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1. INTRODUCTION

The study of symmetries is an important theme in almost every area of mathematics.
One might be dealing with finite symmetry groups (such as the symmetries of a solid) or
infinite, but discrete symmetry groups (such as the symmetries of a pattern). Lie groups,
by contrast, are about so-called continuous symmetries (more aptly called smooth sym-
metries), such as translational or rotational symmetries of a system. Rather then calling
them smooth symmetry groups, they are named after the Norwegian mathematician
Sophus Lie (1842-1899). Lie studied Lie groups mainly in the context of symmetries of
differential equations. His big discovery was that the behaviour of a Lie group near the
group unit is completely determined by an algebraic structure on the tangent space at
the group unit, its Lie algebra. This is the starting point of a rich interplay between
local and global aspects of Lie groups.

Nowadays, we are studying Lie groups in their own right — not only as symmetries
of some structure. This course, after a general introduction to Lie groups and Lie
algebras, will focus mainly on the theory of compact Lie groups: Their structure theory,
representations, and classifications. There is a vast literature on the subject, with many
excellent textbooks. Our main source is the book by Brocker and tom Dieck, but we will
also consult other references such as the book of Duistermaat and Kolk, the recent book
of Kosmann-Schwarzbach, and Wikipedia.

I thank Howard Xiao for pointing out several typos and errors in these notes.

2. DEFINITIONS AND FIRST EXAMPLES

2.1. Lie groups. A Lie group is a group object in the category of manifolds:

Definition 2.1. A Lie group is a group G, equipped with a manifold structure such
that the group operations

Mult: G x G = G, (g1, 92) — §192
Inv: G =G, g—g*

are smooth. A morphism of Lie groups G, G’ is a morphism of groups ¢: G — G’
that is smooth.

. 7

Remark 2.2. Using the implicit function theorem, one can show that smoothness of Inv
is in fact automatic. (Exercise) !

The first example of a Lie group is the general linear group

GL(n,R) = {A € Mat, (R)| det(A) # 0}

IThere is an analogous definition of topological group, which is a group with a topology such that
multiplication and inversion are continuous. Here, continuity of inversion does not follow from continuity
of multiplication.
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of invertible n X n matrices. It is an open subset of Mat,,(R), hence a submanifold, and
the smoothness of group multiplication follows since the product map for Mat,, (R) = R
is obviously smooth — in fact, it is a polynomial. The group GL(n,R) has two connected
components distinguished by the sign of the determinant; the subgroup GL* (n, R) of ma-
trices with positive determinant is a Lie group too. Our second example is the orthogonal

group
O(n) = {A € Mat,(R)| ATA=TI}.

To see that it is a Lie group, it suffices to show that O(n) is an (embedded) submanifold
of GL(n,R) C Mat,(R). This may be proved by using the regular value theorem: If
we consider A — AT A as a map to the space of symmetric n x n-matrices, then I is a
regular value. (Details left as an exercise.)

Similarly, we may show that the special linear group SL(n,R), consisting of matrices
of determinant 1, is an (embedded) submanifold of GL(n,R) C Mat,(R) by showing
that 1 is a regular value of the determinant function.

Definition 2.3. A matriz Lie group is a subgroup G C GL(n,R) (for some n) which
is also an embedded submanifold.

For more complicated matrix Lie groups, the direct approach of verifying a regular
value property gets increasingly cumbersome. Here is another method, with the added
advantage that it directly provides submanifold charts.

2.2. Exponential charts. Recall the exponential map for matrices:

1
exp: Mat,(R) — Mat,(R), B~ exp(B) = EBH'
n=0

o0

This is a (entry-wise) absolutely convergent series, with infinite radius of convergence.
In particular, exp(B) depends smoothly on B. Note that exp takes values in GL(n,R),
and exp(0) = 1.

Lemma 2.4. There exists an open ball U C Mat,,(R) around 0 such that the exponential
map exp restricts to a diffeomorphism
exp: U — exp(U) C GL(n,R)).

By open ball, we mean a set of the form {B]| ||B|| < €} for some ¢ > 0, where || B|| is
a matrix norm.

Proof. By the implicit function theorem, it suffices to show that the differential at 0
To exp: TO Matn (R) — T[ Matn (R)

is invertible. Since Mat, (R) is a vector space, its tangent spaces are identified with
Mat, (R). The differential is computed as (Tpexp)(B) = exp(tB) = B; thus
O

Ty exp = idmat, ). In particular, Ty exp is invertible.

il
dt 1t=0



The inverse map
log: exp(U) — U C Mat,(R)
serves as a chart
(exp(U), log)
for GL(n,R) around I. To obtain a chart around other elements A € GL(n,R), one uses
‘left translation” Let l4: GL(n,R) — GL(n,R) be left multiplication by A, we obtain
charts
(La(exp(U)), logoly-1).

We shall refer to this kinds of charts as ezponential charts. >

Fact: For every matrix Lie group G C Mat,(R), the exponential
charts for GL(n,R) serve as submanifold charts. In particular,

log(Gnexp(U))=gnNU
for some subspace g C Mat,,(R).

We postpone the proof. Let us note that the subspace g is identified as
g = T]G

Indeed, exp(g N U) = G Nexp(U) implies that Ty exp = idyat, (r) restricts to an isomor-
phism from To(gNU) = g to T1(G Nexp(U)) = T1G.

For now, we use the construction in the opposite direction: If G is a subgroup of
GL(n,R) with the property that log(GNexp(U)) = gNU for some subspace g C Mat, (R),
then we may take (l4(exp(U)), logola-1) as submanifold charts for G. In particular, G
is then a matrix Lie group. Let’s see how this works for O(n) and SL(n, R):

Lemma 2.5. O(n) is an (embedded) submanifold of GL(n,R) C Mat,(R), with the
exponential charts as submanifold charts, and with

o(n) ={B| B+ B" =0}.

Similarly, SL(n,R) is an embedded submanifold of GL(n,R), with the exponential charts
as submanifold charts, and with

sl(n,R) = {B] tr(B) = 0}.
Proof. For all B € U C Mat,(R),
exp(B) € O(n) & exp(B)" = exp(B)™

& exp(B ') = exp(—B)
& B'=-B
&< B e o(n).

>The assumption that U is an open ball is not very important, we will need that U is ‘star-shaped’,
i.e. invariant under scalar multiplication by ¢ € [0, 1].



Similarly,
exp(B) € SL(n,R) < det(exp(B)) =1
& exp(tr(B)) =1
& tr(B) =0
& B e sl(n,R).
where we used the identity det(exp(B)) = exp(tr(B)). O

In this method, the main task is to identify a candidate for g. For the standard matrix
Lie groups, this is usually not too difficult. For example, for U(n) = {A| AT = A~'} one
obtains

u(n) = {B| B' = -B};

by writing B = %|t:0At, and taking the t-derivative of AIAt =1

But if our aim is just to prove that G is a submanifold, all this work is not necessary,
thanks to the following beautiful (and surprising) result of E. Cartan (1930), proved
carlier by von Neumann (1929) for matrix Lie groups:

Fact: FEvery (topologically) closed subgroup of a Lie group is an
embedded submanifold, hence is again a Lie group.

We will prove this Closed Subgroup Theorem later, once we have developed some more
basics of Lie group theory. For example, SL(n,R) = det™'(1) is a submanifold simply
because det is continuous.

Let us now give a few more examples of Lie groups, without detailed justifications.

Examples 2.6. (a) Any finite-dimensional vector space V over R is a Lie group, with

product Mult given by addition V x V — V| (v,w) — v + w.

(b) Given B € Mat,(R) let G C GL(n,R) be the invertible matrices commuting with
B. This is a matrix Lie group with g the set of all matrices commuting with
B. (We may generalize by considering instead of just one B any collection of
matrices B.)

(c) Let H is the algebra of quaternions (due to Hamilton). We shall use the descrip-
tion of H as the algebra of matrices of the form

g =(5%Y)

with z,w € C, thus H = C? = R* as a vector space. (One verifies that if X,Y are
two matrices of this form, then so is XY.) We regard C C H as the subalgebra
of diagonal matrices (w = 0). The map

H-)RZ(), Xl—>||X||: det(X)



defines a norm on H, with the multiplicativity property || XY|| = || X]|| ||Y]]. It
extends the absolute value function for C. The invertible elements of H form a
4-dimensional Lie group. The unit quaternions

Sp(1) := {X e H| ||X|| =1}

form a 3-dimensional Lie group.

Consider a finite-dimensional associative algebra A over R, with unit 1 4. Then
the invertible elements A* are a Lie group. More generally, given n € N we can
create the algebra Mat, (A) of matrices with entries in A. The general linear

group
GL(n,A) := Mat, (A)*

is a Lie group of dimension n? dimg(.A). In particular, we have
GL(n,R), GL(n,C), GL(n,H)

as Lie groups of dimensions n?, 2n?, 4n?.
If A is commutative, one has a determinant map

det: Mat,(A) — A,
and GL(n, .A) is the pre-image of A*. One may then define a special linear group
SL(n, A) = {g € GL(n, A)| det(g) = 14}.

In particular, SL(n, C) is defined (of dimension 2n? — 2).

Since H is non-commutative, it is not obvious how to define an H-valued deter-
minant function on quaternionic matrices. Still, it is (unfortunately) standard to
use the notation SL(n,H) for the intersection GL(n, H) N SL(2n,C). (Warning:
SL(n,C) # GL(n,C) N SL(2n,R).)

The spaces R, C™, H" inherit norms from the absolute value functions on R, C, H,
by putting

n
el = lail’s 2= (1, 20);
i=1

these are just the standard norms under the identification C* = R?", H" = R*".
The subgroups of GL(n,R), GL(n,C), GL(n,H) preserving this norm (in the
sense that ||Ax|| = ||z|| for all ) are denoted

O(n), U(n), Sp(n)

and are called the orthogonal, unitary, and symplectic group, respectively. Ob-
serve that

U(n) = GL(n,C) N O(2n), Sp(n) = GL(n,H) N O(4n).
In particular, all of these groups are compact. One can also define

SO(n) = O(n) NSL(n,R), SU(n) = U(n) N SL(n,C),
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these are called the special orthogonal and special unitary groups. The groups
SO(n), SU(n), and Sp(n) are often called the classical groups (but this term is
used a bit loosely).

(g) Given A as above, we also have the Lie subgroups of GL(n,.A), consisting of
invertible matrices that are upper triangular, or upper triangular with positive
diagonal entries, or upper triangular with 1’s on the diagonal.

(h) The group Aff(n,R) of affine-linear transformations of R™ is a Lie group. It is
the group of transformations of the form = — Az + b, with A € GL(n,R) and
b € R™. It is thus GL(n,R) x R™ as a manifold, but not as a group. (As a group,
it is a semidirect product R" x GL(n,R).) Note that Aff(1,R) is a 2-dimensional
non-abelian Lie group.

(i) We will show that the universal covering space of any Lie group G is a Lie group

(. The universal cover

SL(2,R)
is not isomorphic to a matrix Lie group. (We’ll cover this in exercises.)
(j) Given a Riemannian manifold, the group of diffeomorphisms preserving the met-
ric is a naturally Lie group (Myers-Steenrod theorem). Similarly for compact
complex manifolds. These results are outside the scope of this course.

2.3. Lie algebras. We start out with the definition:

Definition 2.7. A Lie algebra is a vector space g, together with a bilinear map
[,] : 9 X g — g satisfying anti-symmetry

[€,n] = —[n,&] for all £, € g,
and the Jacobi identity,

[, [n, ¢l + [, [€, €Il +[C, [€,m]] = O for all €, n, ¢ € g.

The map [, -] is called the Lie bracket. A morphism of Lie algebras gi,gs is a
linear map ¢: g, — g2 preserving brackets.

A first example of a Lie algebra is the space
gl(n,R) = Mat, (R)

of square matrices, with bracket the commutator of matrices. (The notation gl(n,R)
indicates that we think of it as a Lie algebra, not as an algebra.) A Lie subalgebra of
gl(n,R), i.e., a subspace preserved under commutators, is called a matriz Lie algebra.
For instance,

o(n) = {B € Mat,(R): B' = -B}
and
sl(n,R) = {B € Mat,(R): tr(B) =0}
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are matrix Lie algebras (as one easily verifies). In contrast to the situation for Lie groups,
it turns out that every finite-dimensional real Lie algebra is isomorphic to a matrix Lie
algebra (Ado’s theorem). The proof is not easy.

The following examples of finite-dimensional Lie algebras correspond to our examples
for Lie groups. The origin of this correspondence will soon become clear.

Ezxamples 2.8. (a) Any vector space V' is a Lie algebra for the zero bracket.

(b)

(c)

(d)

(e)

For any associative unital algebra A over R, the space of matrices with entries
in A, gl(n, A) = Mat,(A), is a Lie algebra, with bracket the commutator. In
particular, we have Lie algebras

gl(n,R), gl(n,C), gl(n,H).

If A is commutative, then the subspace sl(n,.4) C gl(n,.A) of matrices of trace 0
is a Lie subalgebra. In particular,

sl(n,R), sl(n,C)

are defined. The space of trace-free matrices in gl(n,H) is not a Lie subalgebra.
It is standard to define sl(n,H) = gl(n,H) N sl(2n,C) (with the warning that
sl(n, C) # gl(n,C) Nsl(2n,R)).

We are mainly interested in the cases A = R, C,H. Define an inner product on

R™ C" H" by putting
<x7y> = Zszm
i=1

and define
o(n), u(n), sp(n)
as the matrices B in gl(n,R), gl(n,C), gl(n,H) satisfying

<B{L‘,y> = —<ZE, By)

for all z,y. These are all Lie algebras called the (infinitesimal) orthogonal, unitary,
and symplectic Lie algebras. For R, C one can impose the additional condition
tr(B) = 0, thus defining the special orthogonal and special unitary Lie algebras
so(n), su(n). Actually,

so(n) =o(n)
since B" = —B already implies tr(B) = 0.
Given A, we can also consider the Lie subalgebras of gl(n, .A) that are upper trian-

gular, or upper triangular with real diagonal entries, or strictly upper triangular,
and many more.

The fact that o(n), sl(n,R), ... are closed under matrix commutator is not a coinci-

dence.

We have this phenomenon for any matrix Lie group:



Proposition 2.9. Let G C GL(n,R) be a matriz Lie group. Then g = T1G is
closed under matrix commutator, and so is a matriz Lie algebra.

Proof. We use exponential charts. Given By, B, € g, we have tA, sB € gNU for s,t
close to 0. Hence exp(tA), exp(sB) € GNexp(U), and also

exp(tA) exp(sB)exp(—tA) € GNexp(U)

for s,t close to 0. For fixed t, this is a curve starting at I € G, hence
d
exp(tA)Bexp(—tA) = d—|S:0(eXp(tA) exp(sB)exp(—tA)) € g.
s
This is a curve in the subspace g; taking the t-derivative at ¢t = 0 we obtain

AB — BA = %hzo (exp(tA)Bexp(—tA)) € g

Another observation:

Proposition 2.10. Let G C GL(n,R) be a matriz Lie group. Then g = T;G is
closed under conjugation by C' € G:

Becg=CBC'ecy.

Proof. The conjugation action fixes I, hence its differential gives an action on 77 GL(n, R).
This differential is computed by writing tangent vectors as B = %\tzoAt for some path

d d
a!t:oCAtC*l = O(EhzoAt)C*l = CBC™,

so it is again just conjugation. Now, if C' € G then the action on 77 GL(n,R) preserves
the subspace g = T7G. O

For example, if A € U(n) and B € u(n) then ABA™! € u(n).

2.4. Some 3-dimensional Lie groups. A great deal of Lie theory depends on a good
understanding of the low-dimensional Lie groups. Let us focus, in particular, on the
groups SO(3),SU(2), SL(2,R), and their topology.

The Lie group SO(3) consists of rotations in 3-dimensional space. Let D C R? be the
closed ball of radius 7. Any element x € D represents a rotation by an angle ||z|| in
the direction of x. This is a 1-1 correspondence for points in the interior of D, but if
x € dD is a boundary point then z, —x represent the same rotation. Letting ~ be the
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equivalence relation on D, given by antipodal identification on the boundary, we obtain
a real projective space. Thus
SO(3) = RP(3)

(at least, topologically). With a little extra effort (which we’ll make below) one can
make this into a diffeomorphism of manifolds. There are many nice illustrations of the
fact that the rotation group has fundamental group Z,, known as the ‘Dirac belt trick’.
See for example the left two columns of https://commons.wikimedia.org/wiki/User:
JasonHise

By definition
SU(2) = {A € Maty(C)| AT = A7, det(A) = 1}.

Using the formula for the inverse matrix, we see that SU(2) consists of matrices of the

form
z W
sue) ={( % ¥ )1l =1},

which we recognize (cf. (7?)) as
SU(2) = Sp(1).
As a manifold, this is a 3-sphere. The Lie algebra
su(2) = Ty SU(2) = {B € Maty(C)| B' = —B, tr(B) = 0}.

is described as .
5u(2):{< R >|t€R, uEC},

which is also the pure quaternions. Note that for a matrix B of this form,
det(B) = * + |[u]* = || B||*.

The group SU(2) acts linearly on the vector space su(2) = R? by matrix conjugation:
B — ABA™!. Since the conjugation action preserves det, the corresponding action on
R? = su(2) preserves the norm. This defines a Lie group morphism from SU(2) into
O(3). Since SU(2) is connected, this must take values in the identity component. This
defines

¢: SU(2) — SO(3).

The kernel of this map consists of matrices A € SU(2) such that ABA™! = B for
all B € su(2). Thus, A commutes with all skew-adjoint matrices of trace 0. Since A
commutes with multiples of the identity, it then commutes with all skew-adjoint matrices.
But since Mat,,(C) = u(n) @ iu(n) (the decomposition into skew-adjoint and self-adjoint
parts), it then follows that A is a multiple of the identity matrix. Thus

ker(¢) = {I7 _I}
Now, any morphism of Lie groups ¢: G — G’ has constant rank, due to the symmetry:
In fact, the kernel of the differential T'¢ is left-invariant, as a consequence of ¢ o l, =


https://commons.wikimedia.org/wiki/User:JasonHise
https://commons.wikimedia.org/wiki/User:JasonHise
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lg(a) © ¢. Hence, in our case we may conclude that ¢ must be a local diffeomorphism,
and hence is surjective (since SU(2) is compact, the image under ¢ is closed, since ¢ is
a local diffeomorphism, the image is also open, since SO(3) is connected, the image is
all of SO(3)). This exhibits SU(2) = S? as the double cover of SO(3). In particular,
SO(3) = S3/+ = RP? as a manifold.

Remark 2.11. The fact that SU(2) is the double cover of SO(3), and that it is isomorphic
to Sp(1), is one of various instances of low-dimensional ‘coincidences’. Another important
example is the fact that SU(2) x SU(2) is a double cover of SO(4). This may be proved
by looking at the action of SU(2) x SU(2) on H = R*, given by

(A1, Ay).B = A|BA;*

(Here H is viewed as a space of complex 2 X 2-matrices; alternatively we may view A;, Ay
as elements of the group Sp(1) C H of unit quaternions. (Details left as an exercise.)

We have encountered another important 3-dimensional Lie group: SL(2,R). This acts
naturally on R?, and has a subgroup SO(2) of rotations. Using polar decomposition
of matrices, any matrix in SL(2,R) may be uniquely written as a product A = A’A”
where A’ € SO(2) while A” € SL(2,R) is a positive matrix. (One obtains A” as the
square root of the positive matrix AT A.) The A”’s obtained in this way are exactly
the positive matrices of determinant 1. (Warning: this is not a subgroup.) It may be
uniquely written as exp(B) where B is a symmetric matrix of trace 0. (The exponential
map for matrices restricts to a diffeomorphism from symmetric matrices onto positive
definite matrices.) In conclusion, we have

SL(2,R) = SO(2) x {B| B" = B, tr(B) =0} = S' x R?
as a manifold (not as a group). This shows in particular that 7 (SL(2,R)) = 7, (S?) = Z.
Note that SL(2, R) has center {(Z, —I)}. The quotient by this central subgroup is denoted
PSL(2,R). Topologically, it is again just S* x R?, but it is not isomorphic to SL(2,R)
(since PSL(2,R) has trivial center).

2.5. Universal covering of a Lie group. More examples of Lie groups are obtained
by taking (suitable) coverings of given Lie groups.
Remark 2.12 (A rapid review of covering spaces). Given a connected topological space X
with base point xg, one defines the universal covering space X as the set of equivalence
classes of paths v: [0,1] — X with v(0) = zo. Here the equivalence relation is that of
homotopy relative to fixed endpoints. The space X has a natural topology in such a way
that the map N

p: X=X, [=a()
is a covering map. The fiber p~*(zg) C X has a group structure given by the concate-
nation of paths
A1(2t)
Ao(2t — 1)

Y

1
29
1

(A1 *x X)(2) = {

o= O
IA A

<t
<t
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ie. [M][A2] = [A1 * Ag] (one shows that this is well-defined). This group is denoted
m(X;x0), and is called the fundamental group of X with respect to the base point x.
The universal covering space is simply connected: its fundamental group is trivial.

The fundamental group acts on the covering space X by deck transformations, this
action is again induced by concatenation of paths:

A (V) = A+l

A continuous map of connected topological spaces ®: X — Y taking z, to the base point
Yo lifts to a continuous map ®: X — Y of the covering spaces, by ®[y] = [® o ~], with

—_——

Vod = VUod under composition of two such maps. It restricts to a group morphism
m1(X; o) = m(Y;y0); the map D is equivariant with respect to the group morphism.

If X = M is a manifold, then M is again a manifold, and the covering map is a
local diffeomorphism. For a smooth map ®: M — N of manifolds, the induced map
®: M — N of coverings is again smooth.

We are interested in the case of connected Lie groups G. In this case, the natural
choice of base point is the group unit xy = e, and we’ll write simply 7 (G) = m1(G;e).
We have:

\

Theorem 2.13. The universal covering space G of a connected Lie group G 1is
again a Lie group, in such a way that the covering map p: G — G is a Lie group
morphism. The inclusion 71 (G) = p~'({e}) — Gisa group morphism, with image
contained in the center of G.

e~

Proof. The group multiplication and inversion lifts to smooth maps Mult: G x G =
GxG— GandInv: G — G. Using the functoriality properties of the universal covering
construction, it follows that these define a group structure on G in such a way that the
quotient map p: G — G is a Lie group morphism. The kernel pil(e) C G is a normal
subgroup of G. We claim that this group structure of p~1(e) (given by [A1]-[Aa] = [A1Xa],
using pointwise multiplication) coincides with the group structure of m(G), given by
concatenation. In other words, we claim that the paths

to M(OAa(t), = (A * Ao)(D)

are homotopic. To this end, let us extend the domain of definition of any loop A: [0, 1] —
G to all of R, by letting \(¢) = e for ¢ & [0, 1]. With this convention, we have that

(A % X)) () = A1(28) Ae(2t — 1)
for all t € R, and the desired homotopy is given by
ML+ 8))((1+s)t—s), 0<s<1.
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Hence, m(G) is a discrete normal subgroup of G. But if G is connected, then G is
connected, and so the adjoint action must be trivial on m (G) (since m(G) is discrete).
U

FEzample 2.14. The universal covering group of the circle group G = U(1) is the additive
group R.

Ezxample 2.15 (Spin groups). For all n > 3, the fundamental group of SO(n) is Zs. The
universal cover is called the Spin group and is denoted Spin(n). We have seen that
Spin(3) = SU(2) and Spin(4) = SU(2) x SU(2). One can also show that Spin(5) = Sp(2)
and Spin(6) = SU(4). Starting with n = 7, the spin groups are ‘new’. Being double
covers of compact groups, these are again compact groups.

The theorem shows in particular that the fundamental group of a connected Lie group
is abelian (since it is a subgroup of the center of G , and the center of a group is abelian.
If T' C m,(G) is any subgroup, then I' (viewed as a subgroup of G) is central, and so G/T
is a Lie group covering G, with m (G)/T" as its group of deck transformations.

2.6. A special case of the Closed Subgroup Theorem. We shall now prove the
Closed Subgroup Theorem for the special case of matrix Lie groups. This case is due to
von Neumann. By definition, matrix Lie groups are embedded submanifolds of GL(n, R),
hence a closed subgroup of a matrix Lie group is a closed subgroup of GL(n,R). Hence
it suffices to show:

Theorem 2.16. Every topologically closed subgroup of GL(n,R) is a matriz Lie
group.

We'll set up the proof in such a way that it immediately generalizes to arbitrary Lie

groups (once we have developed a notion of exponential map for abstract Lie groups).
We'll need:

Proposition 2.17 (Lie product formula). For A, B € Mat,(R), we have that

1 1 "
exp(A+ B) = nlggo (exp (EA) exp (5B>) :
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Proof. We use the trick from calculus: A limit n — oo may often be computed as a limit
t — 0T by letting ¢ = 1.

lim <exp(%A) exp(%B))n — lim exp <n log (exp(%A) exp(%B)))

n—oo n—oo

~ limexp (10g<exp<tA> exp(tB))>

t—0 t

- (hm log (exp(tA) exp(tB)))

t—0 t

= exp (% |1 log (exp(tA) eXp(tB)))

=exp(A + B).
(Here we used that log'(1) = 1.) O

Proof of Theorem. Let G C GL(n,R) be a closed subgroup. It suffices to construct a
submanifold chart for G near I. (Using left translation, one then obtains submanifolds
charts near any given A € G.) That is, we want to find an open neighborhood U of
0 € Mat,(R), a subspace g C Mat,,(R), and a diffeomorphism

¢: U — exp(U)

such that

p(anU)=Gno(U).
To begin, we need a candidate for g. Eventually this will be g = T7G, but we cannot
take this as a definition since we don’t know yet that G is a submanifold. Instead we
define

g = {B € Mat,(R)| Vt: exp(tB) € G}.

To show that this is a vector subspace, we must show that it is closed under addition
and scalar multiplication. The latter is obvious from the definition. For addition, let
B,C € g. For all t € R, the Lie product formula shows

t t n
H(B +C)) = lim ((exp(~-B)exp(—C))
exp(t(B +C)) = lim ( exp(B)exp(-C)
a limit of a sequence of elements (exp(%B) exp(%C)) € G. Since G is topologically
closed, it follows that exp(t(B + C)) € G. Hence B+ C € g.
Next, we need chart maps. Rather than using exponential charts, it is more convenient
to use a modified version:

¢: Mat,(R) = g @ g- — GL(n,R), B’ + B" — exp(B’) exp(B")
for B’ € g, B” € g*. (Here L is the orthogonal relative to the standard inner product

on Mat,, (R).) Note that Toep = id, so that ¢ restricts to a diffeomorphism on some open
e-ball B.(0) around 0.
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Claim. For n sufficiently large, the restriction of ¢ to U = £ B,(0) satisfies (U Ng) =
o(U)NG.
Suppose the claim is false. Then none of the subsets U,, = %BE(O) would do the job.

That is, ¢(U, N g) is a proper subset of ¢p(U,) N G. We may hence choose B,, € U,, such
that

The sequence satisfies lim,, o, B, = 0. Write B, = B/ + B" with B, € g, B! € g*.
Then B, ¢ g if and only if B! # 0. Furthermore, ¢(B,,) € G if and only if exp(B/) € G.
Replacing B,, with B!/, we have constructed a sequence

B, €gt, B,#0, exp(B,) € G, lim B, = 0.
n—ro0

Passing to a subsequence, we may assume that the elements B,, /|| B,|| in the unit sphere
converge: Hence there exists a unit vector B € g+ with

lim B, /||B,|| = B

We will show B € g, hence producing a contradiction. By definition, B € g if and only
if for any given ¢ € R, we have exp(tB) € G. For any such t, choose integers a, with
lim, 0 (an||Bnl|) = t. (See exercise below.) Then

n—oo

B,
exp(Bo)™ = exp(anBy) = oxp (anHBnH W> % oxp(tB).
Since G is closed, it follows that exp(tB) € G for all ¢, so B € g. O

The last step used the following calculus exercise:

FExercise 2.18. Given a sequence of non-zero numbers z,, € R with lim,, ., z,, = 0, and
any given x € R, prove that there are integers a,, € Z with lim,,_,, a,x,, = x.
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2.7. Some exercises.

FEzercise 2.19. Show that Sp(n) can be characterized as follows. Let J € U(2n) be the
unitary matrix
0 I,
-1, O

where [,, is the n x n identity matrix. Then
Sp(n) ={A € U(2n)| A= JAJ'}.
Here A is the componentwise complex conjugate of A.

FEzercise 2.20. Let R(#) denote the 2 X 2 rotation matrix

R(O) = ( cosf) —sind ) .

sinf cos@

Show that for all A € SO(2m) there exists O € SO(2m) such that OAO™! is of the block

diagonal form

R6) 0 0 - 0
0 R() 0 -~ 0
0 0 0 - R(6,)

For A € SO(2m + 1) one has a similar block diagonal presentation, with m 2 x 2 blocks
R(6;) and an extra 1 in the lower right corner. Conclude that SO(n) is connected.

FExercise 2.21. Let G be a connected Lie group, and U an open neighborhood of the
group unit e. Show that any g € G can be written as a product g = ¢; - - - g of elements
gi€U.

Fzxercise 2.22. Let ¢: G — H be a morphism of connected Lie groups, and assume that
the differential T,¢: T.G — T.H is bijective (resp. surjective). Show that ¢ is a covering
(resp. surjective). Hint: Use Exercise 2.21.

FEzercise 2.23. Given an explicit description of the algebra morphism H — Maty(C), and
show that it restricts to a Lie group isomorphism Sp(1) — SU(2).

FEzercise 2.24. Give an explicit construction of a double covering of SO(4) by SU(2) x
SU(2). Hint: Represent the quaternion algebra H as an algebra of matrices H C Maty(C),
by
_ . . _( a+ib c+id
r=a+ib+jc+kd—z= ( etid a—ib )
Note that |z|> = det(x), and that SU(2) = {z € H| detc(z) = 1}. Use this to define an
action of SU(2) x SU(2) on H preserving the norm.
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3. THE LIE ALGEBRA OF A LIE GROUP

3.1. Review: Tangent vectors and vector fields. We begin with a quick reminder
of some manifold theory, partly just to set up our notational conventions. Let M be a
manifold, and C*°(M) its algebra of smooth real-valued functions.

(a)

(d)

For m € M, we define the tangent space T,,M to be the space of directional
derivatives:

TnM = {v € Hom(C=(M),R)[ v(fg) = v(f) glm +v(g) flm}-

It is automatic that v is local, in the sense that T,,M = T,,U for any open
neighborhood U of m. A smooth map of manifolds ¢: M — M’ defines a tangent
map:

Tng: T = Tom) M’ (Tng(v))(f) = v(f © @)
For x € U C R", the space T, U = T,R™ has basis the partial derivatives
B%ILT, c %]I. Hence, any coordinate chart ¢: U — ¢(U) C R" gives an iso-
morphism

Tm¢3 TmM = TmU — T¢(m)¢(U) = T¢(m)Rn = R".

The union TM = U,epmT,M is a vector bundle over M, called the tangent
bundle. Coordinate charts for M give vector bundle charts for T"M. For a smooth
map of manifolds ¢: M — M’ the collection of all maps T},¢ defines a smooth
vector bundle map

To: TM — TM.
A wector field on M is a collection of tangent vectors X,, € T,,M depending
smoothly on m, in the sense that Vf € C>(M) the map m — X,,(f) is smooth.
The collection of all these tangent vectors defines a derivation X: C*(M) —
C®(M). That is, it is a linear map satisfying

X(fg) = X(f)g+ fX(g)

The space of vector fields is denoted X(M) = Der(C*(M)). Vector fields are
local, in the sense that for any open subset U there is a well-defined restriction
X|v € X(U) such that X|y(f|v) = (X(f))|v. In local coordinates, vector fields
are of the form ), aia%i where the a; are smooth functions.

If~:J— M, JCRisasmooth curve we obtain tangent vectors to the curve,

(1) € Tyo M, 300 = o] 7(0).

(For example, if x € U C R", the tangent vector corresponding to a € R" = T,.U
is represented by the curve z + ta.) A curve y(t), t € J C R is called an integral
curve of a given vector field X € X(M) if for all t € J,

J(t) = Xy
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In local coordinates, this is an ODE % = q;(z(t)). The existence and uniqueness
theorem for ODE’s (applied in coordinate charts, and then patching the local
solutions) shows that for any m € M, there is a unique maximal integral curve
~v(t), t € Jy, with v(0) = m.

(f) A vector field X is complete if for all m € M, the maximal integral curve with
~v(0) = m is defined for all ¢ € R. In this case, one obtains smooth map, called
the flow of X

O:Rx M — M, (t,m) — ®(m)
such that v(¢) = ®_;(m) is the integral curve through m. The uniqueness property
gives
(I)O == Id, q)t1+t2 = (I)tl o) (I)t2
i.e. t — &, is a group homomorphism. Conversely, given such a group homomor-
phism such that the map ® is smooth, one obtains a vector field X by setting
34
0
X = a|t:0(®ft)*7
as operators on functions. That is, pointwise X,,,(f) = 2|0 f(P_¢(m)).

(g) It is a general fact that the commutator of derivations of an algebra is again a

derivation. Thus, X(M) is a Lie algebra for the bracket

(X, Y]=XoY —-YoX.
The Lie bracket of vector fields measure the non-commutativity of their flows. In
particular, if X, Y are complete vector fields, with flows @, ®Y then [X,Y] =0
if and only if
(X,Y]=0 & &f0d! =Y o0d).
(h) In general, smooth maps ¢: M — N of manifolds do not induce maps between

their spaces of vector fields (unless ¢ is a diffeomorphism). Instead, one has the
notion of related vector fields X € X(M), Y € X(N) where

XY & Vm: Yy =Tho(Xn) & Xog"=¢"oY
From the definitions, one checks
X1~ YV, Xo~vg Yoy = (X1, X5 ~¢ Y71, Y5).

3For ¢: M — N we denote by ¢*: C®°(N) — C>(M) the pullback.

“The minus sign is convention. It is motivated as follows: Let Diff(M) be the infinite-dimensional
group of diffeomorphisms of M. It acts on C®(M) by ®.f = fo®~! = (&~1)*f. Here, the inverse is
needed so that ®1.95.f = (P1Ps).f. We think of vector fields as ‘infinitesimal flows’, i.e. informally
as the tangent space at id to Diff(M). Hence, given a curve ¢t — ®; through ®¢ = id, smooth in the
sense that the map R x M — M, (t,m) — ®,;(m) is smooth, we define the corresponding vector field
X = %|t:0<bt in terms of the action on functions: as

b 0
Xf = gplem0®e.f = Ehzo@fl)*f

If @, is a flow, we have <I>t_1 =®_,;.
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3.2. The Lie algebra of a Lie group. Let G be a Lie group, and T'G its tangent
bundle. Denote by

g=1.G

the tangent space to the group unit. For all a € GG, the left translation

L,: G— G, g—ag
and the right translation

R,: G— G, g— ga
are smooth maps. Their differentials at g define isomorphisms of vector spaces T,L,: T,G —
T,4G; in particular

T.L,: g — T,G.
Taken together, they define a vector bundle isomorphism
G x g TG, (9.6~ (T.L)(€)

called left trivialization. The fact that this is smooth follows because it is the restriction
of TMult: TG x TG — TG to G x g C TG x TG, and hence is smooth. Using right
translations instead, we get another vector bundle isomorphism

Gxg—=TG, (9,§) = (TeRy)(§)

called right trivialization.

Definition 3.1. A vector field X € X(G) is called left-invariant if it has the property
X ~p, X

for all a € G, i.e. if it commutes with the pullbacks (L,)*. Right-invariant vector
fields are defined similarly.

The space X%(G) of left-invariant vector fields is thus a Lie subalgebra of X(G). Simi-
larly the space X%(G) of right-invariant vector fields is a Lie subalgebra. In terms of left
trivialization of T'G, the left-invariant vector fields are the constant sections of G' x g.
In particular, we see that both maps

XNG) =g X=X, XHG)—g X— X,

are isomorphisms of vector spaces. For £ € g, we denote by ¢ € XL(G) the unique left-
invariant vector field such that ¢&|, = £. Similarly, £ denotes the unique right-invariant
vector field such that %[, = ¢.

Definition 3.2. The Lie algebra of a Lie group G is the vector space g = T.G,
equipped with the unique Lie bracket such that the map X(G)* — g, X — X, is
an isomorphism of Lie algebras.
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So, by definition, [£,n]F = [¢L,n%]. Of course, we could also use right-invariant vector
fields to define a Lie algebra structure; it turns out (we will show this below) that the
resulting bracket is obtained simply by a sign change.

The construction of a Lie algebra is compatible with morphisms. That is, we have a
functor from Lie groups to finite-dimensional Lie algebras the so-called Lie functor.

Theorem 3.3. For any morphism of Lie groups ¢: G — G', the tangent map
T.¢: g — ¢ is a morphism of Lie algebras.

Proof. Given £ € g, let & = T.¢(§) € g'. The property ¢(ab) = ¢(a)p(b) shows that

Ly@yo ¢ = po L,.
Taking the differential at e, and applying to £ we find (7. Ly ())&’ = (Ta¢)(TeLaq(§)) hence
(€4 = (Tad)(&7). That is,
&8~y ()"
Hence, given &1, & € g we have
&&= el ~ 168" = [6.81"
In particiular, T,¢[&1, &) = [€,&5]. It follows that T.¢ is a Lie algebra morphism. O

Remark 3.4. Two special cases are worth pointing out.
(a) A representation of a Lie group G on a finite-dimensional (real) vector space V
is a Lie group morphism
m: G — GL(V).
A representation of a Lie algebra g on V is a Lie algebra morphism
g — gl(V).

The theorem shows that the differential 7.7 of any Lie group representation 7 is
a representation of its a Lie algebra.
(b) An automorphism of a Lie group G is a Lie group morphism

o:G—G
from G to itself, with ¢ a diffeomorphism. An automorphism of a Lie algebra is
an invertible morphism from g to itself. By the theorem, the differential
Tep:g—4g

of any Lie group automorphism is an automorphism of its Lie algebra. As an
example, SU(n) has a Lie group automorphism given by complex conjugation of
matrices; its differential is a Lie algebra automorphism of su(n) given again by
complex conjugation.
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Remark 3.5. Another useful observation: Recall that left trivialization gives a vector
bundle isomorphism TG = G x g, with inverse map (g,&) + &L],. Suppose ¢: G — G’
is a morphism of Lie group. Then the following diagram commutes:

TG —— TG
|
! !
G x g—>¢xTe¢G X g

This follows since ¢ intertwines left translation: ¢(gh) = ¢(g)@(h), i.e. poLy = Lyg 0,
and consequently

TgpoTLy=TLygoT¢
In particular, the rank of ¢ is constant: the rank at any g € G coincides with the rank
of T.p: g — g

3.3. Properties of left-invariant and right-invariant vector fields.

Definition 3.6. A I1-parameter subgroup of a Lie group G is a Lie group morphism
v:R—=>G

The term is a bit misleading since we do not require 7y to be injective.

Ezample 3.7. If G is a matrix Lie group (a closed subgroup of GL(n,R)), the curves
~(t) = exp(tB) with B € g are l-parameter subgroups. We shall see shortly that all
1-parameter subgroups of GG are of this form.

Theorem 3.8. Let G be a Lie group, with Lie algebra g =T.G.
(a) The left-invariant vector fields ¥ for € € g are complete.
(b) The unique integral curve v~(t) of ¥ with initial condition v*(0) = e is a
1-parameter subgroup.
(c) The flow ® of £ is given by right translations:

D5 (g) = g 1* ().

. 7

Proof. 1f

v:J =G
(with J C R an open interval around 0) is any integral curve of €&, then its left translates
t — ay(t) for any a € G are again integral curves. (Indeed, L, takes integral curves of
X = ¢F to integral curves for (L,). X = £L.) In particular, for given ¢, € J the curve

t = y(to)y(1)

is again an integral curve. By uniqueness of integral curves of vector fields with given
initial conditions, it coincides with ~y(to + t) for all t € J N (J — tg). In this way, an
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integral curve defined for small |t| can be extended to an integral curve for all ¢t € R, i.e.
£ is complete.

Let @5 be the flow of ¢&. With our sign conventions, Thus ®¢(e) = 4¢(—t). Since &-
is left-invariant, its flow commutes with left translations. Hence

j(g) = ©f 0 Ly(e) = Ly 0 Di(e) = g®;(e) = g7°(~1).
The property ®f ,, = @} &5 shows that v¢(t; + ta) = 74 (t1)7E(ta). O

Of course, a similar result will apply to right-invariant vector fields. Essentially the
same l-parameter subgroups will appear. To see this, note:

Lemma 3.9. Under group inversion, & ~p, —&&, €8 ~py —EF.

Proof. The inversion map Inv: G — G interchanges left translations and right transla-
tions:

InvolL, = R,~1 0Inv.

Hence, £ = Inv* (¥ for some (. Since T, Inv = —Id, we see ( = —¢. O

As a consequence, we see that ¢t — ~(t) is an integral curve for &%, if and only if
t — v(t)~! is an integral curve of —¢L if and only if ¢ — y(—t)~! is an integral curve of

¢r.

Proposition 3.10. The I-parameter subgroup v*(t) is an integral curve for ¥ as
well. The flow of £ is given by left translations,

(t, 9) = 7 (t)g-

We also obtain the bracket relations between left and right invariant vector fields:

Proposition 3.11. The left-invariant and right-invariant vector fields satisfy the
bracket relations,

€ ¢ =16 € ¢ =0, [€%.¢=-¢q"

Proof. The first relation holds by definition of the bracket on g. The second relation
holds because the flows of &% is given by right translations, while the flow of £ is given
by left translations. Since these flows commute, the vector fields commute. The third
relation follows by applying Inv* to the first relation, using that Inv* ¢ = —¢® for all
& O

4. THE EXPONENTIAL MAP

We have seen that every £ € g defines a 1-parameter group v*: R — G, by taking the
integral curve through e of the left-invariant vector field ¢¥. Every 1-parameter group
arises in this way:
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Proposition 4.1. Ifv: R — G is a 1-parameter subgroup of G, then v = v where
¢ =4%(0) € T.G = g. One has

7 (t) = 74 (st).
The map R x g — G, (t,&) — ~v5(t) is smooth.

J

Proof. Let (t) be a 1-parameter group. Then ®,(g) := gy(—t) defines a flow. Since this
flow commutes with left translations, it is the flow of a left-invariant vector field, .
Here ¢ is determined by taking the derivative of ®_;(e) = () at t = 0: Thus & = 4(0).
This shows v = 7¢.

For fixed s, the map t — A(t) = 7¢(st) is a I-parameter group with A(0) = s4¢(0) = s¢,
so A(t) = 7%(t). This proves v%(t) = ~%(st). Smoothness of the map (¢,&) — ~5(t)
follows from the smooth dependence of solutions of ODE’s on parameters. O

Definition 4.2. The exponential map for the Lie group G is the smooth map defined
by

exp: g — G, £~ ~4(1),
where 74(t) is the 1-parameter subgroup with 4%(0) = &.

Note
75(t) = exp(t€)
by setting s = 1 in 4%(1) = 7%(st). One reason for the terminology is the following

Proposition 4.3. If [£,n] = 0 then exp(§ +n) = exp(&) exp(n).

Proof. The condition [£,7] = 0 means that ¢& n commute. Hence their flows @f, o}
commute. The map ¢ — 5 o ® is the flow of €& + n%. Hence it coincides with 7.
Applying to e (and replacing ¢ with —t), this shows 7%(t)y7(t) = 7*77(t). Now put
t=1. U

In terms of the exponential map, we may now write the flow of £ as
(t, 9) = gexp(—tE),
and similarly the flow of ¢7 as
(t,g) — exp(—t&)g.

That is, as operators on functions,

o) . 0 .
5L = §|t:0Rexp(t£)7 fR = ah:oLexp(tg
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Proposition 4.4. The exponential map is functorial with respect to Lie group
homomorphisms ¢: G — H. That is, we have a commutative diagram

GLH

exp T T exp

g —>Te¢ b

Proof. Let us write expg,expy for the two exponential maps. For £ € g, the map
t — ¢(exps(t€)) is a 1-parameter subgroup of H, with differential at 0 given by

% t:0¢(expc(tf)> = (T.9) <%L:0 eXpG(tg)) = (T.¢)(&).

It follows that ¢(exps(t€)) = expy (t(T.¢)(£)) with the exponential map for H. Now put
t=1. U

We may use this to verify that our definition of exponential map for general Lie groups
generalizes the one for matrix Lie groups.

'a )

Proposition 4.5. Let G C GL(n,R) be a matriz Lie group, and g C gl(n,R) its
Lie algebra. Then exp: g — G is just the exponential map for matrices,

> 1
exp(€) = ) A
n=0

J

Proof. By the previous proposition, applied to the inclusion of G in GL(n,R), the expo-
nential map for G is just the restriction of that for GL(n,R). Hence it suffices to prove
the claim for G = GL(n,R). The function

V(t) = ZO 18
is a 1-parameter group in GL(n,R), with derivative at 0 equal to £ € gl(n,R). Hence it

coincides with exp(t£). Now put ¢ = 1. O

Remark 4.6. This result shows, in particular, that the exponentiation of matrices takes
g C gl(n,R) = Mat,(R) to G C GL(n.R).

Using this result, we can also prove:

Proposition 4.7. For a matriz Lie group G C GL(n,R), the Lie bracket on
g = 17G s just the commutator of matrices.
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Proof. Since the exponential map for G C GL(n,R) is just the usual exponential map
for matrices, we have, by Taylor expansions

exp(t&) exp(tn) exp(—t€) exp(—tn) = I +1*(§n — ng) + O(t?)
= exp (*(&n — n¢) + O(t))
= exp (*(&n — 1€)) + O(t")
(here O(t*) indicates terms of order k or higher in the Taylor expansion). This formula
relates the exponential map with the matrix commutator &n — n€. ° A version of this

formula holds for arbitrary Lie groups, as follows. For g € G, let p(g9) = R; as an
operator on functions f € C*°(G) thus

p(9)(f)la = flag).
Since the flow of &% is by right translations, ¢ Rexp(—t¢), we have 6

(plept&)(F)l) = (plexpte) 0 ") (£

Iterating,
k

CZ};( (exp t§)(f)la > = (p(exptg) o (gL)’f) (f)a

Hence, we may write the Taylor series:
2

p(expt€) (e = (14665 + 5 (€9) (Nl + O
Using this formula, we obtain
p(exp(t€) exp(tn) exp(—t€) exp(—tn)) (f)la
= p(exp(t)) p(exp(tn)) p(exp(=t€)) p(exp(—tn)) (f)la
= L+ 22" —n"e") (Nl +O(F)
(1426, n") (Nla +OF)

where the last line used the definition of Lie bracket of vector fields, [X,Y] = XY —Y X
(as operators on functions). We’ll prove the proposition by comparing the two results.
Thus assume that G = GL(n,R) C Mat,(R). By the matrix calculation above,

exp(t€) exp(tn) exp(—t&) exp(—tn) = exp(t*(&n + ng)) + O(t%).

5The expression on the left is an example of a ‘group commutator’ ghg 'h~'. Note the group
commutator of g, h is trivial exactly of g, h commute; in this sense it is the group analogue to the Lie
bracket.

6If &, is the flow of a vector field X, then

d ., d. . .
£<I)7 ds |S:0q)7(t+s) =0, 0X.
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Applying the resulting operators to f and evaluating,

p(exp(t€) exp(tn) exp(—t&) exp(—tn)) (f)la = (1 +t%(én — an)L) (Nla +Ot%).
Comparing coefficients, we obtain [, n]F = (&9 — 7€)%, and finally [, 9] = &np —né. O

Remark 4.8. This proves (again) that for any matrix Lie group G, the space g = T7G is
closed under commutation of matrices.

Remark 4.9. Had we defined the Lie algebra using right-invariant vector fields, we would
have obtained minus the commutator of matrices.

In the case of matrix Lie groups, we used the exponential map (of matrices) to con-
struct local charts. This works in general, using the following fact:

Proposition 4.10. The differential of the exponential map at the origin is
Thexp =id.

As a consequence, there is an open neighborhood U of 0 € g such that the expo-
nential map restricts to a diffeomorphism U — exp(U).

. 7

Proof. We calculate, for ¢ € g,

d d
(Toexp)(©) = (Toexp) (| 1) = | exp(te) = ¢

where the last equality follows by definition of the exponential map. O

Theorem 4.11 (Closed Subgroup Theorem). Let G be a closed subgroup of a Lie
group H. Then G is an embedded submanifold, and hence is a Lie subgroup.

Having the exponential map at our disposal, it is pretty straightforward to generalize
the proof for matrix Lie groups (due to von Neumann) to the general case (due to
E. Cartan). We leave the details as an exercise.

Remark 4.12. According to the proof, the Lie algebra g of G is recognized as the set of
all ¢ € h such that expt € G for all t € R.

As remarked earlier, the Closed Subgroup Theorem is very useful in practice. For a
given Lie group G, the term ‘closed subgroup’ is often used as synonymous to ‘embedded
Lie subgroup’.

Ezxamples 4.13.  (a) Matrix Lie groups are, by definition, closed subgroups of GL(n, R)
for some n € N, and hence are Lie groups. (We proved this already in Theorem
2.16.)

7Nonetheless, some authors use that convention.
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(b) Suppose that ¢: G — H is a morphism of Lie groups. Then ker(¢) = ¢~'(e) C G
is a closed subgroup. Hence it is an embedded Lie subgroup of G.

(c) The center Z(G) of a Lie group G is the set of all a € G such that ag = ga for
all a € G. Tt is a closed subgroup, and hence an embedded Lie subgroup.

(d) Suppose H C G is a closed subgroup. Its normalizer Ng(H) C G is the set of
all a € G such that aH = Ha. (Le., h € H implies aha™* € H.) This is a
closed subgroup, hence a Lie subgroup. The centralizer Zg(H) is the set of all
a € G such that ah = ha for all h € H, it too is a closed subgroup, hence a Lie
subgroup.

Theorem 4.14. Let G, H be Lie groups, and ¢: G — H be a group morphism.
Then ¢ is smooth if and only if it is continuous.

Proof. Suppose the group morphism ¢: G — H is continuous. Then

Gr(¢) = {(¢(9),9) € H x G| g € G}

is a closed subspace. Since ¢ is a group morphism, Gr(¢) is a subgroup of H x G. By
the Closed Subgroup Theorem, it is an embedded submanifold of H x GG, and so is a Lie
subgroup. Projection to the second factor H x G — G restricts to a Lie group morphism

Y Gr(g) — G, (6(g9),9) =g

which furthermore is a bijection. But any morphism of Lie groups has constant rank (see
Remark 3.5), hence this bijection is a diffeomorphism. ® The map ¢ is the composition
of smooth maps

GV Gr(g) = Hx G 25 |
hence it is smooth. O

8By the constant rank theorem, if a smooth map ¢: M — M’ has constant rank r, its non-empty
fibers are embedded submanifolds of dimension dim M — r. Thus, if ¢ is a constant rank map which is
also a bijection, then ¢ must be a diffeomorphism.
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FEzercise 4.15. Show that the exponential maps for SU(n), SO(n) U(n) are surjective.
(We will soon see that the exponential map for any compact, connected Lie group is
surjective.)

FEzercise 4.16. A matrix Lie group G C GL(n,R) is called unipotent if for all A € G,
the matrix A — I is nilpotent (i.e. (A —I)" = 0 for some r). The prototype of such a
group are the upper triangular matrices with 1’s down the diagonal. Show that for a
connected unipotent matrix Lie group, the exponential map is a diffeomorphism.

FEzercise 4.17. Show that exp: gl(2,C) — GL(2,C) is surjective. More generally, show
that the exponential map for GL(n,C) is surjective. (Hint: First conjugate the given
matrix into Jordan normal form).

FEzercise 4.18. Show that exp: sl(2,R) — SL(2,R) is not surjective, by proving that the

matrices
-1 +1
< 0 —1 ) € SL(2,R)

are not in the image. (Hint: Assuming these matrices are of the form exp(B), what would
the eigenvalues of B have to be?) Show that these two matrices represent all conjugacy
classes of elements that are not in the image of exp. (Hint: Find a classification of the
conjugacy classes of SL(2,R), e.g. in terms of eigenvalues.) What about the exponential
map for GL*(2,R) (invertible matrices with positive determinant)?

Fxercise 4.19. Let exp: g — G be the exponential map for a Lie group G. Prove the Lie
product formula
) 1 1 \"

exp(€ +1) = lim (exp(€)exp(-n)).
by using the same argument as for matrix Lie groups.
Fzxercise 4.20. Prove the Closed Subgroup Theorem: If H is a Lie group, and G is
a subgroup that is topologically closed, then H is an embedded submanifold (and in
particular is a Lie subgroup). (Just inspect the proof for matrix Lie groups, and observe
that it generalizes line-by-line.)

FExercise 4.21. Prove that a topological group carries at most one smooth structure for
which it is a Lie group.
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5. AUTOMORPHISMS, ADJOINT ACTIONS

Given any category (such as the category of associative algebras, Lie algebras, Lie
groups, topological spaces, etc), the automorphism group of an object of that category
consists of invertible morphisms from the object to itself. We shall consider the auto-
morphisms (and infinitesimal automorphisms) of Lie algebras and Lie groups.

5.1. Automorphisms and derivations of Lie algebras. If g is a Lie algebra we
have the group Aut(g) of Lie algebra automorphisms. Concretely, Aut(g) consists of all
invertible linear maps A: g — g such that

[AE, An| = A[¢, )

for all £,n € g. If g is finite-dimensional, then Aut(g) is closed in the group GL(g) of
vector space automorphisms, hence, by the Closed Subgroup Theorem, it is a Lie group.
To identify its Lie algebra, we introduce:

Definition 5.1. A derivation of a Lie algebra g is a linear map D: g — g such that

D[, n] = [DE,n] + [€, D]
for all £,m € g.

The space Der(g) of derivations is a Lie algebra , with bracket given by commutation.

Proposition 5.2. For any finite-dimensional Lie algebra g, the Lie algebra of the
Lie group Aut(g) of automorphisms is the Lie algebra Der(g).

Proof. The Lie algebra aut(g) consists of all D € gl(g) with the property that exp(tD) €
Aut(g) for all ¢ € R. Taking the ¢-derivative of the defining condition

exp(tD)[§, n] = lexp(tD)E, exp(tD)n],
we obtain the derivation property, showing D € Der(g). Conversely, if D € Der(g) is a

derivation then
n _
D& m =) (k> [Dk¢, D)
k=0

by induction, which then shows that exp(D) = >~ £~ is an automorphism. d

n

An example of a Lie algebra derivation is the operator ade, = [€, ] given by bracket
with a fixed Lie algebra element &; the derivation property is the Jacobi identity of g.
This satisfies

[ade, ad,] = adg
(again by the Jacobi identity).
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Definition 5.3. The adjoint representation of a Lie algebra is the Lie algebra mor-
phism
ad: g — Der(g), & +— ade.

Elements in the image of this map are called inner derivations; the space of inner
derivations is denoted Inn(g).

Note that the kernel of adjoint representation is the center Cent(g).
Lemma 5.4. The space Inn(g) C Der(g) is a normal Lie subalgebra. That is, [Der(g), Inn(g)] C
Inn(g)
Proof. If D € Der(g) and £ € g then
(D, ad¢] = adpe
by the calculation
D(adgn) = D([€, n]) = [DE, n] + €, Dn] = adpe n + ade(Dn).
O

For any normal Lie subalgebra, the Lie bracket descends to the quotient space. (Ex-
ercise) The quotient space

Out(g) = Der(g)/ Inn(g)
is the Lie algebra of outer derivations.

Ezxample 5.5. For g = s0(3) one can check that every Lie algebra derivation is inner.
Thus Out(g) = 0 in this case. On the other hand, if g is abelian (the bracket is trivial),
then the space of inner derivations is 0, and Der(g) = Out(g) are all linear maps g — g.

5.2. Automorphisms of G. The group Aut(G) of automorphisms of a Lie group G is
the group of invertible Lie group morphisms from G to itself. Any a € G defines an
automorphism Ad, by conjugation:

Ad,(g9) = aga™
Note also that Adg, ., = Ad,, Ad,,, thus we have a group morphism
Ad: G — Aut(G)

into the group of automorphisms.

Definition 5.6. The adjoint action of a Lie group G on itself is the group morphism
Ad: G — Aut(G), a— Ad,.

Elements in the image of this map are called inner automorphisms; the space of
inner automorphisms is denoted Inn(G).

Note that the kernel of adjoint representation is the center Cent(G).
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Lemma 5.7. The subgroup Inn(G) C Aut(G) of inner automorphisms is a normal
subgroup.

Proof. For any ¢ € Aut(G), and any a € G,
¢oAd, o' = Ady() - O
The quotient group Out(G) = Aut(G)/ Inn(G) is called the outer automorphism group.

Ezxample 5.8. If G = SU(2) the complex conjugation of matrices is an inner automor-
phism, but for G = SU(n) with n > 3 it cannot be inner (since an inner automorphism
has to preserve the spectrum of a matrix). Indeed, one know that Out(SU(n)) = Z, for
n > 3.

FEzample 5.9. The group G = SO(n) has automorphisms given by conjugation with
matrices in B € O(n). More generally, if G is the identity component of a disconnected
Lie group G’, then any automorphism ¢’ of G’ restricts to an automorphism ¢ of G, but
¢ need not be inner even if ¢’ is.

Remark 5.10. Let G be a Lie group, Gy its identity component (which is a normal sub-
group), and G /G its group of components. By a theorem of Hochschild, Aut(G) is a Lie
group provided that G/G is finitely generated. ? On the other hand, if G is a countable
discrete group, the group Aut(G) is discrete but need not be countable. An example is
the group G' = Map,,,(X, Z3) of finitely supported maps for a countable space X (you
may take X = N); its automorphism group contains Map(X, Aut(Z3)) = Map(X, Z,),
which is not countable. (Adapted from a discussion on math stack exchange.)

5.3. The adjoint action of G on g. Suppose G is a Lie group, with Lie algebra g.
For any Lie group automorphism ¢ € Aut(G), the differential at the group units is a Lie
algebra automorphism T.¢ € Aut(g). This differentiation map

Aut(G) — Aut(g), ¢ — T.0

is itself a (Lie) group morphism. As a special case, we may apply this to the adjoint
action G — Aut(G). By composition, we obtain a Lie group morphism, which is again
denoted by Ad (as opposed to T, Ad)

Ad: G — Aut(g), a — Ad, =T, Ad, .

It is called the adjoint representation of the Lie group G on g.
At this stage, we have constructed three kinds of adjoint actions'

ad: g — Der(g), Ad: G — Aut(G), Ad: G — Aut(g).

0

“https://www.ams.org/journals/tran/1952-072-02/S0002-9947-1952-0045735-2/
S0002-9947-1952-0045735-2 . pdf

OWe might add a forth one, by letting aut(G) be the space of vector fields X € %(X) that are
‘infinitesimally multiplicative’ in the sense that (X, X) ~ypute X. The map g — aut(G), & — ¢ —¢F
is a Lie algebra morphism.


https://www.ams.org/journals/tran/1952-072-02/S0002-9947-1952-0045735-2/S0002-9947-1952-0045735-2.pdf
https://www.ams.org/journals/tran/1952-072-02/S0002-9947-1952-0045735-2/S0002-9947-1952-0045735-2.pdf
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Let us explore some of their properties.

Proposition 5.11. We have
exp(Ad, &) = Ad, exp(§).
foréeg, aeq.

Proof. This is just the functoriality of exp with respect to Lie group morphisms, applied
to the Lie group morphism Ad,: G — G. U

As a consequence, we see that if G C GL(n,R) is a matrix Lie group, then Ad, €
Aut(g) is the conjugation of matrices

Ad, (&) = aa™t.

This follows by taking the derivative of Ad,(exp(t€)) = aexp(t)a~!, using that exp is
just the exponential series for matrices.

Theorem 5.12. The adjoint representation ad: g — Der(g) is the differential of
the adjoint representation Ad: G — Aut(g). One has the equality of operators on

9,
exp(ade) = Ad(exp¢)

for all £ € g.

Proof. For the first part we have to show

d

7 |t:0 Adexpreyn = ade .

There is a quick proof if G is a matrix Lie group, using exp(t§) = 1 + t£ + O(t?):

Adexp(ie) 1 = exp(t&)nexp(—t€) = n+t (§n — ns) +O(t?).
adg n

The same idea works in general, once we realize everything as operators. We thus use
again the representation p(g) = R; on C*°(G). Recall

plexp(t€)) = 1 +t&- + O(¢*).
We claim that

(2) (Adgn)* = p(g) on* o p(g) ™"
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as operators on C*°((). This follows by a calculation (where you should think of each
line as being applied to a function f € C*°(G) and evaluated at some a € G):

(Adgn)" = |,_y (o (exp(t Ady )

= o (p(Ady exp(in))
_ %LO (p(9)p(exp(tn)p(9)™")
= plg) o n* o plg)™"

With (2) in place, the calculation is essentially the same as for matrices:

Adexpuey m)" = o(exp t€)n"o(exp(—t€)) = t(E"n™ — n"€") + O(?) = t[&, n)" + O(#*).

The second part is the commutativity of the diagram

G 24 Aut(g)

exp T T exp

g —d> Der(g)

which is just a special case of the functoriality property of exp with respect to Lie group
morphisms. U

Remark 5.13. As a special case, this formula holds for matrices. That is, for B,C €
Mat,, (R),

51
B e B:Z%H[B’[B""[B’C]"'H'
The formula also holds in some other contexts, e.g. if B, C' are elements of an algebra
with B nilpotent (i.e. BY = 0 for some N). In this case, both the exponential series for
eP and the series on the right hand side are finite. (Indeed, [B, [B,---[B,C]---]] with

n B’s is a sum of terms B’C'B"™7, and hence must vanish if n > 2N.)

6. THE DIFFERENTIAL OF THE EXPONENTIAL MAP

6.1. Computation of 7;exp. We had seen that Tpexp = id. More generally, one can
derive a formula for the differential of the exponential map at arbitrary points £ € g.
Using the identification T¢g = g (since g is a vector space), and using left translation to
move T, ¢G back to T.G = g, this is given by an endomorphism of g.



34
g for all g € G, the

Theorem 6.1. Using left translation to identify T,G =
differential of the exponential map exp: g — G at £ € g is the linear map

Tg exp: ng — Texng
given by the operator ¢p(ade): g — g, where ¢ is the entire holomorphic function

o)== = [ s expls2).

z

Since the Taylor series for ¢ has infinite radius of convergence, the operator ¢(ade) is
defined by the power series. Spelling out the left trivialization, the theorem says that

the diagram
T¢ exp
Teg —— ToxpeG

:l NlTexp ELexp(fg)

9—§>9

commutes.
Remark 6.2. It may be helpful to first show the calculation for matrices (i.e., g =

gl(n,R)). Writing e?* = exp(A), we have

e—A%hOeAJFtB I— _|t7 (6—A6A+tB B [>
d ' d —sA _s(A+tB
dt|t 0/ dS £(6 6( +t ))
d 1
dt|t 0/ ds eiSA(—A + (A + tB))es(AHB)

_ d —sA s(A+tB)
—/0 ds dt’tzo(e (tB)e )

1
:/ ds e *4 Be*4
0

1
:/ ds e=*24A B
0

= ¢(ada)B

Here we used Ad(exp(C)) = exp(adc).

Proof. We want to show that for all £, n
Te(Lexp(—¢) © exp)(n) = ¢(ade)n,
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an equality of tangent vectors at e. In terms of the action on functions f € C*(G), the
left hand side is

(Te(Lexpi—) 0 ex0) () (1) =

- Sl (0 e )

Letting p(g) = R; as before, we compute (as operators on functions):

t:Of((Lexr)(*i) oexp)(§ + t??))

p(exp(—&) exp(& +tn)) — p(e) :/0 ds %(/)(exp(—%))p(exp(S(f +t77)))>
- / s (p(exp(—5€)) (€ + )" — ) p(exp(s(& + ) )

- /0 ds plexp(—s&))(tn)" plexp(s(€ + tn)).

Here we used the identities £ p(exp(s¢)) = p(exp(s¢)) o ¢¥ = (& o p(exp(s()) for all
¢ € g. Taking the t-derivative at t = 0, this gives

il -0l ) = [ s fea(-50) 1" pep(s©)

1
= /O ds (Adexp(—se)m)"

:/0 ds (exp(—sad¢)n)”

= (¢(ade)n)”
Applying both sides of this equation to f, and evaluating at e, we obtain

%Lof (exp(=€) exp(& + 1)) = (d(ade)n)(f)
as desired. -

Corollary 6.3. The exponential map is a local diffeomorphism near & € g if and only if
ade has no eigenvalue in the set 2miZ\{0}.

Proof. T exp is an isomorphism if and only if ¢(ad¢) = %fdé)

non-zero determinant. The determinant is given in terms of the eigenvalues of ad; as a
product, [, #(\). But the zeroes of ¢ are exactly the elements of 27iZ\{0}. O

is invertible, i.e. has

6.2. Application: Left-invariant and right-invariant vector fields in exponen-
tial coordinates. For € g, we have the left-invariant vector field n’. Letting U C g
be the open neighborhood of 0 on which exp is a local diffeomorphism, we may consider

(exp )" € X(U).
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Since U is an open subset of the vector space g, we may regard this vector field as a
function U — g. What is this function?
By definition,
(Te exp) ((exp |0) 1" ) |e = 0" lexpe = (Te Lexpe) ().
That is,

((exp ) n")le = (Te exp) " o (TeLexpe) (1) ade

T 1—exp(— adg) T
This shows

Proposition 6.4. The pullback of n* under the exponential map is the vector field on
U C g, given by the g-valued function

adg
S 1 — exp(—ade

Similarly, the right-invariant vector field is described by the g-valued function

) "

. adg
exp(ade) — 1 "

Recall that the function z — =% is the generating function for the Bernoulli numbers

2 = B 1 11 11
ZEZ_"ZTL:1_ 4D A

z _ |

e 1 —~ nl

216" T w30”

and that == = 55 + 2.

6.3. Application: The Baker-Campbell-Hausdorff formula. As another applica-

tion, one obtains a version of the Baker-Campbell-Hausdorff formula. Let g — log(g) be

the inverse function to exp, defined for g close to e. For &, 1 € g close to 0, the function
log(exp(§) exp())

The BCH formula gives the Taylor series expansion of this function. The series starts
out with

log(exp(§) exp(n)) = & +n+ 5[&,n] + -+

but gets rather complicated. To derive the formula, introduce a ¢ € [0, 1]-dependence,
and let f (as a function of ¢, for fixed £, n sufficiently small) be defined by

exp(f(t)) = exp(§) exp(tn).
Note
f(0)=¢&, f(1) =log(exp&expmn).

The plan is to get an equation for the t-derivative of f, and integrate.
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Lemma 6.5. f satisfies the differential equation

df ad f

i = ¢(ady)'n = T o,

Proof. By the formula for the differential of exp,

df

(T2 Lesot) ™ 5 50(F) = (T (Tresp)(5) = plact) (D).

dt
On the other hand, since exp(f) = exp(&) exp(tn) we have

. d . d
(TeLeXP(f)) 1% exp(f) = (TeLeXP(tn)) 1% exp(tn) = n.

This proves gzﬁ(adf)j—{ =1. O
Lemma 6.6. We have

log (exp(§) exp(n)) =& + ( /0 l x(eadﬁetad")dt)n

with the function

w log(w)

X(w) = ——=

Y

defined on the unit disk in C around w = 1.

Proof. Using x(w) = ¢(log(w))™!, the previous lemma gives

df a ade ta
o = X(e)n = x(eeet i,
The lemma follows by integrating from 0 to 1 and using f(0) = &, f(1) = log(exp(&) exp(n))

g

To obtain the BCH formula, we use the series expansion of x(w) around 1:

wlog = "*1 .
x(w) = = Z -

=1

which is easily obtained from the usual power series of log. Putting w = e*¥efadn and

writing
ead£€tadn 1= E :
i+5>1

J

— ad! adj
ljl 3

in the power series expansion of y, and integrates the resulting series in ¢t. We arrive at:
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Theorem 6.7 (Baker-Campbell-Hausdorft series). Let G be a Lie group, with

exponential map exp: g — G. For &,n € g sufficiently small we have the following
formula

log(exp(€) exp(n)) =€+n+i£(—nl—):+ll)(/ol dt ( > ;—;adé adf}>n)77-

i+j>1

J

An important point is that the Taylor series in &, n is a Lie series: all terms of the
series are of the form of a constant times ad;* ad;™ - - -ad¢" 1. The first few terms read,

Lieman+....

log(exp(€) exp(n) = & + 1+ 316 ] + 1516, [6.0] — 5. [6.0] + o1

Ezxercise 6.8. Work out these terms from the formula.

There is a another version of the BCH formula, due to Dynkin. A discussion can be
found in the book by Onishchik-Vinberg, Chapter 1.3.2.

Remark 6.9. In principle, the BCH formula allows us to reconstruct the Lie group mul-
tiplication from the Lie bracket, at least near the group unit.
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7. LIE INTEGRATION

Until now, we considered the Lie differentiation as a ‘functor’ from Lie groups to Lie
algebras. We shall now investigate the opposite direction: Integrating Lie algebras and
their morphisms to the corresponding Lie group concepts.

7.1. Integrating Lie subalgebras. One might define a Lie subgroup of a Lie group G
to be a subgroup which is also a submanifold. Indeed, some authors!!' take this as the
definition. However, it is common to use the following more flexible approach.

Definition 7.1. A Lie subgroup of a Lie group G is a subgroup H C G, equipped
with a Lie group structure such that the inclusion

i H—> G

is a morphism of Lie groups.

J

Note that with this definition, a Lie subgroup need not be closed in G, since the
inclusion map need not be an embedding. It is a submanifold only in the sense of
imjectively immersed submanifold. Also, the so-called one-parameter subgroups ¢: R —
G need not be subgroups (strictly speaking) since ¢ need not be injective.

Ezample 7.2. The 1-parameter group R — U(1) x U(1), t — (e, €M) is injective if and
only if A is irrational. In this case, it defines a Lie subgroup of U(1) x U(1), which is
dense.

Theorem 7.3. Let G be a Lie group, with Lie algebra g. For any Lie subalgebra
h C g there is a unique connected Lie subgroup H of G such that the differential
of the inclusion H — G is the inclusion b — g.

We postpone the proof, which will involve the Frobenius theorem from differential
geometry.

FExercise 7.4. Show that if H;, Hb C G are two Lie subgroups, then the intersection
H, N H, is again a Lie subgroup. Hint: To define a Lie group structure on Hy; N Hoy,
realize it as a closed subgroup of H; x Hs.

7.2. Frobenius’s theorem. Let M be a manifold. A rank k distribution on M is a
C>°(M)-linear subspace € C X(M) of the space of vector fields, such that at any point
m € M, the subspace

E,={X,l Xee&}; T, M
is of dimension k. An integral submanifold of the distribution € is a k-dimensional
submanifold S such that all X € & are tangent to S. In terms of F, this means that
T,,S = E,, for all m € S. The distribution is called integrable if for all m € M there

HEor example, Kirillov Jr: An Introduction to Lie Groups and Lie Algebras
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exists an integral submanifold containing m. In this case, there exists a maximal such
submanifold, £,,. The decomposition of M into maximal integral submanifolds is called
a k-dimensional foliation of M, the maximal integral submanifolds themselves are called
the leaves of the foliation.

Not every distribution is integrable. Recall that if two vector fields are tangent to a
submanifold, then so is their Lie bracket. Hence, a necessary condition for integrability
of a distribution is that € is a Lie subalgebra. Frobenius’ theorem gives the converse:

Theorem 7.5 (Frobenius theorem). A rank k distribution & C X(M) is integrable
if and only if € is a Lie subalgebra.

The idea of proof is to show that if € is a Lie subalgebra, then the C*°(M)-module €
is spanned, near any m € M, by k commuting vector fields. One then uses the flow of
these vector fields to construct integral submanifold.

FEzercise 7.6. Given an example of vector fields X,Y on R” such that X,Y,[X,Y] span
R3 everywhere. Hence, the distribition & spanned by X,Y is not integrable.

Exercise 7.7. Prove Frobenius’ theorem for distributions € of rank & = 2. (Hint: If
X € ¢ with X,, # 0, one can choose local coordinates such that X = 6%1' Given a
second vector field Y € &, such that [X,Y] € € and X,,,Y,, are linearly independent,
show that one can replace Y by some Z = aX +bY € € such that b,, # 0 and [X, Z] =0

on a neighborhood of m.)
We are now in position to prove the integration result for subalgebras:
Proof of Theorem 7.3. Consider the distribution on G spanned by the vector fields
", £

It is Frobenius integrable, since [¢X,nf] = [¢,n]". Hence it defines a dim h-dimensional
foliation of G. Take H C G to be the leaf through e € H, with its unique manifold
structure such that the inclusion map is smooth. Note that if h € H and £ € b, then
also hexp(t€) € H, since it is a solution curve of . This shows first of all that if H
contains the image of exp |y, and in fact

H={geG|g=exp(&)---exp(&1),& € h}.

From this description it follows that H is a Lie group, and the uniqueness result follows
as well. Il

7.3. Integrating Lie algebra morphisms. The following result is known as Lie’s
second theorem.

Theorem 7.8. Let H,G be Lie groups, with Lie algebras bh,g. If H is con-
nected and simply connected, then every Lie algebra morphism ¢: b — g integrates
uniquely to a Lie group morphism ¢: H — G.
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Proof. The fact that ¢ is a Lie algebra morphism implies that its graph

[=gr(¢) Cgxh

is a Lie subalgebra. By Theorem 7.3, it integrates uniquely to a connected Lie subgroup
L C G x H. Projection to the second factor restricts to a Lie group morphism L — H.
The infinitesimal map [ — b is a Lie algebra morphism. Hence, the map L — H is a
covering map. Since H is simply connected, it is in fact an diffeomorphism. But this
means that L = gr(y) for a smooth map v: H — G. Using again that L is a subgroup,
1 is a group morphism, and the fact that L has Lie algebra [ means that T,vp = ¢. 0O

As a special case of Theorem 7.8, we have,

Corollary 7.9. Let G be a connected, simply connected Lie group, with Lie algebra
g = Lie(G), and V a finite-dimensional vector space. Then there is a 1-1 corre-
spondence between representations of the Lie algebra g on V' and representations
of the Lie group G on V.

That is, every g-representation on V' integrates uniquely to a G-representation.

Proof. A g-representation on V' is a Lie algebra morphism g — gl(V), hence it integrates
to a Lie group morphism G' — GL(V). O

Remark 7.10. Again, this is not true without the assumption that G is simply connected.
If G is connected, then a g-representation on V' always integrates to a representation of
the universal cover G — GL(V). The latter descends to a G-representation if and only
if the kernel of the covering map G — G acts trivially. A simple example where this is
not the case is the defining representation of SU(2) on C2.

7.4. Integrating Lie algebras. The final integration result is:

Theorem 7.11 (Lie’s third theorem). For any finite-dimensional real Lie algebra
g, there exists a connected, simply connected Lie group G, unique up to unique
1somorphism, having g as its Lie algebra.

In conjunction with the previous theorem, Lie’s third theorem gives an equivalence be-
tween the categories of finite-dimensional Lie algebras g and connected, simply-connected
Lie groups G.

This result is (even) harder than the previous results from this section. It is often
obtained as a consequence of Ado’s theorem, which states that any finite-dimensional Lie
algebra g (over a a field of characteristic zero, in our case R) is isomorphic to a matrix
Lie algebra. Once this is known, one may choose a matrix representation g — gl(n,R),
and exponentiate to a Lie subgroup G’ C GL(n,R); one obtains GG as the universal cover.



42

Unfortunately, Ado’s theorem involves a considerable amount of structure theory of
Lie algebras, beyond the scope of these lectures. '* For a more direct argument, we
follow the argument of Gorbatsevich (1981), similar to an earlier argument of van Est
(1953).

To start, consider the adjoint representation ad: g — gl(g); its kernel is the center 3
of g. So, for Lie algebras with trivial center the theorem of Ado is immediate, and hence
g integrates to some G. In general, the image of ad is a Lie subalgebra g, and we obtain
an exact sequence

0—=3—>9g—9g—0

presenting g as a central extension of g’. Using induction, it then suffices to prove the
following fact:

Proposition 7.12. If G is a Lie group with Lie algebra g, and g is a Lie algebra
with central subalgebra R such that g = §/R, there exists a Lie group G, with
central subgroup R C G such that G = G/R.

In other words, any central extension of the Lie algebra g,
0—-R—-g—g—0
integrates to a central extension of the Lie group G,
15R—>G—G— 1.

To prove this, it is convenient to choose a reformation. after choice of a splitting g = gbR,
the bracket on g is of the form

(&1, 11), (&2, 82)] = ([€1,&2), (&1, &2))

where ¢ is a Lie algebra 2-cocycle:

c([&1 €2, €8) + c([€2,&5], &1) + c([€3, 6], €2) = 0.
Similarly, after writing G=G x R, the product is of the form
(g1,t1), (92:t2) = (192, t1 +t2 + f(g1,92))
where f is a Lie group 2-cocycle:

f(92,93) — f(9192,93) + f(91,92095) — f(g1,92) =O.

The Lie algebra cocycle corresponding to such a Lie group cocycle is given by (exercise)

c(&1,&2) = dtclldtg (f(eXp(tlfl)a exp(tabs)) — f(eXP(tzfz)anp(tlfl))>-

So, the new task is to show:

t;=0

2There are well-written expository articles on this topic available on the internet.



43

Proposition 7.13. For a simply connected Lie group G, every Lie algebra 2-
cocycle c: g X g — R integrates to a Lie group cocycle f: G x G — R.

Sketch of proof, after Gorbatsevich (1981). The skew-symmetric bilinear form ¢ on g may
be regarded as a left-invariant 2-form w € Q*(G). The cocycle property means that w is
closed. For a simply connected Lie group, one has that H'(G) = H*(G) = 0 (see below).
Hence w is exact. Let a be a primitive, da = w. The 1-form a need not be left-invariant,
but the difference
Lya—a
is closed (since the differential is L}w — w = 0). Since H'(G) = 0, it is exact:
Ly —a=—df(g,),

with the unique choice of f such that f(g,e) = 0. The resulting function f(g,h) is the
desired cocycle. Indeed, the function
9= f(92,9) — f(9192,9) + f(91,929) — f(91, 92)

vanishes for g3 = e, and its differential is
(Ly,a —a) — (L, —a)+ Ly (Ly a—a) =0,
Hence, the function is zero for all g. O

The proof used the following fact:

Proposition 7.14. Let G be a simply connected Lie group. Then H(G) =0 and
H?*(G) = 0.

Proof. We shall need the Kuenneth theorem, stating that
B(M x N) @H’ ) @ HF{(N)

for all k. We will need this for M = N = G , and the map
Mult*: H*(G) — H*(G x G)
given by pullback under group multiplication. The assertion H'(G) = 0 holds because
G is simply connected. To prove H*(G) = 0, let z € H*(G). Using H'(G) = 0, we see
that
Mult'z=2®1+1® .
For n sufficiently large (e.g., n > dim GG) we have z" = 0. But then

0 = Mult* z" = § (T,L)xi@x”_i:$"®1—|—nxn_1®x+....
1
1=0
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1

shows that also 2"~ = 0. Proceeding in this way, we obtain z = 0. O

Remark 7.15. The book by Duistermaat-Kolk contains a different, conceptual proof
of Lie’s third theorem. This new proof (which unfortunately involves some infinite-
dimensional manifolds) has found important generalizations to the integration of Lie
algebroids.
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8. BASIC PROPERTIES OF COMPACT LIE GROUPS

The theory of Lie groups is particularly well-developed for the case of compact Lie
groups. In this section we will prove the following special features of compact Lie groups
G and their Lie algebras g:

(i) existence of a bi-invariant positive measure on G,
(ii) existence of a G-invariant inner product on g,
(iii) decomposition of g into center and simple ideals,
(iv) complete reducibility of G-representations,

(v) surjectivity of the exponential map.

8.1. Modular function. Let G be a Lie group, with Lie algebra g, and Ad: G —
GL(g) its adjoint representation.

Definition 8.1. The modular function of a Lie group is the function
x: G = R*, g |dety(Ady)|.

A Lie group G whose modular function is trivial is called unimodular.

Note that x is a Lie group morphism. Let us compute the corresponding Lie algebra
morphism.

Lemma 8.2. The differential of x at the group unit is given by
Tex: g — R, §—trg(ade),
Proof. We calculate

d d d
—|  detg(Adexpie)) = = :Odetg(exp(t adg)) = pr exp(ttrg(ade)) = try(ade).

dt lt=0 dt e t=0
Here we have identified the Lie algebra of R* with R, in such a way that the exponential
map is just the usual exponential of real numbers. U

If G is unimodular, it follows that the Lie algebra morphism g — R, £ — tr(ade)
is trivial. The converse holds if G is connected. Generally, a Lie algebra g is called
unimodular if tr(ade) = 0 for all € € g.

Proposition 8.3. Compact Lie groups are unimodular.

Proof. The image of the Lie group morphism G — R.g, g — |dety(Ad,)| (as an image
of a compact set under a continuous map) is compact. But the only compact subgroup
of R+ is the trivial subgroup {1}. O

Remark 8.4. There are many other examples of unimodular Lie algebras (and corre-
sponding unimodular Lie groups).
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(a) If g is perfect i.e. g = [g, g], then any £ € g can be written as a sum of Lie brackets
§ =i Gl But

ad€ = Z ad[”]h(i] = Z[admv adCi]

1 3
has zero trace, since the trace vanishes on commutators. Examples of perfect Lie
algebra include semi-simple Lie algebras (to be discussed later) such as sl(n,R)),
but also for instance g = R3 x s0(3), with bracket [(v,X), (w,Y)] = (Xw —
Yo, [X,Y]).

(b) If g is nilpotent (i.e., ade is a nilpotent operator for all £ € g, then g is unimod-
ular. This follows since the eigenvalues of a nilpotent operator are all zero, thus
trg(ade) = 0. Examples of nilpotent Lie algebras include abelian Lie algebras,
and strictly upper triangular matrices.

An example of a non-unimodular Lie group is the following

FExercise 8.5. Let G be the identity component of the affine group of the real line, con-
sisting of transformations x +— tx + s with ¢t > 0 and s € R. It may be realized as a

matrices of the form
([t s
9=\ o 1

with ¢ > 0 and s € R. Compute the modular function to show that G is not unimodular.

8.2. Densities. The modular function has a geometric interpretation in terms of den-
sities. A density on a manifold is locally defined as an expression f(z)|dz| with f a
smooth function, under a coordinate change x = ®(y) it transforms as

*(f(x)|dz|) = |det J(y)| f(D(y)) |dy]
dx;

where J(y) = 8;; is the Jacobian matrix. The more formal definition is as follows.

Definition 8.6. Let E be a vector space of dimension n. A density on F is a map
m: Ex---xE—=R

satisfying

(3) m(Avy, ..., Av,) = |det(A)| m(vy, ..., v,)

for all A € GL(E). The vector space of all densities is denoted |det|(E™").

Lemma 8.7. The space |det|(E*) is 1-dimensional, and has a canonical orientation.

Proof. A density is uniquely determined by its values on a given basis vy,...,v, of

V. Indeed, if vi,...,v), € V are arbitrary, one has a unique linear map A such that

Av; = v}, and so the formula gives m(v],...,v) in terms of m(vy,...,v,). This shows

rrn

that dim |det|(E*) = 1. The orientation is defined by declaring that a density is positive
if m(vy,...,v,) > 0 on some (hence, every) basis. d
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Given an isomorphism of vector spaces T: E' — E, one defines T*: |det|(E*) —
|det|((E")") by
(T*"m)(wy,...,w,) = m(Tvy,...,Tv,).
In particular, for £’ = E we have A*m = | det(A)|m (by definition of a density).

Remark 8.8. Given an orientation on FE, there is a canonical isomorphism between
|det|(E*) with the space det(E*) = A™E*. The isomorphism takes a non-zero ele-
ment A € A"E* (i.e, A is a volume form) to the unique density m = |A| such that
m(vy,...,v,) = A(vy,...,v,) whenever vy, ..., v, is an oriented basis.

Remark 8.9. On R"™, we have the standard density defined by m(ey,...,e,) = 1, where
€1,...,ey, is the standard basis. This density is typically denoted |dx|.

Ezercise 8.10. Show that
|det|(E7) = [det|(E)”
where |det|(E) is defined as |det|((E*)*).

FEzercise 8.11. Prove that if FF C E' is a subspace, with quotient space E/F, there is a
canonical isomorphism

|det|((E/F)) = |det|(E) & |det|(F)*.

More generally, for an exact sequence of vector spaces 0 — F; — Fy — F3 — -+ —
E, — 0 of vector spaces, there is a canonical isomorphism

|det|(E1) ® |det|(Es)" @ |det|(Fs) @ --- = R
(with duals for the even indices).
For a manifold M, one obtains an oriented real line bundle
|det|(T*M) — M
with fibers |det|(T M).

Definition 8.12. A density on M is a section of the density bundle |det|(T*M).
Densities on manifolds are also called smooth measures.

If &: M’ — M is a local diffeomorphism, then the pullback density ®*m on M’ is
defined.

Remark 8.13. Being defined as sections of a vector bundle, the space of densities is a
module over the algebra of functions C*°(M): if m is a density then so is fm. The choice
of a fixed positive density mg on M trivializes |det|(T*M), hence any density on M is of
the form m = fmg with f a function.
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On R", we have the standard ‘Lebesgue measure’ |dz| defined by the trivialization of
TR™; general densities on R™ are of the form f|dz| with f a function.
There is an integration map, which is a linear functional on the space of densities of

compact support,
m — / m.
M

It is the unique linear functional such that if m supported in a chart domain U C M,
with coordinate map ¢: U — R", then

/M m= [ sl

where f € C*°(R") is the function defined by m = ¢*(f|dxz|). (The integration of top
degree forms over oriented manifolds may be seen as a special case of the integration of
densities.) Under a diffeomorphism ®: M’ — M of manifolds, we have

/ @*m:/ m.
/ M

Given a G-action on M, a density is called left-invariant if Ajm = m for all g € G.
In particular, we can look for left-invariant measures on Lie groups, M = G. Any left-
invariant section of |det|(7*G) is uniquely determined by its value at the group unit,
and any non-zero m, can be uniquely extended to a left-invariant density. That is,

r(|detl(T"G)) " = |detl(g).

In particular, the space of left-invariant densities on G is 1-dimensional:

Proposition 8.14. Let G be a Lie group, and x: G — Ryq its modular function.
If m is a left-invariant smooth density, we have

Rim=x(a™") m
foralla € G.

J

Proof. If m is left-invariant, then R)m is again left-invariant since left and right multi-
plications commute. Hence it is a multiple of m. To determine the multiple, note

R:m = RZszlm = Adz_1 m.
Computing at the group unit e, we see that Ad;_1 m, = | det(Ad,-1 | m,. O

Corollary 8.15. A Lie group is unimodular if and only if the left-invariant den-
sities are also right invariant.
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In particular, this result applies to compact Lie groups: Every left-invariant density
is also right-invariant. One can normalize the left-invariant density such that [ cm=1
A nonzero left-invariant measure on a Lie group G (not necessarily normalized) is often
denoted |dg|; it is referred to as a Haar measure.

The existence of the bi-invariant measure of finite integral lies at the heart of the
theory of compact Lie groups. For instance, it implies

Corollary 8.16. The Lie algebra g of any compact G admits an Ad-invariant
mner product B. That 1s,

(4) B(Ad, &, Adan) = B(&,n)

Proof. Given an arbitrary inner product B’ one may take B to be its G-average:

BE.C) = g | B AL(O.A4(0) gl

The Ad-invariance of the inner product follows from the bi-invariance of the measure:
Letting f(g) = B'(Ady(€),Ad,(¢)) we have

B(A, € Ady) = i | B(Ad(€). Ady(O) 4l
1 *
eI AL
1 *
- i@ [ RaridaD
1
= %l Gfldgl
= B(¢,n) O

Definition 8.17. A symmetric bilinear form B on a Lie algebra g is called ad-
invariant if

() B([&;n],¢) + B(n, [€,¢]) = 0.
for all £,n,C € g.

7

If g is the Lie algebra of a Lie group G, then any Ad-invariant bilinear form is also
ad-invariant, by differentiating the property (4). The converse is true if G is connected.

Exercise 8.18. Prove this last claim. Hint: begin by showing that B is invariant under
the adjoint action of 1-parameter subgroups exp(t§).

FExercise 8.19. Prove that if g admits a non-degenerate invariant bilinear form B, then
g, g]= = Cent(g). Hence, if Cent(g) = 0 then g must be perfect.
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8.3. Decomposition of the Lie algebra of a compact Lie group. As an application,
we obtain the following decomposition of the Lie algebra of compact Lie groups. We will
use the following terminology.

Definition 8.20.
(a) An ideal in a Lie algebra g is a subspace h with [g, h] C b.
(b) A Lie algebra is called simple if it is non-abelian and does not contain
non-trivial ideals.
(c) A Lie algebra is called semi-simple if it is a direct sum of simple ideals.

J

An ideal is the same thing as a g-invariant subspace for the adjoint representation of
g on itself. Note that ideals are the Lie algebra counterpart of normal subgroups; in
particular, if g = Lie(G) then the Lie algebra of any normal subgroup is an ideal.

FExamples 8.21.

(a) The center of g is an ideal.

(b) The kernel of any Lie algebra morphism ¢: g — € is an ideal (and every ideal
arises in this way, since g/bh acquires a Lie algebra structure).

(c) For any two ideals by, by, their sum b1 + b and their intersection h; Nhy are again
ideals.

(d) More generally, if b is any ideal, then [g, b] is another ideal, and so is [h, b].

(e) Any Lie algebra g has a distinguished ideal, the so-called derived subalgebra

gV =[g.9].

The derived subalgebra is trivial if and only if g is abelian (the bracket is zero);
hence, simple Lie algebras, and more generally semi-simple ones, satisfy

g=1g9]

That is, semi-simple Lie algebras are perfect. The converse is not true: a coun-
terexamples is the Lie algebra of 4 x 4-matrices of block form

(v e)

where A, B, C' are 2 X 2-matrices and tr(A) = tr(C) = 0.

Theorem 8.22. The Lie algebra g of a compact Lie group G is a direct sum
=390 D DY,

where 3 is the center of g, and the g; are simple ideals. One has [g, 9] = g1 - - D g, .
The decomposition is unique up to re-ordering of the summands.
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Proof. Pick an invariant inner product B on g. Then the orthogonal complement (with
respect to B) of any ideal h C g is again an ideal. Indeed, [g, ] C b implies

B([g,b"].b) = B(h*, [g.b]) € B(h*,h) =0,

hence [g,h*] C ht. As a consequence, g has an orthogonal decomposition into ideals,
none of which contains a proper ideal. Hence, these summands are either simple, or
1-dimensional and abelian. Let g;,...,g, be the simple ideals, and j the sum of the
abelian ideals. Then g =3& g1 @ --- @ g, is a direct sum of Lie algebras. Note that j3 is
the center of g and [g,g] = g1 & - - - © g, is the semisimple part.

For the uniqueness of the decomposition, suppose that fh C g is any simple ideal, not
among the list of g;’s. Then g;Nh = 0 for all 7 (since the intersection is an ideal contained
in g;), and

9,6 CginNh=0
for all 4, which gives [g,h] = €D,[g:,H] = 0. Hence h C 3, which is a contradiction since
b is simple. Il

Fxercise 8.23. Show that for any connected Lie group G, the Lie algebra of the center
of G is the center of the Lie algebra. (The example of G = O(2) shows that this is not
true, in general, for disconnected groups.)

8.4. Complete reducibility of representations. Let G be a compact Lie group, and
m: G — Aut(V) a representation on a real vector space. Then V' admits a G-invariant
inner product, obtained from an arbitrary given (Euclidean) inner product (-,-)" by
averaging:

) = i [ (r(av. o)) gl

Given a G-invariant subspace W C V, the orthogonal complement W+ is again invariant.
It follows that every finite-dimensional real G-representation is a direct sum of irreducible
ones.

Similarly, if V' is a complex vector space and the representation is by complex auto-
morphisms, we obtain an invariant Hermitian inner product by averaging. Given a G-
invariant complex subspace W, its orthogonal complement W+ is again G-invariant. As
a consequence, any finite-dimensional complex G-representation is completely reducible.

Remarks 8.24. (a) Suppose g is the Lie algebra of a simply connected compact Lie
group GG. Then every finite-dimensional g-representation is completely reducible,
since any such representation integrates to a G-representation. For example,
it holds for g = so(n) with n > 3, by regarding so(n) as the Lie algebra of
G = Spin(n). It is not true for g = so0(2) = R: For example, the representation
on R? given by strictly upper triangular matrices is not completely reducible.
(Exercise.)

(b) (Unitary trick). Suppose V is a finite-dimensional complex SL(n,R)-represen-
tation. Then V is completely reducible, by the following unitary trick. First,
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the SL(n,R)-representation is equivalent to the representation of its Lie algebra
sl(n,R), since it may be recovered from the latter by integration. The represen-
tation of sl(n, R) complexifies to a representation of sl(n,C), which in turn inte-
grates to an SL(n, C)-representation, extending the representation of SL(n,R).

Thus, every complex SL(n, R)-representation extends to an SL(n, C)-representation.
In particular, a complex subspace of V' is invariant under SL(n,R) if and only if
it is invariant under SL(n, C).

But sl(n, C) may also be regarded as the complexification of su(n). The action
of SU(n) C SL(n, C) is completely reducible. By the same reasoning as before, a
complex subspace is SU(n)-invariant if and only if it is SL(n, C)-invariant. Hence,
complete reducibility of SU(n)-representations implies complete reducibility of
SL(n,R)-representations (Q.E.D.) The same argument works more generally for
all real forms of complexifications of compact Lie groups.

FExercise 8.25. For a completely reducible G-representation V', is the decomposition into
irreducible components always unique (up to re-arranging summands)?

8.5. The bi-invariant Riemannian metric. Recall some material from differential
geometry. Suppose M is a manifold equipped with a pseudo-Riemannian metric B. That
is, B is a family of non-degenerate symmetric bilinear forms B,,: T,,M x T,,M — R
depending smoothly on m. It is called a Riemannian metric if B is positive definite.
A smooth curve v: J — M (with J C R some interval) is called a geodesic if, for any
[to, t1] C J, the restriction of «y is a critical point of the energy functional

That is, for any variation of y, given by a smooth 1-parameter family of curves 75 : [to, t1] —
M (defined for small |s|), with 79 = v and with fixed end points (vs(to) = v(to), Vs(t1) =
~(t1)) we have

0

85 E(’ys) = O

s=0

Two basic facts:

e A geodesic is uniquely determined by its values v(t.), §(t.) at any point ¢, C J.

e It is one of the consequences of the Hopf-Rinow theorem that if M is a compact,
connected Riemannian manifold, then any two points in M are joined by a length
minimizing geodesic. The result is false in general for pseudo-Riemannian metrics,
and we will encounter a counterexample at the end of this section.

Let G be a Lie group, with Lie algebra g. A non-degenerate symmetric bilinear form
B: g x g — R defines, via left translation, a left-invariant pseudo-Riemannian metric
(still denoted B) on G. If the bilinear form on g is Ad-invariant, then the pseudo-
Riemannian metric on G is bi-invariant. In particular, any compact Lie group admits
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a bi-invariant Riemannian metric.'®> As another example, the group GL(n,R) carries a
bi-invariant pseudo-Riemannian metric defined by the bilinear form B(&;, &) = tr(£&2)
on gl(n,R). It restricts to a pseudo-Riemannian metric on SL(n, R).

Theorem 8.26. Let G be a Lie group with a bi-invariant pseudo-Riemannian
metric B. Then the geodesics on G are the left-translates (or right-translates) of
the 1-parameter subgroups of G.

Proof. The calculation will involve the endomorphisms A, € End(g), i € g given by the
differential of the exponential map,

T, exp = (Lexppu)« © Ap

Theorem 6.1 gives an explicit formula for A,, but we will not actually need it here except
for the fact that Ay = id.

Since B is bi-invariant, the left-translates or right-translates of geodesics are again
geodesics. Hence it suffices to consider geodesics v(t) with 4(0) = e. We claim that the
unique geodesic with

Y(0)=¢, 7(0)=e
is given by v(t) = exp(t§). To see this, let v5: [to, t1] — G be a l-parameter variation,
with fixed end points. Let U C G be an open neighborhood of e € G on which the

exponential map has an inverse, log: U — g. If s is sufficiently small, the elements
vs(t)y(#)~! for ¢ € [0, 1] are contained in U. Hence

7s(t) = exp(us(t)) exp(tE)
where ug =: [to, t1] — log(U) C g satisfies
UO(t) == 0, Us(t()) =0= Us(tl).

The velocity vectors for the curve v, are

73(t> - (Rexp(tg))* (Lexp(us(t)))* (5 + Aus(t) us (t)> .

Using bi-invariance of B, we obtain

E(y) = /tl B(f + Auyr) Us(t), €+ Au) ics(t))dt

to
This looks complicated, but simplifies once we compute the s-derivative at s = 0:

0 0 X0

o (é + Au,) us(t)) = D5l

s=0

13We may also construct it by taking any Riemannian metric on G, and then average under both
left-translations and right translations.
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since ug = 0, 4y = 0. Hence, the s-derivative of E(vs) at s =0 is

0 t 0
ARy R ERXOR
0 o
—2| /t Blis(1), €)dt
0
= 2& s=0 (B(us<t1>7£) - B(us(tO)vf))dt
=0 l

Remark 8.27. A pseudo-Riemannian manifold is called geodesically complete if for any
given m € M and v € T,,M, the geodesic with v(0) = m and 4(0) = v is defined for all
t € R. In this case one defines an exponential map

Exp: TM — M

by taking v € T,,M to v(1), where () is the geodesic defined by v. The result above
shows that any Lie group G with a bi-invariant pseudo-Riemannian metric is geodesically
complete, and Exp: TG — G is the extension of the Lie group exponential map exp: g —
G by left translation.

Theorem 8.28. The exponential map of a compact, connected Lie group is sur-
jective.

Proof. Choose a bi-invariant Riemannian metric on G. Since G is compact, any two
points in G are joined by a geodesic. (A length minimizing curve connecting the points
is a geodesic.) In particular, given g € G there exists a geodesic v with 7(0) = e and
(1) = g. This geodesic is of the form exp(t£) for some £. Hence exp(&) = g. O

Remark 8.29. The example of G = SL(2,R) shows that the existence of a bi-invariant
pseudo-Riemannian metric does not suffice for this result.

8.6. The Killing form.

Definition 8.30. The Killing form of a finite-dimensional Lie algebra g is the symmetric
bilinear form

k(€,n) = trg(ade ad,).

Proposition 8.31. The Killing form on a finite-dimensional Lie algebra g is in-
variant under all automorphisms of g:

£(9(8), o(m) = K(&,m)
for all ¢ € Aut(g), &,n € g. In particular, it is Ad-invariant.
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Proof. The invariance under automorphisms ¢ € Aut(g) follows since
ady(e) = b0 adg 09!
and since tr of an operator is invariant under similarity transformations. O

Remark 8.32. An important theorem of E. Cartan says for any finite-dimensional real or
complex Lie algebra g, the Killing form & is nondegenerate if and only if g is semi-simple.
We won'’t use it in this course.

Proposition 8.33. Suppose g is the Lie algebra of a compact Lie group G. Then
the Killing form on g is negative semi-definite, with kernel the center 3. Thus, if
G has finite center (so that 3 = 0), the Killing form is negative definite.

Proof. Let B be an invariant inner product on g, i.e. B positive definite. The ad-
invariance says that adg is skew-symmetric relative to B. Hence it is diagonalizable
(over C), and all its eigenvalues are in iR. Consequently adg is symmetric relative to
B, with non-positive eigenvalues, and its kernel coincides with the kernel of ad,. This
shows that

k(€ €) = tr(adg) <0,
with equality if and only if ade = 0, i.e. £ € 3. O

Remark 8.34. The Killing form is named after Wilhelm Killing (1847-1923). Killing’s
contributions to Lie theory had long been underrated. In fact, he himself in 1880 had
rediscovered Lie algebras independently of Lie (but about 10 years later). In 1888 he had
obtained the full classification of Lie algebra of compact Lie groups. Killing’s existence
proofs contained gaps, which were later filled by E. Cartan in his Ph.D. thesis. The Car-
tan matrices, Cartan subalgebras, Weyl groups, root systems, Coxeter transformations
etc. all appear in some form in W. Killing’s work (cf. A. Borel ‘Essays in the history of
Lie groups and Lie algebras’.) According A. J. Coleman’s paper

https://www.math.umd.edu/~jda/744/coleman.pdf

“he exhibited the characteristic equation of the Weyl group when Weyl was 3 years old
and listed the orders of the Coxeter transformation 19 years before Cozeter was born.”
On the other hand, the Killing form was actually first considered by E. Cartan; the
terminology was introduced by A. Borel. More information can be found in Helgason’s
article

https://math.mit.edu/~dav/HelgasonKilling.pdf


https://www.math.umd.edu/~jda/744/coleman.pdf
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8.7. Derivations. Let g be a Lie algebra. Recall that D € End(g) is a derivation if and
only if D([,n]) = [D(§),n] + [£, D(n)] for all £,n € g. We may also write this as

adl)g = [D, adg].

Let Der(g) be the Lie algebra of derivations of a Lie algebra g, and Inn(g) the Lie
subalgebra of inner derivations, i.e. those of the form D = ad,.

The Lie group integrating Der(g) is the group of automorphisms, Aut(g), with expo-
nential map the usual exponential of endomorphisms. Since the Killing form is invariant
under automorphisms, it is also invariant under all derivations, in the sense that

K(D(€),n) + £, D(n)) =0
for all D € Der(g), &,n € g. In particular, x is ad-invariant.

Theorem 8.35. Suppose the Killing form of g is non-degenerate. Then every
derivation of g is inner. In fact,

Der(g) = Inn(g) = g.

Consequently, in this case Aut(g) is a Lie group (possibly disconnected) integrating
the Lie algebra g.

. 7

Proof. Every derivation D € Der(g) defines a linear functional on g,
n — tr(D o ad,).

Since the Killing form is non-degenerate, this linear functional is given by some Lie
algebra element . That is,
k(&,n) =tr(Doad,)

for all n € g. The derivation Dy = D — ad, then satisfies tr(Dy o ad,)) = 0 for all 5. For
n,( € g we obtain

This shows Dy(n) = 0 for all n, hence Dy = 0 and so D = ade. By definition, Inn(g) is
the image of the map g — Der(g), { — ade. The kernel of this map is the center 3 of
the Lie algebra. But if k is non-degenerate, the center 3 must be trivial. U

If G is a Lie group with Lie algebra g, we had seen that Der(g) is the Lie algebra of
the Lie group Aut(g). The proposition shows that if the Killing form is non-degenerate,
then the differential of the map

G — Aut(g)
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is an isomorphism. Hence, it defines a covering map from the identity component of GG
to the identity component of Aut(g).

Theorem 8.36. Suppose g is a finite-dimensional Lie algebra. Then the Killing
form on g is negative definite if and only if g is the Lie algebra of a compact
connected Lie group G with finite center.

Proof. The direction < is Proposition 8.33. For the converse, suppose that the Killing
form is negative definite. Since Aut(g) preserves the Killing form, we have

Aut(g) € O(g, k),

the orthogonal group relative to k. Since k is negative definite, O(g, k) is compact.
Hence G = Aut(g) is a compact Lie group with Lie algebra Der(g) = Inn(g) = g. O

Remark 8.37. A stronger statement holds: The Lie algebra of a connected Lie group G
has negative definite Killing form if and only if G is compact with finite center. This
follows once we know that the universal cover G of a compact Lie group with finite center
is again compact. Equivalently, we need to know that for a compact connected Lie group
with finite center, the fundamental group is finite. (We may get back to this later.)
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9. THE MAXIMAL TORUS OF A COMPACT LIE GROUP

A key ingredient in the theory of compact Lie groups G is the existence of a maximal
torus 7', unique up to the adjoint action. We’'ll prove this result after establishing some
basic facts about abelian groups.

9.1. Abelian Lie groups.

9.1.1. Classification of connected abelian Lie groups. A Lie group G is called abelian if
G is equal to its center (all its elements commute). Similarly, a Lie algebra g is abelian
(or commutative) if g equals its center (i.e, the Lie bracket is trivial). Clearly, the
simply connected Lie group integrating an abelian Lie algebra is just g itself, with group
multiplication the vector space addition. Hence, if G is a connected abelian Lie group,
then its universal cover is

G =g.

Let I' C g be the kernel of the quotient map G — G. Then T is a discrete abelian
subgroup of the vector space g, i.e., a lattice.

Lemma 9.1. Let V' be a vector space. Every discrete abelian subgroup of V' is of
the form

I' = spang{7y1,..., 7}
for a linearly independent subset {~1,...,} C V.

J

We leave the proof as an exercise. In conclusion, every connected abelian group is of
the form

G=V/T

for a vector space V and a lattice I'. The vector space is then identified with g = Lie(G).
By extending ~1,...,7 to a basis of V| we obtain an identification V = R"  with
[ =~ 7ZF x {0}. That is,

G = R"/Z* x {0} = (R/Z)* x R* .

In particular, G is compact if and only if the lattice has mazimal rank k = dim V.
A compact connected abelian group is called a torus, usually denoted by T'. For a
torus 1", we will call

F=m(T)Ct
the integral lattice. Thus
T=t/T.
For T'=U(1), it is common to identify t = iR with I' = 27iZ.
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Lemma 9.2. Let T =t/I', T =¥ /I" be two tori. There is a canonical bijection
Hom(T, T') = Hom(T, ")

where Hom stands for the set of (Lie) group homomorphisms.

Proof. The correspondence is as follows: Every homomorphism : ' — I extends
uniquely to a linear map ¢ : t — ¢, which in turn descends to a map ¢: T =+t/T' — T’ =
t'/T". Conversely, every homomorphism ¢: T — T differentiates to a linear map t — ¢/,
taking I to I". O

In particular, the group of characters of 7' (group morphisms 7" — U(1)) is
Hom(7,U(1)) = Hom(I', 2miZ).

If vq,...,7, is a lattice basis, and 27ia; are the images of ;, we have explicitly
(6) qb( exp Z ui%) = exp (27m' Z uiai)
i i

9.1.2. Generators of tori. Let G be a Lie group, and g € GG. Then g generates an abelian
subgroup {g*, k € Z} its topological closure is a subgroup H C G. Since H is a closed
subgroup, it is an abelian Lie subgroup (possibly disconnected). We call g a topological
generator of H.

s )

Theorem 9.3 (Kronecker lemma). Let T' = t/I" be a torus, and v, ..., v, a lattice
basis of I'. Let
t = exp (Zulm) eT

with u; € R. Then t is a topological generator of T if and only if the property

Zaiui eZ

with a; € Z only has the zero solution, ay = ... = a, = 0. In particular, every
torus admits a topological generator.

Proof. We first show that ¢ is a topological generator of 7" if and only if
t is a topological generator < (qu € Hom(T,U(1)): ¢(t) =1 = ¢ = 1>.

Indeed, if ¢ is a generator, and ¢ € Hom(T', U(1)) with ¢(t) = 1, then also ¢(t") = 1 for
all n. By continuity, since {t", n € Z} is dense, it follows that ¢ = 1. Conversely, if ¢ is
not a generator, let H be the closed subgroup generated by ¢. Then T'/H is a non-trivial
connected abelian Lie group; in particular, its dimension is > 1. Choose a non-trival
character ¢; € Hom(7T'/H,U(1)), and compose with the quotient map to obtain a non-
trivial character ¢ € Hom(7, U(1)). By construction, ¢|g = 1, in particular ¢(¢) = 1.
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Writing ¢ as in (6), the condition ¢(t) = 1 means exactly > wa; € Z, and ¢ = 1
means exactly that all a; = 0.
We have proved that t is a topological generator if and only if the equation

Zaiui =b

with a;,b € Z implies that a; = ... = a, = 0. In this condition, we may replace Z with
Q. But this then just means that uq, ..., ug, 1 are linearly independent in R regarded as
an infinite dimensional (!) vector space over Q. Now we can use that every vector space
has a basis. (Concretely, one can take for the u; the square roots of n distinct prime

numbers, for example.)
O

Exercise 9.4. Suppose G is an abelian Lie group admitting a generator g. Let Gg be its
identity component. Show that G/Gy = Z/kZ for some k € N, or G/Gy = Z.

9.1.3. Automorphisms of tori. We conclude with some comments on automorphisms of
tori. (These will be relevant later in our discussion of Weyl groups.) Suppose T' = t/A
is a torus. Any group automorphism ¢ € Aut(7T') induces a Lie algebra automorphism
Top € Aut(t) preserving A. Conversely, given an automorphism of the lattice A, we
obtain an automorphism of t = spang(A) and hence of T'= t/A. That is,

Aut(T) = Aut(A).
Choose an identification T' = (R/Z)*, thus A = Z*. We have
Aut(Z*) = GL(k,Z) C Maty(Z)

the group of invertible matrices A with integer coefficients for which the inverse also
has integer coefficients. For such a matrix, both det(A) and det(A)~! must be integers,
hence det(A) = £1. The converse is also true, by the formula for the inverse matrix.
Thus,

GL(k,Z) = {A € Mati(Z)| det(A) £ 1}.

It is known that GL(k,Z) is generated by its elementary matrices: The change-of-basis
matrices corresponding to interchange of two basis vectors, adding some basis vector to
another basis vector, or multiplying some basis vector by —1. We shall also be interested
in the group
O(k,Z) = GL(k,Z) N O(k)

of transformations preserving also the metric. Examples of matrices in this group are
permutation matrices (these form a subgroup Sj) as well as sign changes of basis vectors
(these form a subgroup (Z;)*) .

FExercise 9.5. Show that, in fact,
O(k,Z) = (Zy)* x Sy
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9.2. Maximal tori. Let G be a compact, connected Lie group, with Lie algebra g. A
torus T' C G is called a mazimal torus if it is not properly contained in a larger subtorus
of G.

Ezample 9.6. If G = U(n), the subgroup of diagonal matrices is a maximal torus. Indeed,
any element that commutes with all the diagonal matrices in U(n) must itself be diagonal.

Given a maximal torus 7' C G, then Ad,(T) is again a maximal torus, for any a € G.

Theorem 9.7. (E Cartan) Let G be a compact, connected Lie group. Then any
two maximal tori of G are conjugate.

Proof. Given two maximal tori T',7" C G, pick topological generators t,t of T',T", and
choose &, &' € g with

exp(§) =t, exp(¢) =t
Also choose an invariant inner product B on g. Let a € G be a critical point for the
function

f:G =R, g B(Ady(E),€)

(for instance, a point where it takes on the maximum). We claim that Ad,(7") =T".
For all n € g, we have

d
0= 7|, flexplin)a)

d /
= E tZOB(Adexp(tn) Ada (5)75 )

= B([n, Ada(§)],£")
= —B(n,[{, Adu(9))).
Since this is true for all n, we obtain
€, Ada(£)] = 0.
Exponentiating ¢, this shows Ady(Ad,(£)) = Ad,(§). Exponentiating £, it follows that
Ady(Ad,(1) = Ad, (2).

That is, Ad,(t) and ¢ commute. Since these are generators, any element in Ad,(7)
commutes with any element in 7”. The subgroup

T'Ad,(T) C G

of products of elements in 7", Ad,(T") is connected and abelian, hence it is a torus. Since
T',Ad,(T) are maximal tori, we conclude

T =T Ady(T) = Ady(T).
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Erercise 9.8. The group SU(2) has maximal torus T the set of diagonal matrices diag(z, z71).
Another natural choice of a maximal torus is 7" = SO(2) C SU(2). Find all elements
a € G such that Ad,(T) =1T".

Definition 9.9. The rank [ of a compact, connected Lie group G is the dimension
of a maximal torus 7' C G.

For example, rank(U(n)) = n. We will discuss the maximal tori of the classical groups
further below.

Proposition 9.10. Let G be a compact, connected Lie group. Then the Lie func-
tor gives a 1-1 correspondence between maximal tori in G and mazimal abelian
subalgebras of g.

Proof. The Lie algebra t of a maximal torus 7T is a maximal abelian Lie subalgebra of
g: For an abelian subalgebra h strictly larger that t, the closure of exp(h) would be a
connected torus strictly larger than 7.

Conversely, suppose t is a maximal abelian subalgebra. Then T = exp(t) is necessarily
closed, for otherwise its closure would be a torus, whose Lie algebra properly contains t.
By similar reasoning, T is a maximal torus. O

Using this correspondence, Cartan’s theorem says that any two maximal abelian sub-
algebras t,t' are conjugate under the adjoint representation. That is, there exists a € G
such that Ad,(t) = t.

Theorem 9.11. (Properties of maximal tori). Let G be a compact, connected Lie
group, and T' C G a maximal torus.

(a) Ewvery element of a Lie group is contained in some mazimal torus. That is,
U Adu(1) = G.
acqG
(b) The intersection of all mazimal tori is the center of G:
() Adu(T) = Z(G).
acG

(¢) If H C G is a subtorus, and g € G commutes with all elements of H, then
there exists a mazximal torus containing H and g.

(d) Mazimal tori are maximal abelian subgroups: If some g € G' commutes with
all elements of T then g € T'.

Proof.



(a)

(b)
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Let ¢ € G be given. Using that fact that exp: g — G is surjective, we may
choose ¢ € g with exp(§) = g. Let Ad,(t) be a maximal abelian subalgebra of g
containing . Then Ad,(T) is a maximal torus containing g.

Suppose

ce m Ad,(T).

For any given a, since ¢ € Ad,(7T"), we have that ¢ commutes with all elements
in Ady(T'). Since G = |J,c Ado(T) it follows that ¢ commutes with all elements
of G, that is, ¢ € Z(G). This proves (), Ada(T) € Z(G). Conversely, given
¢ € Z(G), then ¢ commutes with all elements of Ad,(7"), and hence lies in Ad,(T)
since maximal tori are maximal abelian, by part (d) to be proved below.

If g € H there is nothing to show (any maximal torus containing H will do), so
assume g € H. Since g commutes with H, we obtain a closed abelian subgroup

B=|J¢H

kEZ

Let By be the identity component, which is thus a torus. Claim: There exists
m € N such that

B = By X Z,

(direct product of Lie groups).

Once the claim is established, the proof of (c) is as follows: Pick a topological
generator b € By of the torus By. Then b™ is again a topological generator of B
(by Kronecker’s Lemma). Thus, letting u be a generator Z,,, the product bu is
a topological generator of B. By part (a), the element bu is contained in some
maximal torus T'. Hence B C T

Proof of the claim: Each ¢*B, for k € N is a component of B. Since B is
compact, it can only have finitely many components; let these be

B07 gB07 cee ngilB(b
where m € N be the smallest number such that ¢™ By = By, i.e.
gm € Bo.

Since By is a torus, this element admits an m-th root. That is, we may write
g™ = k™ with k € By. Thus u = gk~! € gB, satisfies u™ = e. It follows that h
generates a subgroup isomorphic to Z,,, and the product map

By X Zyy — B, (t,u’) = tu’

is an isomorphism of Lie groups.
By (c) there exists a maximal torus 7" containing both 7" and g. But T already
is a maximal torus. Hence g € T" =T.

g
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FEzercise 9.12. Show that the subgroup of diagonal matrices in SO(n), n > 3 is maximal
abelian. Since this is a discrete subgroup, this illustrates that maximal abelian subgroups
need not be maximal tori.

[ Proposition 9.13. dim(G/T) is even. ]

Proof. Fix an invariant inner product on g. Since G is connected, the adjoint repre-
sentation takes values in SO(g). The action of T C G fixes t, hence it restricts to a
representation

T — SO(th)
where t& = g/t is the orthogonal complement with respect to B. Let t € T be a
topological generator. Then Ad(t)|. has no eigenvalue 1. But any special orthogonal

transformation on an odd-dimensional Euclidean vector space fixes at least one vector.
(Exercise.) Hence dim(g/t) is even, and so is dim(G/T). O

9.3. The Weyl group. It turns out that the maximal torus 7" of a compact, connected
Lie group G captures much of the structure of the Lie group, once we include the addi-
tional data of its Weyl group symmetry.

Suppose as before that G is compact and connected, and let us consider the normalizer
of a maximal torus 7', 4

Ne(T) = {a € G| Ady(T) =T}

By definition, it acts on T'. The subgroup T'C Ng(T') acts trivially; hence we obtain an
action of the quotient group.

e "

Definition 9.14. Let G be a compact, connected Lie group with maximal torus 7'
The quotient
W = Ng(T)/T

is called the Weyl group of G relative to T

J

Since any two maximal tori are conjugate, the Weyl groups are independent of T" up to
isomorphism. More precisely, if T, 7" are two maximal tori, and a € G with T" = Ad,(T),
then N(T") = Ad,(N(T)), and hence Ad, defines an isomorphism W — W’. There are
many natural actions of the Weyl group:

(a) By construction, W = Ng(T)/T acts on T. This is an action by Lie group
automorphisms,

w.(titz) = (w.ty)(w.tz),

MFor any subset S C G of a Lie group, one defines its normalizer N(S) (sometimes written Ng(S)
for clarity) to be the group of elements g € G such that Ad,(S) C S. The normalizer N(S) is a closed
subgroup, hence a Lie subgroup. If H is a closed subgroup of G, then it is a is a normal subgroup of
N(H), hence the quotient N(H)/H inherits a Lie group structure.



65

giving rise to a (Lie) group homomorphism
W — Aut(T).

(b) The adjoint representation of Ng(T') € G on t C g descends to an action of W
on t, giving a (Lie) group homomorphism

W — Aut(t).

(Since the bracket of t is zero, we have Aut(t) = GL(t).) This action of W't
descends to the action on 7" = t/A, hence it must preserve the lattice. So we also
have a group morphism
W — Aut(A).
Actually, recall that Aut(7") = Aut(A), so this is just the same as W — Aut(7T).
(c) The Weyl group acts on G/T via

w.(¢9T) = ga™'T,

where a € N(T) is any choice of representative of w. '> Note that this action
commutes with the G-action on G/T, and that it is free, that is, all stabilizer
groups are trivial. The quotient of the W-action on G/T is G/Ng(T), the space
of maximal tori of G.

(d) Given any G-action on a manifold M, the Weyl W group acts on the T-fixed
point set M7T. In particular, for a G-representation on a vector space V', the Weyl
group acts on the subspace VT of T-fixed vectors.

Applying this to the adjoint action of G on g, we recover once again the W-
action on t = g’

Ezample 9.15. For G = SU(2), with maximal torus 7" consisting of diagonal matrices,

we have Ng(T') =T U aT where
(0 1
a=| _1 o)

Thus W = Ng(T)/T = Zo, with a descending to the non-trivial generator w, with
w? = 1. The W action on T is

z 0\ [(z'0
Ylot)=Vo 2 )

(Z) 291 ) . The action on t = iR is given by reflection,

& — —&; it preserves the lattice 2miZ. The action of w on G/T = 52 is the antipodal
map, hence the set of maximal tori is
G/Ng(T) = (G/T)/W =ZRP(2).

15Whenever a group G acts on a manifold M, and H is a subgroup, then N¢(H)/H acts on M/H.
Applying this to the action of G on itself by right multiplications, a — R,-1 we obtain the action of
W = Ng(T)/T on G/T.

as one checks by calculating Ad,
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Ezample 9.16. Let G = SO(3), with maximal torus given by rotations about the 3-axis.
Thus, T' consists of matrices

cos(f) —sin(f) 0
g(@) =1 sin(d) cos(d) O
0 0 1

The normalizer N¢(T') consist of all rotations in SO(3) preserving the 3-axis. The in-
duced action on the 3-axis preserves the inner product, hence it is either trivial or the
reflection. Elements in Ng(7T) fixing the axis are exactly the elements of T itself. The
elements in Ng(7T') reversing the axis are the rotations by 7 about any axis orthogonal
to the 3-axis. Thus W = Zs,.

Theorem 9.17. The Weyl group W of a compact, connected Lie group G with
maximal torus is a finite subgroup

W C Aut(T') = Aut(A).

The W -actions on T and on t are faithful: only the trivial element acts trivially.

. 7

Proof. Note first that since Ng(T') C G is compact, the quotient W = Ng(T)/T is
compact. So, to show that it is finite, it suffices to show that it is zero-dimensional (i.e.,
discrete).

Suppose w € W acts trivially on T'. Letting a € Ng(T) be a lift, this means Ad, acts
trivially on 7', hence a € T (since maximal tori are maximal abelian) and so w = 1. This
realizes W as a subgroup of the discrete group Aut(A), and proves that W is discrete.

Note that the action of W on t is faithful as well: If w fixes all of t then the induced
action on T is trivial as well, and so w = 1. O

What about functoriality of Weyl groups? Let ¢: G; — G5 be a morphism of compact
Lie groups. Given a maximal torus 77 C G, the image ¢(77) C G5 is a torus, but is
not a maximal torus, in general. (Example?) Let us assume that we are in the special
case that it is in fact a maximal torus, 7,. In this case, since ¢ takes the normalizer of
T1 to the normalizer of ¢(T) = Ty, it induces a group homomorphism of Weyl groups,

W1 — WQ.
Two sub-cases:

(a) If Gy is a compact Lie group and G; < G is an equal rank closed subgroup,
we obtain an inclusion W; < W5 of Weyl groups. We will encounter concrete
examples SO(2m) < SO(2m + 1) and U(n) < Sp(n) below.

(b) Let G be a compact Lie group, with maximal torus 7', and Z C Cent(G) a
subgroup of the center. Then G’ = G/Z is a compact Lie group with maximal
torus 7" = T'/Z. and normalizer Ng/ (T") = Ng(T)/Z. 1t follows that

wW'=w
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since
Ne/(T')/T" = (Na(T)/2)/(T/Z) = No(T)/T.
This is illustrated by the isomorphism of Weyl groups of U(n) and SU(n) (since

their quotients by the center are the same). We also see that the Weyl group of
G does not change when we replace G with a finite cover.

Proposition 9.18. The Weyl group W of a compact, connected Lie group G
depends only on its Lie algebra. In fact, it only depends on the semi-simple part

9, g].

Proof. By (b) above, the quotient map G — G’ = G/ Cent(G) induces an isomorphims
of Weyl groups, W = W’. The Lie algebra of G’ is ¢’ = g/ Cent(g) = [g,g]. But recall
that G’ = Auto(g’). O

9.4. Maximal tori and Weyl groups for the classical groups. We will now describe
the maximal tori and the Weyl groups for the classical groups: U(n), SU(n), SO(n), Sp(n).
These are all matrix Lie groups; to compute the Weyl group we take into account that
the Weyl group action on 7" must preserve the set of eigenvalues of matrices t € T (since
it comes from a conjugation action).

9.4.1. The unitary and special unitary groups. For G = U(n), the diagonal matrices

zz7 0 0 -+ 0
0 2z 0 --- 0
diag(z1,...,20) = | -++ o0 oee e e
0O 0 0 - 2z,

with |z;| = 1 define a maximal torus 7. To see this, take t € T to be a generator. In
particular, the eigenvalues A1, ..., A, (given as the diagonal entries) are all distinct. The
only matrices commuting with ¢ are the multiples of the identity matrix. Hence, the
centralizer or 7" is T', as required.

If w e W, with lift a € Ng(T'), then w(t) = Ad,(¢) is a diagonal matrix with the same
set of eigenvalues as t. Thus, w acts by a permutation of the diagonal entries. (Since
this is true for the generator t, it holds true for all powers of ¢ all elements of T'.) We
hence obtain an injective group morphism

W — S,.

We claim that this map is an isomorphism. To see this, we construct an inverse. Associate
to each o € 5, the change-of-basis matrix

A, € O(n) C U(n)
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for the corresponding permutation of standard basis vectors. Conjugation by A, pre-
serves the set of diagonal matrices, hence A, normalizes T'. This gives an explicit group
homomorphism

Sp = Ne(T), o~ A,
which descends to an inverse map S,, — Ng(T')/T = W.
Since U(n)/ Cent(U(n)) = SU(n)/ Cent(SU(n)), the Weyl group of SU(n) is equal to
S,, as well.

Theorem 9.19. The Weyl group of U(n), and also of SU(n), is the symmetric

group:
W =35,.

9.4.2. The special orthogonal groups SO(2m). The group of block diagonal matrices

RO) 0 0 -~ 0
0 0= | O FB) 00
0 0 0 - R(6p)

is a torus T" C SO(2m). To see that it is maximal, write g € SO(2m) in block form with
2 x 2-blocks g¢;; € Mato(R). For t =¢(6,...,0,,) we have

(tgt™)ij = R(0:)gi; R(—0;).

Thus g commutes with all ¢ € T if and only if R(6;)g;; = g;;R(0;) for all 4, j, and all
01,...,0,,. For i # j, taking 6; = 0 and ; = 7, this shows g;; = 0. Thus g is block
diagonal with blocks g;; € O(2) satisfying R(6;)g:; = g:;R(6;). Since a reflection does not
commute with all rotations, we must in fact have g; € SO(2). This confirms that T is a
maximal torus, and rank(SO(2m)) = m.

The eigenvalues of the element t(6;,...,0,,) are €1 e~ . eifm e=®n  The sub-
group of Aut(7T) preserving the set of eigenvalues of matrices is thus (Zy)™ % S,,, where
Sy, acts by permutation of the 6;, and (Z2)™ acts by sign changes of #;. That is, we have
an injective group morphism

W = (Zs)™ X Sp.

To describe its image, let [';, C (Z3)™ be the kernel of the product map (Zy)™ — Zo,
corresponding to an even number of sign changes.

[ Theorem 9.20. The Weyl group of SO(2m) is ', X S, ]

Proof. The embedding S,, — O(m) as permutation matrices lifts to an inclusion S,, —
SO(2m) (replacing every entry A;; of O(n) by the 2 x 2-block A;;I5). This takes values
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in Ng(T'), and realizes S,, € W. Next, observe that the matrix
-1 0
K = ( 0 1 ) € 0(2).

KR(O)R™' = R(-0).
The block diagonal matrix, with g; = g;; = K and gy = I for { # 4,7, lies in Ng(T)
and its action on T' changes R(6;), R(6;) to R(—0;), R(—0;). Hence, we obtain all even
numbers of sign changes, confirming I',, C W.
It remains to show that the transformation t(0,0,,...,0,,) — t(—601,05...,0,,) does
not lie in W. Suppose g € Ng(T) realizes this transformation, so that

gt(@l, 92, Ce ,Hm) = t(—@l, 92, Ce ,Hm)g
As above, writing ¢ in block form, we obtain the condition
R(0:)gi; = 9i;R(6;)

for j > 2, but R(0;)g:1 = gan R(—06,). Taking 6; = 0,60; = 7 we see that g;; = 0 for i # j.
Thus, g must be block diagonal. Thus

g € (0(2) x --- x 0(2)) NSO(2m).

From R(6;)g:i = g:;R(0;) for i > 2 we obtain g; € SO(2) for i > 1. Since det(g) = 1, this
forces g11 € SO(2), which however is incompatible with R(—601)g11 = g11 R(01). O

satisfies

Remark 9.21. The group O(2m) is compact, but disconnected. The same argument as
above shows that
Now(T)/T = Z§' S,

since now all sign changes of diagonal entries can be achieved.

Ezample 9.22. Consider the special case m = 2, so G = SO(4). We have W =T’y x 5.
Here Sy = Z,, while I'y = Zy C Zo X Zs with the trivial action of Sy = Z,. Hence
W = Zy X Zy. This is consistent with the fact that the universal cover of SO(4) is
SU(2) x SU(2).

9.4.3. The special orthogonal groups SO(2m + 1). Define an inclusion
j: O(2m) — SO(2m + 1),

placing the orthogonal matrix A in the upper left corner and det(A) in the lower right
corner. Let 7" be the standard maximal torus for SO(2m); then 7' = j(7”) is a maximal
torus for SO(2m—+1). The proof that T is maximal is essentially the same as for SO(2m).

Theorem 9.23. The Weyl group of SO(2m + 1) is (Z2)™ X Sy,.
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Proof. As in the case of SO(2m), we see that the Weyl group must be a subgroup
of (Z2)™ % Sp,. Observe that if ¢ € Nom)(1") normalizes 7" then j(g) normalizes
T = j(T"). Hence, j gives an inclusion

7+ No@m)(T")) < N(T).

Using Remark 9.21, it follows that we have an inclusion ZJ' % S,,, € W. Hence, equality
holds. Il

9.4.4. The symplectic groups. Recall that Sp(n) is the subgroup of Mat,, (H)* preserving
the norm on H". Alternatively, using the identification H = C?, one can realize Sp(n) as

Sp(n) = U(2n) N Sp(2n, C),
where Sp(2n, C) is the group of complex matrices of sice 2n satisfying X " JX = J, with

=(1 )

(see homework 1). Let T' be the torus consisting of the diagonal matrices in Sp(n).
Letting Z = diag(z1, ..., 2z,), these are the matrices of the form

t(zl,...,zn):<§ %)

with |z;| = 1. As before, we see that a matrix in Sp(n) commutes with all these diagonal
matrices if and only if it is itself diagonal.

Hence T is a maximal torus. Note that 7" is the image of the maximal torus of U(n)
under the inclusion

r: U(n) = Sp(n), A <61 %)

That is, » embeds U(n) as an equal rank subgroup, and hence embeds S,, (the Weyl
group of U(n)) into the Weyl group of Sp(n).

[ Theorem 9.24. The Weyl group of Sp(n) is (Za)™ X S,.

Proof. The subgroup of Aut(T") preserving eigenvalues is (Zy)" x S,. Hence, W C
(Z2)™ % Sy,. The inclusion r realizes all elements of S,,. On the other hand, one obtains
all ‘sign changes’ using conjugation with appropriate matrices. E.g. the sign change
t(21, 22, 23, ..., 2n) > t(21, 25 1, 23, . . ., zn) is obtained using conjugation by a matrix

(5 %)

where A = diag(1,0,1,...,1), B = diag(0,1,0,...,0). O
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9.4.5. The spin groups. For n > 3, the special orthogonal group SO(n) has fundamental
group Zs. Its universal cover is the spin group Spin(n). By the general result for
coverings, the pre-image of a maximal torus of SO(n) is a maximal torus of Spin(n), and
the Weyl groups are isomorphic.

9.4.6. Notation. Let us summarize the results above, and at the same time introduce
some notation. Let A;, B, Cj, D; be the Lie groups SU(I+1), Spin(2{+1), Sp(l), Spin(2]).
Here the lower index [ signifies the rank. We have the following table:

’ \ rank \ name \ dim \ W ‘
A ll>1] SUl+1) [F+2 Sit1

By |1>2]|Spin(2l+1) | 212 +1| (Zy)' xS,
Ci|1>3 Sp(1) 22+ 1| (Zy)' % S
Dy|1>4| Spin(2l) |22 —1](Zy)""t xS

In the last row, (Zy)'~! is viewed as the subgroup of (Z,)! of tuples with product equal
to 1.

Remarks 9.25.  (a) Note that the groups Sp(/) and Spin(2! + 1) have the same rank
and dimension, and isomorphic Weyl groups. Hence, at this point we have not
proved that they are in fact non-isomorphic Lie groups.

(b) For rank [ = 1, Sp(1) = SU(2) = Spin(3). For rank | = 2, it is still true that
Sp(2) = Spin(5). But for [ > 2 the two groups Spin(2/ + 1), Sp(l) are non-
isomorphic. To exclude such coincidences, and to exclude the non-simple Lie
groups Spin(4) = SU(2) x SU(2), one restricts the range of [ as indicated above.

(c¢) As we will discuss later, the table is a complete list of simple, simply connected
compact Lie groups, with the exception of five exceptional Lie groups

G27 F47 E67 E77 ES
that are more complicated to describe.

Our main goal for the rest of this course is to explain the classification of compact Lie
groups. The main idea is to take the adjoint representation G — Aut(g), and see how
its restriction to the maximal torus breaks up into irreducibles. In order to carry out
this program, we need to take a time-out and develop some representation theory.

10. BASICS OF REPRESENTATION THEORY

10.1. Schur’s Lemma. Recall that a (real or complex) representation of a group G
(or Lie algebra g) on a (real or complex) vector space V' is irreducible if there are no
invariant subspaces other than {0} and V. Some notation and terminology: Given two
G-representations V, W, we write Homg (V, W) for the space of G-equivariant linear maps

V — W. One calls
Homeg(V, W)
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the space of intertwining operators from V to W. Representations V, W are isomorphic
if there exists a G-equivariant isomorphism between then; in this case we write V = W.

A representation W is called completely reducible if it is a direct sum of irreducible
representations:

W=W,@---aW,.

We have seen that any representation of a compact Lie group is completely reducible.
The multiplicity of an irreducible representation V' to appear in a (completely reducible)
representation W is called its multiplicity. It’s not quite immediate that this is well-
defined, since we haven’t shown that the decomposition of W is unique. To show that
it’s well-defined, one may use:

Lemma 10.1 (Schur Lemma). Let G be a group, and m: G — GL(V) a finite-
dimensional irreducible complex representation.

(a) If A € End(V) commutes with all w(g), then A is a multiple of the identity
matrix.

(b) If W is another finite-dimensional irreducible complex G-representation,
then

1ifV=Ww

0 otherwise

dim(Homg(V, W)) = {

Similar statements hold for finite-dimensional representations of Lie algebras.

Proof.  (a) Let A be an eigenvalue of A. Since ker(A — A\I) is a G-invariant subspace,
it must be all of V. Hence A = AI.

(b) For any A € Homg(V, W), the kernel and range of A are sub-representations.

Since V, W are irreducible, it follows that A = 0 or A is an isomorphism. If

V, W are non-isomorphic, A cannot be an isomorphism, so A = 0. If VW are

isomorphic, we might as well assume W = V| and then b) follows from a).
O

FEzercise 10.2. Give a counter-example, showing that (a) does not hold for real represen-
tations.

If V is irreducible, and the representation W is completely reducible, with direct sum
decomposition as above, then

dim Homg (V, W) = ) _ dim Home(V, W;) = #{i: W; =V}

is the multiplicity of V in W. (In particular, the multiplicity is well-defined). The map
Homg(V, W)@V =W, A® v+ A(v)
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is injective, and its image Wy is the V-isotypical subspace of W, ie. the sum of all
irreducible components W; isomorphic to V. We have a canonical decomposition

W= Wy
V' irred

Each W[y breaks up further into a sum of copies of V'; the choice of decomposition is
equivalent to a choice of basis in Homg(V, W).

N\

Proposition 10.3. Let T be a torus. Then the irreducible finite-dimensional com-
plex T-representation w: T — GL(V') is 1-dimensional, and are given by homomor-
phisms T — U(1). That is, isomorphism classes of irreducible T-representations
are classified according to

Irr(T) = Hom(T, U(1)).

v

Proof. The operators m(t), ¢t € T' all commute, and so have a common eigenvector v € V.
The span of v is T-invariant, hence must be all of V' is irreducible. Hence dimV = 1;

the action of 7(t) is multiplication by some scalar. Choose an invariant inner product
on V; then 7(t) € U(V) = U(1). O

If we identify T = t/A and identify U(1) = S' = R/Z, then Hom(7T,U(1)) =
Hom(A,Z) = A* (the dual lattice), so

Irr(T') = A,

Consider next the lowest-dimensional non-abelian compact group, G = SU(2). (There
is also SO(3), however, the representations of SO(3) may be regarded as representations
of SU(2) for which —1 acts trivially.) The group SU(2) acts on the space C[z, w] of poly-
nomials in a natural way. For any given k = 0, 1, ..., the subspace V (k) of homogeneous
polynomials of degree k is invariant under this action. The space V' (k) has basis

2w, Wk

hence dim V' (k) = k+1. Let us also note that these basis vectors span invariant subspaces
for the action of the standard 7' C SU(2). Namely, the action of diag(e,e~") on the
polynomial z¥=7w’ is multiplication by e?*=2)¢_ So, the weights for the T-action are

kk—2,..., —k.

Theorem 10.4. For all k = 0,1,2,..., the representation V (k) is irreducible.
Furthermore, V (k) is the unique irreducible SU(2)-representations of dimension
k+ 1, up to isomorphism. Hence,

Irr(SU(2)) = Z>o




74

We will postpone the proof to the next section. It will be convenient to phrase it
in terms of representations of the complex Lie algebra s[(2,C). This is based on the
following observations.

Finite-dimensional complex representations of connected, simply connected Lie groups

m: G — Aut(V)
are equivalent to representations of their Lie algebra
m: g — End(V).

as follows: given the representation of the Lie algebra, one obtains the representation of
group GG by exponentiation. In turn, the g-representation is equivalent to a representation
of its complexification
gt — End(V);

here 7 is required to be a morphism of complex Lie algebra (in particular, is C-linear).

For example, we obtain an equivalence of finite-dimensional complex representations
of

SU(n), su(n), su(n)® = sl(n,C).

Remark 10.5. Since sl(n, C) = sl(n, R)®, these are also equivalent to representations of
sl(n, R) and hence SL(n,R). We have encountered a similar phenomenon for the symplec-
tic groups: The complexification of sp(n) is sp(n, C), which is also the complexification
of sp(n,R).

We shall now focus on representations of SU(2), or equivalently sl(2, C).

10.2. sl(2,C)-representations. We are interested in the finite-dimensional irreducible
C-linear representations of s[(2,C). Let e, f,h be the basis of sl(2,C) given by the

matrices

01 1 0 00

=(o0) r=(oh) = (13)

The corresponding bracket relations read as

[h,e] =2e, [h, f]==2f, le, f] =h.
Remark 10.6. For later reference, we note that su(2) is realized as the fixed point set of
the conjugate-linear involution A — — A" = —ZT, that is,

h— —h, e~ —f f+— —e.

Observe that this involution is an R-linear Lie algebra automorphism of s[(2, C).

The quadratic Casimir element is the expression
1
Cas =2fe+ §h2 +h

in the universal enveloping algebra U(sl(2,C)): The complex unital algebra C-linearly
generated by the elements of sl(2, C), subject to relations &€ — &€& — [€1,&2]. In other
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words, the enveloping algebra is defined in such a way that the algebra commutator of
generators coincides with their Lie bracket. For our purposes, it is enough to work in a
representation 7: s[(2,C) — End(V), and define the Casimir operator as follows:

7(Cas) =27 (f)m(e) + %W(h)Q +7(h)
Using the commutation relations, it may also be written

(Cas) = 2n(e)n(f) + %w(h)Q ()
Lemma 10.7. If 7 is irreducible, then Cas acts as a scalar.

Proof. By Schur’s Lemma, it suffices to check that this operator commutes with (h), w(e), 7(f).
For example,

add to 0. O

Note that this proof looks simpler in the enveloping algebra, where we would simply
omit the 7’s.

The simplest non-trivial representation of sl(2,C) (or, the corresponding Lie group
SL(2,C)) is the defining representation on C? (given by the action matrices).

Clearly, this representation is irreducible (there cannot be 1-dimensional invariant
subspaces). Another picture for the defining representation is by viewing C? as linear
homogeneous polynomials of degree 1 in z,w € C. In this picture, the operators are

0 0 0 0

m(e) =5 w(h)=2——-w—, 7(f)=w—.

0z

More generally, these differential operators define a representation on the space V (k) of
homogeneous polynomials of degree k. V(0) is the trivial representation, and V(1) is
isomorphic to the defining representation. Introducing the basis

1
(=D
for the space V' (k), the representation is given by the formulas

m(f)v; = (7 + Dvjpa,
m(h)v; = (k = 2j)v;,
m(e)v; = (k= j+ 1)vj

with the convention v, =0, v_; = 0.

_ k=g, 5 _—
v = w, 7=0,...,k
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Theorem 10.8. For all k = 0,1,2,..., the representation of s{(2,C) on V (k) is
irreducible. The Casimir operator acts as the scalar 1k(k +2) on V (k).

Proof. Suppose W C V(k) is a nonzero invariant subspace. The operator 7(e)|y has at
least one eigenvector. But the formulas above show that 7(e) has a unique eigenvector
(up to scalar) in V(k), given by vy.'% By iterated application of 7(f) to vy, we obtain

all basis vectors vy, ..., v (up to scalars). Hence, W = V (k). To compute the action of
Cas on V (k), it suffices to compute its action on any vector. A convenient choice is vy,
and since m(e)vg = 0, m(h)vg = k vy the result follows. O

Consider now an arbitrary C-linear representation 7: s[(2,C) — End(V). For s € C,
let

Vi) = ker(m(h) — sI)

be the eigenspace with eigenvalue s.

Lemma 10.9. The operators w(e), n(f) restrict to maps
m(e): Vig = Vista, m(f): Vig = Vis—2-
Proof. If v € V| then
m(h)m(e)v = [r(h),7(e)]v + m(e)m(h)v = 2w (e)v + 7(e)sv = (s + 2)m(e)v,

hence 7(e)v € Vigyq. Similarly 7(f)v € Vis_g. O

As a consequence, we see that m(f)m(e) and 7(e)w(f) restrict to operators on V.
These restrictions may be expressed in terms of the Casimir operator:

1

w()r(e)lv, = 5m(Cas)ly, — g5 +2)

w(e)m(Flv, = gr(Cas)ly, — 75(s — 2).

Note in particular that when V' is irreducible (so that Cas acts as a scalar), then every
nonzero v € V[, is an eigenvector of these operators.

Theorem 10.10. Up to isomorphism, the representations V(k), k =0,1,... are
the unique finite-dimensional irreducible representation of sl(2,C).

Proof. Let V be a finite-dimensional irreducible sl(2, C)-representation of dimension k+1.
Denote by 7 € C the value of its Casimir operator. Since dim V' < oo, we may choose an
eigenvalue A € C of the operator 7(h), with the property that A+ 2 is not an eigenvalue.

161 other words, the Jordan normal form of m(e) is a single Jordan block, with zeroes on the diagonal.
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(We shall see shortly that the eigenvalues of 7(h) are in fact integers, but we don’t need
it yet.) Let vg € V be a corresponding eigenvector, and define
1 ; ,
vj = ﬁﬂ(f)jvo, j=0,1,....
Then
mw(h)v; = (A — 29)v;
by the lemma. In particular, we see that the nonzero v;’s are linearly independent, and
hence there are only finitely many v;’s. We have

m(f)v; =+ Dvjp,
by definition. The lemma also show that 7(e)vg = 0 (since Vi1 = 0 by assumption).
This allows us to find the value of the Casimir element, by computing its action on vy:

T=2AA+2).
Finally, we find 7 (e)v; for j > 0:
1
m(e)v; = Eﬂ(e)ﬂ(f)vg—l
1
=% (m(Cas) — 3m(h)* + w(h)) vj_1
1 . .
=5 (M2 - 30— 27)* + (A = 24)) v
=A=Jj+ v
This shows that the span of vg,vq,... is an invariant subspace, and so vg,..., v is a
basis of V', and vy = 0. From 0 = 7(e)vgs1 = (A — k)vg, we read off that A = k. In
conclusion, we have constructed a basis vy, ..., v, in which

m(h)v; = (k= 2j)vy, w(flv; =G+ Dvjm, m(e)v; = (k—j+ v

These formula uniquely describe the k& + 1-dimensional representation V', up to iso-
morphism. On the other hand, the representation defined by these formulas really is
irreducible. (E.g., if W C V is an invariant subspace, we may, as before, construct
a nonzero vector in W satisfying m(e)w = 0. But note that the eigenspace of m(e) is
1-dimensional, and spanned by vj.) U

Remark 10.11. The formulas above suggest a construction of infinite-dimensional repre-
sentations of sl(2, C). For any complex number A € C, we obtain an infinite-dimensional
representation of sl(2, C) on

L(\) = span{wg, wy, wy, ...},
by the formulas
m(h)w; = (A —25)w;, w(flw; =G+ Dwjs1, m(e)w; =AN—j+ 1w
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This representation is called the Verma module of highest weight \. If A = k € Z>, this
representation L(k) has a subrepresentation L'(k) spanned by w1, Wgio, Wiis, . . ., and

V(k) = L(K)/L'(k)
is the quotient module. The discussion above shows that V' (k) is irreducible.

Exercise 10.12. Show that for A ¢ Z>, the Verma module is irreducible. (This repre-
sentation does not correspond to an SU(2)-representation.)

As explained above, any finite-dimensional sl(2, C)-representation 7: sl(2,C) — End(V)
is completely reducible, and hence is a direct sum of copies of the V}.’s, with multiplicities
ny. There are various methods for computing the n;’s. Here are three:

Method 1: Determine the eigenspaces of the Casimir operator 7(Cas). The eigenspace
for the eigenvalue k(k + 2)/2 is the direct sum of all irreducible sub-representations of
type V(k). (That is, it is the V' (k)-isotypical subspace.) Hence ny is the dimension of
this eigenspace, divided by &k + 1.

Method 2: For [ € Z, let m; = dim ker(m(h) — ) be the multiplicity of the eigenvalue
[ of m(h). On any irreducible component V' (k), the dimension of ker(w(h) — 1) NV (k) is
1if || <k and k — [ is even, and is zero otherwise. Hence my = ny + ngyo + ..., and
consequently
Nk = Mp — Mky2.
Method 3: Find ker(w(e)) =: V", and to consider the eigenspace decomposition of
7(h) on V. The multiplicity of the eigenvalue k on V" is then equal to ny.

FEzercise 10.13. If 7: s[(2,C) — End(V) is a finite-dimensional sl((2, C)-representation,
then we obtain a representation # on V = End(V) where 7(£)(B) = [x(¢),B]. In
particular, for every irreducible representation 7: sl(2,C) — Endc(V(n)) we obtain a
representation 7 on Ende (V' (n)). Determine the decomposition of End¢(V (n)) into irre-
ducible representations V' (k), i.e determine which V' (k) occur and with what multiplicity.
(Hint: Note that all w(e)? commute with m(e).)

11. WEIGHTS AND ROOTS

11.1. Weights and co-weights. Let T' be a torus, with Lie algebra t.

Definition 11.1.
e A weight of T is a Lie group morphism pu: T — U(1).
e A co-weight of T is a Lie group morphism ~: U(1) — T.
We denote by X*(T') the set of all weights, and by X, (T") the set of co-weights.

Let us list some properties of the weights and coweights.
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e Both X*(7T') and X,.(T) are abelian groups: two weights pu, ¢’ can be added as

(W' + p)(t) = ' (t)p(d),
and two co-weights ~, 7 can be added as

(V' +7)(=) = (2)7(2).
e For T'=U(1) we have a group isomorphism
X.(U(1)) = Hom(U(1), U(1)) = 7,

where the last identification (the winding number) associates to k € Z the map

z — 2F. Likewise X*(U(1)) = Z.
e Given tori T,T" and a Lie group morphism 7" — T” one obtains group morphisms

X (T) = X(T", X*(T') — X*(T)

by composition.

e For a product of two tori 17,715,
X*(Tl X Tg) = X*(T1> X X*(Tg), X*(Tl X Tg) = X*(Tl) X X*(Tz)

This shows in particular X*(U(1)") = Z', X,(U(1)!) = Z!. Since any T is isomor-
phic to U(1)!, this shows that the groups X*(T'), X.(T) are free abelian of rank
[ =dimT. That is, they are lattices inside the vector spaces

X*(T) @z R = Hom(t,u(1)), X.(T)®z; R = Hom(u(1),t)

respectively.
e The lattices X*(T) and X.(7T) are dual. The pairing (u, ) of p € X*(T') and
v € X,(T) is the composition o~ € Hom(U(1),U(1)) = Z.

Remark 11.2. Sometimes, it is more convenient or more natural to write the group X*(7)
multiplicatively. This is done by introducing symbols e, corresponding to p € X*(T'),
so that the group law becomes e, e, = e, .

Remark 11.3 (Identifications). We have avoided a choice of trivialization of u(1). If
we think of u(1) as skew-adjoint complex matrices of rank 1, hence as iR C C, then
Hom(t,u(1)) is identified as a subspace of Hom(t,C) = (t©)*.
Let A C t be the integral lattice, and A* = Hom(A,Z) its dual. For any weight
pu € X*(T), the differential of p: T — U(1) is a Lie algebra morphism
Tep: t — u(l) =R,

taking A to 2miZ. Conversely, any group morphism arises in this way from a lattice
morphism A — 2miZ. Hence

XN(T)=2m A" Ct'®C.
Similarly,
1
X.(T)=2 —ACt®C.
( ) 2w T ©
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Sometimes, it is more convenient or more natural to absorb the 27i factor in the
definitions. This corresponds to thinking of U(1) & S' = R/Z. Thus u(1) = R (with
the standard lattice Z), leading to identifications X*(T") = A*, X, (T) = A.

FExercise 11.4. An element ty € T is a topological generator of T if and only if the only
weight © € X*(T) with p(to) = 1 is the zero weight.

FExercise 11.5. There is a natural identification
X (T) =2 m(T).
Exercise 11.6. Let
1T —>T —>T-—1

be a finite cover, where T,T" are tori and I' C T” a finite subgroup. Then there is an
exact sequence of groups

1= X (T) = X.(T) > T = 1.
Similarly, there is an exact sequence

1— X*T) = X*(T") - T — 1,
with the finite group I' = Hom(T', U(1)).

11.2. Weights of T-representations. For any p € X*(T), let C, denote the T-
representation on C, with 7" acting via the homomorphism p: 7' — U(1).

Proposition 11.7. Any finite-dimensional irreducible representation of T is isomorphic
to C,, for a unique weight p € X*(T). Thus, X*(T) labels the isomorphism classes of
finite-dimensional irreducible T-representations.

Proof. Let m: T — GL(V) be irreducible. Pick a topological generator ¢t € T, and let
v € V be an eigenvector of 7(t). Then v is also eigenvector of 7(t*) for all k € Z. It
follows that the 1-dimensional subspace span{v} is T-invariant. By irreducibility, this
subspace is all of V. We conclude dim V' = 1. (Alternatively, this follows from Schur’s
lemma.) Any basis vector v gives an isomorphism V = C. The image 7(T) C GL(V) =
GL(1,C) is a compact subgroup, hence it must lie in U(1). Thus, 7 becomes a morphism
p: T — U(1). g

Any finite-dimensional complex T-representation V has a unique direct sum decom-

position
V- @ W

pEX*(T)
where the V, are the C,-isotypical subspaces: the subspaces on which elements t € T
act as scalar multiplication by p(t). Note that since dimC,, = 1, the dimension of the
space of intertwining operators coincides with the dimension of V). This is called the
multiplicity of the weight p in V. We say that p € X*(T) is a weight of V if V,, # 0, i.e.
if the multiplicity is > 0, in this case V), is called a weight space.
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Let A(V) C X*(T) be the set of all weights of the T-representation V. Then
V= V.
HEA(V)
Simple properties are
A(Vi @ V) = A(Vi) UA(VA),
A1 @ V3) = A1) + A(Va),
AV = =A(V).

If V is the complexification of a real T-representation, or equivalently if V' admits a
T-equivariant conjugate linear involution C': V' — V', one has the additional property,

A(V)==A(V).
Indeed, C restricts to conjugate linear isomorphisms V,, — V_,, hence weights appear in

pairs +u, —u of equal multiplicity.

11.3. Weights of G-representations. Let G be a compact connected Lie group, with
maximal torus 7. The Weyl group W acts on the coweight lattice by

(w.y)(2) = w.ry(2), 7€ XAT),
and on the weight lattice by

(wp)(t) = pw8), € X*(T).
The two actions are dual, that is, the pairing is preserved: (w.u, w.y) = (1,7).
Given a finite-dimensional complex representation 7: G — GL(V'), we define the set
A(V) of weights of V' to be the weights of a maximal torus T C G. For u € A(V) denote
by V, the corresponding T-weight space. That is,

m(t)v = p(t)v
forveV,, teT.

Proposition 11.8. Let G be a compact Lie group, and T its mazximal torus. For any
finite-dimensional G-representation w: G — End(V), the set of weights is W -invariant:

W.AV) =A(V).
In fact one has dimV,, , = dimV,.

Proof. Let a € Ng(T) represent the Weyl group element w € W. Then a™*
w™t, and we have

represents

a ‘ta =w(t).
Hence, if v € V,, we have
r(t)m(a)v = m(a)m(w ™ (t))v = p(w™ (t))7(a)v = (w.p)()7(a)v.
Thus 7(a) defines an isomorphism V,, — V. O
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Ezxample 11.9. Let G = SU(2), with its standard maximal torus 7" = U(1) consisting of

diagonal matrices
z 0
(04

with z € U(1) (i.e. |2] = 1). Let w € X*(T) be the generator of X*(7') given by w(t) = z.
Let V(k) be the representation of SU(2) on the space of homogeneous polynomials of
degree k on C?, given by

(9.p)(20,21) = plg~" (20, 21)).

The space V (k) is spanned by the polynomials p(z, 21) = 252, and since
k—2i i k—i

(t-p)(20,21) = p(z 20, 221) = 2 2527
any such polynomial is a weight vector of weight k — 2i. So, the weights of the represen-
tation V' (k) of SU(2) are
AV (k) ={kw, (k—2)w,...,—kw},

all appearing with multiplicity 1. The Weyl group W = Z, acts by sign changes of
weights.

Ezample 11.10. Let G = U(n) with its standard maximal torus 7" = U(1)" given by
diagonal matrices. Let €/ € X*(T) = Z" be the i-th basis vector (the map T — U(1)
given by projection to the i-th factor). The defining representation of U(n) has set of
weights,
A(C™) = {e', ... "},

all with multiplicity 1. The corresponding weight vectors are the standard basis vectors
e1,...,e, € C". The Weyl group S,, acts on the weights by permutation. The weights
of the representation on the k-th exterior power AFC" are

ANFC™) = {e + . e ip < ... < i),
all with multiplicity 1. (The k-fold wedge products of basis vectors e; A --- A e;, are
weight vectors.) The weights for the action on S*C™ are

ASFC™) = {e" + ...+ ¥ i <. < i)

(The k-fold products of basis vectors, possibly with repetitions, are weight Vectors.) The
multiplicity of the weight 1 is the number of ways of writing it as a sum p = € +. ..+ €',

11.4. Roots. The adjoint representation is of special significance, as it is intrinsically
associated to any Lie group. Let G be compact, connected, with maximal torus 7.

Definition 11.11. A root of GG is a non-zero weight for the adjoint representation
on g&. The set of roots is denoted R C X*(T).

That is:
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a finite W-invariant subset of X*(T). The weight spaces g, C g© for roots a € R
are called the root spaces. As remarked above, g_, is obtained from g, by complex
conjugation:

Tt =alt)y = 1(t)7 = a)s = a(t)"17 = ((—a)(t))7

The weight space gg for the weight 0 is the subspace fixed under the adjoint action of T,

that is, t©. Hence
g(C = t(c S¥ @ Ja-
acRr
Ezample 11.12. Let G = U(n), and T'= U(1) x --- x U(1) its standard maximal torus.
Denote by €!,...,€" € X*(T) the standard basis. That is, writing t = diag(zy,...,2,) €
T we have

€(t) = 2.
We have g = u(n), the skew-adjoint matrices, with complexification g© = gl(n,C) =
Mat,,(C) all n x n-matrices. Conjugation

m(t)€ = tét!

multiplies the i-th row by z; and the j-th column by zj_l. Hence, if £ is a matrix having
entry 1 in one (i, j) slot and 0 everywhere else, then

Ady(€) = zizj_lf.
That is, if i # j, £ is a root vector for the root €/ — ¢/. We conclude that the set of roots
of U(n) is
R={e—-¢|i#j}CXT).
FEzample 11.13. For G = SU(n), let T be the maximal torus given by diagonal matrices.
Letting 7" be the maximal torus of U(n), again consisting of the diagonal matrices, we

have an exact sequence

15T —>T E5U1) =1

where the last map is given by the determinant diag(z1, ..., 2,) — 21 - - - 2, hence dually
a sequence of lattices

0— X*(U(1)) = X*(T') — X*(T) — 0.

The kernel of Z" = X*(T") — X*(T'). The kernel of this map is spanned by the vector
€' +...+ ¢ € X*(T"). Thus, we can think of X*(T') as a quotient lattice

X*(T) = spany(e*, ..., €")/spany(e' + ... +€").

The images of €/ — ¢/ under the quotient map are then the roots of SU(n). The root
vectors are the same as for U(n) (since they all lie in sl(n, C)).
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One can get a picture of the root system by identifying X*(7") with the orthogonal
projection of X*(7”) to the space

V =spang{e +... + "} = {Z ae’ € R"| Zai = 0}.

using the standard inner product on X*(7") ®7 R = R™. Note that the standard inner
product is W = §S,-invariant, hence this identification respects the W-action. The
projections of the € are

they generate X*(7) C V. The roots are
ol =0l =€ —€, i#]

A picture of the root system of SU(3):'"

5]

F |
Y
>

In this picture, the so-called simple roots o = €! — €2, = €2 — €3 are a basis for the

lattice generated by the roots (the root lattice). Note that o+ 3 = ¢! — €3 is also a root.
And here is a picture of the weight lattice, and some roots: '®

7Source: wikipedia
18Source: http://tex.stackexchange.com/questions/30301/root-systems-and-weight-lattices-with-pstricks
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In this picture, one uses the alternative notation a; = «, g = 3 for the simple roots.
)\1 :0'1,)\2 :0'1—|'02

(‘the fundamental weights’) are chosen as a basis of the weight lattice, indicated by the
dots. The solid dots are the root lattice, i.e., the lattice spanned by the roots. aq, as are
two of the roots, all other roots are obtained by reflections across the walls.

Ezxample 11.14. Let G = SO(2m) with its standard maximal torus 7" = U(1)™ given by
the block diagonal matrices

RO,) 0 0 0
0 0 0 R(6,,)

Let € € X*(T) be the standard basis of the weight lattice. Thus
by, ...,0m)) =ev.

The complexified Lie algebra g = s0(2m) ® C =: s0(2m, C) consists of skew-symmetric
complex matrices. To find the root vectors, write the elements X € so(2m,C) in block
form, with 2 x 2-blocks X;; = —X; € Maty(C). Conjugation

X s 16, 0,) X0, 0,) "
changes the (7, j)-block of X as follows
Xij ~ R(0:;)Xi; R(—0;).

Recall that R(#) has eigenvalues e, with corresponding eigenvectors

we ()= (1)
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Hence, the eigenvalues for the operator A — R(0)AR(—¢) on Maty(C) are given by

(i046) (i(0-0)  (i(=0+0) i(-0-0)

with corresponding eigenvectors the matrices
U+UI, vpv!, v_vl, v vl

R(O)vy = e vy, vl R(—0) = e*0].
Let ¢« < j be given. Putting
XU = Uivl
(a 2 x 2-matrix), we have
R(QZ)XZ]R(—GJ) = eiwiiijij.

We conclude that the matrix X with these entries for X;; = —X jTZ , and all other block
entries equal to zero, is a root vector for the roots +¢’ + ¢/. To summarize: SO(2m) has
2m(m — 1) roots

R={te £, i<}
This checks with dimensions, since dim 7' = m, dim SO(2m) = 2m?—m, so dim SO(2m) /T =
2(m? — m). Below is this root system for SO(4). '

w2

Ezample 11.15. Let G = SO(2m+1). We write matrices in block form, corresponding to
the decomposition R =R? @ --- @ R2® R. Thus, X € Maty,,1(C) has 2 x 2-blocks
Xi; for i, <m, a1l x1-block X;,41m41, 2 x 1-blocks X; ;41 for ¢ < m, and 1 x 2-blocks
Xmi1, for i < m. As we saw earlier, the inclusion SO(2m) < SO(2m + 1) defines an
isomorphism from the maximal torus 7" of SO(2m) to a maximal torus 7" of SO(2m+1).
The latter consists of block diagonal matrices, with 2 x 2-blocks g; = R(6;) for i =
1,...,mand 1 x 1-block ¢;n41.m+1 = 1. Under the inclusion so(2m, C) — so(2m+ 1, C),
root vectors for the former become root vectors for the latter. Hence, all +¢' + € are
roots, as before.

9Source: en.wikipedia.org/wiki/Root_system
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Additional root vectors X are obtained by putting vy as the X, ,,.; block and its
negative transpose in the Xy, 41, block, and letting all other entries be zero. The corre-
sponding roots are +¢€'. In summary, SO(2m + 1) has roots

R={td £, 1<i<j<m}u{xe, i=1,...,m}.

Picture: %°

B,

This checks with dimensions: We have found 2m(m — 1) + 2m = 2m? roots, while
dim SO(2m + 1)/T = (2m* + m) — m = 2m?>.

Note that in this picture, the root system for SO(2m + 1) naturally contains that for
SO(2m). Note also the invariance under the Weyl group action in both cases.

Ezxample 11.16. Let G = Sp(n), viewed as SU(2n)NSpin(2n, C), and let T be its standard
maximal torus consisting of the diagonal matrices

. Z 0
“\0 Z
with Z = diag(z1, ..., z,). Recall that we may view T as the image of the maximal torus

T" C U(n) under the inclusion U(n) — Sp(n) taking A to ( 181 % ) As before, we
have
X*(T) = spany/(e*, ..., €").

To find the roots, recall that the Lie algebra sp(n) consists of complex matrices of the

form B
[ a —b
5_(1) a)’

with a” =@, b" = b. Hence its complexification sp(n) ® C consists of complex matrices
of the form
a b
5_ ( c _aT ) ’

20Source: en.wikipedia.org/wiki/Root_system
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with b7 = b, ¢ = c. Thus
11! — ZaZ ! ZbZ
“\ Z7tez7t —Z7%Z
We can see the following root vectors:
- Taking a = 0, ¢ = 0 and letting b be a matrix having 1 in the (4, j) slot and zeroes
elsewhere, we obtain a root vector £ for the root € + €.
- Letting a = 0, b = 0, and letting ¢ be a matrix having 1 in the (4, 7) slot and
zeroes elsewhere, we obtain a root vector ¢ for the root —e® — €.
- Letting b = 0, ¢ = 0 and taking for a the matrix having a;; = 1 has its only
non-zero entry, we obtain a root vector for € — ¢/ (provided i # j).
Hence we have found
nn+1) n(n+1)

5 + 5 + (n* — n) = 2n?

roots: ’ . .
R={te'td[1<i<j<m}uUu{£2e|i=1,...,m}
Picture: 2!

Cc2

34

This checks with dimensions: dim(Sp(n)/T) = (2n? + n) —n = 2n%. Observe that the
inclusion u(n) — sp(n) takes the root spaces of U(n) to root spaces of Sp(n). Hence,
the set of roots of U(n) is naturally a subset of the set of roots of Sp(n).

Suppose G, G’ are compact, connected Lie groups, and ¢: G — G’ is a covering map,
with kernel I'. Then ¢ restricts to a covering of the maximal tori,
1T =TT —1,

hence X, (7T) is a sublattice of X, (T"), with quotient I"; while X*(7”) is a sublattice of

X*(T), with quotient T' = Hom(T', U(1)). The roots of G are identified with the roots of
G" under the inclusion X*(7") — X*(T).

Ezxample 11.17. Let G’ = SO(2m), and G = Spin(2m) its double cover. Let €y,..., €,
be the standard basis of the maximal torus 7" = U(1)™. Each ¢;: U(1) — 7" may be re-
garded as a loop in SO(2m), and in fact any of these represents a generator m (SO(2m)) =

21Source: en.wikipedia.org/wiki/Root_system
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Zs. With a little work, one may thus show that X, (7') is the sublattice of X, (7") consist-
ing of linear combinations Y ;" a;e" with integer coefficients, such that Y " a; is even.
Generators for this lattice are, for example, €; —€g, €a—€3, ..., 6,1 —€p, €,_1+€,. Dually,
X*(T) is a lattice containing X*(T") = spany(e!,...,e™) as a sublattice. It is generated
by X*(T") together with the vector 3(e' + ...+ €"). The discussion for Spin(2m + 1) is
similar.

To summarize some of this discussion, we have the following data for the classical
groups:

| |rank | name | dim | w | E=X"(T)®,R | R
Alir>1] su+1) [2+2 Sii {a e RH| Y0 a; =0} {e —el|i+# j}
By [1>2|Spin(2l + 1) | 22+ 1| (Zy)' % S, R* {F+et+ 6] i <5} U {£e'}
| 1>3 Sp(1) 22 41| (Zy)' xS, R’ {6 £ 6| i< j}U{£2e}
Dy|1>4] Spin(2l) |22 —1|(Zy)""t xS R* {6 i < g}

12. PROPERTIES OF ROOT SYSTEMS

Let G be a compact, connected Lie group with maximal torus 7. We will derive
general properties of the set of roots /8 C X*(T') of G, and of the decomposition

o“ = o P

acR

12.1. First properties. We have already seen that the set of roots is W-invariant, and
that the roots come in pairs £a, with complex conjugate root spaces g_, = g,. Another
simple property is

Proposition 12.1. For all o, 5 € A(g®) = RU {0},
(80, 95] C a+s
In particular, if o + B & A(gS) then [ga,95) =0, and [ga, §_a) C t€ for all roots a.
Proof. The last claim follows from the first, since go = t*. For X € g,, Y € gz we have
Ad@)[X, Y] = [Ad([) X, Ad([)Y] = a(t) B(1)[X, Y] = (a + B)(H)[X, Y].
This shows [X,Y] € gats- O

Let us fix a non-degenerate Ad-invariant inner product B on g. Its restriction to t is
a W-invariant inner product on t. We use the same notation B for its extension to a
non-degenerate symmetric complex-bilinear form on g®, respectively t©.

Proposition 12.2. The spaces gq, 83 for a+ 3 # 0 are B-orthogonal, while gq, g—o are
non-singularly paired.
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Proof. It X € go, Y € g, then
B(X,Y)=B(Ad; X, Ad,Y) =a(t)(t)B(X,Y) = (a+ 5)(t) B(X,Y)

for all ¢ € T. This shows that B(ga, g3) = 0 for a + 3 # 0.
Since B is nondegenerate, we have B(X, X) > 0 for all non-zero X € g¢. Taking
X € go, we have X € g_,. This shows that g,, g_, are non-singularly paired. U

12.2. The Lie subalgebras sl(2,C), associated with roots. We shall make use of
some representation theory of sl(2,C), as discussed in Section 10.2. More precisely, we

shall use the following facts.
Recall that sl(2,R) (and hence sl(2,C)) has the standard basis e, f, h with bracket
relations

le, fl = h, [h,e] = 2e, [h, f] = —2f.

For all k € Z> there is a unique (up to isomorphism) irreducible sl(2, C)-representation
V (k) of dimension k+1. It is explicitly realized as the space of homogeneous polynomials
of degree k in z,w, with e, f, h represented by the differential operators

0 0 0 0
Z2—, W, 27 —W—.
ow’ 9z "0z dw
For arbitrary (not nececessarily irreducible) finite-dimensional sl(2, C)-representations,
we have:

N\

Lemma 12.3. Let w: s[(2,C) — End(V) be a finite-dimensional complex s((2, C)-
representation. Then w(h) has integer eigenvalues, and

V:@Vm

MmEZL
15 a direct sum of the eigenspaces. We have

w(e): Vin = Vinao, 7(f): Vin = Vipeoa.

Furthermore,

ker(w(f)) C @ Vi,  ker((e)) € EP Vin-

m<0 m>0

Proof. All these claims are evident for irreducible representations V' (k), hence they also
hold for direct sums of irreducibles. O

We return to the compact Lie group G, with maximal torus 7.
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Theorem 12.4.
(a) For every root o € R, the spaces

Oas O—as [a, 0—a

are 1-dimensional.
(b) We may choose generators e, € 8o, fo € 8—a) ha € [§a) §—a] such that

[honea] = 26017 [houfoz] - _2fa> [eaafa] = ha-

Here the choice of hy, is unique, and hg = —heg.

J

We shall use the following notation. For every u € X*(T) = Hom(7,U(1)) we have
Tepo € Hom(t,u(1)). For simplicity, we will write p in place of T,u. We will regard u(1)
as skew-Hermitian 1 x 1-matrices, that is, as imaginary numbers. With this notation,
we have

p(exp h) = exp(u(h)), het
for p e X*(T).
In particular, the infinitesimal roots a satisfy Ad;(X) = «a(t)X for X € g, abd t € T,
hence

[h, X] = a(h)X
for all X € g, and h € t.

Proof. We begin by proving that [ga, o] is 1-dimensional. Pick an invariant inner
product B on g. Let H, € t© be defined by

a(h) = B(Hy, h)
for all h € t. Since a(h) € iR for h € t, we have H, € it, hence
a(H,) = B(H,, H.) < 0.
For all h € t* and all X € g,, Y € g_, we have
B([X,Y], h) = B([h, X],Y)
= a(h)B(X,Y)
= B(X,Y)B(H,, h)
= B(B(X,Y)Ha, h).
This shows
[X,Y] = B(X,Y)H,,

proving that [ga, g o] C spangc(H,). Taking X € g, be non-zero, and Y = X, we see
that equality holds:

[gaa g—a] = SpanC(HOé)'
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This proves dimc|ga, -] = 1. Now put

ho = ————H, € it,
B(H, Hy) "
a negative multiple of H,. Then hy = —he, and
alhy) = 2.

Clearly, h,, is the unique element of [g,, g_»] with this normalization.

For fixed choice of e, € g4, choose f, € g_, such that B(e,, fo) # 0. By the above,
[ea, fa] 1S a nonzero multiple of h,, and we may normalize further so that

[eom fa] = ha-
Since
[, €a] = a(hy)eq = 264,
and similarly [hq, fo| = —2fa, We see that ey, fo, ho span an s[(2, C) subalgebra.

Let us view g* as a complex representation of this sl(2, C) subalgebra, by restriction
of the adjoint representation. The operator ad(h,) acts on g, as the scalar a(h,) = 2.
Hence ad(f,): g« — o is injective. (See Lemma 12.3.) Since its image spang(hg) is
1-dimensional, this proves that g, is 1-dimensional, and so is g_o = fa. U

Thus
5[(27 C)a = Span@(eaa faa ha) - dc

is a complex Lie subalgebra isomorphic to s[(2,C). Here h, is uniquely determined by
the condition a(h,) = 2, while e, (and hence f, = —€, are uniquely determined, up to
complex number of absolute value 1, by the requirement [e,, €] = —haq.

We may also consider a ‘real” version of this result, associating with o a subalgebra
s5u(2),. Note that in terms of the standard basis of sl(2,C), the subalgebra su(2) may
be regarded as fixed point set of the conjugate linear involution of sl(2, C), given by

hw— —h, e— —f f+— —e.

Proposition 12.5. We may arrange the basis €y, fu, ha 0f $1(2,C), C g in such
a way that o
€y = _fa7 ha = _ha'

Hence, s1(2,C), is invariant under complex conjugation, with real part

s5u(2), = spang(eq — fa,i(€a + fo),iha) C @

Proof. For any choice of non-zero e, € g, the bracket
[eou a] = B(eou Q)Ha

is a positive multiple of H,, hence a negative multiple of h,. We hence may normalize
o (up to a scalar in U(1)) by requiring that [e,, €s] = —ha, and put f, = —¢,. O
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Remark 12.6. The injective Lie algebra morphism
su(2), — ¢
exponentiates to a Lie group morphism
SU(2), — G.

Since SU(2) has center Zsy, this morphism is either an embedding as a subgroup or a
covering onto an SO(3) subgroup. (The two cases are distinguished by whether exp(7ih,,)
is equal to e € G or not.)

We will get a lot of information by viewing g© as a representation under sl(2, C),, for
roots a.. The property [g., 85] C 9,45 for 8,7 € A(g®) shows
(7) ad(ea): 85 = 8p+a: ad(fa): 95 = Gp—a, ad(ha): g5+ gp-

The scalar by which ad(h,) acts on gg is S(ha); the sl(2, C)-representation theory
(Lemma 12.3) tells us that this is necessarily an integer:

(8) B(ha) € Z.

Also by sl(2, C)-representation theory (Lemma 12.3), if this integer is > 0, then the map
ad(fa): 95 — 8s—a is injective. Hence, for 5 # 0, f — a # 0 it must be an isomorphism
(since both spaces are 1-dimensional), and ad(e,): gg—a — @p is an isomorphism as well.

[ Theorem 12.7. If o € R, then RaNR = {«a, —a}. ]

Proof. We may assume that « is a shortest root in the line Rae. We will show that t« is
not a root for any ¢ > 1. Suppose on the contrary that § = ta is a root for some t > 1,
and take the smallest such ¢. Since

a(thy) = ta(hy) = 2t > 0,

it follows that ad(fa): gta — @(t—1)a is an isomorphism. Since ¢t > 1, and since there
are no smaller positive multiples of a that are roots, other than « itself, this implies
that ¢t = 2, and ad(f,): @20 — @a is an isomorphism. But this contradicts the fact that
ad(ey) acts as zero on g,. (See Lemma 12.3.) O

12.3. Co-roots. Let SU(2), — G be the Lie group morphism exponentiating the inclu-
sion su(2), C g. Let

T, CSU(2),
be the maximal torus obtained by exponentiating spang(ih,) C t. The morphism T, —
T defines a morphism of the coweight lattices,

9) X.(T,) = X.(T).

But T, = U(1), by exponentiating the isomorphism t, — u(1) = iR, ish, — is. Hence
X.(T,) = X.(UQ1)) =Z.
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Definition 12.8. The co-root o € X,(T') corresponding to a root « is the image
of 1 € Z = X,(T,) under (9). The set of co-roots is denoted RY C X, (T).

Note that 2wih, € t, generates the integral lattice A, of T,,. Thus,
o’ = h,

under the identification X,(7") ®z R = Hom(u(1),t) = it.

Remark 12.9. (a) As for any pairing between weights and coweights, we have that
(8Y,a) €Z
for all o, 5 € R. (Actually, we already observed a(hg) € Z.) In particular,
(o, a) =2

as a consequence of the equation a(h,) = 2.
(b) For any invariant inner product B on g we have that

B(ha,h) = B(lea; fol, h) = a(h)B(ea, fa)

which shows h, = B(eq, fo)a. Thus, @ is a multiple of a under these identifica-
tions.

We can be more specific. The restriction of B to t* identifies t© 2 (to)*. Its restriction
to the real vector space

E=X"(T)®zR C (to)"

is negative definite; after changing sign we obtain a W-invariant inner product (-,-) on
E, used to identify £ = E*. Hence, h, is regarded as an element of . With this choice,
aV is a scalar multiple of a. 22

Proposition 12.10. We have that

Proof. We have

he = a¥ = ca
for some ¢ € R. Taking inner product with a, we obtain 2 = (a, h,) = ¢(a, ). Thus
¢ =2/(a,a), and we arrive at the formula. O

This is often used as the definition of ", and in any case allows us to find the co-roots
in all our examples U(n), SU(n), SO(n), Sp(n).

22This fact does not actually depend on the choice of (+,+), so long as it is W-invariant.
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Example 12.11. Recall that SO(2m) has roots o = 4’ + ¢’ for i # j, together with roots
3 = €. In terms of the standard inner product (-,-) on X*(T) ®z R, the co-roots for
roots of the first type are o = d€' & ¢/, while for the second type we get 3" = 2¢'. Note
that these co-roots for SO(2m) are precisely the roots for Sp(m). This is an example of
Langlands duality.

12.4. Root lengths and angles. Choose a W-invariant inner product (-,-) on the real
vector space £ = X*(T') ®z R.

Theorem 12.12. Let o, 5 € R be two roots, with ||5|| > ||a||. Suppose the angle
0 between «, 3 is not a multiple of 3. Then one of the following three cases holds
true:

IEE n

=1 O =-+— d
ol ~ g OO
IEE 7
=2 f=+4= d
ol =~ = g e
IElE n
T =3 f=+4— dr.
ol = 6 0T

Proof. Since («, 8) = ||a]] ||8]| cos(), we have

(0¥, ) =271 cos(0)
v Mcos
07, @) =2y ) cos()

Multiplying, this shows
(¥, B) (BY,a) = 4cos? 0.
The right hand side takes values in the open interval (0,4). The left hand side is a
product of two integers, with |(«", )| > [(8Y,@)|. If cos® > 0 the possible scenarios
are:
1-1=1, 2.1=2, 3-1=3,

while for cos @ < 0 the possibilities are

(=D-(=1)=1, (=2)-(-1) =2, (=3)-(-1)=3.

Since ) y
18I _ (a¥,8)
o> (6Y, )
we read off the three cases listed in the proposition. Il

These properties of the root systems are nicely illustrated for the classical groups. Let
us also note the following consequence of this discussion:
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Lemma 12.13. For all roots «v, B € R, the integer (o, B) lies in the interval [—3,3]. If
a, B are not orthogonal, and ||5|| > ||a]|, then
6 2
0.8 = 100 e (1,2.3).
[lal]
12.5. Root strings. Making further use of the s[(2, C)-representation theory, we next
prove:

e )

Theorem 12.14. (Root strings.) Let o, B € R be roots, with  # +a. Then
(a)
(a¥,B8) <0=a+p R

(Thus: If two roots form an obtuse angle then their sum is a root.)

(b) There exist integers q,p > 0 such that for any integer r € 7Z,
B+raeR & —q<r<p.
These integers satisfy
qg—p={a’,B).

The direct sum @?:_q 0+ja 15 an irreducible sl(2,C),-representation of

dimension p + q + 1.
(¢) If o, B,cx + B are all roots, then

[gon gﬁ] = Ba+3-

Proof. We will regard g as an sl(2, C),-representation. By definition of the co-roots, we
have
ad(ha)es = (a”, B)es
for eg € gg.
(a) Suppose  # —a is a root with (", 5) < 0. Since ad(h,) acts on gz as a negative

scalar (o, 8) < 0, the sl(2, C)-representation theory shows that ad(e,): gg —
ga+4 1s injective. In particular, g, is non-zero.

(b) Consider
V= EB 9p+ja
jez
as an sl(2,C),-representation. The operator ad(h,) acts on the 1-dimensional
space gg4ja as
(", B) + 2j.
We hence see that the eigenvalues of ad(h,,) on V are either all even, or all odd, and
they are all distinct (i.e., multiplicity one). But for any finite-dimensional complex
5[(2, C)-representation, the number of irreducible components is the multiplicity
of the eigenvalue 0 of ad(h), plus the multiplicity of the eigenvalue 1. This shows
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that V' is an irreducible sl(2, C),-representation. It is thus isomorphic to V' (k),
where k + 1 =dim V.
Let g,p be the largest integers such that ggi,n # 0, respectively gs_q4q 7# 0.

Thus
p
V= GB 9p+ja-

Jj=—q

Recall that k is the eigenvalue of ad(h,) on ker(ad(e,)) NV = gp1pa, while —k is
its eigenvalue on gg_qq. This gives,

k= {(a",B)+2p, —k=(a",B)—2q.

Hence k =g+ p and ¢ —p = (", B).
(c) The last claim follows from (b), since ad(e,): g3 — gs+q for non-zero e, € g, is
an isomorphism if gg, g+ are non-zero.

g

The set of roots 8 + ja with —qg < 7 < p is called the a-root string through j3.
Lemma 12.15. The length of any root string is at most 4.

Proof. 1t 3 is such that § — « is not a root, we have ¢ = 0, k = p = —(a", ). By
Lemma 12.13, this integer is < 3. Hence, the length of any root string is at most 4. [J

12.6. The reflection group defined by the root system. Let
E=X"(T)®zR

be the real vector space spanned by the weight lattice. (It may be identified with
it* C t5.) Its dual is identified with the vector space spanned by the coweight lattice:

E* = X,(T) @2 R.

The Weyl group W = Ng(T')/T acts faithfully on £ (and dually on E*), hence it can be
regarded as a subgroup of GL(E). We will now now realize this subgroup as a reflection

group.
Let a € R be a root, and
Jo: SU2)q = G

the corresponding rank 1 subgroup. Let T, C SU(2), be the maximal torus as before,
N(T,) its normalizer in SU(2),, and W, = N(T,,)/T = Z, the Weyl group.
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Proposition 12.16. The morphism j, takes N(T,) to Ng(T). Hence it descends
to a morphism of the Weyl groups, W, — W . Letting w, € W be the image of the
non-trivial element in W, its action on E 1is given by

Wo pb=p—{a’,pa, p€E
and the dual action on E* reads

we € =E&— (£ a)a’, £€E.

Proof. Consider the direct sum decomposition
€ = spang(ha) @ ker(a).

Elements h € ker(a) commute with e,, fa, ha, hence [ker(a),sl(2,C),] = 0. It follows
that the adjoint action of j,(SU(2),) on g® fixes the subspace ker(a) C €. In particular,
the normalizer N(T,) acts trivially on ker(a). On the other hand, N(7,) preserves
tC = spanc(h,) Hence, all t© (and consequently t) is preserved under the action of
N(T,), proving that
Ja(N(T5)) € Ne(T).

We also see that w, acts trivially on ker(a), and as —1 on span(h,). This shows that
the action of w, on E* is a reflection:

wof = € — (€, a)a”, €€ B,
The statement for the weight lattice follows by duality (and using w? = 1):
(& wapt) = (Wak, 1)
= (& 1) — (", m)(&, a)
= (& pn— (" wa),
for £ €e E*,ue F. O

Remark 12.17. Explicitly, using the basis e, fa, ho to identify SU(2), = SU(2), the
element w, is represented by

i ( Y ) € Nu(T).

Let us now use a W-invariant inner product (-,-) on E to identify E* = E. Recall
that under this identification, oV = (j%) The transformation

(cv, 1)
(o, @)

wa(:u)::u_z «

is reflection relative to the root hyperplane *

H, = spang(a)* C E.

23This H, has nothing to do with the element H, used in some earlier proof.
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It is natural to ask if the full Weyl group W is generated by the reflections w,, a € .
This is indeed the case, as we will now demonstrate with a series of Lemmas.

Definition 12.18. An element x € F is called regular if it does not lie on any of
the root hyperplanes, and singular if it does.

Let
E* = E\ | | H., B =) H,
aceR aER
be the set of regular elements, respectively singular elements. For any h € {©, the
ker(ad(h)) C g is invariant under the adjoint representation of 7' C G, hence is a sum

of t© and possibly some root spaces g,. But ad(h) acts on the root space g, as a scalar
ic(h)). This shows
ker(ad(h)) =t“© B ga.
o: a(h)=0
Recall again that E = 1t, this applies in particular to x € E. In particular, z € F is
regular if and only if ker(ad(x)) = tC.

Proposition 12.19. An element x € E is reqular if and only if its stabilizer under
the action of W is trivial.

Proof. If x is not regular, there exists a root o with (a,z) = 0. It then follows that
we(z) = .

If x is regular, and w € W with w(z) = =z, we will show that w = 1. Write z =
ih. Since ker(ad(h)) = t©, we have that t is the unique maximal abelian subalgebra
containing h. Equivalently, T"is the unique maximal torus containing the 1-parameter
subgroup generated by the element h € t.

Let g € Ng(T) be alift of w. Then Ad,(h) = h, hence Ad, fixes 1-parameter subgroup
generated by h and hence fixes the torus T'. It follows that g € T, proving that w = 1. [

Remark 12.20. This result (or rather its proof) also has the following consequence. Let
g'°¢ C g be the set of Lie algebra elements £ whose stabilizer group

Ge = {9 € G| Ady(§) = ¢}
under the adjoint action is a maximal torus, and g®"¢ = g\g"® those elements whose
stabilizer is strictly larger than a maximal torus. Then

gent
is the set of all £ € t such that da(§) # 0 for all roots a.

Exercise 12.21. For arbitrary £ € t, the stabilizer G¢ = {g € G| Ad,(§) = £} contains T,
hence gg is a sum of weight spaces. Which roots of G are also roots of G¢? What can
you say about the dimension of G¢?
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Definition 12.22. The connected components of the set £E**® are called the open
Weyl chambers, their closures are called the closed Weyl chambers.

Unless specified differently, we will take Weyl chamber to mean closed Weyl chamber.
Note that the Weyl chambers C' are closed convex cones. (That is, if z,y € C then
re+ sy € C for all r;s > 0.) The Weyl group permutes the set of roots, hence it acts by
permutation on the set of root hyperplanes H, and on the set of Weyl chambers.

Proposition 12.23. The Weyl group acts freely on the set of Weyl chambers.
That is, if C' is a chamber and w € W with wC C C' then w = 1.

Proof. If wC = C, then w preserves the interior of C. Let x € int(C). Then w'z € int(C)
for all i > 0. Letting k be the order of w, the element 2’ := x +wx + ... w* 'z € int(C)
satisfies wa’ = 2/. By the previous Lemma this means w = 1. O

Fzxercise 12.24. Show that for x € F, the stabilizer of x under the W-action is generated
by all w, such that x € H,.

Exercise 12.25. Let C be a fixed (closed) Weyl chamber.

(a) Let D C C one of its ‘faces’. (Thus D is the intersection of C' with some of the
root hyperplanes.). Show that if w(D) C D, then wz = x for all z € D. (Hint:
D can be interpreted as the Weyl chamber of a subgroup of G.)

(b) Show that if w € W takes x € C to 2’ € C then 2’ = x.

We say that a root hyperplane H, separates the chambers C,C" C F if for points x, 2’
in the interior of the chambers, (z,a) and (2’,«) have opposite signs, but (z,3) and
(«', B) have equal sign for all roots § # +«a. Equivalently, the line segment from x to z’
meets H,, but does not meet any of the hyperplanes Hg for 8 # +a.

Lemma 12.26. Suppose the root hyperplane H, separates the Weyl chambers C,C".
Then w, interchanges C,C".

Proof. This is clear from the description of w,, as reflection across H,, and since w, must
act as a permutation on the set of Weyl chambers. U

Since any two Weyl chambers are separated by finitely many root hyperplanes, it
follows that any two Weyl chambers are related by some w € W. To summarize, we
have shown:

Theorem 12.27. The Weyl group W acts simply transitively on the set of Weyl
chambers. That is, for any two Weyl chambers C,C" there is a unique Weyl group
element w € W with w(C) = C". In particular, the cardinality |W| equals the
number of Weyl chambers.
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Corollary 12.28. Viewed as a subgroup of GL(E), the Weyl group W coincides with
the group generated by the reflections across root hyperplanes H,.

13. SIMPLE ROOTS, DYNKIN DIAGRAMS

13.1. Simple roots. Let us fix a (closed) Weyl chamber C,, called the positive or
fundamental Weyl chamber. Then any Weyl chamber is of the form C = wC, for a
uniquely determined w € W. The choice of C'; determines a decomposition

R =R, UR_

into positive roots and negative roots, where R are the roots a with («, z) > 0 (resp. < 0)
for x € int(Cy).

Definition 13.1. A simple root is a positive root that cannot be written as a sum
of two positive roots. We will denote the set of simple roots by II.

Proposition 13.2. The simple roots Il = {aq,...} satisfy (o), ;) < 0 for
i .

Proof. If o, a; are distinct simple roots, then their difference o; — «; is not a root.
(Otherwise, either a; = a; + (o — o) or a; = a; + (oj — ;) would be a sum of two
positive roots.)

On the other hand, we had shown (Theorem 12.14) that if two roots «, 3 satisfy
(@Y, B) < 0, then their sum a + /3 is a root. Applying this to a = o, 8 = —a; it follows
that (o), —a;) > 0, hence (o), ;) < 0. O

Proposition 13.3 (Simple roots). The set II = {ay,...aq} of simple roots has
the following properties.

(a) The set 11 is linearly independent.
(b) Every root a € Ry may be written as a sum of simple roots (possibly with
multiplicities). That is,

l
o = E kiOéi
=1

for some k; € Z>.

Proof. Fix an element z, € int(C,) C E, that is, (o, x,) > 0 for all « € R,
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(a) Proof of linear independence of II. Suppose ) . k;co; = 0 for some k; € R. Let

(10)

My = Z kiOéi, n— = Z kjaj.

k;>0 k]' <0

Then oy = —p—. Taking the scalar product and using (o, a;) < 0 for ¢ # j we
obtain

0 < ull? = =(py,p) = - Z kikj(c, o) < 0.
ki>0, k]'<0
Hence py = 0. This shows
Z k’l'OéZ' = O, Z k?j(l/j = 0.
k;>0 kj<0

Since the «; are strictly positive on int(C'), the first sum must be empty — there
are no k; > 0. Similarly, there are no k; < 0. This proves that all k; = 0.

(b) We want to show that any o € 2, can be written in the form a = ) k;a; for

some k; € Z>o. Suppose the claim is false, so that there exist counter-examples
a € R, that cannot be written in this form. Fix z € int(C), and let a € R, be
a counterexample for which (a, ) takes on its minimum.

Since « is not a simple root, it can be written as a sum o = o + o” of two
positive roots. Both (o/,x) > 0, (a”,x) > 0 are strictly smaller than their sum
(ar, ) > 0. Hence, neither o/ nor o is a counterexample, and each can be written
as a linear combination of «;’s with coefficients in Z>,. Hence the same is true of
«, hence « is not a counterexample. Contradiction.

g

Let us stress the following interesting consequence of part (b): If «v is a root, then its
coeflicients with respect to the basis of simple roots are either all > 0 or are all < 0.

e

Definition 13.4. For a € R, we define its height ht(a) € N as

where a = 3. kja;.

ht(a) = ks

7

The proposition shows that the simple roots are a basis of the root lattice span, R C
X*(T). Dually, the simple co-roots RY = {ay,..., )} are a basis of the co-root lattice
span; RY C X, (T).

Proposition 13.5. The positive Weyl chamber is described in terms of the simple
r00ts as

Ci={ze€eE| (a;,z) >0, i=1,...,1}.
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Proof. By definition, C is the set of all z with (o, z) > 0 for « € PR,. But since every
positive root is a linear combination of simple roots with non-negative coefficients, it
suffices to require the inequalities for the simple roots. O

In particular, the positive Weyl chamber C'; is a simple polyhedral cone, cut out by [
inequalities.

Corollary 13.6. Fvery root o € R is W-conjugate to a simple root «;.

Proof. Let C' be a chamber bounded by H,. Replacing C' with —C' if needed, we may
assume (o, x) > 0 for z € int(C). Choose w € W with wC = C4. Then H,, is one of
the bounding hyperplanes for the chamber wC = ', with wa taking positive values on
int(Cy). Thus wa = +aq; for some simple root «;. d

Let s; = w,, be the reflection defined by the simple root «;.

[ Proposition 13.7. The Weyl group is generated by the simple reflections. ]

Proof. We have to show that every w € W is a product of simple reflections. It suffices
to prove this for w = w,. We use induction on ht(a). Write @ = Zj kja; € Ry, By
Proposition 13.3, we have k; > 0 for all j. Since

0< (o) = ij(ozj,a),

there exists ¢ with (ay,«) > 0. That is, (a;,a) > 0. The corresponding reflection
satisfies
s =a — (o), a)ay;
hence, in terms of s;ja = ) Kja; we have k = k; for j # i while ki = k; — (o, ) < k;.
Hence ht(s;a) < ht(a). We have ws,, = s;w45;; by induction it is a product of simple
reflections. Hence
Wy = siwsmsi

is a product of simple reflections. O

Exercise 13.8. Show that s; permutes the set Ry — {a;}. (Hint: Write o = >~ kja,
and make use of Proposition 13.3.)

13.2. Cartan matrix, Dynkin diagram.

Definition 13.9. The [ x l-matrix with entries A;; = (o, a;) is called the Cartan
matriz of G (or of the root system R C F).

Note that the diagonal entries of the Cartan matrix are equal to 2, and that the
off-diagonal entries are < 0.
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Ezxample 13.10. Let G = U(n), and use the standard inner product on £ = X*(T)®@zR =
spang (€', ... €") to identify £ = E*. Recall that U(n) has roots o = ¢ — ¢ for i # j.
The roots coincide with the coroots, under the identification £ = E*.

Let x, =ne; + (n — 1)ea + ... + €,. Then (o, u) # 0 for all roots. The positive roots
are € — ¢/ with i < j, the negative roots are those with ¢ > j. The simple roots are

N={c—€, &—¢e,..., -,

and are equal to the simple co-roots IT". For the Cartan matrix we obtain the (n —1) x
(n — 1)-matrix,

2 -1 0 0 0

-1 2 -1 0 0

A 0o -1 2 -1 0
2 -1

-1 2

This is also the Cartan matrix for SU(n) (which has the same roots as U(n)).

Ezxample 13.11. Let G = SO(2] + 1). Using the standard maximal torus and the basis
X*(T) = spang(ey, . .., €'), we had found that the roots are

R={de £e:i+#j}uU{Ee}

Let z, = ney + (n - 1)62 + ...+ €. Then (z,,a) #0 for all roots a.. The positive roots
are the set of all € — ¢/ with ¢ < j, together with all €' + €’ for ¢ # j, together with all
€'. The simple roots are

M={e - —&,... 1 —€ L

Here is the Cartan matrix for [ = 4:

2 -1 0 0
-1 2 -1 0
A=109 1 92
0 0 -2 2

The calculation for Sp(/) is similar: One has
M={ - -, ... 1 —€ 2},
with Cartan matrix the transpose of that of SO(2[ + 1).
A more efficient way of recording the information of a Cartan matrix is the Dynkin

diagram?*.

24Dynkin diagrams were used by E. Dynkin in his 1946 papers. Similar diagrams had previously been
used by Coxeter in 1934 and Witt 1941.
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Definition 13.12. The Dynkin diagram of G is a graph, with

e vertices (nodes) the simple roots,
e edges between vertices ¢ # j for which (ay, o) # 0.

One gives each edge a multiplicity of 1,2, or 3 according to whether

(e, o) =

(for ||ay|| < ||eul]) equals 1,2 or 3. For edges with multiplicity 2 or 3, one also
puts an arrow from longer roots down to shorter roots.

Note that the Dynkin diagram contains the full information of the Cartan matrix.

Fzxample 13.13. There are only four possible Dynkin diagrams with 2 nodes:

(a) a disconnected Dynkin diagram (corresponding to SU(2) x SU(2) or SO(4))

(b) a connected Dynkin diagram with an edge of multiplicity 1 (corresponding to
Ay = SU(3))

(c) a connected Dynkin diagram with an edge of multiplicity 2 (corresponding to
By = Spin(5))

(d) a connected Dynkin diagram with an edge of multiplicity 3 (corresponding to the
exceptional group G)

FExercise 13.14. Using only the information from the Dynkin diagram for G, give a
picture of the root system for G5. Use the root system to read off the dimension of G,
and the order of its Weyl group. Show that the dual root system SR for G5 is isomorphic
to R.

Theorem 13.15. The Dynkin diagram determines the root system R, up to iso-
morphism.

Proof. The Dynkin diagram determines the set II of simple roots, as well as their angles
and relative lengths. The Weyl group W is recovered as the group generated by the
simple reflections s; = w,,, and
R = WIL
O

Hence, given the Dynkin diagram one may recover the root system, the Weyl group,
the Weyl chamber etc.

Ezample 13.16. The Dynkin diagram of SO(5) has two vertices aq, ag, connected by an

edge of multiplicity 2 directed from a; to as. Thus [|ay||* = 2||as||?, and the angle

between aq, as is %’T. It is standard to work with a normalization where the long roots



106

satisfy ||a||* = 2. A concrete realization as a root system in R? is given by a; = €' — €?

and o = €2; other realizations are related by an orthogonal transformation of R2.
The corresponding co-roots are o) = e¢! — € and o = 2¢%. Let sy, s9 be the simple

reflections corresponding to aq, as. One finds
Sl(klifl + k262) = k’162 + k2€1, 82(l1€1 + l2€2) = 1161 — l2€2,

Hence

which recovers all the roots. The Weyl group is the reflection group generated by s1, ss.
As an abstract group, it is the group generated by s1, s with the single relation (s;5,)% =
1.

13.3. Serre relations. The big question remains: How to recover the Lie algebra g =
Lie(G) from the Dynkin diagram? It turns out that there is an explicit description in
terms of generators and relations. Let G be a compact simply connected Lie group, with
given choice of maximal torus T" and positive Weyl chamber C,. Let IT = {ay, ..., q}
be the set of simple roots. Let

hi € [gai’g—ai]u e; € Ba;; fZ € [y -

by standard generators of the corresponding s((2, C); thus «;(h;) = 2, [e;, €| = —hi, fi =
—F;.

Theorem 13.17 (Serre relations). The elements e;, f;, h; generate g©. They satisfy
the relations,

(S1)  [hi,hy;] =0,

(52) e, f3] = dihi,

(53)  [hi, 5] = ayjey,

(54) [, fi] = —aifj,

(55)  ad(e;)' ™" (e;) =0,

(56)  ad(fi)'""(f;) =0
where a;; = (o), o).
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Proof. Induction on height shows that all root spaces g, for positive roots are in the
subalgebras generated by the e;, f;, h;. Indeed, if « € R, we saw that a = § + «, for
some € Ry with ht(8) = ht(«) = 1, and [e,, 95| = 9p+a. since a,, a, 5 are all roots).
Similarly the root spaces for the negative roots are contained in this subalgebra, and
since the h; span t©, it follows that the subalgebra generated by the e;, f;, h; is indeed
all of g&. Consider next the relations. (S1) is obvious. (S2) holds true for i = j by our
normalizations of e;, f;, h;, and for i # j because [ga,, §—a,] € Ja;—a, = 0 since a; — o is
not a root. (S3) and (S4) follow since e, f; are in the root spaces g.q,:

[hi, e;] = da(hi)e; = (o), o) e; = age;

and similarly for [h;, f;]. For (S5), consider the a;-root string through ;. Since o — «;
is not a root, the length of the root string is equal to k4 1 where —k is the eigenvalue of
ad(h;) on go,;. But this eigenvalue is a;(h;) = a;;. Hence root string has length 1 — a;;,
and consists of the roots

aj, Oéj‘i‘OéZ',..., aj — Qi Q.

In particular, a; + (1 — a;;)a; is not a root. This proves (S5), and (S6) is verified
similarly. O

The elements e;, f;, h; are called the Chevalley generators of the complex Lie algebra

g“.

13.4. Root systems, Serre’s theorem. It turns out that the relations (S1)-(S6)
are in fact a complete system of relations. This is a consequence of Serre’s theorem,
stated below. Hence, one may reconstruct g& from the information given by the Dynkin
diagram, or equivalently the Cartan matrix a;; = (o, ;). In fact, we may start out
with an abstract root system, as follows.

Definition 13.18. Let E be a Euclidean vector space, and 8 C E\{0}. For a € R
define a¥ = 2a/(«, ). Then fR is called a (reduced) root system if

(a) spang(R) = E.

(b) The reflection s4: p+— pu — (@Y, uya preserves R.

(c) For all a, § € R, the number (", ) € Z,

(d) For all & € R, we have Re N R = {a, —a}.

The Weyl group of a reduced root system is defined as the group generated by the
reflections s,,.

7

As in the case of root systems coming from compact Lie groups, one can define Weyl
chambers, positive roots, simple roots, and a Cartan matrix and Dynkin diagram.
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Theorem 13.19 (Serre). Let I1 = {ay,..., o} be the set of simple roots of a
reduced root system of rank I, and let a;; = (o, ;) be the Cartan matriz. The
complex Lie algebra with generators e;, fi,hi, @ = 1,...,1 and relations (S1)-(S6)
1s finite-dimensional and semi-simple. It carries a conjugate linear involution wy,
given on generators by

woles) = —fi, wo(fi) = —ei, wolhi) = —hy,
hence may be regarded as the complexification of a real semi-simple Lie algebra

g. The Lie algebra g integrates to a compact semi-simple Lie group G, with the
prescribed root system.

J

For a proof of this result, see e.g. V. Kac ‘Infinite-dimensional Lie algebras’ or A.
Knapp, ‘Lie groups beyond an introduction’.

14. CLASSIFICATION OF DYNKIN DIAGRAMS

There is an obvious notion of sum of root systems Ry C F;, Ry C F», as the root
system R, U Ry in B § Ey. A root system is irreducible if it is not a sum of two root
systems.

Given an abstract root system, we may as before define Weyl chambers, and the same
proof as before shows that for non-orthogonal roots «, 5 with ||a|| > ||5]], the ratio of
the root lengths is given by ||o][?/]|5]|* € {1,2,3}, and the angles in the three cases
are £3,+7%,+% mod 7. Hence, we may define simple roots and a Dynkin diagram as
before.

Proposition 14.1. A root system is irreducible if and only if its Dynkin diagram is
connected.

Proof. Let 11 be a set of simple roots for R. If R is a sum of root systems 2R; and ‘R,
then II; = MWy NII and Il = Ry NI are simple roots for MR;. Since all roots in II; and
orthogonal to all roots in Ily, the Dynkin diagram is disconnected. Conversely, given a
root system PR C FE with disconnected Dynkin diagram, then II = II; U Il where all
roots in II; are orthogonal to all roots in Il;. This gives an orthogonal decomposition
E = E,® E5 where E1, E5 is the space spanned by roots in Il, II,. The simple reflections
s; for roots o; € II; commute with those of roots «; € Ily, hence the Weyl group is a
direct product W = Wy x W5, and ‘R is the sum of RR; = Will; and Ry = Whlls. O

Hence, we will only consider connected Dynkin diagrams. The main theorem is as
follows:
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Theorem 14.2. Let R be an irreducible root system. Then the Dynkin diagram is
given by exactly one of the following types A; (1 > 1), B, (1 >2),C; (1 > 3),D; (I >
4) or E6, E7, Eg, F4, GQ. @

O—0—0O-p------ 0—0
O—0----5--- O—0==0
O—0----g--- O—0=0

Here the subscript signifies the rank, i.e. the number of vertices of the Dynkin
diagram.

%Picture source: https://upload.wikimedia.org/wikipedia/commons/5/5f/ConnectedDynkinDiagrams.png

. 7

We will sketch the proof in the case that the root system is simply laced, i.e. all roots
have the same length and hence the Dynkin diagram has no multiple edges. We will
thus show that all simply laced connected Dynkin diagrams are of one of the types
Ay, Dy, Eg, E7, Eg.

We will use the following elementary Lemma:

Lemma 14.3. Let uq,...,u, be pairwise orthogonal vectors in a Euclidean vector space

E. For allv e E we have
(v, )
Iolf? > S S
i=1 v

with equality if and only if v lies in span(uy, . .., ug).

Proof in the simply laced case. We normalize the inner product on £ so that all roots
satisfy [|a||* = 2. Since all roots have equal length, the angle between non-orthogonal


https://upload.wikimedia.org/wikipedia/commons/5/5f/ConnectedDynkinDiagrams.png
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simple roots is 7. Since cos(%) = —3, it follows that
(CYZ', CYj) =-1

if o, o are connected by an edge of the Dynkin diagram.

A subdiagram of a Dynkin diagram is obtained by taking a subset II' C II of vertices,
together with the edges connecting any two vertices in IT'. It is clear that such a sub-
diagram is again a Dynkin diagram. (If II corresponds to the root system R, then IT'
corresponds to a root system 2R N spang I1'.)

The first observation is that the number of edges in the Dynkin diagram is < [. Indeed,

!
0< ) aill”=20+2) (o, 05) = 20 — 24#{edges}.
i=1 i<j

Hence #{edges} < l. Since this also applies to subdiagrams of the Dynkin diagram, it

follows in particular that the diagram cannot contain any loops.
One next observes that the number of edges originating at a vertex is at most 3.

Otherwise, there would be a star-shaped subdiagram with 5 vertices, with aq,..., a4
connected to the central vertex . In particular, aq,..., a4 are pairwise orthogonal.
Since ® is linearly independent of ay, ..., a4, we have
4 9 4
2 (¥, ) -1
i=1 ’ i=1

a contradiction. (To get the inequality <, note that ||¢||* is the sum of squares of its
coefficients in an orthonormal basis. The «;/||a;||, ¢ < 4 is part of such a basis, but
since 1) is not in their span we have the strict inequality.)

Next, one shows that the Dynkin diagram cannot contain more than one 3-valent
vertex. Otherwise it contains a subdiagram with a chain ay,...,q,, and two extra
vertices (31, B2 connected to a; and two extra vertices (3, 5, connected to «,,. Let a =
a1+ ...+ ay. Then [|a])? = 2n — 237 oy, ai41) = 2, and (a, B;) = —1. Hence, the
same argument as in the previous step (with « here playing the role of ay there) gives a

contradiction:
4 4
(aaﬁi)Q _1
2=llalf* > 3 e = (5 ) =2
i=1 v i=1

Thus, the only type of diagrams that remain are chains, i.e. diagrams of type A;, or star-
shaped diagrams with a central vertex ¢) and three ‘branches’ of length r, s, ¢ emanating
from . Label the vertices in these branches by vy, ..., a1, B1,...,Bs—1 and vy, ..., V1
in such a way that (aq,a9) # 0, ..., (a—1,%) # 0 and similarly for the other branches.

Let
r—1 s—1 t—1
Q:Zjaj, ﬁ:Zjﬁj, ’Y:Zj%'-
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Then «, 3,~ are pairwise orthogonal, and «, 3,7, are linearly independent. We have
l|a||* =r(r — 1) and (a, ) = —(r — 1), and similarly for 3,~. Hence

(@02 (B0 () _r=1 s—1 t-1

2 =||y[]* > + + = + +
e 1BIZ [P r s t
Equivalently,
1 1 1
-—+-+->1L
r s t

One easily checks that the only solutions with 7, s,¢ > 2 and (with no loss of generality)
r <s<tare:

(2,2,1—2), 1 >4, (2,3,3), (2,3,4),(2,3,5).
These are the Dynkin diagrams of type D;, Eg, Fr, Es. It remains to show that these
Dynkin diagrams correspond to root systems, but this can be done by explicit construc-
tion of the root systems. O

Consider the Dynkin diagram of Eg, with vertices of the long chain labeled as ay, . . ., az,
and with the vertex as connected to ag. It may be realized as the following set of vectors
in R®:

Hoi=1,...,7

a; =€ — ¢
together with
ag=2(e'+...+ ) =L+ + ).
(Indeed, this vectors have length squared equal to 2, and the correct angles.) The
reflection s; for ¢ < 7 acts as transposition of indices 7,7 + 1. Hence Sy is embedded as a

subgroup of the Weyl group. Hence,
6: —%(61+€2+63)+%(64+...+68)

is also a root, obtained from ag by permutation of 1,2,3 with 4,5,6. Applying sg, we
see that

sg(f) =B +ag=¢"+¢€
is a root. Hence, the set of roots contains all 4=¢’ & ¢/ with ¢ < j, and the Weyl group
contains all even numbers of sign changes. (In fact, we have just seen that the root
system of Fg contains that of Dg.) We conclude that

R={x £} U{i(xe' £ £}

where the second set has all sign combinations with an odd number of minus signs. Note
that there are 21(I—1) = 112 roots of the first type, and 27 = 128 roots of the second type.
Hence the dimension of the Lie group with this root system is 1124 128 48 = 248. With
a little extra effort, one finds that the order of the Weyl group is |W| = 696, 729, 600.
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