=0
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where U*=U"":=|H,—z| (Hy—z)~!' P is the unitary on P resulting
from the polar decomposition. Condition (I1.19) together with |U*| =1
ensures the norm-convergence of the series in (11.22), and we may estimate

|AP(PHP —z)~' PB| < C-||APRY?|-|RY*PB|, (11.23)

for some finite constraint C. Inserting 4:=1 or 4:=PW, and B:=1 or
B := WP, the assumption (I1.20) and || R, P|| < o yields the boundedness of
the operators in (IL.21).

Turning to .%,(H — z), the bounds in (IL.21) imply that #,(H —z) — PH,
is bounded. Thus, %,(H —z) is closed on P, since PH, is. ||

III. ELIMINATION OF PARTICLE-AND HIGH PHOTON-ENERGY
DEGREES OF FREEDOM

In this chapter, we perform the first step of our renormalization group
analysis. Recall from Subsection 1.2.1 the construction of an effective
operator, H [ z], defined in (1.41), that we obtain in several steps from the
Hamiltonian H,—z in (L.4). We decimate the degrees of freedom corre-
sponding to the particles and to the photons of energies > p, by means of
the Feshbach map %, , introduced in Eqn. (IL.1). Here

Py=P,Qx[H<pol, (ITL.1)

where P,,=|¢,> {®.| is the orthogonal projection onto the one-dimen-
sional eigenspace C¢,, of the atomic Hamiltonian H,, corresponding to the
eigenvalue zero (see Hypothesis H-1), and y[H,<p,] is the spectral
projection of H, onto the subspace of vectors in Fock space with field
energy < p,. Then, we rescale photon momenta as k — py/”k, by means of
the unitary dilatation /', defined in (19), and we rescale the energies as
E pg ' E. In addition, we change the spectral parameter z as Z,: z+—>e’py ' z.

Carrying out these steps as described in Eqns. (1.32)—(1.41), we obtain a
family, z+ H g)[z], of effective Hamiltonian operators,

P, ®H(0)[Z]
—i9

€
== [ Pn(H = 2@ + 2 ) A H < po] 1 T, (1T12)
0

on #.4=Ran y[ H,<1]. Since the Feshbach map is isospectral, in the
sense of Theorem II.1, the following crucial property guarantees that the
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analysis of the spectrum of H, is equivalent to the analysis of the spectrum
of H,. Indeed, Theorem II.1 implies that

ze0,(H,) =00 ,(H,—2)

< 0€0,4(Ho)[Z0)(2)] = Z)(2)), (111.3)

where 6, =0 or g, =o0,,, under the assumption that Py(H,—z) P, is
invertible on Ran Py. In Section III.1, we verify this condition for all
z€D, p:= {1z] < po/2}.

Next, we expand the resolvent Py(PoH(0) Po—{) ™" Py, where Po=1— Py,
entering #p(H,(0) —{) in (1IL.3), in powers of Py W, P,. Using a straight-
forward generalization of Wick’s theorem (which is derived in Appendix A)
and the estimates from Section III.1, we prove the following theorem (which
is our main result of this chapter).

THeOREM IIL.1.  Let 0 :=i9 for some 0 <9 <m/2. Pick 0<p,<p®V =
27125in(9/2) and z€Dyy. Assume Hypotheses H-1, H-2, H-3, and

g4 1

e, 1114
p§? 100 s

where Ay, As, Ag, and C, are defined in (1.18), (1.21), and (1.22)—(1.28).
Then, for ze Dy, H)lz] is well-defined and representable in the form

Hplz]1=x1(Eqlz] + Tolz]+ Wyl z]) x1 €V, (IIL5)
where y, = y[ H,<11], and the coupling functions of Wy[z],
Wi i Dy x[0,1)x BY x BY > C, (11L6)

obey the following estimates, for A= (u, p, 100gA4s).

w2115 <2, (I1L.7)
18, wS? AL21115° <25, (I1L8)

for M+ N =1, and the components E [ z] and T o) z; - ] obey the estimate

100g44\?
[Eolz]l<2 <p(1)/26> , (IT1.9)
100g44\?
1T (o)L r]—r|<4< e 6>, (IT1.10)
1004\
10, To)[z: 7] — 1 <25< 0/?52 6> (1IL11)
0
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Theorem III.1 has the following important consequence.

CorOLLARY 1I1.2  Under the same hypotheses of Theorem 111.1, and for
g>0 so small that

§:=25(100g4¢pg 2 < L, (IIL12)
£:=100g4s max{200gA¢ps ', 2672 25CT 7 p~ P <L, (IIL13)

one has that
H oy € %6, ¢). (I11.14)

HL1. Domain of the Feshbach Map Fp,

In this section, we investigate the Feshbach map %, which is the only

non-trivial ingredient entering the definition of H y,. In particular, we verify
the assumptions of Theorem I1.1, thus establishing that H [ z] is well-defined,
for all ze D,),.

Recall from the introduction that the eigenvalue e;=0 was assumed to
be non-degenerate and isolated by a distance 1 from the rest of the spectrum
of H,, and that the continua in o(H,) generated by H,are branching off the
real axis at an angle 0 > —9 > — /2 into the lower half-plane. We investigate
spectral parameters contained in D ,uw, Where D, :={zeC|p>|z|} and

1
plowy) :=ﬁ sin <> <l (IIL.15)

We pick 0<p,<p©® and 0<0'<9/2 to specify two subsets, %) and
UGY, of D ,ew (see Fig. 3),

UG(0") :={e P VreC|pe/2<r<p™, d' <yl <} (II1.16)

UG :={LeC|IE]<po/2} =D,yp. (I1.17)

The two regions % {\(d") and %) serve different purposes: First, for all

zeV(d') and sufficiently large 6’ >0, we show directly that H, —z has

a bounded inverse. Secondly, for all ze %) = D,, ,, we show that the spectral
properties of H, —z can be determined from those of H )[ Z)(2)].

The validity of Assumption (I1.12) of Theorem II.1, which ensures the

convergence of the Neumann series, crucially depends on the parameter

A, =1 that we defined in Hypothesis H-2 as

12
4, ::{j [1+ (k)17 J2(k) ddk} <. (1IL18)
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The first main result of this section is

Treorem IIL3.  Let 0:=1i9, for some 0<3<m/2, and pick 0<p,<
ple™ =2"125in(9/2) and 0 <0 <9/2. Define Py, U and U) as in
(IT1.16)—(111.17) above. Assume Hypotheses H-1, H-2, and

12 o3 92
%ﬁf/) (I1.19)
1
Then, for | <M+ N<2,
_ _ AM+NY(Z)
RVPP. W, PRV | <=L —— L 111.20
H 0 0" M, N* 05Y0 H p(l)/zsln(S/Z)’ ( )
_ AM+NY(Z)1/2
RIPP,W,, wPo| <—L1———"""— 11121
[Ro=Po W, nPol sn(92) ( )
_ AM+Ny(Z)l/2
P W, vPRV|<—L1— 1 111.22
[PoWar, nPoRy” | S92 ( )
1P War, wPoll < AY+Npgl2, (I11.23)
where
in(9/2
SNOR) o e,
Y(z):={sin(d'/2) _—
1 for zeu{™, (I11.24)

and RY?* :=|Hy— z| =% Furthermore,

(a) if, in addition, 0 <d' <9 is chosen large enough, so that sin(d') >
244, gp~ " sin(9/2), then H,— z has a bounded inverse for all z € U §"(d").

(b) forall zeU(), H,—z is isospectral to Fp(H, —z) in the sense of
Theorem II1.1. Here, Fp(H,—z) is the operator on y[ H;< po] %[ L*(R%)]

that results from the Feshbach projection method with projection P.

Proof. First, we derive Estimates (II1.20), (I11.21), and (II1.23) from
Lemma II1.4 and Lemma II1.5. We denote

A:=|H,|®1+1® H + p,. (IIL.25)
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Then we estimate

IRG?Po War nPo R | < A2 Wy yA™ 2| | RG?Po 42|12, (111.26)
IRG? Po War, nPoll < ATV2W g wA™ 2| | RGZ Po A2 PoA ],

(I11.27)

|PoWar, nPoRG? | < |ATVPW oy y AT | RGPy A2 || Po A,
(I11.28)
|PoWar, nPoll < 1AWy y A2 [|PoAl. (111.29)

Next, we invoke Lemma IIL5 below. Note that |4 ~"2W,, yA~'?|| refers
to the case M =p, N=¢q (hence p+¢>1), and m=n=0 in Lemma IIL5.
Thus (I11.42) below applies and yields

e P B P (II130)

Bounds (II1.20), (I11.21), and (II1.23) are obtained by inserting Lemma
I11.4 and (II1.30) into (II1.26)—(II1.29).

Second, we establish (b), assuming that ze# (). Inequalities (II1.21)
and (I11.23) clearly imply that R{*Po W, P,, PoW,PyRy* and P, W, P,
are bounded operators. To demonstrate (b) it thus remains to show that
the norm |Ry?PoW,PyRy*| is strictly smaller than one, appealing to
Lemma II.3 and Theorem II.1. We remark that by Assumption (I11.19) we
have

g4, <(24)"" pl2sin(9/2) < A< 1/24, (I11.31)

and thus max,,, y>{g¥ VAV ™"} = gA,. This, in turn, implies
6 max,- {g'4}}

RY>PyW,PyRV?| <
IR Po W Po Rl pi2sin(9/2)

<1/4, (I11.32)
and (b) is proven.

. Finally, we prove (a): fixing ze@{ﬁ&‘“(&_'), we attempt to construct the
inverse of H, —z by a Neumann series as in (I1.22)

(H,—z)"'=RY2| Y UX(—RY2W,RY2U*"| RY2,  (IIL33)
n=0
whose convergence is guaranteed by || Ry W, R/*| < 1. But this last bound
is a simple matter using (II1.20), (II1.21), (II1.23) and

. 2
R.P.| — —i0), —KL 111.34
H 0 OH flilg |e r Z| p() Sin(é//z)’ ( )



230 BACH, FROHLICH, AND SIGAL
which follows from z=e~?*7¢ with t> p,/2 and |y| > J'. Thus

IRy>W,Ry*| <6 | max {IRY*Py g™+ Wy wPoRY |

<M+N<2
+RoPo ' | Pog™ MWy wPoRG? |
+ [ RoPo |2 RGP g™+ MWy NPyl
+ [ RoPoll-|1Pog™ Wiy nPoll}

24
max {gM Ay <1 ]

<—
1/2 — "1<SM+N<2
po” /1 —cos o 1=MeNS (I1135)

The proof of Theorem III.3 above is based on the estimates in Lemmata
I11.4 and IIL5, which we state and prove next.

LemMma 1I1.4. Assume Hypothesis H-1, H-2, and 0 :=i3, 0 <3 <n/2.
Pick 0<po<p®? and 0<06' <9/2, and define UG('), U as in
(IIL16), (IIL17). Denote A :=|H,|®1+1&® H + py, as in (11L25), and
recall Ry:=(Hy—z)". Then |PyA| <2p, and

6Y(z)
/1—cos &

3(sin(d'/2)) "' for zeuGO(d')
{3(sin(-9/2))_1 for zeauy

Ry PoA| <

(111.36)
Proof. The inequality before (II1.36) is trivial. To prove (111.36), we
introduce the orthogonal decomposition P,= P{" + P{*, where
P =P, ®y[H>p,] and PP :=P,®1. (I11.37)
Note that both R, and 4 commute with P{" and P{®. Thus
|RyPoA| =max{ | Ry PP All, | Ry PP A|}. (111.38)

First, we consider Ran{P{} and ze#%{)(d")LUE) =D, ow. Then
2| < 1/3/2 sin(9/2), which yields

_ 7] + 7 + po 3.2 3
RyPP Al < su . < < : I11.39
e e Vo AT

1 >1
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Second, we consider Ran{P{"}. Fix ze%{{"(¢"). Then z=e~**7r with
|y| = 0" and ¢ > 0. Hence,

= +po 2r ﬁ
RyPOA| < sup |- 20| < —|< . (1140
IRo Py Al P e 2| SR e Ssin(o'2) (I1.40)
Finally, on Ran{P{"} and for ze %), we have that
_ 3
IR P Al < sup r_:;p‘)‘\ TP lcac—
r=p r=p ”_Po/z Sll’l(9/2) (III41)

Next, we impose suitable conditions on J so that every factor of a’ or a
in W, accounts for a factor of H}? in the relative bound.

Lemma II1.5.  Assume Hypotheses H-1 and H-2 with py<1. Pick two
reals w, @ >0, and non-negative integers m, n, p, ¢ =0, such that m+n+
p+q=1 or m+n+p+q=2. Furthermore, fix k" :=(ky, .., k,)€(R)"
and k™ :=(k,, .. k,) e (R Let A:=H,|®1+1Q®H,+p, as in
(11125). Denote dx'? :=T[1%_, d’x;, and a’(x'?) :=T12_, a'(x,). Then,

H(A +w) -1z <J dx(P)d)?(q)Gm+p’n+q(k(m), x@); E(n), g(q))

®aT(x(p)) a()?(q))> (A +c?))_1/2

SApEntrrap =040 TT J(k,) [ J(k)). (111.42)

Jj=1 Jj=1

Proof. We first remark that it suffices to prove (111.42) for w =@® =0.
For convenience, we temporarily write k 1=k, k :=k™, x := x?), ¥ := %,
and Gy 1(X; %) 1= Gy oy (K, XD K™, 5@9). We pick a pair ¢, € #
and study

Agy= Kcﬁ ‘ A= <f dx d% G ¢(x; §) ®al(x) a(i)> A1/2|p>‘

<[ dxdz 11® [(H,+0,) "2 a(x)] ¢

X1 [(Hy+d,) " a(%)] Y|
X [1Q (H+w,)]17? (A+w,) P [Ga(x; %) ®1]
X(A+d,) " [1® (H 4+ d,) 17, (111.43)
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where w,:=3%"_, w(x)), &,:=%7_, o(X;) and, furthermore, we use the

fact that 4 ~"2a’(x)=a'(x)(A+w,) " "? and a(X) A~*=(4+&,) " a().
We refer to these identities later as Pull-Through Formulae, established in
Lemma A.1. By Schwarz’ inequality, we further estimate

Ay <B/X¢) BAY)

x { f C2 #(x, %) f[ w(x,) "' d%, ﬁ (%) ddgj}l/z, (111.44)
i=1 j

j=1

where

Crwlx, %)= [1® (H+ )17 (A + 0,) 712
X [Grrl(x; %) ®11(A+ )~ [1® (Hp+ d,) 172, (11145)

and (remember a(x) =a(x?) =TT12_, a(x;))

B(#) = [ 1N® (Hy+ 07 alx?) 12 [] olx,) dx,

_ (»—1) L
= [ (a4 YO v ot + - T oy, )17
xa(x?=1) ¢> 1’1:[1 o(x;) d’;

<[ <ax"=) p 11@ [Hy+ oxy) + - +olx, )]~

ca(x> )¢5 ] (x,) d,
=B, (§)< - <By(d) =9[> (111.46)

As an intermediate result we thus have that, for p+¢ > 1, or for p=¢ =0,

H A2 f dx@® d);(q)Gerp’nJrq(k(m)’ x(”); /}(n), );(q)) ®aT(x(”)) a();m)) A2

< “ Ciw(x, %) f[ w(x;) ! ddxj ﬁ w(x,)"! dd)zj}m. (I11.47)
j=1 j

j=1

So, it suffices to show that

Crotlx, X) < pg WP =P 001 £ )2 (1+@,) 2 T[J,  (11148)
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where we abbreviated [[J:=][7L, J(k;) [T7_, J(x) [T7_, J(l;j) 1_1J(X).
Indeed, using 1+, <TT7_, [l +o(x)], 1+0,<T1_, [l +w(%))], and
Ay =1, (111.42) derives from (111.48).

To verify (111.48), we first notice that the operator estimated in (II1.45)
may be represented as a direct integral over the spectrum of H, We may
thus regard H, as a positive number r, say, and the norm, Cj z(x, X), of
this operator is given by the supremum over r > 0. Thus, we obtain

Cp 7(x, %) =sup{(r + 0, )?”* (r+@,)"* |(|Hyl + po+r+w,) "

r=0

X G g0 RN Hol +pot1+0) 72} (111.49)

We distinguish two cases: First, we consider m+ p+n+¢g=1. Then
Hypothesis H-2 gives

([ Hel + 1) 71 Gy g ) (| Hol + 1) 7, <[TJ. - (IILS50)

We insert (I11.50) in (111.49) and get

{(r + o )PP (r+a )7 (t+ 1) (T+ 1)1/4}
(t+po+r+w)?(i+po+r+a,)”?
(IT1.51)

Cpr(x, X)<[]J- sup
t, 1,

t,r=0

Since p, <1, we immediately obtain, for p=¢ =0,

{(l—i— 1)

2

ot 5 <[1J-(sup

t=0

For p=1 and ¢=0, we distinguish r>=p, from r<p,. If r=p, then
r+ow.<pytr(l +w,) yields

(rto )2+ D Es D pe Pr(l+ o)
(t+pot+r+w)V? ([+po+ 1)~ (14 potr+w) ™ ([T +po+r)*

< p(;l/Z ' (1 + wx)l/zz (11153)

while, for r < p,, we obtain the same result by minimizing the following
expression over ¢, 7= 0:
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(r+o )2+ D) F+1)14
(t+po+r+w ) (T+py+1)?

c(poto) e+ D) A+ D
(14 po+@ )2 (T+po)'?

1/2 1/4 1/4

max{1, (po+ w,)} " max{1, po}

(po+ ) pi?

=po 2 max{l, (po+w )} <ps - (1+w,) " (111.54)

<(p0+wx)

X

Of course, the estimate for the case p=0, ¢ =1 is similar.
Second, we consider the case m+ p+n+¢g=2, for which Hypothesis
H-2 gives
G 2(x; %) | e <[] /- (II1.55)

Thus, we obtain

G e(x, X) <[] J-sup

r=0

{ (r )" (r+6,)% } (I11.56)

(po+r+w)(po+r+d,)"?

For p+ ¢ <1, we observe that the right side of (II1.56) is smaller than the
right side of (I11.51), which we bound in (IIL.52)—(111.54). It remains to
consider p + ¢ =2. The case p=¢ =1 is trivial, and we only consider p =2,
q =0, since the case p =0, ¢ =2 is similar. So, assuming p =2 and ¢ =0, we
estimate

r+aow, r+o, 12 w, 1/2
12 1/2<< > <max{l,} ,  (IIL57)
(p0+r+wx) (p0+r) r+p0 Po

which is obviously smaller than p, '/ - (1 4+ w,)"% Collecting all these estimates,
we observe that we have established (I11.48) in all possible cases. |

IIL.2. The Operator H [ z]

In this section, we transform the operator H[z] to the generalized
form and estimate its coupling functions.

First, we use a Neumann series expansion to convert 7, (H,—z) into a
Wick-ordered form, moving all creation operators a'(k, ;) to the left of
functions of H,and moving all annihilation operators a(k; ;) to the right
of functions of H,. Counting the number M of creation operators to their
left and the number N of annihilation operators to their right, the sum of
all these functions of H, form a new (but not yet rescaled) interaction
coefficient W, ».



RENORMALIZATION GROUP ANALYSIS 235

In the second step we derive certain L”-bounds on these coefficients and
their derivatives w.r.t. i, or z. These bounds enable us to control the inter-
action part, the terms with M + N > 1, as a relatively bounded perturbation
of the free part of Fp(H,—z), the sum of all terms with M =N=0, ie.,
pure functions of H,. At this point, we must make use of Hypothesis H-3,
(besides H-1 and H-2). We recall that Hypothesis H-3 demand that there
exist a positive number x> 0 such that the smallest number 45> 1 which
satisfies, for all k € R?

J(k) < As - ookt @2 = @2 (I11.58)

is finite. It is convenient to introduce two other parameters, a and S, given
by

1 1/d uod
O(.—2(1+/,L)—2<y—1>—1+2—2y, (I11.59)
1 1/d u o d
ﬂ'_2(1+'u)+2<y_1>_2+2y' (I11.60)
Note that (II1.58) now reads
Jk)< A5 - o(k)™ (IT1.61)

Third, we eliminate the dependence on p, of the domains y[ H,<p,] #
and %) =D, ,, by rescaling and shifting 7, [ H, —z) (and thus 1, y).
Surpressing its dependence on g and p,, the resulting operator Hq)[ z] acts
on Heq:=y[H;<1] %, with ze D,),. Indeed, in Appendix B we prove that

Hy: Dyp={12| <1)2} > B[ Hea] (I1L.62)

defines an analytic family of bounded operators on #,.q.

We start working through this program by converting 75 (H, —z) into
a Wick-ordered form, moving all creation operators a'(k; ;) to the left of
functions of H,and moving all annihilation operators a(k, ;) to the right
of functions of H. This amounts to determining the coupling functions,

WO N UG xR X B% x B”}; -C (I11.63)
(recall that B, :={ke R?|w(k) < p}), of the operator H [ z], defined by
Tp(Hg—2)=1 Py ® (Hegl 2] —2), (II1.64)

for all M+ N>0 and ze (). Later, W, o[ z; r] is shown to be Lipschitz
continuous with respect to r on %{) %[0, py), and, for M+N=>1,
War L2515 k™5 K7 turns out to be bounded and Lipschitz continuous
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with respect to r, ie., it is differentiable w.r.t. » up to finite jump dis-
continuities in the derivative on %G} x [0, po) x R¥?x R Then,
War v 25 Hyy K5 k™7 is an operator on #, defined via the functional
calculus for H,.

Lemma II1.6.  Let 6 :=1i9 for some 0 <3 < /2 and assume Hypothesis H-1,
H-2, and (111.19). Pick 0<po<p®® and zeU(). Let Py:=P,® x,[H,],
Py:=1—P, and Ro[Hf] :=Po(Hoy—z). Then, for all M+ N=0, W, v,
defined by (111.63), is given by

VT’M, vlzir k(M); /;(N)]

o0
L—1
= Z (=1) Z 5M,21L=1m1'5N’ZIL=1”1
L=1

m+p+n+q=1,2
I=1,..,L

y ﬁ {<m1+pl><nl+ %)}
=1 P q;
X {D [z Hp AW ke koY s {Roy 13 1) %, (1L6S)
where
DLz rs {Wprms k™ kY iy { Ro} ']
L
=[] (—g)ymtetmta
I=1

x(Pa® Q| W::la’;l[k(lml); ];(1'11)] Ro[Hf-i- 4]
X oo Ro[Hptr+pp o] Wik k0] 9, ®Q),  (11L66)
W Lk k]

— j X\ ARG, L DD, X005 0 £ 0] @ af(x() a(£),

(I11.67)
and
1 - L
=y (k™) + Y (k). (I11.68)
j=1 / j=1+1 !

Proof.  We expand 7p (H,—z) in a Neumann series whose convergence
is guaranteed by (111.20) and (I11.19).
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g
Ip,

(Hy—z)=Po(Hy—z)+ Po WP,
—PoWP,[Py(Hy—z)+ Py WPy~ PyWP,—zP,

=Po(Hy—2)— ), (—=L)" PoW(Po(Ho—z)~" WPy)"~
L=1
=Po(Hy—2)= Y (=" ¥ gHatrN
L=1 M+ N;=1,2
I=1,.,L
X PoWas, 4, Ro - RoWag, 4, Po. (I1L.69)

The assertion follows directly from an application of Theorem A.4 to every
single term in the last sum on the right side of (II1.69). Note that in this
present application, the coefficients w,, » in Theorem A.4 have their values
in the operators on J#,—this does not affect the (purely algebraic) assertion,
since we carefully avoided commutations of these coefficients. |

We come to address our second task: the proof of bounds on the interac-
tion coefficients W,, ». We learn from Lemma IIL6 that estimates for /,,
can be derived by summing up similar estimates for D, as is done below.

Lemma I11.7.  Require the same hypotheses as in Lemma II1.6 and assume
that m;+n,+ p,+q,€{1,2} for all 1<I<L. Write ¥1_, m;:=M and
>+ n;:=N. Then D,, defined as in (I11.66), obeys the following bounds:

|DL[V; z {Wml n1 k(ml) k(nl)}l 0 {RO} ]l
L < 3g/11 >m1+n[+pl+q1

1—-(M+N))2 A\M+ N
< H 2sin(9)2) Po A5
N ~
X H w(k)™ [] ok, (111.70)
j=1 j=1

0.D.[r; 2 {W};Z’le; kgml); kgn')}lL:ﬁ {Ro} 131

<<L> ﬁ <3g/11>m1+nl+p[+qlp(l)—(M+N)/2A15\4+N
po/ 1=y \py? sin(9/2)

m N

< [T okp)* [T o(k)*, (I11.71)

j=1 j=1
Proof. To make the argument more transparent, we abbreviate

Dyl - 1i= Dl AWyt s ks Ry s { Ro} 75T (111.72)

W= Wm0 k. (111.73)
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Using the fact that ¢, ® Q2 =pi? A4~ "p,, ® Q, we estimate

DL 1=p0 Ko ®QI[A™PW(A+ 1) "I Ro[ 11 1(A + p11)]
[ Rolpp 1 1(A+u, )]
[ Atpp )T WL AT (0,0 2))]

L

<po-[] (4 )T P A+ )
=1
—1

L
x [T IIRoLat1(A+u))ll, (IIL.74)
=1
where o :=pu, :=0. Note that ||Ro[ Hy+u](A+ p)|l < |Ro[H,] A|. Thus,
an application of Lemma I11.4 and IILS yields
3 A my+n;+p;+q; M N -
(g4,) [1 J(k) ] J(&,). (11175)
j=1

i=1

DL 1l<po-T1
I

L s1n(9/2) p§)1+5pl+ql,o)/2 .

Now, we observe that m;+ p,+n,+¢,>1 implies that 147, ,, o<
2(m;+n;) + p;+ q, and, hence,

_p0—(1/2><ml+nz>. (II1.76)

(1/2)+(1/2)61+q1 0 1/2

Po Po

To prove (IIL71), we note that 0,Ro[ H,+u,]1 = —R3[ H,+ 1;]. Thus we
obtain from Leibniz’ rule

0. D, [ 1=— Z DLz { W, ks Ky E |
=

{(Ro)]l 1 RS (Ro) I ] (11L.77)

Then (IIL.71) follows from estimating each term in the sum in (II1.77) as
n (I11.74), taking into account, in addition, that

IRSLH, +u1(A+0) | <pg ' - IIR[H,1 A% (ITL.78)

We recall the definition of the constraint C,, which is the volume of the
d-dimensional unit ball times d/y, where y is the exponent in w(k) = |k|”.

dTL’ dj2

Note that

jf[w Vdk=C,- wa[w](d/y)*ldw. (111.80)
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LemMmA II1.8  Require the hypotheses of Lemma 111.6, and assume, in addition,
that Hypothesis H-3 holds and that m;+n;+ p,+¢q,= 1, for all 1 <I<L.
Write Y5 m;:=M and Y% n;:=N. For any 0<r < p,, D, (defined as
n (111.66)) obeys the following bound.

Mk, dk;
10,D, sz {Wmem kim0 RV E (R} 5 T 11—+
L;%*N £ =t of ]—1w ]:1w(kj)ﬁ
L /6gA, A1+ /2C,)\"™* 2+ m+a
<A4LpM+MN2 d , 111.81
e (e > (Hsh
where B, :={k |w(k)<r}.
Proof. First, we recall that
_ — 0= H
R =[Pty =)@ 1+ 5Py @ 1,1~ 4 P 0520
(I11.82)

Thus, its (A[ #..q]-valued) distributional derivative is given by
O Ro[H,1=e “RAH,1+ (e *po—2)"' Py @[ H;—pol.  (IIL83)

Using the abbreviation (II1.72) and (II1.73) again, Leibniz’ rule in conjunc-
tion with (II1.82) gives

oD, [ -]
_LleL[r . {W k(m) k(")} {(R )}l L, 0u R )72 ]

I=1
= —e 0D --- ]+ (e ¥py—2)"

—1

X Z DL[r Z, {W k(M) k(n)} 17{(R0)jl })Pel®5[' 7p0]9 (EO)]L=7IL—1}]

I=1
1

=—e ¥ D, ]+——
ekl (e ¥po—12)

XY Dyl (Pu®L - —pollr-- 1. (111.84)

using the shorthand notation

Dyl - (Py®6[ - —pol)s---1]

=D.Lr;z AW k" R s {(Ro)jZ 1, Pa ® 6L - — pol, (R4 1} ]
(111.85)
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The J-function in the last sum of (II1.84) is too singular, to be estimated
directly. We rather make the dependence of D,[ --- (P, ®[ - —pol, - ]
on ¢ explicit by means of the recurrence relation (A.47). For fixed 1</
<L—1land V:=%!_ v, U:=%F_, . u;, this recurrence relation gives

Dyl -+ (Py®3L- —pol)s---1]

~ 3 e () 11 {em(®))

=0, u,=0, j=1 J j=1+1 J

X Dy[r+ @ (k) 2 { Wy ks kS, 59305 AR i)

L
X(S{V—i-z k(") )+ Y w(kj(,’"j))+co(y(U’)p0}

Jj=1 Jj=1+1

x La(F7) a'(y')>

xﬁL_Jr+w<A%Wﬁzﬂ Um’y“)k(W I+U{ }jIH
(I11.86)

Now the assumption r < p, becomes important because it implies

No+M_,+U:= Zn+ Z m;+U>1 (I11.87)

j=1 Jj=I+1

in (I11.86). Formally, the term in (I111.86) with N _;+ M _ ,+ U =0 vanishes
since we would have J[r—p,] in (I11.86) which is supported at r=p,.
Rigorously, (IT1.87) follows from first expanding D,[ --- ] by means of the
recurrence relation (A.47) (before differentiating it). Then we get a similar
formula as (I11.86) for D,[ --- ] except that

{r—kz (k) + i w(k](,’”f))—l—w(yw))—po}

j=l+1

is replaced by

X{r—f-

For N+ M .+ U=0 this gives y[r > p,] which vanishes for r < p,, and
there is nothing to differentiate, to begin with.

Next, we integrate (III 86) against 1_[ L dkc;joo(k ) ]_[N dk; /w(l;j)ﬂ. We
insert for D,[ --- ] and D, ,[ ---] the estlmate (III 70) and get

OE) + T o)+ o) |

Jj=I+1

~.
I~
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W‘l

||:z

| o 1Dal -+ (Pu®L - = po]); n

PO

,-\
Kan
N

=

<y 3 ﬁ(j)”“(

vj:O, u—O =
j=1,.,1 j= l+1 v L

Xﬁ< 3g/11 >m,+n,+p,+ql
-1 12 5in(9/2)

XX[N<I+M>I+ U? 1] p(Z)—(l/Z)(M+N+U+V)A§W+N+ Uu+v

jBM+N+U+V <a(J7(V)) aT(.V(U))>

1
{ Z (k) + Z (k™) + a(y'P) = po

j=l+1
M N - N
% [ {otk) = di} ] {eo(k,)—* dk,}
j=1 ]:1
U 14
< [T {o(y)*dy;} ﬂ o( )" d7,}. (111.88)

Il
-

J

Now, {a(7")a’(y'?)> =0 unless U=V, and in this case we obtain

Ca(FP) at(y)> =3 [ 0Ly — Faids (111.89)

n j=1

where 7 are the permutations of {1, .., U}. Moreover, a — ff =1 —(d/y) and
20=(1+pu)+1—(d/y). Thus, using (I11.80), the integral on the right side

of (II1.88) is given by

~ﬂ’::(U!)f {r—i— Z (k) + Z k<m))+w(y(U))—po]
B%+N+u Pl
M N U
x || {e(k,)*~ ﬂdk V1T ¢ k)"‘ ﬁdk I {w(yj)z“dyj}
j=1 Jj=1 Jj=1
Ne+M, U
=(U!) cfre JMNué{H- +Zc?>j—po}
Byt j=1 j=1
M+ N U
x [] do, [] &+ do,. (111.90)
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We distinguish the case U=0 and U>1. If U=0 then the constraint
(IIL.87) reads N .,+ M _,>1 and we estimate

M+ N—1
FLCHN ] j dcz)jzcy+Npgl+N1 (IIL91)

Jj=1 @j

Conversely, if U>1 then we compensate for the J-function by first
integrating against d@, and obtain

fS(U!) Cy+N+ Upgl+,u)+M+N

U—1

Xfx[c?)ﬁ Dy <po] ] @ day,
j=1
<(U!)C24+N+Up(()l+u)U+M+N

U—1
XJ‘){[C?)I‘F +C?)U_1<p0] 1_[ dC?)j
j=1

|
U! M+N+U Q+u)U+M+N—1
0

<7
(U—1)! r
SUCHMFN+U)M4N+U-1 (111.92)

Here we make use of the fact that the integral over the U— 1-dimen-
sional simplex, { (@, .., ®y_1) ERY |+ - +@y_1 < po}, is given by

U=1/(U—1)!. Moreover, we used p, <1 in the last inequality. Combining
(IT1.91) with (II1.92), we observe that the following estimate is valid for
all U=0:

J<max{U, 1} CM+N+U,M4N+U-1 (111.93)

Furthermore, we observe that 2U< Y./ | p,+ ¢, and that

i <q]'>. i <Zj>:2p,-+qj, (111.94)

vj=0 vj uj=0 J

Inserting (I11.93) and the last two observations into (II1.88), we arrive at

5 Mok, N dk;
JIBAL (Pa@3L —pods--- 1 1T 2505 1T 25

M+N+2U "M+N+U ,1 M+ N)/2
<max{U, 1} A¥+N+ CdJr FUpy TN

L 6g/11 my+p;+n+q;
gt ( P s1n(9/2)>

/C \™ut P+t
<p1+(M+N)/2 1—[ <9g/1 l/is(l‘i‘ > R (111.95)
/2 sin(9/2)

I=1
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Here, we make use of the fact that, for all U= 0,

max{ U, 1}(C,42)Y < (max{1, U} 27Y) - ((1 +./C,) A5) =17+
<((1+/Cy) Ag)Frr o+ a, (I11.96)

Next, we insert the estimate (II1.71) from Lemma IIL.7 to estimate the
integral over &_D[ --- ] and obtain

~ M dk;

j:lw j j:lw(kj

3g/11 m;+p;+n+q;
2 sin( 3/2)> ’

L
<L(CydsplPyM+N H < (111.97)

Finally, we note that e *®p,—z| > po/2. Thus, in view of (IIL84), we
obtain the claim (II1.81) by adding (II1.97) and 3(L —1)/p, times (II1.95).

Having estimated the D,[ ---]’s, we can now easily derive the corre-
sponding estimates for w,[ --- ] by summing up (II1.65). This yields the
following lemma.

Lemma 1119. Let 0:=i9 for some 0<3<m/2. Pick 0<py<p®=
27'25in(9/2) and ze Uy . Assume Hypotheses H-1, H-2, H-3 and

gy 1 4 45(14/2C,)
< —, h A
py? 100 where: e sin(9/2)

(111.98)

Let PO :=P€1®%po[Hf]’ Fo = 1 _PO andﬁo[Hf] :=F0(H0_Z). Then a}M,N’
defined by (111.64), obeys the following estimates for all M+ N >0 and
0<r<py:

|WM, Nz k@0, %(N):H

100gA\M*+N /100g4,\Pusno M N
<2p0< & 6> < & 6) [T wlk)® [] ok, (11199)
J

Po P (1)/2

=1 j=1

and

(M). F(N) ok /
~ e e (M), TN J J
fBM+N|ar‘VM,N[r9 Zrk ’k ]| n Cl)(k )B 1—[ ~)/;’

,0 j=1 7 oj=1

1 A M+ N 1 25M+N’
<25< 00¢ 6) < 0024 > ) (111.100)

Po P (1)/2
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Proof. We first prove (I11.99) by inserting (I11.70) into (II1.65) which
yields

|“~/M, Nz k™0, E(N)]|

< Z Z 5Ms2f=1ml'5N Zz 1 pO_(M+N)/2AM+N
L=Ly, m+p+nm+q=12
I=1,.,L
ﬁ {<m1+p,><n1+qz><3n€/11>’"l+"1”””’}
L 0, q V2 sin(9/2)
M N
% l—[ co(k n (kj)°!, (HIlOl)

j=1 j=1
where Ly:=1for M+ N>1 and L,:=2 in case that M = N =0. Next,

<m+P><n+q><2m+p+n+q and 1/1200g/11 <100§2/16
p q sin(8/2) ~ pg

(I11.102)

Thus

m+p\/n+gq 3g4, mintprta
Z 1/2 9/2
m+p+n+qg=1,2 V4 q sm( / )

< 100g/11 max{m+n, 1} z <3 m+n+p+q
po? sin(9/2) 50

m+n+p+g=1

100g/11 max{m+n, 1} 1 4
— . —1]. 111.103
~(miom) (=) ] HL103)

Thus, (ITL99) results from > ;. max{m+n, 1} >max{M + N, L} which
implies

|WM, N7 25 k(M); %(N):”

10024 M+N+20y,n 0
<2pé—(M+N)/2A§W+N‘< g4y >

Py sin(9/2)

Ea

N
]‘[ (111.104)

Il
—_

J

The proof of (IT1.100) is analogous except that it makes use of > 7, Lx*
=x(1—-x)> 1
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We come to the third step indicated at the beginning of this chapter:
Elimination of the dependence on p, of the underlying Hilbert space by
rescaling and changing the spectral parameter. First, we observe that the
family H4[z] is related to the desired one, H)[z], by

9

(5] ~
Hylz] ;=p—rp0Heff[z(g;(z)] r (I1L.105)
0

o>
where, recall,
Zoy: UG = Dy, {ePpite. (I11.106)
Thus, for any ze D,
Hplz1=01(Elz]+ Tz H ]+ Wl z]) 11, (II1.107)

where y, =y[H;<1] and

Eglz]=po " W00l Z()(2); 0], (TI1.108)
Tyl z Hel =Hp+ po "o, o[ Z (o) (2); porls —Wo o[ Z(g)(2); 01},  (ITL109)
Wo,olz; 5] 1= Fp(Hy+e Ps—2)+2), ga (I11.110)

and
wi) ylz Hps k0, k]
1= pgP M N Nny N Z6) (2 poHy pgK ™ pg7E]. (IILLL)

The last equations and Lemma I11.9 imply that Theorem IIL.1.

IV. THE RENORMALIZATION MAP %,

In this chapter, we present the key tool of our analysis: an inductive
renormalization group construction. The idea underlying our construction
is that by lowering the photon energy scale, thereby decimating the degrees
of freedom of the system, the dynamics of the remaining degrees of freedom
is approximated ever better by the free photon dynamics H,. Our construc-
tion is realized in terms of a renormalization map, #,, consisting of a
decimation of degrees of freedom, followed by rescaling by a factor of p—'.
The renormalization map associates to every operator H on the subspace
Hea =Ran {y[ H,< 1]} =7 an operator Z,[ H] on #,.4 with the property
that H — z is invertible if and only if %,[ H] — z is, for z belonging to a small
neighborhood of a certain part of o(H) described below.
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IV.1. Construction of the Renormalization Map X,

The renormalization map %, depends on the scale parameters 0 <p <1
and u, £ >0, which we collect in the triple

4:=(p, p, &) (IV.1)

It is defined on a certain subset of a linear space, #,,, of Hamiltonians
on #,.4, constructed in (1.46)—(1.57). Here u > 0 is the same parameter as in
Hypothesis H-3, and we recall that d is the spatial dimension, w(k) = |k|’,
and the parameters o« and f are defined in (I11.59)-(111.60) as

1 d u o d
=—(1 — (=1 )=14+=—=
o (I+uw) <y > +2 2’

1 1/d u o d
==(1 —(—=1|=% .
p 2( +/1)+2<y > 2+2y

Furthermore, we recall from (1.64) that the polydisk #(9d, )= #,, on
which the renormalization map %, is defined, is given by

B0, ¢):={(E, T, W)eW,| sup |T'[z, -]—1],<3,

zeDl/z
sup |E[z]I <& sup [|[Wz]]4<¢}, (IV.2)
zeDl/z zeDm

assuming that 0<1/8 and £<1/16. In analogy to (IIL.16)—(IIL.17), we
define

U™ :={zeDp||z—E[z]| <p/2}, (Iv.3)
UC(v) :={zeD,,\ U™ ||arg {z— E[z]}| >}, (IV4)

We note that H[-]e#(J,¢) and ze %™ implies that |z| < p/2+ |E[z]]
and thus

A<D, (IV.5)

provided that ¢, p < 1/8. Another simple consequence of H e %(4, ¢) is the
following lemma.

Lemma IV.1 Let T[z; - 1€ with |[T'[z; - ]1—1],<e<1/6, z€ D),
and 0<r<1. Then
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(a) forany zeD,p,,
(1=0)r<|Tlzr]I<(1+8)r  and  |arg {T[zr]}| <5, (IV.6)

(b)  for any ze U©°(§') with § <’ <n/2,

o'—o
|T[z;r] +E[z —z|>< > r+p), (IV.7)
[zr]+E[z] W (r+p
(c) for any ze U™ and r = p,

|T[zr]+E[z] —z| = (5)(r + p). (IV.8)

Proof. Part (a) follows trivially from

Im 77 z; 0,T[z;r]—1
|Im [Z,V]|< 10, T[z;r] — 1] o <tand. (IV.9)

ReT[zr] 1—0,T[zr]—1], 1—0

To prove (b), we pick ze#“")(') and write s-e” :=z— E[z] with
s> p/2 and || > ¢'. Similarly, we write 7-e¥ := T[z; r] with 1> 1(1 —J) x
(r+p) and || <J. Thus, using 1 —J > 1/3,

|T[z;r] + E[z] —z| = |te¥ —se™|
= /1 + 5215 cos(p — )

>(2)7"2 /1 —cos(p — ) (|t] + Is])

>(18) "2 /1 —cos(¢p — ) (r+p). (IV.10)

Now (b) follows from 1 —cos x > x?/n for |x| < /2.
Finally, we note that |z — E[z]| < p/2, for ze %™, which, together with
r= p, implies that

\T[zr] +E[2] —z| >(1—5)r—§><1;5—l> (r+p), (IV.11)

and hence (¢). ||

The previous lemma has two important consequences. On #°*9(§'), it
guarantees the invertibility of H[z] — z, thus identifying z as a point in the
resolvent set p(H[z]) of H[z]. On %™, it justifies the application of the
Feshbach map 7, . We make this precise in the following theorem.

THEOREM IV.2. Let H=(E, T, W)e %(9, ¢) with p, 0, ¢ <1/8, and assume
that ep~'?<1/90 and EC,< 1.
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(a) H[z]—z is invertible, for all ze U°*Y(120ep ~12 + ).

(b) For any zeU"™, the operator y,H[z]j,—z is invertible on
K H = pl Heq. Moreover, writing y, =y ,[ H;] = y[H;<p], the Feshbach
map ,/fp(H[Z] —z) is defined, and it is invertible on y[ H,<p] H.q if and
only if H[ z] —z is invertible on H,qq.

Proof. The argument is similar to the proof of Lemma II.3 and Theorem
IIL.3(a), (b). First we remark that T z; H;] + E[z] —z is a normal, bounded
operator because it is defined as a spectral function of H, Moreover,
Lemma IV.1(a) guarantees that 7[z; H,]+ E[z]—z is m-sectorial and
bounded invertible if ze % ©*(120ep ~'>+6) or if T[z; H/] + E[z] —z is
restricted to y[ H,;> p] #eq and z e %"™. We denote by U the unitary that
results from its polar decomposition, i.e.,

Tlz;r]+E[z]—z=U|T[z;r]+ E[z] —z|. (IV.12)

To prove (a), we construct the inverse of H[z] —z by a Neumann series,
(HEz) =27 = RY?| § U R ML 0 RPUSY | avas)

for ze % °"(120ep ~'/?), where RY?:=|T[z;r]+ E[z] —z|~2 We apply
Theorem B.2 and Lemma IV. 1(b) and obtain
HR(1)/2/1 Wlz] ){1R(1)/2 I

H,+p
T(z; H] + E[z] —:z

<I(Hpt p)=2 1 WL 20(Hyt p) =)

2e% 3
pY2(120ep =12 —¢)

<1, (IV.14)

since £¢C,;< 1. Thus the series in (IV.13) is norm convergent.
Part (b) follows similarly from

(ZpH[Z]Zp_Z)_l
=Ry*| Y UN—=R 017, WLzl 017, R?U*)" |, (IV.15)
n=0

and the estimate

12e~¢
IRY 17, W21 7,01 RY? | < T<1' I (IV.16)



RENORMALIZATION GROUP ANALYSIS 249

Next, we rewrite %, (H[z] —z), for ze %", in a Wick-ordered form

X

>

F (H[z]—z)=:H[z]+E[z] -z (IV.17)

Xp

where H[z] =;{/,(E[Z:| + Tz H,]+ W[z]))(p and T, E, W and VT/M,N,
with corresponding coupling functions W, y, are defined similarly to (II1.63).
The coupling functions W,, » are given by the same formulae as (I11.65)-
(II1.68) in Lemma II1.6, except that in (IV.18), below, the summation runs
over all m,, n;, p;, ¢;= 0 such that their sum is > 1. More precisely,

Wag, w2 15 KO0 RO

L—1
(=1) z 5M’21L:1m1'5N>21L:1"1

1 my+p+n+q=1;
I=1,.,L
X

"))

x{D,[Hp; LW s ks ke ARG ES T g (IV.18)

I
T8

I

Il
-

The definition of D, is identical to (II1.66) except that the expectation
value (¢, ®Q2|(-) ¢, ®2) is replaced by (Q|(-) 2.
Our next step is to rescale A[z] by I , and to use the map

ZU™ > Dy, Z(0):=p ({—ELLD. (IV.19)

We remark that Z is bijective provided that H e %(J, ¢) and ¢ < 1/8. To see
this, we differentiate Z({) which yields

g.aCZ(g) =1-0,E[(]. (1V.20)

Since %™ = D, 4, by (IV.5), Cauchy’s estimate with a contour on 0D, =
{|z] =1/2} yields that, for all { e %™,

|0,E[{]| <4sup |E|<4e<3, (IV.21)
¢ 2

Dy,

and hence that Z: %#™ — D, , is bijective, indeed.
We define the renormalization map #, by

R(H)z]—z:=p ', 7, (H[Z (2)]—Z ') T'%, (IV.22)

7%,

for ze Dy p,.
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IV.2. The Contraction Property of the Renormalization Map %,

We come to the heart of the matter: the contraction property of Z,.
Concretely, we propose to show that

R,: B(0, &) > B(J + ne, ne), (IV.23)
where 6 <1/8, e <1/16, 5 <1/2, and #(J, ¢) is defined in (IV.2). Obviously,
this property enables us to iterate the renormalization map, yielding a
sequence of analytic families in %, which converges to a (trivial) fixpoint
of #,,

(0, 4r, 0) = £,(0, ir, 0), (IV.24)
where 1€ C\{0}. By a trivial change of scales, we may assume /=1
without loss of generality. Note that (0, r,0) corresponds to H[z]=H,,
the free photon Hamiltonian.

The proof of this contraction property is split into a series of lemmata.
We start with estimating the coupling functions #,, y, defined in (IV.18).
To make our argument more transparent, we write

War, N=Wag v+ DV ns (IV.25)
where

Wl MLz KD RN =y, w25 r KOD; ET, (IV.26)

and

AWpg Nz k40, ];(N)]

o0
=Y (=Dt ) Or, sk m ONTE m
L=2

m+p+n+q=1;
L

I=1,..,L
<11 {<ml+171><”1+%>}
I=1 D q:
X AD[Hy (Wi k™ kY AR} P T (IV.27)

Then we have the following lemma

LemvA IV.3. Let (E, T, W)eB(5.¢) with p.5<1/8, ¢<1/16, and
assume that ¢C,;< 1, E2C,<1/16, and ep ~'* < 1/320. Then
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~ p Lo (EC)pra
ID.[ “']|<5M+N'<6> < 1/2> ﬂ {1/2(411)1/2
x ]_[ max{p, w(k;)} ~'*- ]_[ max{p, w(k;)} 712 (IV.28)
j=1 j=1
and
- . p & M+ N 68 L (écl/Z)pﬁqz
IDLL--- 1157 < < ><pl/2> U 2 (g 1)P
(IV.29)
where D[ ---1:=D,[zr; {W:Z’[Z/; ks ko E (R ES].
Moreover, for M+ N> 1
W3 wlIG7) <e-EMHN (IV.30)
80¢ 2 4é M+ N
4 <2 (55 (S5) (1v31)

6¢
| AW, o 1157) <2 <pm> (4ECP)

(Iv.32)
Proof.

Inequality (IV.30) is trivial. To prove (IV.28), we apply (IV.8)
and the fact that ;> w(k{")+ w(k{™+’) to the estimate analogous to
(IT1.74) and obtain

L
|5L[~-~]|<6L71P1n1 |‘(Hf+ﬂ171+P)71/2 W:;’;’X
X (Hp+ 4 p) =2
<67 [T ICH 4otk 500~ 1 W
=1
X (Hp+ o(k{"™) + p) 7.

(Iv.33)
Next, we apply Theorem B.1 (with M :=p, and N :=gq,). This yields
D[ -1 <6571

M
pSLéM+N 1—[ 1_[ k )oc
j=1 j=1
L
x 1 (min{ p + w(k(™), 1} =902
I=1
xmin{ p + w(k(™), 1} ~%u.0/2)

L — (8, 0484, V2(EC /2 1/2

p om0t ou 2 EC T+ 1712)
xn{ 1 et Vsl avae
iy TV +p) pr+ 1172 FL(1 +p) g+ 1]
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Now, we claim that

min{ p + (k") 1}%:0. min{ p + w(k(™), 1} %0

=p Z max{p, w(k; ;)} - ]_[ max{ p, o(k; ,)}. (IV.35)

j=1 Jj=1

We check (IV.35) by inspection: For p,+¢,>1, the left side in (IV.35) is
bounded from below by p <1, while p is an upper bound for its right side.
It remains to consider the case p,=¢;=0, in which case we have that
m;+n;=1. We estimate

min{ p + w(k"?), 1}%:0.min{ p + w(k(™), 1} %0
>max{®, o(ky ), ., 0Ky )} -max{p, o(ky ), .., ok )}, (1V.36)

using p, w(k; ;), a)(’lg,, ;) <1. Estimate (IV.35) now directly follows from
(IV.36) and p < 1.
We obtain (IV.28) from inserting (IV.35) and

Il +p)” ey 1
I +p) p+ 11 ~TTp+1] p! (IV.37)

into (IV.34). In turn, (IV.29) follows from (IV.28) and max{ p, w(k;)} = p.
To prove (IV.31), we insert (IV.29) into (IV.27) and obtain

©
”AQN)M,N”(AO,OP) Z Z 5M, Zleml '5N: Zf:lnl
L=2 m+n+p+q=1,
I=1,.,L

f M+ N 68 L
o) ()
g ml+p,><n,+q,> (ECyyrra } I
— V.38
lejl {< D q: (Pl!)l/2 (q,! )1/2 ( )

Since (m + p)! <2"*Pm! p!, Eq. (IV.38) is seen to imply that
46 M+N ©
453 <p(Sa) T an (1v.39)
L=2

where

BB (EEGT L

p
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An application of Schwarz’ inequality gives

¢ (2ECP)TY? T X (8E2C,)*
<Eo ) < <Eo ) <,,§0 B ) —2explsc,) (v

and hence

80¢ 1

48¢
A<p1/2 exp[8£2C,] < A<y (IV.42)

Therefore, 37, A“=A%(1—A4)"'<24?* and we arrive at (IV.31).

In order to prove (IV.32), we examine (IV.38) again for the special case
that M =N =0. Then we estimate

. " e’} 68 L L (fCl/Z)pl+ql
HAWO,OHE;,,;)gz Z < 2> n{l/z(q)l/z}

1/
L=2 p+gz1, \P =1
I=1,., L

o) 68 L o] 2 2 L
< Z 12 Z (fcd )P —1
L=2\P p=0
) <18/2> (4ECP<2 <f/2> (4ECY2)2, (1V.43)
2 \P p
1 1 1/2 —1/2
using again that £C/“<1/4 and 6¢p <1/2. |

LemMma IV.4. Let (E, T, W)e %(0, ) witho < 1/8 and e < 1/16, and assume
that ECy4< 1, £2C,< 1/144, and ep ~V? < 1/320. Then, for all M+ N> 1,

24e

10,95 ;1S, <p1/2 (ECp' M HN, (IV.44)
N 90¢ \?

|a,AwM,N|g}>p\12< > (4ECp' )M TN, (IV.45)
~ (1) 66 2 2

10,490,011, <48 o172 -(46C,)7%, (IV.46)

Proof. As in the proof of Lemma I11.8, we first recall that

Ro[H/]1=Ry[z; Hf] = =
o Hl oLz Hy] T+E—z T[z;Hp]+E[z]—2

(IV.47)



254 BACH, FROHLICH, AND SIGAL

which implies that

O, ROLH = (T[pl+E—z2)"" 0(H,—p)— RI[H,]-0,T.  (IV43)

By Leibniz’ rule, we thus obtain

arDLl:]: Z DL[WI_)arWl]

+(T[pl+E—2)"" (IV.49)

S D[ {Ro} 2y — {(Ro)'Z}. 0 — p). (Ro)ESL 1} -+ ]
(IV.50)

L—1
D[ {Ro}Ert = {(Ry)12), R0, T, (Ro) 5 1) -+ 1,
(IV.51)

where we abbreviated by

D,[---W,»0,W,---]
=Dz Hy (W k™ k)i
(6,W;';¢;f;k§'"f>;k§"ﬂ> (W s k™ P s {Ro} 751,
(IV.52)
Dil - ARo}j = {(Ro)[Z1, i), (Ro) i} -+ ]

K R E s {(R)IZh £ (Ro) 1) 1.

=Dz Hy AW
(IV.53)

with f;(r) :=d(r — p) and f,(r) := R3(r) -0, T, respectively.
We begin with estlmating Term (IV.51). Since

|(Hy+ p) RALH 0, TL 2 H,|

e ML E A

<||(Hy+p) RLH/|?-

18(1+2) _21 (1v54)

X S s

P P
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we obtain as in (I1V.34)
1Dl {Ro Fiot = {(Re); 21, R3O, T, (Ro)f 1} -+ ]
¢

M+ N 6 L £C1/2 pi+q M . ~
<<p 7 > < 1?2) ﬂ (1/2))1/2 [T o)™ [T (k)™
= AL J=1(IV.55)

Inserting [, <, @(k)*~7 dk = C,p, we observe that (IV.55) yields

IDL[ - {Ro}j2i' = {(Ro);Z1, R3O, T, (Ro); i} -+ 111,

j=1 j=1°

1/2\M + N = écl/z)pl-'—ql
<(ECp' M <> HW (IV.56)

Second, we estimate the term in (IV.50). Similarly to (II1.86), we again
use the recurrence relation (A.47) to rewrite this term as

Dyl - {Ro}j2)' = {(Ro)jZ1, 0(r—p), (Ro)f 5k} -+ ]

9; Pj .
: o (2), 1 for 2)
go, u-;O, J { j=1+1 T\

x Dy[r+aw. (k™); z { W, k("’) k(”’ y(”f)} 5 {E} 1
L
x&[r—i— Y o)+ Y ok +oly }
j=1 j=1+1

x La(77) a'(y?)>

XDL—I[V"‘W@(%(M) {W k(m) y(u’) k(n)} —l+1’{R0}j 1+1]
(IV.57)

where U:=37_,_ ,u;, V:=3/_, v, and we have that

1 L
Mo+M_+U:=) n+ Y m+U=1. (IV.58)

j=1 j=I+1

To estimate this term, we closely follow the argument given after (II1.86).
We first insert (IV.29) into (IV.57), which yields
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DL - {Ro} ;21 = {(Ro);Z1, 0(r —p), (Ro)[ha) - 11,
q; P ! q; L p; Ez iM+N+U+V
< Z H<Uj>j=ll_£1<uj><6> .</71/2>

(fctli/Z)mj+qj7vj L (écl/l)pj+qj7uj

68 L 1
<”2> l;[ (P2 ((g;—v))'"?, 111 ((p;—u)))' (q;1)'2
Xy INcj+M_,+U=1]-9 (IV.59)

where .# denotes the following integral.

1+M U
J:z(U!).Cg“NJ“UJ 5{;’%— Z w+ Y &;—p
0 j=1
M+ N
x || do; Hcﬁ””da} (IV.60)
j=1 Jj=1

as in (I1L88)~(I11.90). If U=0 then M _,+ N _,=1 and

I L CM+N pMEN—1, (IV.61)

Conversely, if U>1 then

f} U!. Cgl+N+Up(l+y)+M+N

o u—1
XL a1+ -+ b, <p] [] &+ did;

Jj=1

|
U! CM+N+U QQ+u)U+M+N—1

TTIRH)(U—1)+1]
U! C(II\:/[+N+UP(2+”) U+ M+N—-1

<
2U—2)!

p

(IV.62)

Now we use that (U!)?><2(2U—2)!, which one easily verifies, for U= 1
and U=2, by inspection and, for U>=3, by induction. This inequality
implies that, for U>1,

IS (Cap)M TN (Cyp> ). (IV.63)
Ulp
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Comparing to (IV.61), we observe that Estimate (IV.63) is valid for U=0,
as well, and thus for all U > 0. Inserting (IV.63) into (IV.59) and using that
N (My=2" p<1, and 2£CY*<1/2, we arrive at

1D {Ro} 21 = {(Ro);Z1, 0(r =) (Ro);5 o} - 1114,

p; ! . L .
() O Gt

I

<68 >L 1 2—U]'.(éctli/2)17j+qj_uj L - .(éCl/z)Pj*'qj_“f
X .
o (2D (g= o) 20 (o= u)) 2 (gD

x max {(U!)~'-(4E3C p' )Y}

Ue N,

L L
<<18> (EC, p1/2)M+N <p61(jz> 'eXp[4f2Cdp1+” 1—[ 2§C1/2 n+a

<<g>'(fcdpl/2)M+N < 1/2>L ﬁ (2eCPyrta, (Iv.64)
1

=1

We come to the most difficult part, the estimate on (IV.49). Up to now,
we did not make full use of the inverse factorials that Theorem B.1 yields,
but to estimate (IV.49), we compensate with these inverse factorials for the
many terms that the contractions of creation- and annihilation operators
generate. To this end, we apply (A.46) and obtain

9 2 =1 q; L D;
- 8 (e (") 1 {ee (D))
=0, u;=0, j=1 /) j=1+1 '

xD, [z r+ws (™) {W; k(’") k(”’ (“)}J 1 {Ro} iz
X Rolp;_11<a(37) 0, Wil 4y k(ml) k(nl)] a'(y'9)> g Rol 1]

xDp_Lzrt o (KO AWk, i ks {Rol

Jj= l+1

(IV.65)
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Now, we fully exploit Estimate (IV.28) which yields

|l~)1—1[22 r+a)>,(k(’”)); { W kj(-mf)Q %](-nf), fj(-vj)},l;i; {Iéo}]{;%:”
6 I—11— C1/2 pi+4q;—v; —1/2ym;+n;
() )
6 P j=1 ( ) ((QJ ) )

1—1 m; n; |4 ~ oo
<11 {ﬂ w(k, )* [| ok } I { éw(yf)y )}m} (IV.66)

1 (max{p, o(

and

DLz 0 < (RO AWy k), y s KV {Rod 54 ]
<<P><6E>L" i {(écquf f(ép“/z)’"'”f}
6 pl/z j=I1+1 ((pjiu ) )1/2 (qj )1/2

Lo Cf o)
x [1 {tn ok )* [1 w(k } ; {max{p, yl)}l/z}'

) (IV.67)

Upon inserting (IV.66) and (IV.67) into (IV.65), we obtain, for (K0, k™)
€ B} x BY,

D[ - W= 0, W,

;(%) P—

) { (éc”)";;%—”f m} i { ECyrpey }

s W= )™ (g,1) (P ((q;— o))"

X H w(k;)* ﬁ k(’”l) k("l)) (IV.68)
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where

I (el Te(m)
= [ 1<a(7) aat ()

.. T ~ v U
X O Wty mt gL 25 A K0, X PO I 540 a(2 ) 1 at(y()) g

« ﬁ { o(y,)*dy; } ) - { w( ;)" dy; }dx(pl) Az

s lmax{p, o(y)} 2] lmax{p, (7))} '

|4 U!
<ty =n=t-0211- (52 () -

—

xp= R [ La(x )] [ o(F)]

XSUD 0, Won 4 pp s g [ 2575 K™, X0 K, 50|

r

X ﬁ {o(x;)* dx;} ﬁ o(X;)

x [ Loy @) 1‘[ ()™ dy;}. (IV.69)

Here, Wick-ordering of a( #*7) a'(x?") gives rise to the factor V! ((V — p,)!) 1,
Wick-ordering of a(%4) af(yV) gives rise to the factor U! (U—q,)!) "},
and Wick-ordering of a(7=77)a’(yY=9) accounts for the factor
(U—g¢q,)! on the right side of (IV.69).

Next, we apply Lemma C.3 with #:=a+ f=1+u, and we use (B.12).
This yields

I (k™) k) < Cmap =i [V —p=U—gq,>1]

|4 U!
V= p)r o) \(U=gpt g

x f SUD [0, W 4 py w4 [ 2575 K™, X PO K, 5]

r

gy, R,
. 1V.70
x |1 ) =5 ( )

=19 j=1 w(xj)
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We insert (IV.70) into (IV.68) and integrate against the measure ]_[M dk;/
(k) TTY. | dk; /w( )7 over the region Bpl/v X Bpl// We arrive at

HDL[ Wl_’arWl"' ]H(Al,)p

s i & RO R

J
j=Tr =1 j=I%1,.,L

X (ECyp~2YMHEN=m=m=p=ar (ECI2)P*2||0,w,|Y,,  (IV.71)
denoting Q:=3!"{¢,and P:=37_, | p; Note that

I {2 <qf>} ] susse, (1V.72)

Uj j=1

?; L . L
5 il {2”/<J>}= 1 37<3” (IV.73)
S w=0,  j=l+1 u; j=1+1

Thus
|Dy[ W=, W11,

<<p68> (ECup T MV BECPTHE, (IV.T4)

using that [|0,w, | () <24ep =2 (EC p'2)~™—m=P=% and P+ Q= U+ V.
Adding up (1V.74), (IV.64), and (I1V.56) according to (IV.49), we obtain
the bound

~ 6¢
”arDL[ ]”2”,;<3L <p > (fC p1/2 M+N 1—[ 3C1/2£)p1+q1
=1 (IV.75)
We insert this estimate and 3¢CY/? < 1/4 into the series (IV.18), which yields

. s 6¢
LTS SRR M SIS N <p1/2>

L=2 m+n+p+q=>1
I=1,..,L

X (EC p PYM+N . ﬁ {4_;,1_‘11 <m1+P1><n1+CI1>}

Pi q:

e S () [(£

<12 <908> (AEC, p )M, (IV.76)

since 4 :=90ep ~"2<1/2 and thus ¥_, LA* =24%1—4) "' <44
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Finally, for M =N=0, Equation (IV.75) and the series expansion
(IV.18) yield

. o] 68 L L
P I TR EC Y I  (E R
L=rprarl VS
o 48¢ C1/2 L
<y 3L.<851/2d>
L=2 p
6e \? 1/2\2
<48(-7 (4ECY2)2, (IV.77)

proving (IV.45). |
We remark that in our derivation of (IV.71), we used the inequality
pl<pi+mp, (IV.78)

This is one point in our proof where the condition x>0 (here, including
1 =0) inevitably enters, namely to compensate large factorials.

TueorREM IV.5.  Fix u, p, E>0 such that pC,<1, CY2E<pB+HR and
pH? <1/16. Assume that 5 <1/8 and ep ~> < 1/12800. Then

R,: B0, &) — B(d + ne, ne), (IV.79)
where
12800 1
n ;:4p”/2<] +1/28><8pﬂ/2<2. (IV.80)
p

Proof.  We assume that (E, T, W) e (9, ¢), and we write H= (E, T, W) :=
4, (E, T, W)]. Equations (IV.17)—-(IV.22) imply that

HLZ(O1-Z() =p~'T (A1 + E[L]-0) T}, (1V.81)

for any { e %™, where, as before, we identify H— (E, T, W)e %, by

H[z]=: (Tlz H]+ E[z]1+ W[=]) 11 (IV.82)
Tz H) :=p~ ' TLZ(2); pH/] + p~ (o, o[ Z7\(2); pH,]
—bo o[ Z71(2); 0]), (IV.83)

E[z]:=p "W, o[ Z71(2); 01, (IV.84)
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Wizl:= )Y Wyalzl, (IV.85)

M+N=>1
Wi nlz]:= j dk™ dk™at (kM) iy, N 23 Hys kKD k™7 a(BY),  (1V.86)
War L2515 KD E0]
= pl PPN =N N pH s Z7 (2); p K05 p VR (1V.87)

We use Lemma IV.3 and Lemma IV.4 and the relations (IV.82)—(1V.87).
First, we examine W,, y, for M+ N>1. By (IV.87) and (IV.30), we have
that

W5, N[ Z(2); 1y KO0, B

= pU@PMEN =L | GT [ o pry p 7D p TR0
M N
<p L G - T1 (e k) [T olp k)
j=1 j=1
M N -
< pet @M+ N =1, a1 520 - T (k) T w(k)*  (IV.88)
j=1 j=1

Thus, since a+ (d/2y)=1+ (u/2) and M+ N> 1,
100, w120 < U WD g G < gptREM N, (IV.89)
Similarly, we get from (IV.31) that

HAWM,NH(AOO) <2(4p(1+u)/2)M+N(808)2p715M+N

gp/‘/2 <(29) : (102) . 8) 85M+N. (IV90)

1/2
PY

Adding up these terms, we obtain

(IV.91)

12800¢
gD IWM,N|2°°)<4P“/2<1+ 8>-6-

1/2
PY
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Next we compute from (IV.87) that

R

dj
w(k;)”

l

~ M N
j|a,»®M,N[Z(z); ry k4D, ]| ]_[ l_[

Mgk, Nodk
= pldPNM+N) |15 i s prs p M p | H =
pP J| WM,N[Z prs p ]|j la)(k) L w(k.

gp(ﬂ—(d/ZV))(M+N)
- M N dk;
X ‘[BMXBN |0, a0 NL 25 pr; k3D; (N7 H H a)(~1)/3
» *Bp = JZI J
< pURM+N) Haer’NH(Al’)p' (IV.92)

Thus, we obtain from (1V.43)—(1V.44) the following estimate.

12 4050
£ 8>-g (1V.93)

o ECap ) iy < (1422
24 d M,NIl 4 p1/2
Putting together (1V.93) and (IV.90), we see that

(IV.94)

M+ N=1

12800.
max (W, vl 4 <4ph?. (1 +1/28> -
p

Second, we use (IV.84), (IV.32), and ECY2 < p@+#/* to estimate
EL20<p " 405 <12

12800
<4pm2< pU28>& (IV.95)

85C}/2>2
p

Since 57 = 4p**(1 + 12800¢p ~'/?), we obtain

sup |E[z]|<ne  and sup |W[z]l,<ne. (IV.96)

zeDl/z zeDl/2
Third, Equation (IV.83) implies that

0,TLZ();r1=0,TLC pr1+0,000,0[C pr], (IV.97)
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for any (e %™, and thus

sup 110,z - 1—1]

zeDl/z

= sup [0, T[L -T—1l,+ Sup)HarWo,o[C; e

tea teaqn
=0+ sup 0,40 o[ 2], =0 +ne, (IV.98)
zeDl/2

using (IV.46) and H e #(9, ¢). By (IV.97) and (IV.98), we arrive that the
assertion that

R(E, T, W))=(E, T, W)e B(5+ne,ne). 1 (IV.99)

V. ANALYSIS OF THE FLOW GENERATED BY 2,

Our next goal is to apply Theorem IV.5 to the starting operator, H g,
defined in (IIL.105). We show that H , fulfills its hypotheses and we may
thus apply #, to generate Hy,:=%,[ H,], for which we again verify the
hypotheses of Theorem IV.5 and apply %, and so on. In the vein, we produce
a sequence

Hy:=R,[Hq]l (V.I)

neN, of “isospectral” Hamiltonians, and we locate the spectrum of H ,, on
the energy scale

pn::pO'pn’ (Vz)

for all n. By the isospectral property, we can then put these pieces of
spectral information together to locate the spectrum on H o, on arbitrarily
small energy scales.

V.1. Adjustment of the Initial Condition
Recall from Corollary II1.2 that

H € %(9, ¢), (V.3)
provided that g > 0 is sufficiently small such that

0:=25(100gA4p5 )2 < L, (V4)
e:=100gA4gmax{200gAspy ", 2671, 25C 71 ¢ p~ 12 <k (V.S)
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In the following, we require Hypotheses H-1, H-2, H-3, and 0 <9 < x/2,
0<po<p®=2"125in(9/2), 0<u<2, A, =1, As>1, and we define

C,=dy~'n?I[(d2)+ 1], (V.6)
Ag=A,45(1+/2C,)(sin(9/2)) L. (V.7)

The following lemma shows for how large a choice of the coupling constant
g >0 the requirements of Theorem IV.5 and of (V.4)—(V.5) are still met.

LemmA V.. Given 0<u<2, A, =1, As=1, 0<93< /2, we define C,,
Ag, 0, and € by (V.4)—(V.5), and we set

po:=(27"")sin(9/2),  p:=min{C;", 278}, (V.8)
E:=min{C2pB+mi C 11, g:=pY?%/12 800 (V.9)
P2

g0 = min{ 6400 pi* 2 &, = Cup ‘/2} (V.10)

12800 - 100 - 4 2725

Then, for any 0 <g<g,, the following relations hold true:

100gA4
po</27'sin(92),  — o<l (V.11)
Po
pC.<1.  CE<L, CIPE<pCHmR prr<lj16, (V.12)
S<1/16,  e<1/16,  &p~2<1/12800. (V.13)

Proof. First, we recall that p,<./27'sin(9/2), pC,<1, C,E< 1, CY*E
< pCBF+#A - and p*? < 1/16, by definition. Second, we remark that

100go4s _\/6400-p'% 1 _, (V.14)

ps? T 12800 T2 /6400

This implies that

Y P 2= P2 "3
&p 12<12800 mln{ 6400-p 30T g (MAX pE plF T E CyuEp'?
0 0

1 & Culp'? 1 225
— J6400pl2 = =2 -
= 12800 mm{ "2 s }max { /6400 pi? & cdfp“z}

(V.15)

S
12800
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Finally, we observe that
epP=e= %0 (V.16)

So, if ep~12<1/12800 then 5 < 1/16 and ¢ < 1/16. |

The choice of p,, p, and & in (V.8)—(V.9) was made so as to meet the
conditions imposed in (V.11)—(V.13) for the largest possible values of the
coupling constant g. As a consequence of Lemma V.1, we have the following
theorem.

THEOREM V.2. Assume Hypothesis H-1, H-2, and H-3, with 0 <u <2,
Ay =1, As=1, and 0<3<mn/2. Define Cy po, p, & & 0, and g, by
(V.4)~(V.10), and assume that 0 <g < go. Then H € #(J, ¢). Furthermore,
defining

Hy = (Eys Tinys Winy) ::%2[(E(0)7 Ty, Wiy 1, (V.17)
Z iy %&n)) =Dy, Z’_’P_I(Z*E(n—l)[z]), (V.18)

and
%22‘3)52{Z€d1/2| |Z_E(n71)[z]|<p/2}s (V.19)

we have that
H ) e B0 +e ne), (V.20)

foralln=1,2, ...

Proof. Equation (V.20) follows from (V.3) and Theorem IV.5, which is
applicable thanks to Lemma V.1, by iterating

R,: B0, &) > B(d +ne, ne) > B(6 +ne+n’e,n’e)—> -+, (V.21)
additionally taking into account that > ° , #" <1 since n<1/2. |

V.2. Cuspidal Domains of (Possible) Spectrum

Next, we investigate the convergence of > ° ;E(. Recall from
(V.18)~(V.19) that, forn=1,2, ...,

%E;‘;):{ZGDUH lz—Eq,_[z]l <P/2}a (V.22)
and

Z(n):%ii,f‘)) = Dyp, sz_l(Z—E(n_l)[z]). (V.23)
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We use Z g, from (I11.106) to define

Loy Dip = UG, 2oy =Ziy o Zay oo Zyy,  (V24)
and
Simy 1 =Z (1 (Dyja). (V.25)
LEmMA V.3. Foralln=1,2, ..
02912922 2w, (V.26)

po(3)" <inner rad(¥,,) <outer rad(.%,,) < po(3p)", (V.27)

where, for A < C, the inner and outer radius of A are defined by inner rad(A4)
:=sup, {r|lz+D,= A} and outerrad(4):=inf, {r|z+D,=2A4}. More-
over, the number E ., €C, defined by {E.)} = Npen Lim» is uniquely
determined by the sequence

E(oo)— hm J(n)(()) (V.28)

Proof. Since, U () =D, 4, for ne Ny, we clearly have

Sty =Z G4 1)(D1jg) EZ 5N 1) (D1ya)

=2 (UG S Z ) (Dyja) = Sy, (V.29)

and thus (V.26). By the same argument, Z M%) =Z % (U0 )
CSZ G UE), and [0.E,| <4ne<1/4, by Theorem V.2. Thus

fgr Leuly,
3 . 5
1, <12l =p7 " [E-E[C]I < - C, (V.30)
p 4p

which implies that

<2, (V.31)

P ~
Tll<1Zg) <3

for ze D, . Iterating this estimate, we obtain

4 n
outer rad{Z ;,/(Dyy)} < % <3p> , (V.32)
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proving the right inequality in (V.27). Next, using again that |0, E | <1/4,
we infer that, for ze D\{0},

larg [ Z (,)(2)] —arg [z]]| <m/4, (V.33)
and hence
2p\"
inner rad{Z ;,/(D,4)} > 4 5 ) | (V.34)

Having found E,, the number in C_ that we later identify to be the
resonance energy we sought for, we also wish to determine a deformed
curve, i.e., a function

Ty [0,1]1>C_ (V.35)

that represents the “continuous spectrum” for the perturbed operator H,(0).
We put “continuous spectrum” in quotation marks because we do not prove
the existence of continuous spectrum for H,(0), but we show that any spectrum
of H,(0) in % E})‘; D, > 1s contained in a cuspidal domain about E )+
{T(Oo) )| re[0,1]}.

Before going into mathematical detail, we motivate and outline the
construction of T|,,,. The first difficulty we encounter when trying to define
T is that the functions T,, depend on both re[0,1] and ze D,,,. We
thus need to impose a sensible condition that determines z={,(r) as a
function of r so that on tNhe nth energy scale, p" ! <r < p”, the curve T[]
is essentially given by 7., defined by

E(oo) + T(oo)[r] = g(;)l(T(n)[C(n)(P_nV)é pr]). (V.36)

The condition that yields z as a function of r is expressed in terms of
functions

{im: [0,5/16] — Dy, (V.37)

for each ne N, by the requirement that |{,(r) —r| <1/16 and by the fix
point equation

((n)(") = T(n)[C(n)(”)» r], (V.38)

where T, is defined in (V.17). We postpone the discussion of Eqn. (V.38),
and we temporarily ignore the fact that, according to (V.37), {, is only
defined on [0,5/16] rather than [0, 1]. Instead, we insert (V.38) into
(V.36) and obtain

E(ooy+ Tioo)[11=Z 5} (L p 7)), (V.39)
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for p"*1 <r < p" Equation (V.36) is still not satisfactory because 7"(00) may
have jump discontinuities at r=p”. We solve this problem by smoothly
interpolating between Z (,/({,(p ~"r)) and Z ;1 ({(,—1y(p ™" 'r)). Namely,
we pick ¢ e Cy(R; ) such that ¢'<0, =1 on [0,1/4], and ¢=0 on
[5/16, co]. We use ¢ to define, for n=0, 1, 2, 3, ...

L) := (1) - L) + (1= (1) - Z(Cin—1)(PT)), (V.40)

where {(_y(r) :=r and 0<r<1. We emphasize that ({2 is defined on the
full interval [0, 1]. Moreover, the curve T, defined by

Eoy+ Tieo)[11=Z () (L@ (p 7)), (V4l)

gor p"t1<r<p", is Lipschitz continuous since ({2 has that property and
ecause

lim { L)} = Z (L 1y(P) = Z (L2 1 (P)). (V.42)

ro1

The key property of {{&, defined by (V.39) and (V.38), is that, for all

zeDyp/ U and p <r<1, we have that
1 (av) 98 n—1
|T(n)[Z;V]+E(n)[Z]—Z|>*|Z—C(n) M —={—n s (V.43)
3 p

as is proved in Lemma V.5 below. Thus, if z is sufficiently far away from
the graph of ({2, then (V.43) yields
| Tonlzrl+ Eplz] =zl Zc-(r+p), (V.44)

for some constant ¢ >0, and we obtain the invertibility of H,[z]—z by
a norm-convergent Neumann series expansion.

We now come to the precise mathematical discussion of T|,,,. Recall
that the condition that yields z as a function of r is expressed in terms of
functions

Cmt [0,5/16] = Dy, (V.45)
for each ne N, by the requirement that | () —r| <1/16 and the equation
é,(n)(r) = T(n)[C(n)(r)a r]a (V46)

where T, is defined in (V.17). To see that Equation (V.46) has a unique
solution for every re[0,5/16], we set ((r):=r+dJ and 4T(7):=
Tylr+7;r] —r. Then, (V.46) reads

d=AT(5). (V.47)
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By Cauchy’s estimate and ¢ <1/16, we have that

1 5 -t 1
0. ATON < (515 1) e (v.48)

for |{] <1/16, and the existence of ¢ in (V.47) follows from a fix point
argument. Note that {,, is uniformly Lipschitz-continuous, since 7', is.
We cast our investigation in a series of small lemmata.

Lemma V4. For 0<r<5/16 and &, p <1/16,

3
Z o Conf9)) = L)) < (p) . (V.49)

Proof. Using (V.46), we observe that

Z(n)(C(n—l)(pr))_C(n)(r)
=Z( Ty [Ln—ny(pr), pr1) = T L), 1]
=,0_1T(n—1)[£(n—1)(,0")a pr] _P_IE(n—l)[é(n—l)(pr)]
_T(n)[é(n)(r)’ r]
={To, [ Cin(1); 71 =T [ L), 11} = p T Eu_1y[n—1y(p7)]
+P_1{ T(nf1)[2(7,)1(2(;1)(((;171)(,0"))), prl
T l)[Z(n) (Lam(r))s prl}, (V.50)
where Ty [z 7] :=p~'T,_ 1)[Z(n)( z); pr]. From (IV.97) and (IV.46), we
obtain
| To, [ 75 Con(1) ] = T3 L () 1| S 7%, (V.51)
1P EG_ i) [Cumn(pr) ] <y"lep ™. (V.52)

Since ((,_1y(pr)€Dyy and Z/({i(r))€Dyyu, we may apply Cauchy’s
estimate (with contour on 0D, ,,) and get

|T(nfl)[Z(;)l(Z(n)(C(nfl)(pr))) pr]— T(nfl)[z(;)l(é,(n)(r))a prl|
< |Z(n)(C(n—1)(PV))*C(n)( r)|-sup [0, Z(n)( z)| - sup |azT(n—l)|:Z; prl]

Dy Dy

4
” NZ o Lo 1y(pP) = ComlF)] -4 sup | Ty [ 23 pr] — pr|

Dy

16
<=r 8’) NZ o Lon iy pP) = CmlP). (V.53)
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Now, (V.49) follows from inserting (V.51)—(V.53) into (V.50), taking into
account that e<1/16. ||

Next, we pick ¢ € C°(Ry ) such that ¢’ <0, ¢ =1 on [0, 1/4], and ¢ =0
on [5/16, co]. We use ¢ to define, for n=0, 1, 2, 3, ...

L(r) == () - Lony(r) + (L= (1) - Z(Ciuy(p7), (V.54)

where {(_y(r):=r and 0<r<1.

LEMMA V.5. Let ze Dy ,\ U and p <r<1. Then

1 9
Tl 2 7]+ Egy[ 2] — 2] = 2 |2 — {o(r)| — <8> Pl (V.55)
3 P

Proof. We define a function Q,: %)) — D,,, for fixed p <r<1, by
0.(z) :=P71T(n71)[2§ pr]1—2Z(z)
=p N To_vlzpr]+Equ_y[z]—z}. (V.56)

Then, by Cauchy’s estimate and % () S D4,

1
10:0,(z) +p 7l <— <5 (V.57)
p’
Next, we observe that
N Twlz 1+ Emlz] -2} —0(Z, 2]
=|Toylzr]—T,, mwlzr] +E(,,)[z]| <2en”. (V.58)

We come to our analysis of Q(Z}({{#)(r))): Note that Q,({,_)(pr)) =
P 'Eq_1)({m_1(r)) and hence, by (V.57), (V.31), and Lemma V.4, we
obtain the bound

|OAZ Gy (3 ()]
<IOAZ Gy (L6 (1)) = QUL 1) (pr))| +ep ™'y~

3 4
< <2p> : <3p> (1) = Z (L u—ny(p7))] + <;> "

< (78> nn L. (V.59)
P
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Inserting (V.59), (V.58) and using again (V.57) and (V.31), we thus obtain
|T(n)[Z; r] +E(n)[2] —z|

>0/ Z Gy (2)] —2en"

9 "
> 10U Z2N (=) — OUZE ML) — (/j) e

><21p> (%) cg:?un—(gpg)n"—l. I (V.60)

We define the analogue % ({y"(d') as follows.
%E:;lt)(é!) = {ZE Dl/z\?l((nr; | VVI

2= LN 20" 2= Eq, 1) [ 211} (V.61)

THEOREM V.6.  Assume that 108¢p =%y~ ' < 1. Then H,,[ z] — z is invertible
for all zeU5yY(108ep ~2n"~1).

Proof. We use again the polar decomposition
Toplz;r]+ Epylz] —z=U-|Tylzr] + Eplz] — 2| (V.62)

to construct the inverse of H,[z]—z by a Neumann series:
(H[) =27 =R { T UM R Wt RPUY | (V6

where Ry:=|T(,[z;r]+Eq[z]—z|"". Now, from Theorem V.2 and
Theorem B.2, and using that C,¢ <1, we obtain

2

2e¢
I(Hp+p) =2 0 Weaa(Hp+ p) =12 < " (V.64)

Thus, to establish convergence of the series in (V.63), it remains to be
shown that

(H+p) x1[ Hf] — sup { r+p }
Toplzs Hl+ Epplz]—z| o<r<1t UTwlzr]+Ep[z]—z|
YA (V.65)
2e%
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By the definition of % {o}(6") and Lemma V.5, and with &' := (108) &p ="~ ",
we have that

0 9¢
= |Z_E(n—l)[z]| _<> ’7n_1

[ Toylzr]+ Eplz]—z| 3 )

>g|2_E(n—1)[Z]|, (V.66)

also using that |z—E(,,,1)[z]|>p/2>(6/5)’-(9£/p);7”’1. In case that
|z— E,_1)[z]| = 3r, we observe that

|z— E,_y[z]l =3 max{r, p} = i(r+p), (V.67)

and thus

’

0 (r+p). (V.68)

| Toylz:r]1+Eplz]—z| = Z54

Conversely, if |z—E,_;,[z]| <3r (but |z—E,_,[z]| = p/2), we estimate

|T(n)[Z;r] +En[z]_Z|

1 1 1o p

2<|T(">[Z r1=z- z’> 362

1 1 1 op_ o

— — >

2<1 T 2>r+24/24(r+p). (V.69)

Thus, (V.65) follows from p < p*?<1/16 and

24 p1/2
—<—n" V.70
o 26! I ( )
Using the isospectral property of the Feshbach map, we conclude from
Theorem V.6 that the resolvent set, p(H,(0)), of the dilated Hamiltonian
contains

g 0 = U 25 (G108 =) (VD)

(n+1)

We now return to the definition of 7., mentioned in (V.35). For all
rel0,1], we set

Eeo) + Teo)(7) Z [p"tI<r<p]-Z (G (p~mr).  (V.72)
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Note that T, is uniformly Lipschitz-continuous, since (., has this
property because p <1/4 and

lim T\ (r)= (n)(Cﬁﬁﬁ( )):ff(;)l o Zm(Cn—1)(P))

r2ph
—g;—l)(c(n—u( ) =T (wy(p"). (V.73)
Next, we define a cuspidal domain,
K )(0) := {T(oo)(r) +{10<r<1, (] <5-1’1+W4)}, (V.74)

for 6 > 0. We claim that the following inclusion holds true.

THEOREM V.7. Let o(H,):=C\p(H,) be the spectrum of the Hamiltonian
H,= H,(i3) where 0 = i3, for some 0 <9 <n/2. Assume Hypotheses H-1, H-2,
and H-3, with 0<u<2, A, =21, As>=1. Define C,, po, p, &, & 0, and g, by
(V4)~(V.10), and assume that 0 <g < pC+#2g, Then

(H(0) NUY S E )+ K(ooy(T88p ). (V.75)

g 0) =

Proof. First, we remark that the choices (V.8)-(V.20) of p,, p, and u
ensure that p##<3/32 and that &), :=108ep ~2" ~1 < 108gp ~1/2. pB+12
1/4. Using the last inequality, we obtain from (V.71) that

a(H(0)) m%ﬁg‘))

g

E%EE‘R\ U Z o (G, (6,-1)

=< U y(;)l(Dl/z\%&n}rl) >\< Uz ) %Ei‘ﬂ)( ,n+1))>

n=0

= U ZaL0Dip\ Gy U 5y(0,)), (V.76)
n=1

using the fact that #{\9(5,) =D\ %) and that % () is the disjoint
union of &', )(D1/2\7/(,,+1)) for neNj. By (V.76), it suffices to show that,
for every ne N,

Z G yDip\U Gy O U G(0,))) S E ooy + Eeoy(T8ep~2),  (V.77)

in order to prove (V.75). To this end, we pick ze D, ,\(% () O U3 (5),)).
There then exists 0 <r,< 1 such that

|z = LG (ro)l <03, |z — Eqy[2]1. (V.78)
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Note that [{{&(ro)| < (1+0) ro < (9/8) ro, because |0, T, — 1| < 6. Moreover,
|z—Elz]l = p/2 and |E,[z]|<e-5", and we obtain from (V.78) and

0, < 1/4 that

s
A\

\Y
TN TN N

(2= Bl 211 = 1Bl 211 = 2= E o))

(a-o05-ar)

P , P
<(1_5) Y 108>

2@” <1 +54) o Kg>>?§ (V-7)

The importance of (V.79) lies in the definition (V.54) of {{& and ({2} | and
the definition (V.72) of T\.,. To see this, we first cons1der the case that
p<ro<l1. Then

Ooloco vl Ol o

E(o)+ Too)(p"ro) = Z (1 (L&) (V.80)

In case that (5/16) p <7, < p, we have that p" T2 < p"ry < p"*! and thus

Eio)(p"ro) = Z 3,4 ({5 (2 o))
Z o Lm(ro) = Z ) (LE(ro)), (V.81)

since ¢(p ~') =0. Inserting (V.80)—(V.81) into (V.78) and using that 5 < 8p*/2,
we get

|g(,,)() Eoy— Tioo)(pr0)l
=2 (i (2) = Z [ (ro) ]

av AN
<102 Gl 2= L0l < () -0,
() ()
3 p
1+ (n/4) n
<<27><16> + (i .g.p_3_(3"/4) <32pﬂ/4> -(p"r0)1+(ﬂ/4)
2 )\'5 3

27 /16\*?
<|Z(F) wom| e <asep 5z g e (Va2

5

Thus, Z ,)(z) € K(.\(78ep 7). 1
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V.3. Existence of Resonances

Our last topic is the proof of the existence of a resonance at E(,. Our
approach here is more direct and constructive than the one in [2]. To this
end, we introduce a sequence of complex numbers, {v,},cn,, by setting
V(o) := E () and

V(n) ::%n—l)(E(oo))
= lim {Z e Zg e e 25N ey, (V83

compare to (V.28). Note that, according to (V.29), we have that v, € ¥,
and thus
4p\"
Ve | < <3> . (V.84)
Furthermore, we observe that
Vo 1) = Z M my)- (V.85)
Using {v,}, we define a sequence of operators, {S(,} ,en,» bY
Sy :=Po— Po(PoH,Py—E ()~ PoW Py, (V.86)
and for ne N,
S(n) )(p(}’ H(n—l)[v(n)]){p V(n))_l)?p W(n—l)[v(n)] XAp- (V.87)

The crucial properties of {S,} are collected in the following lemma.

Lemma V.8. Assume the same hypotheses as in Theorem V.2. Then,
for neN,

17 1
ISl <7 IS~ Poll <7 (V.88)
220¢ 220¢
ISl <1+ </> L 1Sw =11 < </> "l (V.89)
p p
and,
eiS
0

1
;Fp(H(n+l)[v(n)] *V(n)) S(n)F;l;:H(n)[v(n+l)] —Vm+1)» (V.91)

where I', and I', are the unitary dilatations defined in (1.9).
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Proof. To derive (V.88), we expand S, — P, in a Neumann series, just
as in Theorem II1.3. We obtain

0 FO L
L; {<H0—Ew> (Wg)} Fo

<IRV2P,| ( S |RY2P, W, PyRY? |) |RY2Py W, Py
L=1

2\ (& 6gd, \F)/ 6g4,
< <p> {LZO <p2/2 sin(9/2>> }<sin<9/2>“2>

<ﬁ-(4/3).6.g/11<1

~ . ~ . . 2
sin(9/2)'2 - py* T 16 (V.92)

HS(O)*POH =

using (IIL19)—(111.24), E(., €% (), and (V.11). To prove (V.89), we also
expand S(,,—x, in a Neumann series and obtain

< X
1Sy =2, = {< £ >
ot L2=:1 T Hpy vl + E-n)[Von] =V
L
X(_W(n—l)[v(n)])} Ap
< i {H (H,+p) x,[H/] Lxiz
o UT [ Hpy vonyl+ Ey_1[Viy] — Vi

X |[(Hz+ P)_l/z)?p Wa—nlveml X, ‘(Hf+P)_1/2|L}

®© /12e*-en"~"N\E  /220e
<0 Z( 12 > << 1/2>"7n17 (V.93)
L=1 p p

using Theorem B.2, C,¢ <1, (IV.8), and Theorem V.2.
To prove (V.90), we observe that

Po(H,—E,.,)) St =0, (V.94)
ei‘g * ei 773 %
%FPOPO(Hg—E(w)) S(O)Fpozg Ly Tp(Hy— E(ocy) I';,

=H o[ Z 0\ E(cc)) ] = Z(0)(E (o))
=Hglva)l—vao)- (V.95)

The proof of (V.91) is similar. ||
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The virtue of the operators S, is explicit in (V.91): If (H,)[v(,41)] —
Ve ny) W =0 then also (H,_ [Vl = V) (SwI 5iy)=0. We already
Used this property in our description of the Feshbach map in Chapter II.
So using (V.90) and (V.91), we construct a sequence of vectors, {‘P(,,)},,E,\,O,
which converges to the desired eigenvector of H,, by setting

Yoy =Syl §Syl jinSey - Sy L 3112, (V.96)

where Q is the Fock vacuum.

LEMMA V.9. For all neN,

[Pl <2, (V.97)
250¢
[P0ety— Pl SW n", (V.98)

Proof. To prove (V.97), we observe that because p“?<1/16, (V.89),
and because of the unitarity of I°,,

1l <(56)- 11 (1+ (5 )7~
(i) ) 27

17 440¢
<<16> -exp {,)1/2} (V.100)

Similarly, we observe that

17 220¢ ” 220¢e )
|5”(n+1>—5y<n)|<<6' > l_[( <p >77’_1>

17~220~8> {4406}
<|\———5 |-exp| —= | 4" (v.101)
< 16 'p1/2 p1/2

using in addition that
Yl(n+1) - gl(n) = S0F0* S(l) e S(n)r;kl/y(S(n+1) _Xp) F;‘:l/yQ. (V.102)

Then, (V.97) and (V.98) follow from gp ~'2 < 1/12800.
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It remains to prove (V.99). From (V.90) and (V.91), we obtain

(Hg = E (o) ¥
=(Hy—E()) Sy {0y Syl 5152
=" "po ¢ (Ho\(vay) = ve)) Syl Jus Sy I jn - Sy I v 2
=e Ppop L I Jun(Hy(vVa) = Via) Syl fu -+ Siuy I 102

== Ppop " TFI )" (Hi(Vinr 1) = Vins 1)) £- (V.103)
Since

(H(n)(v(n+1)) - V(n+1)) Q
=W (Ve+1) =Vt = Ee(Ve+ 1)1 2
= W(n)(v(n+1))Q_p_lv(n+1)Q> (V104)

we have that

4,0 n+1
‘|(H(n)(v(n+l))_v(n+l)) Q| <26’23"7n+P0 : <3>

<2+ pop) -1, (V.105)

and hence (V.99) follows. |

THEOREM V.10. Assume the same hypotheses as in Theorem V.2. Then
iy = nlirrgo ¥ () exists and is contained in Y (H ), (V.1006)
[Py | 2012 2 P | >0, (V.107)
H, V()= E(o) ¥ (o0)- (V.108)
Proof. By (V.98), {¥,},cn converges and by (V.99),
[Hy ¥l <2 |E, | + 16, (V.109)
implying that ¥, € (H,), for every ne N. Since H, is closed, this implies

that ¥, € Z(H,), s well. This proves (V.106). Eqn. (V.108) then follows
directly from (V.99). Finally,
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12 =¥ (o) | < 1(Si0y = Po) I'¢ 21 + X Pinsy— P |

n=0

1 500¢
SE—FW’ (V.110)

and hence (V.107) is proven. |

APPENDIX A. PULL-THROUGH FORMULA AND
WICK’S THEOREM

In this chapter we systematize an algebraic technique that allows us to
convert an arbitrary product of creation operators, annihilation operators,
and functions of Hyinto a sum of Wick-ordered products of such operators.
Here, Wick-order means that creation operators stand to the left of the
functions of H,, and the annihilation operators are to their right. A close
look at #p(H,—z) in part (b) of Theorem IIL3 reveals that we have to
deal with these arbitrary (unordered) products, if we seek for more precise
information about its spectral properties.

We turn to the Pull-Through formula, recalling from Chapter III the
definition of P,, where we used y[ H < p,], the spectral projection of H,
onto the interval [0, p,), and y[r<p]=y,[r] denoted the characteristic
function of the interval [0, p). In general, /[ H,] is defined on %(H,) by
the functional calculus for any measurable function £ R? — C with f[r] = O(r).
More explicitly, f H] acts in the n-particle sector of [ LARY)] as a multi-
plication operator, multiplying

fLH a%(ky) - a¥(k,) Q= flolk,) + - +olk,)] a'(k,) - a'(k,) Q.
(A1)

Using, for example, this representation of f[H,] as a multiplication
operator, it is easy to check the following

LemMA A.l1 (Pull-Through Formula). Let f:R?— C be measurable,
obeying f[r]=O(r). Then f[ H/] is defined on 9(H,) and, for all k e R

fLH a'(k)=a'(k) fTH+o(k)], (A2)

alk) fTH;] = f[Hs+ (k)] a(k), (A3)

in the sense of operator-valued distributions. Moreover, extending f to the whole

real line by setting f=0 on Ry, (A.2) and (A.3) extend to a¥(k) f[H,] =
fLH—o(k)] a'(k) and [ H/] a(k) = a(k) f[H;~ o(k)].
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Next, we present Wick’s theorem. To this end, we introduce some notation.
Pick any (6, 05, ..,ay)€{ +1, —1}". Foranysubset 2= A" := {1, 2, .., N},
NeN, we denote 2, :={je2|o;=+1}. Then, writing a™(k):=a'(k)

and a~ (k) :=a(k), we define the Wick-ordered product ;- by
I a%iky) =11 a%(ky) [ a%i(k)). (A4)
je2 JjE2 4 je2_
Furthermore, we denote
(A4) =R A2, (A.5)

for any operator 4 which has the vacuum £ in its domain. Wick’s theorem
is a simple formula that converts arbitrary products of annihilation-and
creation operators into a sum of Wick-ordered products.

LEMMA A.2 (Wick’s Theorem). Denote N :={1,2, .., N} and [|;c., =
[ xlje ] for any of = N Then, for any (01, 05, .., oy) € { +1, =1} ¥

[T a%ky)= 3 < 11 a”f(kj)> T a%(ky) . (A.6)

jeN 2N \jeN\2 je2

Proof. We use an induction in the number of factors, N, observing that
(A.6) is trivial for N=1. Assume that (A.6) holds for all products with up
to N factors, for some N> 1 and consider the left side of (A.6) with N+ 1
factors. The case o, ;= —1 is also simple because the last factor annihilates
the vacuum a’%+1(ky, ;)2 =0. Thus, denoting a;.’f :=a’(k;), the induction
hypothesis yields

[T ap= % < I1 a;-’f>:ﬂa;’f:a;+1

jeN +1 2 \jen\2 jea
— g; . o, ., — -
- Z < 1_[ aj]> . n aj]aN+l .

2N \jeN\2 je2

- 2 (I )i (A7)

2 +1 \jes +1\2 je2

To handle the case gy, ;= +1, we use the following convenient represen-
tation of the canonical commutation relation

a7, a7l = Cagiad, (A8)
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which yields

< [1 a;fa;+1>: ) <aZka;+1>< [T a;.’f>. (A9)

je N \2 ke /\2 jeN\(2u {k})

Using the induction hypothesis and again (A.8), we obtain

I1 ayi=ay ., I1 ay+ Z Cagrafiriy 1 ap

jeN +1 jeN je #M\{k}
- ¥ (I ap) [l vt
2N \jeN\2 je2

+Z Y <a;kajvw++ll< I1 a;f>;1‘[a;f:.

k=1 2= /\{k} jeN\(2u {k}) je2 (A 10)

Now, we observe that for any function F(k, 2)

Z Y Flk2)=% ) xlk¢2]F(k 2)
=1 2= 4\{k}

k=1 24

=Y Y Fk2). (A.11)

2SN keN\2

Inserting (A.11) and (A.9) into the last line of (A.10), we arrive at the
claim:

M oap= ¥ ( I ap):Magai,:

jeN +1 224 \jen\2 jea
o, + - o e
# % (I et )ty
2N \jens\2 jea

-y <] I1 a;f>:1‘[a;’f:.l (A.12)

24 +1 Vjens +1\2 je2

Now we combine the Pull-Through formula (Lemma A.1) and Wick’s
theorem (Lemma A.2) to derive the following identity.

Lemma A3, Denote N :={1,2, .., N} and [1;c, =11}, x[je /] for
any o/ = N. Suppose that 6; € { + 1, —1} and f;[r] = O(r + 1) is a measurable
function on R™, for any j=1,2, .., N. Then
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[T ta%(ky) fiLH,1}

j=1

= 3 I1 @ (1 {tantk e

2= N jea, =1
J N

xfj[Hf+r+ S wk)+ Y co(k,->}}> [T a(k,.
i=1, i=j+1, r=H; jea_
ie2_ ie2, (A13)

where [a%(k,;) 1"V ¢21 = a%(K — j) for j¢ 2 and [a%(k,) "1 =1 for je 2.

Proof. The proof of (A.13) is a lengthy computation using the Pull-
Through formula and Wick’s Theorem. For this computation we need to
extend f;(r) := 0 for any r <0 and any j=1, 2, .., N, so that we may use the
Pull-Through formula backwards, as is indicated in the second part of
Lemma A.l. Again, we denote aji :=a"(k;) and, furthermore, w; :=w(k)).
Then, we get

ﬁ{a;ff,ﬁ[Hf]}=jﬁ ﬁ [Hf+ 5 m}

j=1 i=j+1

N N
= S (L) M [1g| i 3 ool
2c 4 \jea\2

je2 j=1 i=j+1

+ ag;
= . J
2< je2, je N \2

ff{Her i o0+ Y co,} [T a . (Al4)

j=1 i=j+1 ie2_ je2_

Next, we use { f[H,])> = f[0] which implies f[H ] =< f[H+ r]>|,:Hf
to move the f;’s into the vacuum expectation value:

< [1 a;j>ﬁfj{Hf+ % o0+ ) wi]

jeN\2 j=1 i=j+1 ied_

:< [1 a;fﬁf}{rﬁ—Hﬂ— % o+ ), w,}>

jeN2  j=1 i=j+1 iea_

r:Hf

=<ﬁ {[a]‘.’f]”[jw]-f,{r—l—vaL i oo+ Y w,”>

Jj=1 i=j+1 ie2_ r=H;

€2 (A.15)
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We finish the proof with the remark that

N N N
Yo owi+ Y cwi= Y w— Y o+ Y w;
ie2_ i=j+1 ice2_ i=j+1 i=j+1
ie2 ie2_ ie2y
J N
=Y o+ Y o. 1 (A.16)
i=1 i=j+1
ie2_ ie2y

We are now ready to formulate the main consequence of the Pull-Through
formula and Wick’s Theorem, after having introduced some more notation:
Besides the family f;(r), je N of measurable functions, we assume below to be
given a family of measurable functions

War v RY x (RY)M 5 (RHN 5 C (A.17)

for all M, Ne N,. We assume that w,, y[r; K™; k™M] = O(r), a.e. RM M4
and hence can be defined via the functional calculus as an operator on Z(Hy)
for a.e. k), k™ by the replacement r — H,. Here, we abbreviated

M
KD = (y Ky, o k) € (ROM, a0 =Y d%,.  (A.18)

Jj=1

Another assumption on w,, y is their symmetry in k® and k™. More
precisely, we demand that

Wag N7 KPS KT = (g L KOO; R} g

1
M'N'

Z Wz w75 KO0 BT, (A.19)
where the sum runs over all permutations n € %, and 7 € %, and
kSzM) = (kn(l)» kn(Z)s ey kn(M))' (Azo)

We generalize this notations as follows. Given

KD = (K 1 s i ag) € (R (A21)

RN = (k) 1, Ky ) € (RN, (A.22)
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for all /e {1,2, .., L}, we write
KO0 = (KM | = (kO ., kM0)
= (kl, 15 = kl, M> k2, 15 == k2, Mj> kL, 15 == kL, M1)3 (A23)
RO = (RO, = (R, k)

= (El 15 = El,Nl, Ez, JEIRT) kz, N,»> kL,1> e EL, NL)» (A.24)

where we have set

L L
M:=) M, ad N:=) N, (A.25)
=1 =1
provided no confusion arises. Note that, for a function f(A{™V, ..., kM0,
l~c(1N [ l;(LNL)), the symmetrization symbol { - } §7% indicates the summation
over all permutations of the M pairs {(/, j) |1</<L, 1 <j<M,} and all
permutations of the N pairs {(/, j)|1</<L, 1 <j<N,}, consistent with
our notation (A.23) and (A.24). Furthermore, we henceforth write

—x

at(k™) =T a'(k,), a(k(M)):=ﬁa(kj), (A.26)

(kD) = f (k). (A27)

Next, assume that m + p+n+¢>1 with m, n, p, ¢ nonnegative integers.

For a given w,, , , ,, , described above, we define

W;’f’q"[Hf; k('”); k(")]

‘= j dx P dx@ a‘r(x(p)) Wm+p,n+q|:Hf§ k(m)’ x(p); %(n)’ ;C(q)] a(g(q)).
(A.28)

In particular, we abbreviate W, ,:= W[ H/], ie.,
Wy pi= j dk™ k™ gt (k) w, [ H: k™ E™] a(R™).  (A29)
Now, we are ready to formulate our next result.

THEOREM A.4. Assume that w,, y are functions as in (A.17), obeying
(A19), for all M+ N=1 and that f;[r] = O(r) are measurable functions
on R, for any je N. Suppose that M,+ N, =1, for all =1, 2, ..., L. Then
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W, w, fl[Hf] W, szz[Hf] o froalH] Wi, v,

S X T XX a0

m;=0 n; =0 m;=0 n; =0 ny n;
X aT(k(m)){DL[Hf; {W};Z nlm, N — k(ml) k(nl)}l i 711]}Symm
x a(k™), (A.30)

where
Dy[r; {wiyem fms R E LR
= W[ Hptr o 2y k™ K] filH 4]

X S aHpy+r+pp 4] W;nLL,’;LL[Hf‘f‘V‘f‘}vL;k(LmL)§%(£L)]>,
(A31)

and

1—1
L=y, ok) + Z o(km), ((A.32)

j=1 j=I+1
ty = A+ (k™) and, furthermore, m= Yt \m, n=3%F  n,.

Before giving the proof of Theorem A.4, we remark that its assertion is
valid without change if we suppose that f; and w,, , have their values in
the bounded operators on #,, rather than C. This is necessary in one
application.

Proof of Theorem A4. Inserting W, » into (A.29), we observe that

WMI’NI fl[H/’] WMZ, szZ[H/’] - 'fL,l[Hf] WML’NL
L
:J l_[ {dkgMz) dngz)} aT(k(lMl)) WMI,NI[Hf; k(lMl); k(lNl)]

I=1

x a(kR) fiLH[] -+ fo_1[H,]
xat (kM) wy, oy [Hp kM5 VD] a(k0). (A.33)

We apply Lemma A.3 to the product in (A.33) which contains K=
>F ,(M,;+N,) creation- and annihilation operators. This requires a
summation over the subsets 2<.# ={l,2,.., K}, distinguishing those
creation- and annihilation operators that are Wick-ordered from those that
go into the vacuum expectation value. For our present purpose, it is more
convenient to represent 4~ and 2 by
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L
A= U U  Ar={wl)li=1..uf, (A34)

u=M,N I=1
L

Q: U U "@,u,l’ QH’IZZQHX//;’,. (A35)
u=M,N I=1

Using this representation, the summation over 2 <% is replaced by the
multiple summation over 2, ; =%, ,

Y - Y% y .. ¥ Y . (A36)
2eH 2y 1S 21 S H N 2y, LS ¥ u L 2N LS KN L

Each subset 2,,,< %, ; specifies those my;:=|2;,,| <M, variables
{ky ;1J€ 2y, ,p among kM) = (K y, ...,k 5,) that are Wick-ordered outside
the vacuum expectation value, and those M;,—m;= |4}, \2,, | variables
{k; ;1€ Har \2s,,} that appear in the vacuum expectation value in (A.13).
For example, one term contributing to the sum over 2 < ¢ is given by

25, ,=11,2, .. m},
g, \25 1={m+1,m;+2, .., M},
2% ={12 ..n,
%N,Z\QNJ:{n,+1,n,+2,...,Nl}.

(A37)

(A.38)

We write the contribution this term generates according to (A.13) and
(A.33) in full detail:

j]‘[ {]‘[ dkljﬂdk,]}ﬂ [Tk, )

I=1 j=1 lljl

><<<f n dk, ; l_[ dl;l,j ﬁ aT(kl,J’)

Jj=m;+1 Jj=n+1 Jj=m;+1

M
><wM],NI[Hf—l—r—i-)q;k(lMl);k(lNl)] I1 a(kl’j)>

j=n+1

x f1 {Hf+r+J + Z (k. J)}

j=1

L1 -
Xfr_1 {Hf+r+/1L—l+ Z w(kL—l,j)}

Jj=1

My Ny - M,
XG [ dkp, [[ dk., T[] a'k.)

j=mp+1 Jj=np+1 Jj=mp+1

- Ny - L n ~
XWar w,LH 7+ A kK90 k0T T a(kL,j)>> [T 1T a(k, ).

j=np+1
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using

I Ms,
Nl

1
A=
T

+ Y Y olk) (A40)
T=1+ =

1

1

In Eq. (A.39) we rename the integration variables for each /=1, 2, ..., L as
follows:

KO s (e M=)
EENI) — (/}5"1)’ )}?’1—"1),

kiyky sk m ko, mp

kl,m,+1'_’x11>-- klM,'_’le, mp (A41)
ki =k, kl n,'_’kz np
kl,n,+l =X, - kl,N = X0 Ny—n,

Observe that the definitions for 4, given in (A.32) and (A.40) agree, upon
this change of variables, and the term (A.39), which now appears as

A[ M, m;; Nyyong]

L - L
= [ TT {awem ey 11 a'ef)
I=1 =
X W LH g k) R

X il Hpt+ 1+ Ay + o(k)] -
"fL—l[Hf+r+;LL_1 +Q)(];(£'I;—1l))]

L
K sy L7 A 0 RO TT )
=1 (A42)

resembles the desired result. Now, we go back to (A.39) and observe
that any subset 2<.#" with |2,,,| =123, ,|=m, and |2y ,[=2% ,|=n,
generates the same contribution to the sum as (A.39) does, because we
assumed in (A.19) the functions w, y [r; k™ E;Nl)] to be invariant under
internal permutations of k™) =(k,, ...k, ») and k" =(k, , ..k, y).
For any given 1<m,;<M,, there are M,\(M,—m,!)~ " (m,!)~" subsets
9yr.1 < Ay such that |2, ,| =m,;. Thus, we obtain

VVM1 lel[Hf] WM2 szz[Hf] o froalHy] WML,NL

Zl Z Ai % H{( ><N’>}A[M,,ml;Nl,n1],

m =0 n =0 mp=0 n; =0 I= nl (A43)
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where A[ M,, m;: N;, n,] is given in (A.42). We have verified (A.30) except
for one small detail: The symmetrization { -} of A[ M, m;; N;, n,].
But this again just a change of variables in A[ M,, m;; N, n;]. Namely,
we set m:=> 7 m;and n:=37_ n;, k" :=(k{", ., kU") and k.=
(km, ..., k"), perform a permutation of variables (ky, ..., k,,) = (kq1ys s
K n(my)» (ky, ..., l?,,)»—»(l;ﬁ(l), vy l;ﬁ(,,)), and sum up the single contributions
from every pair of permutations (7, 7). This way we get m! n! copies of the
same integral, thanks to T, a'(k) =TT/, a' (k). TT7-, aT(l;j) =
1_[]"[:1 aT(kﬁ(j))' |

We come to the algebraically most involved expression, the recurrence
relation for D,.

THEOREM A.5. Assume that wy, 5 are functions defined in (A.17),
obeying (A.19), for all M+ N=1 and that f;[r]=O(r) are measurable
functions on R*, for any jeN. Suppose that m;,+ p,+n,+q,=1, for all
[=1,2,.. L. As in Theorem A4, we use (A.28) to define

Dy AWy ks kY s {51
=< WZI:;I[Hf_’_r—F/ll; k(lml); /;("1)] fl[Hf‘f'V-l-ﬂl]
X fr[Hetr+ug 4] WmL nL[Hf+r+/LL k(LmL)QI;(Ln’]>.

(A.44)
where p1,:= 2+ (k™) and
-1 L
=Y kW) + Y wk). (A45)
j=1 Jj=Il+1

Then, for any 1 <I<L.

DLrs {Wmm ks R F s { S ]

q; P -1 q; L D
-3 x (e () I e ()
0,=0, =0, jj:l PN/ ) S T\

j=1,.,1—1 j=I%1,.,L

xD,_ 1[”+w>1(k(m)) {Wm ANCH k(m) k(n) 571(0 } —1>{f}1—1

Pj> 9 Y

Xfialr+u_+o< (G Silr+u+ o 1(3'9)]

1—1 11
: < [T a(5?) Wy itr + Hy+ 2 ks k0] [ aT(y;“f>>>
j=1 =

XDy aLr+ oo (RO AWt k), 0 ke {5

J l+1

(A.46)
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and, for any 1 <I<L—1

D,[r;{ W:Z’q';l; kﬁ’"”; 1?5”’)} 1 {f1} ']

q; p; 1 q; L D,
-3 Infew() 1 few ()}
v;=0, u;=0, j=1 J Jj=I1+1 J

21l =1k, L

XDy[r+ o (k™) { W, S KSR, 5OV s

l L
Xﬂ[r+uz+w>1+1<y“’>>]<Ha<f}”f>> [1 a*<y;"»>>

j=1 j=1+1
xDL,l[r+w<,<l€<">>;{W'"+“ kD, D R s
X{f}j l+l (A47)

where we wrote a:=Y1_, a, for a=M, N,m,n, V, U and

HMN

1
o <(x@) 1=}, w(x¥)=
j=1

j (A48)

1

o (x9) w(x; ;). (A.49)

\IMh
\IMN
|M\n

li=1

Proof. First, we rewrite (A.44) in two different ways as
D[r 4 W:Z’,Z’; kﬁ'”l); EE’”)} ARER iy
=P, | fia[Hpt+r+ 4]
X W Hpt v+ 2 k™5 K fil Hytr 4] i
=D filHe+71+p;] Y110, (A.50)
with
D, = W:l,i’;l[Hf""’"')”l; k(o 1;3”1)]* SEAlHAr+pu, 4]
X SFLHp+r+py] WI’]”II”(ZI[Hf—f—r—kAI;k(lml);l;(l”l)]* Q, (A.51)
and
W= Wy ML Hyptr + Ags k™ kK filH+r+p,] -

X fp Al Hptr+up o We I Hytr+ 2, kg k0] Q.
(A.52)
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Next, according to Theorem A.4, we can expand

Wt 2y kM K0T ST 4] -
bt Wil s R

Xfo
P
= X fﬂ {dy‘“f) dy» <p’><q’>} [Ta'(yi®)
]:jl=4..(,)L j:vj I .,L j j =

><<W:;I+'Z[‘I';[+UUI[H +V+Al k(”") 5”1);/(5"’), )75”’)]
fL—l[Hf+r+:uL—l]

XfillHe+r 4] -
e R, 50T

) Wt L f gy 7 k),

PL U 9L — L

X ]_[ a(
j=1

1+ o(k™) + (%) and

(A.53)

-1 j L
(k(n) +Z (v) + Z w(kg_mi))_'_ Z a)(yg_ui))

i=1

L

i—1
:JZ [ (%5”{))4—@(.}751&'))]_’_ Z [w(kgm"))‘f‘w(ygu"))]+w<,,1(k(”)),
A (A.54)

i=1/

The second identity in (A.54) enables us to rewrite the operator in (A.53)

p; q; L .\ ¢ L
£ 3 [l famen()®)} oo
= j J j=

j=1

J=h L j=1.L
XDp_jlr+oo,_ (k) {Wm+u KANE k(m) y(u’) k(n) (v) JL s A 2]

as

L
x [T a(y). (A55)
j=1
When applying this operator on the right of (A.55) to the Fock vacuum Q

only the terms with v, = --- =v, =0 are nonvanishing and we obtain

pj L
p.
7= Y ] <uz>fdy<w at(y ) Q
y=0  j=I J

j=1 ., L
XDyp_jpi[r+owe 1(k(")) {Wm+u " k(m) y(m’) k(n)} { }l 1]
(A.56)
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A similar representation holds for @,. Inserting this into (A.50), we arrive
at (A.46) and (A.47). 1

APPENDIX B. BOUNDS ON THE INTERACTION

We recall from Equation (I11.64) that the original Hamiltonian
H,—z, defined on #,® 7 and shifted by ze#(), is isospectral to
Hp[Zy(z)]— Z(O)( ), defined on %’ed—Ran)([Hf< 1]=y[H<1] 7.
Here, Z\(z)=¢”py 'z is a bijection from %) — D, ={z: |z|<1/2}. 1
fact, we claimed that z,+> H)[z,] is an analytic family of bounded
operators on #.4. In the present appendix, we justify this claim. More
precisely, we demonstrate how the bounds of the form (II1.7) on the inter-
action coefficients w{) » turn into bounds for W) ., for M +N>1.

Being slightly more general, we fix M + N > 1 and consider a measurable
function

Was n: [0, 1) x RMx RN — C. (B.1)

Under suitable assumptions on w,, , we show below that
Wy i= j dk™ dik™ gt (k™) w o, N[ Hp k05 kN a(k™)  (B.2)

defines a bounded operator on #.,, and we give the following bound,
denoting y, =y [H/] :=y[H,<1].

THEOREM B.1. Let M+ N =1, and assume that

M N
\war N[ Hp; k™5 kM| < 1‘[ 1‘[ (B.3)

where o= 3(1+u) — 4(d/y — 1) and > 0. Then, for any 0<p, p<1,

(H+ P)71/2X1[Hf] W g i LH 1 (H -+ p) 2|

gp_aM,O/zﬁ_aN,o/z( C,IT1 +,u])(M+N)/2
STT(l4+p) M+172 T (1 +p) M+ 17172

(B.4)

where I'[ x] is the Gamma function (see (C.1)) for all x> 0.

Before proceeding to the proof of Theorem B.1, we remark that
IT(1+pu)M+1]1=ITM+1]=M! and the denominator in (B.4) can weigh
out factorials that are generated from Wick contractions as in (I11.92).
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Proof. We pick ¢ =y1[H,1 ¢ = 11[ H,] € #iog and consider
A06.9) 1= 10 | HLHA Wag s [ H 0
= | 00 R k) g KOO ) R
(B.S5)

Remembering a(k™) =TT, a(k;) and w(k™)=¥, w(k)), the pull-

J J

through formula (A.3) implies that

a(k™) xilHel=x[H+ (k™) <1] a(k(M))Xl[Hf]
= [ (k™) <17 a(k™) y,[ H,], (B.6)

which, together with Schwarz’ inequality, yields

A9, ) <BUG) - B [ [ (k)]

< LR ] { sup way, w1 kP05 KN} ﬁ ﬁ
O0<r<l1 = =
(B.7)
where B(¢) :=|¢|? and
M
BM(¢) 1=J la(k™) 3101 T1 (k) dk,. (B.8)
j=1

Another application of the pull-through formula then gives
— Al 1 M
B™(¢ f< ﬂ k) 116 ‘ H, a kj)xl¢> [T w(k,) dk
_ j=1
M—1
<[ (11 ath) 216 ‘ L+ k0] T ath) 716 )
j=1 j=1

<1 otk

j=

—_

M—1
= [ la(e®=0) B2 TT ootk

J
Jj=1

) dk;

J

= BYV(H R, ¢)
<BMD(H,9)< - < BOHM 4 H}] §)
= | H}P [ H 91 (B.9)
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Additionally note that
i LH HPP oI < i [H] H? ¢ < | LHAH A+ p) 2 ¢, (B.10)
for M >1 and hence
BM() <1 [ HA(Hp+ p)™™ ¥ 172 g 2. (B.11)

Inserting the assumption on w,, y, we estimate the integral on the right
side of (B.7) by &2 -I,, where

M
= otk 1T oty a)

j=

=C24<f)([wl+ oyl [] wj.‘dcoj>

j=1

—

oy M
STl +p) M+17 (B.12)

Here, I'T x] denotes the Gamma function for x >0 and the last equality is
derived in Lemma C.2. Putting together (B.7), (B.11), and (B.12), we obtain

[(H e p) =m0 02 5 CH LY Wag gaLH A (H o+ )~ 02
B(Cal 1 +p]) M7

< . B.13
TTA+u) M+11"2 T +p) M+1]"2 (B.13)
Now, the claim follows from
(H +p)min{M,1}/2 3
f(Hf+p)1/z XiLH] | =p=omo ] (B.14)
Next, we introduce
W= % Wyn (B.15)

M+N=1

and assert

THEOREM B.2. Assume that

M N
[war, NLH 7 K05 KO <™V [T o(ky)* [T o(ky)*,  (B.16)
j=1



RENORMALIZATION GROUP ANALYSIS 295
where a=3(1+u)=3(d/y—1) and u >0. Then, for any 0<p <1,

H(Hf‘i'P)_l/zXl WXl(Hf‘f‘P)_l/zH
2¢-min{l, C
Sw-expﬁmax{l, C.E17]. (B.17)

Proof. We use 1 >0 and Lemma C.2 backwards to estimate

ITL+u]™ - regM
IT(l4+pu)M+1] TI'IM+1]

(M1)~! (B.18)

Thus, Theorem B.1 yields

|‘(Hf+p)71/2){1[Hf] WXl[Hf](Hf-i-p)*l/zH

&
ST Y (M!NY)“'2(CPeM+N

P MinN=1

in{1, CY?
<EmntLCPSH S (g N2 (max{ 1L €2

p M+N=>1 (B.19)

By Schwarz’ inequality, we have

o M o 2\ M\ 172
> Wsﬁ( y (2;3 > =2 exp[x®],  (B20)
M=0 : :

M=0

and, substituting for x :=max{1, C,&}, we arrive at the assertion. ||

APPENDIX C. INTEGRALS OVER SIMPLICES OF
LARGE DIMENSION

In the preceding paragraph we expressed integrals over M-dimensional
simplices in terms of the Gamma function, given by

ITx] ::fooe-'zx—ldz, (C.1)

0

for x>0. The purpose of this paragraph is to state a few elementary or
well-known facts about the Gamma function. For example, it is well-
known that

x-I'[x]:=Ix+1] and IT1]=1, (C2)
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which implies I'[rn+ 1] =n! for ne N, in particular. The following estimate
is, perhaps, less well-known but quite useful for us.

Lemma C.1. For any x, y=0,
Ix+1]-ITy+1]1<I'[x+y+1]. (C3)
Proof. First, we introduce the Beta function (see 8.384 in [4]), given by

I'ix]11ITy]

1
Blx,y]:=| * 1=t tdt= , C4
[xy]=] #7010 AEEES (C4)
for x, y>0. Thus,
Ix+1]ITy+1]
1)B 1, 1
Mt y+1] =(x+y+1)B[x+1,y+1]
1
:(x+y+1)j (1 —1) dr. (C5)
0
Now, we define f,(s):= g1 ~*(1 —1)*dt, noticing that [gr*(1 —1)”dt=

Jx+ (). One easily checks thatf”( ) > O on (0, r) and hence f,(s) < max{ f,(0),
f(r)} =(r+1)7" In particular, (x+ y+1)-f,, (»)<1. 1
The importance of the Gamma function in our context comes from the

inverse factorials it yields for integrals over simplices of large dimension.

Lemma C.2. For any M eNy, n>0 and p =0,

M dCU nMI—' M
fx[cuﬁ +caM<p]l_Iw '7_1/1[;7M[Z]1]

Jj=1

(C.6)

Proof. By scaling, the left side of (C.6) equals X,, - p™ where X, :=1
and

M dw,
Xori= [l + - +ou<111] o (C.7)

j=1
for M >1. Also for M > 1, we observe the following recursion relation

1 MY dw; ) do
XM:JO {f}([wl ctoy <l—wy] [] ’7} M

1—7y
Jj= 160 COM

1
=Xy ~f0 (1—w)™=D " do

=Xy—1 - Blp(M—1)+1,7]. (C3)
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Using (C.4), we thus obtain

XM=H BLyGi—1)+1,1]
(Jj=D+110rm]  Iin™
F[;7J+1] F[r]M—i—l]'

| (C.9)

_:a

The following lemma shows that even in the case of a general integral,
the restriction to {w(k,)+ --- + w(k,) <p} can be turned into a bound
with inverse factorials.

Lemma C.3. Let >0 and assume F:R™ — R, to be such that

Mok
4 ;:fF(kl, k) .nl <o (C.10)
=
Then, with (k™) =w(k,)+ - +w(k,y),
M pnMA
f,([w kOD) < p] Flky, . ﬂ < (C.11)

Proof. We use an induction in M > 1. For M =1, (C.11) is trivial. Assume
that (C.11) holds for M —1>1 and define f: R - R, by

Sy = [ Flhey, o ka1, K) ] (C.12)

dk;
w(k,)"
Observe that j f(k) w(k)™"dk = A. By induction and by the fundamental
theorem of calculus, we have

M

[ 1Lestcinn) <p1 Flky, woskerg) 1 dk
= [ALeote) + -+ +okp_1) < p— ks ] F(ky oo kg) T dk;
j=1

<M =10 [ (p— (k)™ =D f(k) di

N ) d f(k) dk

_ 1M —1) VI M—=1) on [ T

=(M-1) L (p—w) ‘o <dco {L)(k)<w (k)" }> do-
(C.13)
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Now, we integrate by parts. We set g(w) :=(p — @)™~ »f such that
g(p)=g(0)=0 and

d;
_dizﬂ(p_w)n(M—l)—lw”—l(Mco—p)ZO (C.14)
(0)]

if and only if M ~!p <w < p. Thus, the right side of (C.13) equals

(M—l)ﬂM—”j:(—ji)(j SK) dk> doo

o) <o O(k)"
<(M—1)”(M_1)A-Jp <—5g>da)
p/M @

p™
:(M—l)”(M*I)Ag(p/M):M”M. I (C.15)
ACKNOWLEDGMENTS

V. Bach thanks C. Gérard, M. Hiibner, V. Jaksi¢, A. Mielke, M. Salmhofer, and H. Spohn
for useful discussions, E. H. Lieb for hospitality at Princeton, T. Hoffmann-Ostenhof for
hospitality at ESI in Vienna, A. Friedman and R. Gulliver for hospitality at IMA in
Minneapolis, and B. Feddersen for pointing out several missprints.

I. M. Sigal is grateful to C. Albanese and Ch. Fefferman for insightful discussions and to
W. Hunziker and J. Frohlich for hospitality at ETH Ziirich, to T. Hoffmann-Ostenhof and
V. Bach for hospitality at ESI in Vienna, and to A. Friedman and R. Gulliver for hospitality
at IMA in Minneapolis.

REFERENCES

1. V. Bach, J. Frohlich, and I. M. Sigal, Mathematical theory of non-relativistic matter and
radiations, Lett. Math. Phys. 34 (1995), 183-201.

2. V. Bach, J. Frohlich, and 1. M. Sigal, Quantum electrodynamics of confined non-relativistic
particles, Adv. in Math. 137 (1998), 299-395.

3. H. Cycon, R. Froese, W. Kirsch, and B. Simon, “Schrédinger Operators,” Springer-Verlag,
Berlin/Heidelberg/New York, 1987.

4. I. S. Gradstein and I. M. Ryzhik, “Table of Integrals, Series, and Products,” Academic
Press, San Diego, 1980.

5. P. Hislop and 1. M. Sigal, “Introduction to Spectral Theory,” Springer-Verlag, Berlin/
New York, 1996.

6. T. Kato, “Perturbation Theory of Linear Operators,” Grundlehren der mathematischen
Wissenschaften, Vol. 132, Springer-Verlag, Berlin/New York, 1976.

7. A. Messiah, “,” Vol. 2, North-Holland, Amsterdam, 1962.

8. M. Reed and B. Simon, “Methods of Modern Mathematical Physics: Analysis of Operators,”
Vol. 4, Academic Press, San Diego, 1978.



