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VERLINDE SUMS AND [Q,R]=0

YIANNIS LOIZIDES AND ECKHARD MEINRENKEN

ABSTRACT. We prove a formula for the quantization of a proper Hamiltonian LG-space M
with terms indexed by the components of the critical set of the norm-square of the moment
map. Combined with a certain Lie-theoretic inequality, the formula implies that the multi-
plicity of the minimal irreducible positive energy representation at a given level is a quasi-
polynomial function of the power of the prequantum line bundle. This is closely related to
the [@, R] = 0 Theorem for Hamiltonian LG-spaces. Our approach is based on the theory
of quasi-Hamiltonian G-spaces, as well as the approach of Paradan and Szenes-Vergne to the
[Q, R] = 0 Theorem for compact Hamiltonian G-spaces.
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Let G be a compact connected Lie group, and let M be a compact symplectic manifold
equipped with a Hamiltonian G-action, with moment map ¢: M — g*. Given a G-equivariant
prequantum line bundle L, the equivariant index of the Dolbeault-Dirac operator twisted by L
is an element in the representation ring,

Q(M) = index(DY) € R(G).

The Guillemin-Sternberg quantization commutes with reduction principle states that the mul-

tiplicity of the trivial representation in Q(M

on the symplectic quotient M,eq = ¢~ 1(0)/G, assuming the latter is non-singular:

(1)

Q(M)G = Q(Mred)'

1

) equals the index of the similarly-defined operator
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This was first proved in [26] for regular symplectic quotients; in the singular case (1) still holds
true after a suitable desingularization [29].

An early approach [24] to the [Q, R] = 0 Theorem involved replacing L with £ = L* and
studying the asymptotics of Q(M,k) = index(D*) as k — oo using the stationary phase
approximation. An important theme is that the family Q(M, k) has good behavior as k varies.
By Ehrhart’s Theorem and the fixed-point formula, one shows that, for sufficiently large k,
the multiplicity of the trivial representation in Q(M,k) is a quasi-polynomial function of k.
This implies the o(k~°) errors in the stationary phase approximation must vanish, leading to
a proof of (1) for £ = L*, assuming k is sufficiently large. To deduce the result for k = 1, one
needs a separate argument showing that Q(M, k) is a quasi-polynomial function of & for all
k > 1. This was proved in [24] for the case that G is abelian. An argument for the general
case was achieved many years later by Szenes-Vergne [38].

The Szenes-Vergne argument was motivated by a different approach to the [Q, R] = 0 The-
orem, due to Paradan [32]. Using a deformation argument for transversally elliptic operators,
Paradan proved a formula for the multiplicities in Q(M), with terms labelled by the compo-
nents of the critical set of the norm-square of the moment map ||¢||?>. The leading term of
Paradan’s formula comes from the zero level of the moment map, all other terms are ‘correc-
tion terms’ which, as shown by Paradan, do not contribute to the multiplicity of the trivial
representation. Szenes-Vergne [38] observed that Paradan’s norm-square localization formula
for Q(M, k) could be derived from the Atiyah-Bott fixed-point formula using a combinatorial
argument. The resulting formula leads to a proof that Q(M, k)€ is a quasi-polynomial function
of k > 1.

The goal of this paper is to carry out a similar strategy in the case of Hamiltonian loop group
spaces. A Hamiltonian LG-space M is an infinite dimensional symplectic manifold equipped
with a Hamiltonian action of the loop group LG (the precise definition is given in Section 3). In
addition we assume throughout that the moment map ®: M — Lg* is proper. An important
example of a proper Hamiltonian LG-space is the moduli space of flat connections on a compact
oriented surface with one boundary component, with framing along the boundary; the moment
map is induced by restriction of the connection to the boundary, cf. [30] for details.

There have been several approaches to define the ‘quantization’ of a Hamiltonian LG-space,
as an element in the Verlinde ring of projective positive energy representations of LG. In the
earliest approach [3], an Atiyah-Singer-type fixed-point formula for the multiplicities was taken
as the definition of the quantization of M. A symplectic cutting argument was used to show
that this definition satisfies quantization-commutes-with-reduction. Specialized to the moduli
space examples, this proves the Verlinde formulas: indeed the fixed-point formula in these
examples is the Verlinde formula, while the quantization of the reduced space My.q = CIJX/% 0)/G
is the Euler characteristic of the cohomology of L,eq.

A more conceptual understanding of the fixed-point formula proposed in [3] was developed
in [28, 2]. In this approach one works with the finite dimensional quasi-Hamiltonian G-space
M = M/QG associated to M [1]. The quantization of M is defined in terms of a pushforward
in twisted K-homology from M to G, and the twisted K-homology of the latter is known to
be isomorphic to the Verlinde ring by the celebrated Freed-Hopkins-Teleman theorem. The
fixed-point formula of [3] is recovered by Atiyah-Segal localization.

A third approach to the quantization of M was developed in [21, 22] and proved to yield
the same result as the twisted K-homology approach in [19]. In this approach one defines
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the quantization in terms of the equivariant index of a Dirac-type operator on a non-compact
finite-dimensional submanifold of M. In [23] a norm-square localization formula for the index
was proved using analytic techniques.

In this article we return to the fixed-point formula for the quantization Q(M, k), and im-
plement the Szenes-Vergne strategy directly. Let us give an overview of the article. In Section
2 we prove a Lie theoretic inequality. The inequality is difficult to motivate in general, but in
the very special case g = su, and o = {£} a vertex of the Stiefel diagram, the inequality is
simply [|£ — 2] > || 2], where p is half the sum of the positive roots and || - || is the norm on
t ~ t* induced by the basic inner product. This inequality reappears at the end of the article,
where we find that our approach to the quasi-polynomiality theorem hinges on its truth.

Section 3 provides a brief introduction to Hamiltonian LG-spaces M and the associated
quasi-Hamiltonian G-spaces M. The norm-square of the moment map || ® (% as well as its
perturbation ||®4[|? by an element € € t are briefly studied. In particular the discrete subset
B = {£ € YMEN @ (€) # 0} indexing the components of the critical set of ||® 4|2 is
introduced.

The quantization of a Hamiltonian LG-space M (or the associated quasi-Hamiltonian space
M) is described in Section 4. The fixed-point formula for the quantization [3] is given towards
the end of this section; it has an appearance similar to the Atiyah-Singer fixed-point formula
for the index of a Spin, Dirac operator on M, even though M does not have a Spin, structure
in general. An introduction to the Atiyah-Singer integrand is contained in Appendix A. The
quantization Q(M,k) at level k& > 0 can be described in terms of its multiplicity function
N(—,k): A* — Z, where A* is the weight lattice of a maximal torus 7' C G; N(—,k) is
antisymmetric under an action of the affine Weyl group Wy = A x W, and N(0,k) is the
multiplicity of the minimal level k positive energy representation in Q(M, k). Let h" be the
dual Coxeter number of g. Here and throughout the article £ = k+h". The fixed-point formula

for N is
) [ Asp).
F

® NOK = Y e [a-
teT,*® FCM* aER_

where Ty = £~ 'A* /A (a finite subgroup of T'), and AS*(v) is a suitable Atiyah-Singer integrand

depending on k.

The heart of the argument is contained in Sections 5 and 6. The first step in Section 5 is
to reverse the order of the summations in (2). The sum over 7, (intersect a subtorus of T'
stabilizing some fixed-point set F') is then shown to be essentially an example of a Verlinde
sum or rational trigonometric sum. This type of sum first appeared in the Verlinde formula
itself. For example if a = (aq, ..., ) is a list of Weights, then

Z H 1—taJ

teT)

is an example of a Verlinde sum, where the prime next to the summation means to omit terms
from the sum such that the denominator vanishes. The algebraic and combinatorial properties
of Verlinde sums were studied by Szenes, who proved a remarkable residue formula for them
[36]. One should also see recent work of Szenes and Trapeznikova [37] related to the residue
formula, the Verlinde formula and wall-crossing.
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In [20], Szenes’ result along with methods pioneered by Boysal-Vergne [9] for closely-related
Bernoulli series, were used to derive a ‘decomposition formula’ for Verlinde sums. The latter
is a purely combinatorial analogue of the norm-square localization formula; it expresses a
Verlinde sum in terms of an infinite collection of contributions from affine subspaces of different
dimensions in t ~ t*. When applied to (2), one obtains a formula

1
(3) N=> Ng°
AeS

where S is essentially the collection of all affine subspaces of t ~ t* generated by the image of
some T-orbit-type stratum under the moment map. For a subset I C t* and vector ¢ € t*, let

Crs={(t&+6,t) et xRl € I,t>0}

be the cone generated by I x {1}, shifted by . The contributions NXPOI are given by rather
complicated explicit formulae (equation (46)), but more importantly, they have the following
properties (Proposition 5.7):

(a) For each § € t*, ngd restricts to a quasi-polynomial function of (X,£) on Cas. In

particular NfipOl is a quasi-polynomial function.

(b) For A # t* and at any fixed ¢, the function ngd is supported in a half space.
Thus to prove that k — N(0, k) is quasi-polynomial, it suffices to show that for each A not
containing the origin, the half space containing the support of NRPOI does not contain the origin.

In Section 6 we prove the following theorem giving an alternative characterization of the
terms NXPOI in (3).

Theorem 1.1 (Norm-square localization formula). Let Na(—, k) denote the Fourier transform
of the measure

(4)  Qalt.k)=6dnn(t) Y | Ch'(Ly,)AS (v A)CH (Sym,, (Va) © An-) € D'(T).

The multiplicity function N admits a decomposition

(5) N=>3 N

AeS

where ng‘)l is the unique function such that (i) ngd is quasi-polynomial on all subsets Ca s,
0 € t*, and (ii) there is a constant K and an open neighborhood b of ea in t such that

NP k) = Na(A\ k) for € €-b, k> K.

In other words the contribution ngOI is obtained by passing to what one might call the
‘quasi-polynomial germ at ea in the A-directions’ of the Fourier transform of (58). Here
en = pra(e) is the orthogonal projection of the generic small perturbation € € t onto A.
Towards the end of Section 6 we use a stationary phase argument to prove that N3” °l vanishes
unless ea € B, indicating that Theorem 1.1 is a norm-square localization formula.

Section 7 contains examples of the norm-square localization formula, including that illus-
trated in Figure 1. In Section 8 we complete the last step in the strategy indicated above,
in order to prove the quasi-polynomiality theorem. The key ingredients are the norm-square
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FIGURE 1. The left image shows a single contribution to the norm-square lo-
calization formula for a multiplicity-free g-Hamiltonian SU(3)-space (at level
k = 2). The right image shows the sum of the first 6 contributions.

localization formula, the description of the T" action on the ‘canonical bundle’ [31] involved in
the fixed-point formula, and of course the inequality from Section 2.

Theorem 1.2 (Quasi-polynomiality theorem). The function k — N (0, k) is quasi-polynomial
for all k > 1. In other words, the multiplicity of the minimal irreducible level k positive energy
representation in the quantization Q(M,k), is a quasi-polynomial function of k.

The [@, R] = 0 theorem for Hamiltonian LG-spaces can be deduced from an additional ar-
gument using the stationary phase expansion, as in [24]. Specialized to the moduli space
examples, this provides a new proof of the Verlinde formula.

This is a preliminary version of the article. The results described here appeared a few years
ago in the PhD thesis of the first author [16], based on joint work of both authors. In the
intervening years the authors have attempted to simplify the presentation and proofs of the
results.

Acknowledgements. It is a pleasure to thank Michéle Vergne for discussions and encourage-
ment, as well as for her careful reading of [16].

2. AN INEQUALITY FOR STIEFEL DIAGRAMS
We begin by discussing the key Lie-theoretic inequality alluded to in the introduction.

2.1. Notation. Let G be a compact, 1-connected, simple Lie group with maximal torus 7'
The Lie algebras will be denoted g,t. Let A = ker(exp: t — T') be the integral lattice and
A* = Hom(A, Z) its dual, the (real) weight lattice. Denote by & C A* the set of roots «, and
by RRY C A the set of coroots a. Recall that the coroots generate A.
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Let R.g = R X Z be the set of affine roots. The Stiefel diagram of G is defined by the affine

root hyperplanes
Ha,k = {f € t’ <a7§> +k= 0}

for (a, k) € Rag. The closures of the connected components of t — Ua?/,C H, . are simple
polytopes called the (closed) alcoves. The open faces o of these polytopes will be referred to
as the open faces of the Stiefel diagram; thus t is a disjoint union over the open faces. A
zero-dimensional face is also called a vertez. Let W be the Weyl group of (G,T'). The affine
Weyl group Wog = A x W acts on t by reflections across affine root hyperplanes; any of the
alcoves is a fundamental domain for this action.

Fix a fundamental Weyl chamber t,, and let 3, be the corresponding set of positive roots,
taking on nonnegative values on t.. The highest root § € S defines the fundamental alcove

a={¢etl(0,6) <1},

Let Raq 4+ be the positive affine roots, taking on nonnegative values on a:
Ratt,+ = {(a, k) € Rag| V€ € a: (o, ) + k = 0}
Thus, either k = 0 and « € R4, or k£ > 0 and « arbitrary. The half-sum of the positive roots

is denoted )
p=3 2

aERL
and the dual Coxeter number is
hY =1+ (p,0).
The basic inner product - on g is the unique invariant inner product on g such that the coroot
0V satisfies 0¥ - 0¥ = 2. The associated norm will be denoted || - ||. Throughout this paper, we

often identify g = g* and t = t* using the basic inner product.

2.2. The inequality. Given an open face o of the Stiefel diagram, let

Rat(0) = {(a, k) € Rag| 0 C Ha,k}7
the set of affine roots vanishing on o. The quotient map R.g — R, (o, k) — « restricts to a
bijection of this set with the root system 9R(c) of the centralizer Gey,¢) € G of the element
exp(§), for any £ € o. Its rank is equal to the codimension of ¢ in t. There are two natural

choices for systems of positive roots in fR(c), both of which will play a role in what follows.
One choice is

9. () = N(a) N Ry
let t; + be the corresponding positive Weyl chamber, and put p, = %Zaem(a) «. Another
choice is the image of

Ratt+(0) = Ragr(0) N Ragr,+
under (a, k) +— «a; we will denote this choice by 9, (o). Let t; . be the associated Weyl
chamber, and p., the corresponding half-sums of positive roots.

Py = —po + > a.

a€Ry: (a,€)EZ<g

Lemma 2.1. For € € o,
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Proof. Note that pl, 4+ ps is the sum over all & € R4 (o) NR, (). The roots in R(o) are those
a € R for which there exists k € Z with («, &) + k = 0. The affine root (o, k) is positive if and
only if either k = 0 and o € 9, or k > 0. Hence, the condition that « lies in Ry (o) "R/ (o)
just means that (a, &) = —k is a non-positive integer. O

Recall next that the interior of the fundamental alcove contains a distinguished element [14]

1
G= hTP-
For the open faces o of the fundamental alcove we define a distinguished element (, € o to be
the orthogonal projection of (3 onto o; we extend this definition to all open faces of the Stiefel
diagram by requiring that (u, = w(, for all w € Wag.

Theorem 2.2 (Key inequality). Let o be an open face of the Stiefel diagram, and & = (, its
distinguished element. Then

(6) Y[IEl® = (p = s €) 2 0,

with equality if and only if o is a face of the fundamental alcove.

Remark 2.3. (a) Equation (6) can be written
/

P — po’
2hY

1€ = 7oll = |76 ]; Ty =
(b) Combining (6) with Lemma 2.1, we obtain

(7) Y€l = (o + po, &) > 0.
This inequality will be used later in the paper, for the special case that o is a vertex
{&} of the Stiefel diagram. If ¢ is furthermore in the co-weight lattice, so that it
exponentiates to an element of the center of G, then p, = p, hence the inequality says
that

1€ — Gl = NGl

We will prepare the proof of Theorem 2.2 with several lemmas. Denote by Weag(o) the
stabilizer of points in ¢ under the action of the affine Weyl group. It is generated by the affine
reflections for affine roots vanishing on o; its image under the quotient map Wog — W is the
Weyl group W (o) of R(c). In particular, Wyg(o) acts simply transitively on the set of affine
Weyl chambers at o, by which we mean the Weyl chambers of 9i(c), shifted by & = (,. For
instance, £ + th + is an affine Weyl chamber at o.

Lemma 2.4. Given any open face o of the Stiefel Diagram, there is a unique shortest element
w € W such that o C wa. With this choice of w,

wa C £+t

for € € 0. Alternatively, w is uniquely characterized by the properties that 7 := w™'o C a and
wt, . =t, ., where w € W is the image of w € Wy.

Proof. Recall that length of the unique Weyl group element taking a given alcove a; to the
fundamental alcove a equals the number of affine root hyperplanes that are crossed by a line
segment from a point in the interior of a to a point in the interior of a. Hence, the length of
the shortest shortest Weil group element w taking o to a face of a is the number of affine root
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hyperplanes from a point in the interior of a to a point in o. The corresponding alcove a; = wa
contains o, and is the unique alcove containing £ and contained in & + ¢ ot [....]

The alternative characterization of w is obvious if ¢ € a (so that w = 1), the general case
follows because wa C w((r + ’t'T7+) = Cur + Wt for w € Wag. O

Lemma 2.5. Suppose o is an open face of the Stiefel diagram, and let w € Wz be the unique
shortest element such that w™'c C a. (cf. Lemma 2.4). Then the distinguished element (, € o
s given by

1 1
Co = w(th) - th;

Proof. For the case 0 C a, w = 1 this is the statement of [31, Lemma 3.1]. In the general
case, write 7 = w™'o C a, so that {; = w(,, and ¥, , = Wt, |, hence also p), = Wpl,.. Since
(r = gvp — o py by [31], we obtain

1 , 1. 1, 1 1,
CCT - ng = w(hT(p - IOT)) - w(th) - w(thT) - w(th) - thU' U

This following is a version of a standard fact about affine root systems [15, Corollary 1.3.22].

Lemma 2.6. For all w € W,p, we have that

1

A th hY ZO‘
where the sum is over all positive affine (a,k) € Rag 4 such that the alcoves a,wa are on
opposite sides of the affine hyperplane H, .

Proof. If w is a reflection corresponding to one of the simple roots, this is well known. If w is
the affine reflection £ — £ — ((0,&) — 1)@ corresponding to the affine root (—6, 1), it follows by
direct computation:

1 1 1 1

w(zp) = gwp = (0, 7w0) = 1)0 = 15 (p+ ).

This proves the lemma for all simple affine reflections. By applying the action of Wg, it follows
more generally that if aj,as are two adjacent alcoves of the Stiefel diagram, separated by an
affine root hyperplane H, j, with (a, -) +k positive on a; and negative on as, then the difference
of their distinguished elements is

(8) Gy — G, = hiva'

For the general case of the Lemma, we may choose the points in a and wa in such a way that the
line segment between these points crosses the various affine root hyperplanes H, 1), (o, k) €
Ragr,+ at distinct times 0 < ¢1 < ... <ty < 1. Note that this line segement always crosses
from positive sides to negative sides. Letting ag = a,...,ay = wa be the sequence of alcoves
through which this line segment passes, write

2

1 1
th— w(Wp) (CaZ <5i+1)

-
Il
o

and apply (8) at each step. O



VERLINDE SUMS AND [Q, R] =0 9

Proof of Theorem 2.2. Let & = (,. Combining Lemmas 2.4, 2.5 and 2.6, we obtain

1 , 1 1
(9) 5 - hT(p - pU) = w(th) - thv
hence
1 , 1 1 1
(10) €12 = w50 = £ &) = (w(s7p) = 70, €) = =3 D (0,€)

(a,k)

where the sum is over all positive affine roots (c, k) € Rag 4 such that the line segment from
(s to & = (, crosses H, . In other words, there exists t € [0, 1] such that

(o, (L —t)¢s +t&) +k=0.

Note that for £ > 0, this can only happen if («,&) < 0. Hence, the right hand side of (10) is
> 0, with equality if and only if o is a face of a (so that the line segment does not cross any
affine root hyperplanes). O

2.3. The level k fusion ring. Recall that we use the basic inner product on g to identify
g =g*, t=t". Under this identification, A is identified with a sublattice of A*. For ¢ € N, the
quotient
Ty = (3A°) /A CH/A=T,
is a finite subgroup of 7' = t/A. Let A% = A* Nty be the dominant weights, and A} = A* N ka
for £ € N U {0} the level k weights. Let x, A € A% be the characters of the irreducible
representations of highest weight A; these span R(G) C C°°(G). The level k fusion ring
(Verlinde algebra) is the quotient
Ri(G) = R(G)/Ix(G),

where I (G) is the ideal of characters vanishing at all points of T, ;j_ghv =T}, v NG™8. It has an
additive basis given by the images 7y of the characters x for A € A}. For elements 7 € Ry (G),
the evaluation at points ¢ € Téeg is well-defined, and 7 is recovered from these values by finite

+hY

Fourier transform. In fact, writing 7 =) N(p)7,, we obtain the multiplicities as

HEAT
1 — o
(11) N(u)zm th mr) T (=)
teT, aER_

where ¢ = k+h". It is convenient to extend the domain of the multiplicity function N from A}
to the entire weight lattice, by requiring the following anti-symmetry under the shifted Weyl
group action at level £:
N (w o 1) = (1) )N (),
where N
HTp
B0y~
With this definition, formula (11) applies to all u € A*.

w ey = Lw(

Remark 2.7. The fusion ring can be regarded as the Grothendieck group of projective level
k positive energy representations of LG. For 7 € Ri(G), the character of the corresponding
positive energy representation is described by the Weyl-Kac formula. The function N is the
multiplicity function for the distributional character (on T') given as the Weyl-Kac enumerator.
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3. HAMILTONIAN LG-SPACES

Throughout this section, G is compact, 1-connected, and simple, although many of the
results discussed here hold in much greater generality. We take - to be the basic inner product
on g.

3.1. The coadjoint LG-action. Let LG denote the Banach Lie group consisting of maps
S1 — G of some fixed Sobolev class s > 3, and Lg = Q2(S51, g) its Lie algebra. We define the
smooth dual of the Lie algebra to be Lg* = Q! |(S!,g), with the pairing given by the inner
product on g followed by integration: (u,&) = |, g1 i+ & The loop group LG acts smoothly on
Lg* by gauge transformations:

(12) p— Ady p— g 0%,
we refer to (12) as the coadjoint LG-action. The generating vector fields for this action are
Erg-(p) = dyu&, where
d, =d+ad,: QS g) — QL1 (S, 9)

is the covariant derivative. We shall regard g as the submanifold of Lg* consisting of constant
loops. It is well-known that the intersection of a coadjoint LG-orbit with t C g C Lg* is an
orbit of the affine Weyl group Wog on t.

The coadjoint LG-action has canonical slices, as follows. Let ¢ C t be an open face of the

Stiefel diagram. The stabilizer of elements £ € ¢ under the coadjoint LG-action depends only
on o, and is denoted by LG,. The set

(13) Uy =LGy- |7

TO0
(union is over the set of faces whose closure contains o) is an open subset of the affine subspace
&+ ran(dg) C Lg* for £ € o0, and is a slice at £ for the coadjoint action. For ¢ C 7 we have
LG, C LGy, hence Gexpr € Gexpo, and equivariant embeddings

LGU X LG, UT — Ug

as dense open subsets.
The slices for the coadjoint LG-action are closely related to slices for the conjugation action.
The exponential map exp: g — G extends equivariantly to the holonomy map

Hol: Lg* — G,

with Hol(g - p) = Ady( Hol(p). It maps coadjoint LG-orbits to conjugacy classes; the map
LG — G, g + g(0) restricts to isomorphisms of stabilizers LG, — Gyey). For p € o,
the centralizer Geyp(,) depends only on o, and will be denoted Gexp(r)- The sets Uexpo =
Gexpo - Uzo, €xp T are slices for the conjugation action, and Hol restricts to diffeomorphisms
Uy — Uexp o, intertwining the actions of LGy = Gexpo-

3.2. The central extension of the loop group. Let LG be the basic central extension of
LG. We will need some facts regarding the restriction of these central extension to various
subgroups of the loop group. Over G C LG, the central extension LG is canonically trivial (as
is any central extension of a simply connected group). Hence the restriction to 7' C G is trivial
as well. On the other hand, the restriction to the lattice A C LT C LG of ‘exponential loops)
may be non-trivial. It may be described, up to isomorphism, in terms of the corresponding
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group commutator: If /):1, /A\Q € A are elements lifting A1, A2, then the commutator is expressed
in terms of the basic inner product A1 - Ay € Z as

(14) MAAT A = (—1)Me

see [33, 39]. Over the product A x T" C LG, the central extension restricts to a semi-direct
product

(15) LGlaxr =AXT

with A = féy A. Here the T-action on A is given, on the fiber of a given element A € A, as
scalar multiplication by ¢}, where the basic inner product is used to regard A as a sublattice
of A*; see [3, Proposition 4.1].

For ¢ € Z, we use a superscript (¢) to indicate the ¢-th power of the extension of LG (and
its subgroups). Equation (14) shows that A® for even ¢ can be trivialized, by choosing lifts of
a basis of A. Furthermore, by (15)

—(0) —~
(a direct product) for any ¢ € N.

3.3. Hamiltonian LG-spaces. The basic theory of Hamiltonian loop group spaces was de-
veloped in [30, 3, 7, 10].

Definition 3.1. A proper Hamiltonian LG-space (M,wp, Prq) is a Banach manifold M
equipped with a smooth LG-action, an LG-invariant weakly symplectic form wpy, and a proper
LG-equivariant smooth moment map

S M — Lg*
satisfying t(Em)w = —d(DPpy, &) for all € € Lg.

In [1], it was observed that proper Hamiltonian loop group spaces are in 1-1 correspondence
with finite-dimensional quasi-Hamiltonian spaces, as follows. Denote by 6% 0% € Q1(G, g) the
left-invariant, right-invariant Maurer-Cartan forms, and by 1 € Q3(G) the Cartan 3-form

L gL gL
n= % <0 ) [9 79 ])
It has an equivariant extension, for G acting on itself by conjugation,

na(€) =n—30"+0%¢), <eq

Definition 3.2. [1] A ¢-Hamiltonian G-space (M,w,®) is a G-manifold M, together with an
invariant 2-form w and a smooth equivariant map ®: M — G (the group-valued moment map)
satisfying

(16) dew = —®™ng,

and such that ker(w,,) Nker(7,,®) = {0} for all m € M. This last condition is referred to as
‘minimal degeneracy’; if it is not satisfied, then we refer to M as a degenerate q-Hamiltonian
G-space.
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As shown in [1], the quotient of M by the based loop group LoG is a q-Hamiltonian G-space
M; in turn, M is recovered from M as the pullback of the holonomy fibration Lg* — G under
the moment map ®: M — G. Let p: M — M be the quotient map:

M —— Lg*
D

|

M — G
The 2-form wp is related to w by an equality

wm =pw+ P,

where w € Q%(Lg*) is a distinguished LG-invariant primitive of the pullback of n under the
holonomy fibration Lg* — G. Since G is connected, the g-Hamiltonian G-space M is even-
dimensional [1], and since G simply connected it comes with a canonical volume form [4],
defining in particular an orientation.

Given a face o of the Stiefel diagram, the pre-image of the corresponding slice is a finite-
dimensional symplectic manifold ), = @ﬁ (Uy) called the symplectic cross-section. Its image
under the quotient map to M is a gq-Hamiltonian Gexpo-space Yexpo = <I>*1(Uexpg).

Here is one way of describing the canonical orientation of M. One first observes that the
symplectic structure on Yoy, induced by the diffeomorphism with ), depends only on exp o
(not on o). In particular, Yoy » has a canonical orientation. The normal bundle to Yexp o inside
M is Gexp o-equivariantly isomorphic to the trivial bundle with fibers g/gexpo. This space has
an orientation, obtained as the quotient of the orientations on g/t and on gexps/t = Lgs/t.
Here, the latter orientation is defined by the Weyl chamber tﬁﬁa discussed in Section 2.2.; or
equivalently by the complex structure on Lg,/t C Lg/t. This explains the orientation of M
along Yexpo, hence also on its flow-out under the conjugation action; one finds that the local
orientations agree on overlaps.

3.4. The norm-square of the moment map. For s > 1, the elements of Lg* have Sobolev
class > 0, hence the energy functional

|-1?: Lg* = R, MHIIMIIQZ/SIM-*M

(where *(ds) = 1, %(1) = ds) is a well-defined smooth function, invariant under the action of
G C LG. More generally, for given € € Lg* we consider the e-shifted energy functional || - ||
defined as

2 = [l — €.

This satisfies ||g - p||? = H,u”?},l in particular, || - ||? is LGe-invariant. From now on, we will

€’

take € in t C Lg* (mostly ¢ € a). The following is a straightforward extension of a result of
Bott (for e = 0):

Proposition 3.3. Let € € t. For any coadjoint LG-orbit O C Lg*, the set of critical points of
the restriction of || - ||? to O is

LG..(ONY).
In particular, if € is reqular (with stabilizer T') the critical set is the intersection of O Nt, while
for e =0 it is the intersection O N g.
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Proof. Every tangent vector at a given point u € O is realized as the derivative, at t =0, of a
path gy = g - p = Adg, (1 — g;0%), with g: € LG, go =e. Let £ = %‘t:ogt € Lg. Then p is a
critical point if and only if

d

2 _ ] B '
2| el2 = =2 /S () wd =2 /S RIOR:

(noting that d. * ¢ = 0) vanishes for all &, which is the case if and only if d¢(*p) = 0. But this
is equivalent to Adexpse p being constant, i.e. in g C Lg*. Thus, ps = Adeyp(—se) v for some
v € g. The condition that p is a loop means that v is in the Lie algebra of the centralizer of
exp(e). Equivalently, v € Ady t for some k € Geyp(e), i€ 1 € g - t, where g € LG, is the loop
8+ Adexp(—se)(K), i.e., the pre-image of k under the isomorphism LG = Geyp(e)- O

Given a proper Hamiltonian LG-space (M, wpq, Pryq), the composition of the moment map
with the shifted energy functional for € € a gives a smooth LG¢-equivariant map,

®q]|?: M — R,

The following description of its critical set is the loop group counterpart of a result of Kirwan
[12]; it was proved in [8, 17] for the case € = 0. The description is in terms of the subset

(17) B ={€et: M N (&) £ 0}
where M C M denotes the fixed point set of &ay.

Proposition 3.4. Let (M,wp, Paq) be a proper Hamiltonian LG-space, and € € t. Then the
set of critical points of the shifted energy functional is

crit([|®a]?) = LGe - [ MET N @4(8).
§EB.
In particular, the set of critical values is LG¢.(B¢).

Proof. For € = 0, the proof may be found in [8, 17]. The argument in the general case is similar:
We first observe that by equivariance of the moment map, if x € M is a critical point for ||® ]2,
then ¢ = ®(z) € LG, -t is a critical point for the restriction of || - ||? to the orbit O containing
&; hence Proposition 3.3 shows that £ € LG, - t. Using the action of LG, we may therefore
assume & € t C Lg*. Let o be the open face of the Stiefel diagram containing &, and ), the
corresponding symplectic cross-section containing x. Then x is a critical point for the function
|® ]2 if and only if it is a critical point for the restriction to the finite dimensional symplectic
manifold )),. Thus as in Kirwan [12], z is in the critical set if and only if the vector field
generated by ¢ — € vanishes at z, or in other words z € (V,)$ N @ (¢) = M&n @Xj €. O

As an aside, we note that the critical set of ||®4]|? also admits an interpretation in terms
of the associated q-Hamiltonian space M = M /LyG:

Proposition 3.5. The quotient map M — M restricts to bijections, for all & € t,
MEENBLE(E) = MES N & (exp(€)).

Proof. Regarding M as the fiber product M C M x Lg* over G, with moment map given
by projection to the second factor, the elements in q)/*\j (&) for £ € t are exactly those of the
form x = (m, &) € M with ®(m) = exp(£). Furthermore, z is (§ — €)-fixed if and only if m is
(& — e)-fixed. O
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To get a better understanding of the set B, one uses some basic facts about orbit type
decompositions of Hamiltonian spaces. Consider the collection & = {A} of all affine subspaces
of the form

(18) A =dp(x) + (t)"F Ct

for elements x € @Xj (t), where t; is the infinitesimal stabilizer under the action of T' C LG,
and (t;)* its orthogonal complement inside t.

Lemma 3.6. The collection & is Wog-invariant and locally finite, in the sense that every
bounded subset of t meets only finitely many elements of &.

Proof. The pre-image <I>;ll (t) is covered by the collection of cross sections ), where o ranges
over the open faces of the Stiefel diagram. By well-known results in symplectic geometry (see
e.g. [34]), letting ), be the cross-section containing z, the image of the T-orbit type stratum of
x in ), is an open subset of the symplectic submanifold !, and its image under the moment
map is an open subset of the affine subspace A = ®(x) + (t,)*. Since ), has only finitely
many orbit type strata, there are only finitely many such affine subspaces, all passing through
the union of alcoves adjacent to o. Hence & is locally finite. The second claim follows since
W permutes the collection of symplectic cross-sections. O

Lemma 3.7. For all € € t,
B C {ea ==pra(e)| A € 6},
where pra: t — A is the orthogonal projection. In particular, the set B, is discrete.

Proof. By definition, £ € B, if and only if there exists © € M with ®p(z) =& and £ — € € t,.
Letting A be the affine subspace ®v(z) + (t;)*, this means that £ € A, with & — e orthogonal
to A. Equivalently, £ = pra (e). O

4. QUANTIZATION OF HAMILTONIAN LG-SPACES

4.1. The canonical twisted Spin.-structure. A Spin structure on a finite-dimensional
even-rank vector bundle V' — M is given by Euclidean metric on V', together with a Zs-
graded unitary spinor module S — M over the Clifford bundle Cl(V'), identifying the latter
with End(S). For any spinor module S, the dual bundle is again a spinor module in a canonical
way; the line bundle Z = Homcy)(S*,S) — M is called the anti-canonical line bundle asso-
ciated to the Spin.-structure. Finite-dimensional symplectic manifolds have canonical Spin, -
structures, up to isomorphism, defined by compatible almost complex structures. By contrast,
g-Hamiltonian G-spaces need not be Spin,, in general. However, we have the following fact.
Suppose as before that G is simple /agd 1-connected, and let LG denote the basic central ex-
tension of the loop group. Given a LG-equivariant vector bundle & — M, we say that £ is at
level ¢ € Z if the central elements z € U(1) C LG act as multiplication by 2°.

Theorem 4.1. [2, 21] For any g-Hamiltonian G-space M , with associated proper Hamiltonian
loop group space M, the pull-back bundle
p"TM — M

has an f@-equivam’ant Spin,-structure, which is canonical up to equivariant isomorphism. The
associated Zo-graded spinor bundle S — M is LG-equivariant at level h".
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The anti-canonical line bundle Z associated to the Spin -structure is equivariant at level
2h"; its dual is the ‘canonical line bundle’ K — M, constructed in [31].

4.2. Prequantization. The triple
(19) (M, kwpg, kP ag)

can be thought of as a Hamiltonian f@—space, where the central circle acts trivially, with
moment map k. In particular, the moment map (k® ¢, k) is equivariant for the usual coadjoint
action on

EE* ~ Lg* x R.
A level k prequantization of (M,wa, Paq) is given by a fa—equivariant line bundle £ - M
for (19), equipped with an invariant connection V such that
L curv(V) = kw,
27

and the lift of the group action is given by Kostant’s moment map condition for the moment
map (k®aq, k). In particular, £ is equivariant at level k. Note that a level k prequantization
determines prequantizations for all multiples of k.

Given a level k pre-quantization, we may tensor the spinor bundle S — M from Theorem 4.1
by L to obtain a new LG-equivariant spinor bundle £® S over p*Cl(T'M ), which is equivariant
at level k +hY. The associated anti-canonical line bundle

L2202 M
is thus equivariant at level 2(k +h").

4.3. Quantization. A level k prequantization £ gives rise to a canonically defined element of
the level k fusion ring Ry (G), denoted

(20) Q(M, k) € Ri(G)

and called the quantization. (This element may well depend on the choice of £, but we will not
indicate this dependence in the notation.) In [3], (20) was defined through an ‘Atiyah-Bott’-
like fixed point formula; in [28] it was defined as a K-homology push-forward and the fixed
point formula was obtained as a theorem. We will recall this formula in Section 4.4 below.
Equivalently, (20) is described in terms of the associated multiplicity function (see Section 2.3)

N(,k): A" = Z,
which is anti-invariant under the shifted affine Weyl group action at level k +h".

Remark 4.2 (Interpretation of the W,g-anti-invariant extension). If the moment map ® g
is transverse to t C Lg*, then X = @Xj(t) is a finite-dimensional submanifold, with a T-
equivariant Spin -structure induced from that on p*T'M, and Ly = L| ®1(1) is a pre-quantum

line bundle for the presymplectic form given as the pullback of kwas. Even though X is non-
compact, the corresponding Spin.-Dirac operator with coefficients in £y has a well-defined
T-equivariant index, with finite multiplicities. The function N (-, k) is the corresponding mul-
tiplicity function. See [22] for details.
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Remark 4.3 (Tensor powers of the line bundle). A level ky prequantization of (M, waq, Pay)
canonically induces a level & = kgn prequantization for all n € N, by taking powers of the
pre-quantum line bundle £. We hence obtain a sequence of quantizations Q(M, k) € R (G)
for k = kon, where n = 1,2,. .., with associated multiplicity functions p +— N(u, k) on A*. We
extend the definition to all k£ € N, by putting N(u, k) = 0 if £ is not a multiple of k.

Ezample 4.4. For G = SU(2), we have that h¥ = 2, and A* = Z with 1 € Z corresponding to
the element p. The affine Weyl group action at level k£ + 2 is generated by affine reflections
across the points —1 and k + 2. The multiplicity function N (-, k) for any level k prequantized
Hamiltonian L SU(2)-space (or equivalently, the associated g-Hamiltonian SU(2)-space) is anti-
invariant under this action, and so is determined by the values N(u, k) for p=0,...,k. Some
examples of such multiplicity functions are worked out in [27]. For the ‘multiplicity-free’ g-
Hamiltonian SU(2)-space M = S%, one finds

N(u,k)=1

for all K € N and g = 0,...,k. Another example is the ‘fused double’ M = D(SU(2)), with
corresponding Hamiltonian LG-space M the moduli space of flat connections on a surface of
genus 1 with one boundary component. Here

N, k) = 0 woodd,
)= k+1—p  peven.

for 0 < pu<k.

4.4. Fixed point formula. We will state the fixed point formula from [3] and explain its
ingredients; our eventual aim is to derive from it a ‘norm-square’ localization formula. Recall
that for elements 7 € Ry(G), the evaluation 7(t) at regular elements t € T;fhv is defined,
and these values determine 7. Suppose (M,wpq, Prq) is a proper Hamiltonian LG-manifold,
prequantized at level k, and let Q(M) € Ri(G) be its quantization. Let M be the associated

g-Hamiltonian G-space. The fixed point formula for (20) reads as
(21) QM) = > | AS'(vp), te Ty

a sum over connected components F' of the fixed point set of ¢ in M, where the differential
form

(22) AS'(vz) € Q(F)

is ‘essentially’ the integrand for the fixed point formula (Atiyah-Segal-Singer) of a Spin-Dirac
operator — even though M does not have a Spin,-structure, in general. To explain the definition,
let

F=FxptCFxt
be the fiber product of F' and t over T', so that A acts on F with quotient F.

Lemma 4.5. There is a A x T-equivariant embedding 0f}~7 as a finite-dimensional symplectic
submanifold

ﬁc—w\/l,
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taking values in M! N @Xj (t), in such a way that the quotient map M — M restricts to the
covering map F' — F = F/A.

Proof. The inclusion is given by the natural map of fibered products, F xpt — M xgLg* =

For any face o of the Stiefel diagram, the intersection with the corresponding cross-section,

F NY), is a union of components of the fixed point set yf,. We hence see that F'is a union of
symplectic submanifolds. O

Let vg be the normal bundle to F' inside M. We define
(23) Vi ::p*TM|F/Tﬁzp*VF—>ﬁ.
The spinor bundle S for p*T'M — M restricts to a A x T-equivariant spinor bundle S|z for
(24) pPTM|z~TF Gvs— F

at level h. On the other hand, the prequantum line bundle £ restricts to a AxT -equivariant
equivariant line bundle Lz at level k; their tensor product S|z ® Lz is a Spin,-structure at
level k+h". After choosing A x T-invariant bundle metrics and connections, the Atiyah-Singer
intNegrand for the given element t € T;ighv and the t-equivariant Spin_-structure S|z ® Lz on
TF © Vi,

(25) ASt (vz) € Q(F)

is a well-defined differential form. The general definition and several equivalent formulae for
.ASt(Z/I;) are recalled in Appendix A. However in this case there is a simpler expression for

ASH (vz).
Since F' is symplectic, the 2-out-of-3 principle for Spin_-structures gives a A T-equivariant
spinor bundle Sl,ﬁ for vz. For this case the Atiyah-Singer integrand takes on the simpler form
Td(F) Ch* (L5
(26) ASH(vz) = ( )t (£r)
Cn'(s;,)

where the denominator is the equivariant (super) Chern character of the dual spinor module
S;_- Under the action of A € A, the factor Ch'(Lz) in (26) is preserved up to a phase factor
A,

kA while the denominator Cht(Sjﬁ) transforms similarly with a phase factor Since

tk+hIN — 1 for t € T}, v, we see that the product is A-invariant, and so descends to F'. This
is our form (22).

Remark 4.6. Our definition of (25) works more generally for elements ¢t € T' and F' a connected
component of M, provided that the subgroup Tx C T fixing F' pointwise contains some regular
element. (We will soon need this more general situation.) Indeed, this assumption guarantees
that £/ C @ 1(7) and Lemma 4.5 is unchanged. If furthermore ¢ € T}, v, then (25) descends
to F.

Remark 4.7. If k +h" is even, then the A-action on p*T'M|z descends to a A-action, and we
obtain a T} v-equivariant Spin_-structure on the bundle 7'M |r (and equivalently, on the total
space of vp). In this case, the integrand (22) is directly defined as in the Atiyah-Singer fixed
point formula, without the need to work on the cover F.If k+hYis odd, one can still define
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an equivariant Spin,-structure on TM|p, but it depends on a choice and results in a slightly
different formula. See [28] for details.

Remark 4.8. One option is to interpret AS'(vj) as the Atiyah-Singer fixed point integrand for
the Spin, structure on the ambient space Tot(vz). Alternatively it is possible to construct an

‘ambient space’ that works for all components F simultaneously, as follows. Let
U=Txg/t—G
be an N (T)-equivariant tubular neighbourhood embedding, with pre-image X = ®~1(U). Let

U= txpU and X 2 tx7 X be the fiber products over 7. There exists a A x N¢(T')-equivariant
embedding
ﬁgtxg/t%Lg*,

restricting to the inclusion of t, such that the holonomy map Lg* — G restricts to the covering
map U — U. (See [21] for details.) Its pre-image under ®, defines an embedding of X into
M. Regarding X as a submanifold of M in this way, its tangent bundle is identified with
p*TM|g, and so it has a level h" spinor bundle S| 5+ The normal bundle of F inside X is
identified with vz, and .ASt(I/I;) is the corresponding Atiyah-Singer integrand. This point of
view will become important in Section 6.3.

5. REARRANGEMENT OF THE FIXED POINT CONTRIBUTIONS AND THE DECOMPOSITION
FORMULA

In this section we re-write the fixed-point formula for Q(M, k) in terms of Verlinde sums
(see Section 5.4), and then apply the Decomposition formula proved in [20].

5.1. Orbit type rearrangement. Let (M, wn, P, Lo) be a level kg prequantized Hamil-
tonian LG-space. As in Remark 4.3, M acquires a prequantization £ = E%Z’” at each level
k = nkg for n € Zo. Let Q(M, k) € Ri(G) be its quantization.

By (11), the associated multiplicity function N(-,k): A* — Z is expressed in terms of the
values Q(M, k)(t) for t € T;°®, which are given, in turn, by (21):

N(A,k)z#ng oS e[ a- /FAst(uﬁ).

teTI°8 FCM? aER_

Note that N (A, k) is a function of k € kgZ=¢. The right hand side of this expression depends
on k due to the explicit appearance of £ = k+h", as well as through the line bundle £ (defined
for k € koZ~o) that plays a role in the definition of ASt(V};).
We will now exchange the two summations, by first summing over all possible F. Let

(27) F={F C M| 3tecT"™: F is a component of M"}.

Each F' € § is a T-invariant submanifold. Since F' is fixed by at least one regular element
t, the equivariance of the map ® shows that ®(F) C G' = T. Let Tr C T be the subgroup
(possibly disconnected) fixing F' pointwise. Some points of F' will have a larger stabilizer, but
basic properties of orbit type stratifications (see e.g. [34, Section 2]) show that the principal

stratum of F' (i.e, the subset of elements in F' with stabilizer exactly equal to Tr) is open,
dense and connected in F. The set § has a partial ordering given by

F'<F & F CF
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and in this case Tp C T . In terms of this partial ordering, the principal stratum of F' is
F \ Uprsp F .

We now rewrite the multiplicities by first summing over all F' € §, and then over all t € T}
having F' as a fixed point component. Note for a given t € T, the submanifold F' € § is a
component of M! if and only if ¢ € T and the action of ¢ on the normal bundle does not fix
any non-zero vectors. The formula for the multiplicities becomes

/
Nk =2 > Y a1 / AS (1),
I 5 wetrom, QR F

where the prime indicates that we leave out any ¢ whose action on vr has a non-trivial fixed
point set. Observe that we dropped the superscript ‘reg’ from T}, since the product over
negative roots is zero when ¢ is not regular; on the other hand, in Remark 4.6 we had defined
AS'(v) even for non-regular ¢, so long as Tr contains some regular element.

Thinking of this sum as a finite Fourier transform, we may move the factor [ cu (1 —1%)
outside the sum, replacing it with finite difference operators [[,c Va. We hence arrive at
the expression

1 _

(28) N(- k) = #TK(QQ Vo) N (k)

with

(29) N\ k) = Z Z’ t=A / AS! (vz).
Fe§ teTpnTy F

5.2. Action of components of Tr. In general, the subgroups Tr for F € § may be discon-
nected. Let Tr o denote the identity component. For a € Tr /T, let T, be the corresponding
component of Tr, let {r, € Z~o be the smallest natural number such that T, N T lra # 0,
and choose an element tr, in this intersection.

Lemma 5.1. For { € Z~q, we have that Tpq NIy # 0 if and only if € is a multiple of {r,.
Furthermore, in this case
TF,a NT, = tF,a . (TF,O M Tg).

Proof. The condition Tr, N1y # (0 is equivalent to

(30) Zexp_l(TFﬂ) NA*#£(
It is immediate that the set of ¢ € Z with this property is a subgroup of Z which implies the
first claim. The second claim follows from Tr, = trq - TFp. O

Suppose ¢ = k+h" is a multiple of {4, so that tp, € T;. We are interested in the fixed point
contribution from elements in Tx, N T;. Hence we will give a description of the Atiyah-Singer
integrand AS'Fe* (v, ) for t € Try.

For any F' € §, the normal bundle vg splits Tr-equivariantly as a direct sum

Vp = V}; ) V}é,
where /7 is the subbundle fixed by the identity component Tr(. Pick a ‘Kronecker generator’

v € t, ie., such that exp(v) generates a dense subgroup of 7. The bundle v} has a unique
T-invariant orthogonal complex structure, with the property that the pairings of the complex
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weights of the Tr-action on v with pry,(v) are all > 0. (Indeed, pr,(v) € tr acts as an
invertible skew-adjoint transformation of v}; dividing by its ‘absolute value’ we obtain a skew-
adjoint operator with the same eigenspaces and with eigenvalues +i.) The complex structure
determines a T-equivariant Spin -structure for v,. On the other hand, the choice of an wp-
compatible, T-invariant, almost complex structures on F' gives a T-equivariant Spin -structure

for TF. Pulling back to F and using the A x T-equivariant decomposition
p*TM|z :Tﬁ@V%@V%
where V,ﬁ = Vel 5, 1/% = p*V%| 5, the bundle 1/% inherits a A x T-equivariant Spin,-structure
at level hY, by quotient. For all t € T,
CI(S3,.) = ON(S;, ) OB (S},) = DL () OB(S3),

where

DL(v) = dete(1 — t~1e R/,
the complex determinant being taken in the fibres of the complex vector bundle V% (see also
Proposition A.8). The Atiyah-Singer integrand takes on the form
TA(TF) Cht(L )
DZE:(V%) Cht(SZ%) '

ASt(Vﬁ) =

Let ®5: F — t* be the restriction of the moment map. For t € Tk, we have that

ChtF’at(Eﬁ) _ tprt*F (k‘@ﬁ) ChtF’a (‘Cﬁ)

since the Trp-action fixes the base, and so the locally constant phase factor describing its
action on the pre-quantum line bundle Lz is described in terms of the moment map (the
corresponding weight for Trg is the projection prt}(ké 7). (By contrast, it is usually not
possible to determine the ¢z 4-action on £z from the moment map alone.)

Similarly, the T-action on the anti-canonical line bundle ZV%/ defines a (Berline-Vergne)

moment map, which we write as 2hV\I/’F’v: F — t* to take into account the level 2hV-equivariance
with respect to the A-action on F , t*. Since T acts trivially on the base F , as well as on 1/%,

the Pry: -component of \I/% is locally constant, hence h" DT \I/%: F — t; is a locally constant
weight for the Tr-action such that

_hV « "
Cn'rel (S, ) = t b Vi Ch're (S}, ).

We hence obtain
tOF.
(31) AS et (1)

= Qﬁ,a,k D(C(V%vtF,at)

where o I is the affine-linear function of ¢ given by

05y = Pry (k®5 + 0V UL) = Cpre (D7) +hY pry (V5 — Bp).
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We also define o0z = 05, = h" pres (\II’FC — ®5). In equation (31) we have also collected the

t-independent factors into a single differential form Q ., defined by

TA(F) ChtFe (L)
(32) Qﬁ,a,k = ChtF’a (S*,,) E
VE

when £ is a multiple of {4, and Q ,, = 0 when £ is not a multiple of ¢r,. Note that oz, is
locally constant on components of F, and takes values in the weight lattice Ap = pre, (A*) of
TFr,; its values on different components differ by elements of the lattice DPre, (¢A). Consequently,

if ¢ € TrNTy, the factor t°F.¢ descends to F'. Likewise, the form (32) descends by A-invariance
to a form Qg € Q(F). Equation (29) becomes

(33) Nk =3 /F S 2 Qs Y

teat,
Feg teTr,oNTe D¢ (VF)

to'ﬁ*,g_prt*F (N

The summation

Uﬁ*ﬁg_prt’i, ()‘)

1t
(34) Y
D" (V)

tETF,OﬂTg F

is an example of a (differential-form valued) Verlinde sum for the torus Tro. The next step in
our analysis involves a combinatorial ‘decomposition formula’ for Verlinde sums.

5.3. Quasi-polynomials and shifted cones C7 ;. Let I' be a finite rank lattice. A complex-
valued function on T’ of the form ~ — 2™ e U (1) for some p € Hom(T",Q) is called a
rational character. The algebra of quasi-polynomials on I" is the algebra generated by poly-
nomials on I' together with the rational characters. Equivalently, a function ¢: I' — C is
quasi-polynomial if there is a sublattice I'' C I' of finite index such that the restriction of ¢
to each coset v + IV C I' is a polynomial. More generally, a function from I' to some vector
space V is quasi-polynomial if its components (in any basis of V') are quasi-polynomial. A
function defined on a subset S C I is called quasi-polynomial if it is the restriction of a quasi-
polynomial function on I' (clearly this only has content if S is an infinite subset). Similarly if
the restriction of a function to S C I' equals the restriction of a quasi-polynomial function to
S, then the function will be said to be quasi-polynomial on S. Finally when there is no risk
of confusion, we use all the same terminology when S is in fact a subset of the ambient real
vector space I' ®z R, with the understanding that we are referring to functions defined on the
intersection S NT.

The definitions above apply to the special case I' = A* xZ C t* xR, with elements v = (A, £).
We shall encounter partially-defined functions of (A, ) € A* x Z. For example, the multiplicity
function N for a Hamiltonian LG-space prequantized at level kg > 0 is defined for A € A* and
¢ e hY+ko-Z-o C Z. Frequently these functions will be quasi-polynomial on the intersection of
their domain with a shifted cone in t* x R. It is convenient to introduce the following notation.
For any subset I C t* and § € t*, let

(35) Crs={(t§+6,t)[el,t >0} Ct" xR
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For 6 = 0 we also write Cr = Cy . If I is invariant under translation by elements of a rational
subspace h* then for § € t*/h* we define Cr 5 to be C, s where 0 € t* is any lift of 0.

5.4. The decomposition formula for Verlinde sums. In this section we provide a minimal
introduction to Verlinde sums and the decomposition formula. Instances of Verlinde sums
first appeared in the Verlinde formula [40]. They were studied by Szenes [36], under the
name rational trigonometric sums. Szenes proved a remarkable residue formula, implying
that Verlinde sums exhibit a piecewise quasi-polynomial behavior. Verlinde sums are discrete
analogues of multiple Bernoulli series [35]. Boysal-Vergne [9] proved a ‘decomposition formula’
for multiple Bernoulli series as an infinite sum consisting of a polynomial contribution, plus
corrections supported in half-spaces. In [20] we provided a proof of the discrete counterpart of
this formula; we refer the reader there for details.
Consider a torus 7' = t/A, with a unitary representation

(36) A: T — U(E)

on a Hermitian vector space E, with ET = {0}. Let g € U(FE) be a fixed unitary transformation
of finite order, commuting with all A(t), ¢t € T. Put

DL(E,t) = detc(1 — g T A®#) ).
Suppose we are given another lattice Z C t containing A; for ¢ € Z~, define a finite subgroup
T, = (32)/ACT.

Definition 5.2. The Verlinde sum Vi : A* x Z~o — C associated to the T-representation (36),
and the element g € U(E) is

(37) VI L) = Z e NeA*, (el
teTD Et

The prime next to the summation sign means the sum only extends over elements ¢ € Ty such
that the denominator does not vanish.

Remark 5.3. Equation (37) differs from the convention in [20] by a substitution A ~» —A.

The Verlinde sum is periodic with respect to lattice translations of A by elements of /=Z*. By
([20], Proposition 2.7) its support is contained in the subspace spanned by the weights of the
representation (36), along with its translates under =.

The representation (36) determines a collection S(F) of affine subspaces, consisting of spans
of subsets of weights of the representation (36), along with their translates under the dual
lattice Z* C t*. In particular, the elements of Z* are in S(E) (corresponding to the empty set
of weights). The affine subspaces in S(F) are called admissible in the terminology of Boysal-
Vergne [9]. For A € S(E), let ta C t be the annihilator of the subspace parallel to A, and
let EA be the subspace fixed by ta. The representation (36) restricts to a subrepresentation
Aa: T — U(EAa), and with the restriction of g to Ea the Verlinde sum ngA is defined, with
support on /A together with its (Z*-translates. Let ngA(-,E) denote the part of VgA(',ﬁ)
supported on ¢A (i.e. the Verlinde sum multiplied by the characteristic function of /A). Then

(38) Vi =D Vi
A/
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where the sum is over all distinct Z*-translates A’ of A.

For any A € S(F), the connected components ¢ of the complement of the admissible sub-
spaces that are strictly contained in A are referred to as the (open) chambers of A. For any
such chamber, ¢, the function ng7A is quasi-polynomial on the subset of (A, ) with A € f¢ (see

([20], Theorem 2.8); in terms of the notation from Definition 35, VEQA is quasi-polynomial on
the set of lattice points in contained in the cone

Ce={(t& )€ ec,t >0} Tt xR.

Let p be any point in c.

Definition 5.4. The quasi-polynomial germ of VgA at ¢ (or ) is the unique function
VergEAju = Ver%A’c: AN X Zsg — C

quasi-polynomial on and with support contained in (A* x Z) N Ca, that coincides with Vg, on
(A* xZ)NnC..

The continuous counterpart of the Verlinde sum is the partition function. It depends on the
choice of a polarizing vector for the representation (36), i.e., an element 7 € t that acts without
fixed points on E. Using the extension of (36) to a homomorphism 7€ — GL(E), we define:

Definition 5.5. The partition function Pg . A* — C is given by the formula

39 =1
(39) e—1>r(r)l+/ DL(E texp —zer))

One checks that this is well-defined, and depends only on the connected component of 7
in the set of elements of t acting without fixed points on E. The partition function Py, _ has

dt

support contained in the intersection of A* with the cone spanned by the polarized weights o™
of E, i.e., at = +a with the sign chosen such that (o™, 1) > 0.

Fix an integral inner product on t identifying t ~ t*, and let v € t. For every A € S(F), let
vA = pra(7y) denote the orthogonal projection of v onto A, and put

TA =7A —7-
For a generic choice of ~, all of the projections ya for A € S(F) are in open chambers, and all

the normal vectors 7a are non-zero polarizing vectors for Eﬁ CE.

Theorem 5.6 (Decomposition formula for Verlinde sums, [20]). Let v € t be generic. Then
the Verlinde sum decomposes as follows:

(40) Vi= Y Very  « PgK -
AeS(E)

(a convolution of functions on A* for fized € € Zg).

For our purposes, we need a more general version of the decomposition formula incorporating
differential forms. Suppose F — N is a T-equivariant vector bundle, where the T-action fixes
the base N. (We have in mind the bundles v}, — F with the action of Tro.) The T-action
is described by a group homomorphism A: T — I'(U(E)), where U(E) denotes the unitary
bundle. Suppose also that g € I'(U(E)) has finite order and commutes with all A(¢).
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Choose a T-invariant Hermitian connection on F, invariant under the action of g, and
consider the Chern-Weil forms

DL(E,t) = detc(1 — g 'A(t )e BT € Q(N),  teT,

where R is the curvature. For all ¢ € T such that the bundle endomorphism 1 — g 1A(t71) €
End(v) is invertible, the form D%(F, t) has a well-defined inverse. Using this inverse, we may
define the Verlinde sums and partition functions by the same formulas as before, now given as
differential forms. The decomposition formula (40) holds for this extended setting, at the level
of differential forms [20].

5.5. Application of the decomposition formula. We return to analysing the multiplicity
function N (A, ¢), given by (40):

(41) N(\ k) Z/ ZtFaQFak Z/

tF,a /
Feg tGpr()ﬂTg D(C (Vﬁ7 t)

tUﬁ’g_prt*F ()‘)

Recall that although o ,: F— A%, is only locally constant, t7F.¢ € U(1) is actually constant
(for a fixed t € Tro N Ty), hence descends to F. At this stage it is convenient to break

the symmetry and fix a connected component Fy C F and hence a choice of representative
Ops € A% for the coset Op o+ Pri (¢A). By the preceding comment, the locally constant

function o , may be replaced with the constant o, , in (41) without changing the result.

With these preparations we re-phrase (41) in terms of Verlinde sums. For the term indexed
by F', the role of T is played by the torus Tro = tp/Ar where Ap := A Ntp, and the role of =
by the lattice Z2p = A* Ntp. The vector bundle E is v/}, with auxiliary endomorphism g given
by the action of tr,. Using the definition of Verlinde sums, we have

N\ k) Z/ ZtFaQFakV (pl"t* (/\)_Jﬁo,be)'

Feg

Applying the decomposition formula for generic elements vg € tg yields

@ N0 =F [ StR0n 3 Vel oFE L (0r0) = on00)

v
FAF,
Feg AES (V)

To choose the vectors v, recall that our objective is to obtain an expression on the right-
hand-side of (42) optimized for studying the quasi-polynomial behavior of N(\, k) on the ray
{(0,0)[¢ € Z>o} C A* X Z>o. Since the (-linear component of the shift o , is (@ , the choice
suited to this end is

(43) P = =g + pre (e),

where € € t* is close to 0, does not depend on F, and is such that yp is generic, for all F' € §.
The next step in the analysis of (42) is to reverse the order of the summations over F, A.
This will require new notation. Let

S=J{prg (A +2p)IA € S@p)}-
Feg
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Then § is a A-invariant, locally finite collection of affine subspaces of t*. Equivalently S is the
set of all affine subspaces of the form ® ¢ (z) + prt_;;l (R) for F' € §, z € F and R C t}. the span

of a subset of the set of weights for the Trp-action on the normal bundle vpg.
For A € S, let

ean = pra(e), TA = €A — €.
Note that if A = prt_};(A + @ ) then

pri: (€a) =Vpa +Pp,  Pre(Ta) = TRA-

For each A € S, let to denote the annihilator of the subspace parallel to A. Let Fa be the
subset of those F' € § such that A appears in the collection of subspaces prg(A + @ Fo) for

some A € S(v},), ie.,
Sa={FejlAe plrt_*l(CID~ +S(vp))}-

Define VFA = (V) and let v/, be its orthogonal complement in v/},; when A = prt* ((I)Fo +

/L
A) these agree with I/F A VEA respectlvely. We also define
tr a0 [ 1320
(44) Vs (N0 = v, A(A—oﬁoj,z),
Fa7 FO tFu, _ _
(45) Ver Tyr pn (A, £) = Ver }AWFA()\ JFM,K).
tF.a, t a0 fr
(The motivation for the notation is that v, AFO and Ver , "0 are supported on Ca, - ,
Vrp.A> Vp ACA " Fo

where recall that oz = o0p (= hY DTy (\IJ’I%O — @7 ).) On reordering the sums, equations (28),

(42) become

(46&) N = Z ngol’ ngol ( H v )quol
AEeS #TK aER_
where
—=qpol F,a0 tFa
(46b) NAT(\E) Fzgj /ZtFQQFGkVer ,MMO i (prg (V) ).
€5a

. 1
For later reference, we record some properties of ngo .

Proposition 5.7. The function ng‘)l has the following two properties:
(a) For each 6 € A* ® Q, the function (A, {) — NXPOI()\,K —hY) is quasi-polynomial on
the intersection of Ca s with its domain of definition. In particular if 0 € A then
k € Zwo— NRpOl(O, k) is quasi-polynomial.
(b) For A # t*, k € Z~q, the function \ — NRPOI()\, k) is supported in a half-space, with
the interior-pointing normal to the boundary Ta.

Proof. The function (A k) +— t}i“QFﬂ,k is quasi-polynomial. By definition the function

Fa7 F

(A, £) = Ver , poae 0(prt* (A)) is quasi-polynomial on subsets of the form Ca 5 for § € A* ® Q.

From basic properties of convolution, it follows that the function (X, ) — N OI(A,E —hY) is
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also quasi-polynomial on subsets Ca s. The latter property is preserved by finite difference
operators (which amount to taking finite linear combinations of the quasi-polynomials on dif-

ferent translates of Ca). Moreover, if (A, £) = (#Ty) - N®Y(\, £ — 1Y) is quasi-polynomial
on Ca s, then so is (A, £) — NP\ ¢ —hY). This is because NP(X, ¢ —h") is an integer
for £ —hY = k > 1, hence #T; = (#T1)¢4™™) must divide this quasi-polynomial, implying
NRPOI(A, ¢ —NhY) is itself quasi-polynomial on Ca s.

tF a,0F .
Property (b) is clear because the function A +— Ver;’ 610 (prez (A), £) is supported on a
F,A°
subspace parallel to A, while the partition function Pﬁﬂ’“ ~ is Ta-polarized. O
FA

6. THE NORM-SQUARE LOCALIZATION FORMULA

In this section we give a new description of the contributions ng()l in (46). This description
is used to prove that N vanishes identically when M N &~ (exp(ea)) = . The surviv-
ing terms are indexed by the critical values of the norm-square of the moment map for the
Hamiltonian loop group space associated to M. This vanishing result is crucial to establish the
quasi-polynomial behavior of k — N (0, k) in the next section.

Recall that NXPOI is quasi-polynomial on Cp 5 for each § € A* ® Q. To show NXPOI vanishes
on Cy s, it suffices to show that |ng01| decays asymptotically on an open cone in Ch s, as this
cannot occur for a quasi-polynomial unless it is identically 0. The first step is to replace NA” ol
with a function Na having the same large £ asymptotics. The needed decay will follow from a
Kirillov-Berline-Vergne-type formula for the Fourier transform of Na.

tFa0 g tF,a»0 ¢
6.1. Asymptotic replacements. Replacing Ver;’ ;Z) with VV,F’ AFU in (46b), leads to
FA FA0
closely related functions
(47a) Na ::( 11 va>NA,
aER_
and
T _ - tF’a’aF tF,a
(47b) Na(\ k) = Fé: /F Z lnQranViy T X0 B (prg (1)),
A

Ezxample 6.1. For A = t*, §a = § hence No = N is the original multiplicity function.

Proposition 6.2. There is a K € Z~q and an open neighborhood b of ea in t*, such that
Na(\ k)= NPUNE),  Xel-b, k>K.

In particular, for each X € A*, Na(\, k) = ngd()\, k) for k> 0.

Remark 6.3. Note that given Na, there is at most one function ngd satisfying the property

in the proposition and that is quasi-polynomial on subsets Ca ,, 7 € A ® Q.

tFa,0f t ,a,0
Proof. By construction, Ver;' 7Fo (pry= (M), £) and V. - UAFO (pry (N), £) both have support con-
F, F Ve as F

AEA
tained in Ca 5, C t*XR. Moreover, there is a relatively open chamber cp in DT (A) containing
0

pri: (ea) such that the two functions agree on the affine cone Cpr:*; (cr)os,’
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- has support contained in the pointed cone Rpa C tj spanned by the 7a-

)

Recall P'%

VEA

polarized weights for the action of T on V}%A. From the fact that the support of a convolution
is the pushforward of the supports under addition, it follows that the convolutions

v

!
VpE.As

tF,a:Uﬁ*O

PtF,a V 2(/'1:‘70"‘:‘.13‘() tF,a
A /L )

VpﬁA STA V%‘,A €A V%‘l’A STA
agree on the set Cyr ,_, where b is the complement in t* of (A '\ p]rf}1 (cr)) + pr;}l(RF,A).
0

Let b’ be the intersection over ' € Fa of the b’%. Notice that b’ is non-empty and open,
since each b, contains an open neighborhood of ea. Let O, be any lift of Of, to t*; recall

Cy,op = Cy 5, - Then Na, NP agree on the set
7 Fo T Fo

(48) NN C/ 65, +n

n FeFa
where 71 ranges over the finite set of possible sums of subsets of the negative roots. For small
£, the intersection (over 7, F') of the sets (£-b' + 6z +n) x {¢} might be empty, because of the

shifts. But if we let b C b’ be an open subset containing ea such that the closure b C b/, then
for ¢ > 0 one has
/ —1/A
bCb +7¢ (UF0+77)
for each pair (F,n) in (48). O
6.2. The distributional character for Na. The function Na(—, k) introduced in Section

6.1 is the Fourier transform of a distributional character Qa(—,k) € D'(T). We introduce
additional notation in order to give a compact formula for Q.

Ezample 6.4. By Example 6.1, for A =t*, §ao = F and
Qa(t.k) = or,HQM)(®) ] 1 —19),
aER_

where 7, denotes the delta distribution for 7, with total integral 1 (i.e. (#7;)~' times the
counting measure). The formula for QA below generalizes this to arbitrary A € S.

To state the formula we introduce some additional notation. For A € S and t € T' we define
S\ = {F € §alF C M'}.

For F € Fa, let Fa be the union of connected components of F whose image under the moment
map lies in A, or in other words, Fa is the fibre product

FA = F X gx A.
Then ~
F = Fa/(ANtg)
where tﬁ is the orthogonal complement of ta in t. Let
t
Via = Vi iy

and 1/}% A for the complementary vector bundle over Fa. We also have a decomposition

)

) "
Vi =VeaPVp,
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where Z/%,A = (VF’A)tF =Vilp, -

In the proof of the next result, it will be convenient to consider distinct complex structures
on the same underlying real vector bundle, and we introduce the corresponding notation here.
If £ € t and £ acts on a vector bundle v with no eigenvalue equal to 0 (we say ¢ is polarizing),
then we write Jg for the complex structure on v such that the weights are &-polarized, and A¢v,
dete (), Symg(v) for the corresponding complex exterior algebra, determinant and symmetric
algebra bundles, respectively.

For example, 7a is polarizing for the action of T on Vﬁ A» and so we have a corresponding

complex structure J;,. Below we will need the symmetric algebra bundle Sym A(V}Ji A)- The
latter has a distributional Chern character, defined for t € Tx:

1
Ch(S EA),t) = i
(Symr, (VEa),t) = e—1>%l+ Ch(/\TAVFA,teXp(IETA))

On the same vector bundle we also have the complex structure J,, (strictly speaking, Jprf*F (U)),
which is not the same in general. For use in the proof of the result below, we introduce the
sub-bundles I/IJ—},Z, uﬁz, where V;T,Z is the sub-bundle where the complex structures J;, and J,
agree, thus

(VPL“,AN]TA) (VFA>J ) (VFA7J— )
It follows that we have an isomorphism of Zy-graded spinor modules:

1 1+ 35 1— 1 = 1
/\TAVF’A = /\UVF,Z®/\_UVF,A = /\—UVF,A®det’U(VF,Z)

where detU(VFZ) is regarded as a Zgy-graded line bundle with parity equal to the complex rank

of y#"g. The Chern characters thus satisfy
(49) Ch(/\TAufiA,u) = Ch(/\_vz/fiA, u)Ch(det,, (VFA) u).

The T x K-equivariant spinor modules S, _ | 7, for Vil 7, and A for the complex vector

A F A
bundle VE A determine a spinor module for Vi A

(50) S, :HomCI('ﬁéA)(/\_ vE S ~|FA) = SVF’ﬁA = ®/\ TAV

F,A TAYF AN TVE FA"

(The minus sign (—7a) is intentional here.)

Theorem 6.5. The distributional character Qa is given by the expression

(51)  Qaltk) =oran®) 3 / OB (£, ) AS! (v, o )CR(Sym,, (vEa) @ An_),
Fegtl

where 07,1, 15 the Dirac delta measure supported on TAT, with total integral 1.

Remark 6.6. It is not difficult to see that the right hand side of (51) is a well-defined distribu-
tion. Consider a product of the form
STA H Z e

i n>0

where tg € T, a = (a1, ..., ) is a list of weights forming a pointed cone Cone(a), and the sum
over n converges in the sense of generalized functions. The Fourier transform of d;,7, is product
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of the character A € A* — t;* € U(1) with the characteristic function of A*Nann(ta ), while the
Fourier transform of the second factor is the partition function for the list «. The convolution
is well-defined when there is an open half-space H = H(ta > 0) with ann(ta) € 0H and
(Cone(a) — {0}) C H, as is the case in (51). More generally one has

1
Chi(S & li
(Sym(vra)) = eg(l)%r Ch(/\TAI/FA,teXp(IETA))

This is a generalized function of ¢ € T, with values in Q(F') (differential forms on F). It
admits a restriction to TaT, N Tr, given by the same expression.

Remark 6.7. We claim that the differential form Cht(ﬁﬁA)ASt(Vﬁ A) on Fa can be taken to
be AN tﬁ—invariant, and so descends to give a differential form on

FA/(ANtR) = F,

which may then be integrated over F. One needs to check whether the locally constant phase
factor (. (t)1/? (see Definition A.4) is (A N tX)-invariant on Ea, for each t € TAT. In brief:
we know that it is for ¢ € Ty. On the other hand the phase factor for the connected group Tha is
completely determined by moment maps (composed with the quotient map to t} ): pryy P g, (for

the prequantum line bundle), and prf, \Il” for the spinor module. These are locally constant

on Ea, by the abstract moment map condmon (F A is fixed by ta), and moreover change by
elements of B’(A Nt}) from component to component in Fa. But B’(t) = ker(pry ), so the
components Preg P Fr pri, o\I/’}gA are constant on Fa.

Note also that TaTy is a union of finitely many connected components indexed by T;/(Ta N
Ty). Moreover §\ = $A whenever s, lie in the same component, i.e. differ by an element of

T, because all ' € §a are fixed by Ta. So the range of the summation only depends on the
connected component of TAT).

Proof. The argument is a mild generalization of that carried out in Section 5: we take the
Fourier transform, reverse the order of summation, and express the finite sums that appear in
terms of Verlinde sums. First note that under the Fourier transform, the equivariant Chern
character of An_ becomes the product of finite difference operators V,, a € R_, so we instead
prove the slightly simpler analogue of (51) for Na and its distributional character Q.

Let g denote the right hand side of (51) without the factor Ch(An_, —) and multiplied by a
factor of #7T;. We must prove ¢ = Q, and we will do this by showing § = Na. For A € A*,

GO\ K) = (#T) / Y / OB (£, )AS® (v, 2 )CR (Sym, , (v ),

GTATZ FESA

where as explained in Remark 6.7, the differential form Ch"(L, )AS® (v o) is initially defined

on Fa, but it is (ANtx)-invariant, and so descends to F. For later reference we note in passing
that pulling the integrand back by the multiplication map Ta X Ty — TaTy and incorporating
the factor of (#7y), the measure we should use on Ta x Ty is the product of normalized Haar
measure on 1A and counting measure on 7.
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We begin by simplifying the Atiyah-Singer integrand. Recall (see Appendix A)

Td(Fa
‘ASU(VF A) = v ( )
7 Ch¥(Ss. )
F,A
where
_ L .
Svpa = Homeypr H(A—ratg o0 Supliy):
One has
) 1 I 1
I/F’A—I/RA@I/FA, VF_VF,A@VF,A
where u% = 1/}{7 =L | Pa . To keep the notation from becoming excessive, we sometimes omit
A

the restriction from F to Fa below. Equipping 1/% A with the v-polarized complex structure
Jy, we have

Td(Fa)
AS (v A) = v R* v )
F.A Ch (RV%,)DC(V%’A)
where RV% is the spinor module for V%i defined by
RV;:L = HOIIIC]( (/\ VFA’ VF,A) HOIIICl(l,/ )(/\ U ®/\ A FA’S )
On the other hand we had already defined a spinor module S,,%/ for 1/% by
S // = HOmCl (/\ 7/ S )
Then
R, =S, ®D
F F
where D is the Zs-graded line bundle
_ _ 1L 1L
D = HomCl(uﬁ,//)(SV%ﬁa RV%) = HomCl(y;:;A)(/\fTA Vﬁ7Aa /\UVﬁw’A) det’u( F A)
Consequently
1 Ch"(D) Td(F)Ch"(D)
= = S'(virA) = .
Ch”(R*,)  Ch"(S,) A (VF’A) Ch(S}, )De (Vi a)
F F F ’
Thus
N _ F)Ch*(Lz,)
a0k = (1) [ 53 / s ‘ D C(D © Sym(vha)).
UETATp FeEFY ” FA C VF,A

Let tpq be as before, and decompose v = tp,u where v € Tpg N (TaTy). We have
Ch¥(Lp, ) = u"™ PiaChire (L),

and

Chv(SZ/Z‘FA) = u —hY plrtF FAChtFa(S* | )
F
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where @7 , \I/'P’;A denote the restrictions of @z, \I/% to FA C F. Hence
Td(F)Ch¥(Ls)
WS, ) Oreklis
l/%/, Fa

Rearranging the sums like before we arrive at
(52)

~ Y uFar ¢ 1

q(\ k) = (#T1y) Z / th,aQF,a,k ., Ch Pe(D @ Sym(vpa), u),

F; D¢ (I/FyA,u)

FESA ueprolﬁl(TATg)

and the prime next to the integral means to only integrate over components of TN (TaTy) =
TA(Tpo N Ty) such that tp,u acts with no eigenvalue equal to 1 on the bundle 1/};} A- The
expression

/ O Z_’\
u A t 1
(53) / U optre(D @ Sym(vfia), ),
D b

& (Vparw)
uGTF’Oﬂ(TATg) ’
can be regarded as the Fourier transform of a product of two Q(F')-valued distributions on
Trp, and in particular, the integral results in a function on A* which is pulled back from a

function on A}. The Q(F)-valued distributions on Trg in question are

(54) u — Ch'Fe (D® Sym(VﬁA)a u)
and
(55) = ugﬁA,eé/TF,oﬁTaTg (u)

lFa
D" (Vias )
where 59“FoﬁTATe denotes the delta distribution supported on the union of components of TN
(TATy) = Ta(Tpo N Ty) such that tp,u acts with no eigenvalue equal to 1 on the bundle
Vi a- Hence (53) results in a convolution of the Fourier transforms of the factors. The Fourier

transform of (54) is the partition function ij’“ Ly @S one checks by noting that the latter is
FA°
the Fourier transform of the generalized function of u € Tr:

1
lim ,
=0+ Ch'Pe (A\_, v o, uexp(—ieTa))

and using the identity (49). For the Fourier transform of (55), we decompose u into a product
st with s € Ta and t € Ty, and so re-write the Fourier transform as

A

o

/ t LN _ —\

(56) Yo / RN
teTyTro Pc “ (Wiast) Jsela

We have used the fact that Tha acts trivially on pr‘ A to omit s from the denominator. The
measure on T is the normalized Haar measured, as we noted in passing earlier on, and so the
integral over T results in the characteristic function of A% N (ann(ta) + oz, ).
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The sum over T;NTr in (56) is the Verlinde sum V tra translated by oz Fat Since the weights

of the Trp action on I/F A are contained in ann(ta), the latter Verlinde sum is supported on a

collection of translates of A}, Mann(ta); more precisely the sum over 7, N T in (56) takes the
form

(57) Vo (o (0, ),

A/
where the sum is over affine subspaces of the form A’ = A + 7, n € A, and we are using
the shifted Verlinde sum defined in (44). Multiplying by the characteristic function of A} N
(ann(ta) + o, ,) coming from the integral over s € T, the A" = A term in (57) is picked out.
The final result is

tF a0 &
0= 3 [ S t0na (o 0.0

Fega

This shows § = N, completing the proof. O

As a corollary of Theorem 6.5 and Remark 6.3, we have the following alternative character-
ization of the contributions in the (46).

Corollary 6.8. Let Na(—, k) denote the Fourier transform of the measure

(58)  Qalt,k) =orar(t) 3 / O (L, JAS' (v, o) CHE(Sym,  (vEa) ® An).
Fegt,

The multiplicity function N admits a decomposition

ol
(59) N=) NP

AeS

where ng‘)l is the unique function such that (i) ngd is quasi-polynomial on all subsets Ca s,
0 € A*®Q, and (ii) there is a constant K and an open neighborhood b of ea in t such that

NN k) = Na(A\ k) for A€ l-b, k> K.

In other words the contribution NXPOI is obtained by taking the ‘quasi-polynomial germ at
en in the ti-directions’ of the Fourier transform of (58). It will be shown in Corollary 6.13
below that the non-vanishing contributions in (59) are labelled exactly by the set B.. Thus
Corollary 6.8 is a norm-square localization formula for N

Remark 6.9. The integral in (58) has the form of a fixed-point formula on the manifold
XA, for the index of a Dirac operator twisted by the infinite dimensional graded vector
bundle SymTA(Vﬁ A)- It is tempting to view this as the quantization of the non-compact
space tOt(V}J;" A), and then to go a step further and interpret the passage to the ‘quasi-
polynomial germ’ as the quantization of tot(yﬁ Alv) where U is a suitable open neighborhood
of XA N ® exp(ea)) in Xa. We will not need this and so will not pursue this here. For
the simpler analogous case of Duistermaat-Heckman measures of Hamiltonian G-spaces, an
interpretation of the contributions in the norm-square localization formula along these lines
was given by Harada-Karshon [11]. See also [17] for an analogue in the case of Hamiltonian
LG-spaces.
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6.3. The Kirillov-Berline-Vergne formula. Let D be a Dirac operator on a compact Rie-
mannian G-manifold M acting on sections of a G-equivariant Clifford bundle E. The Kirillov-
Berline-Vergne formula [6] for the equivariant index is

(60) index(D)(gexp(& / ASI(v,€)

where v is the normal bundle to MY in M, and the formula holds for § € g, sufficiently
small. Here AS9(v,€) is an equivariant extension of the usual Atiyah-Segal-Singer integrand;
see Appendix A for a brief introduction.

In this section we derive a formula of this type for the distributional character Qa. For the
reader’s convenience, we recall equation (51) here:

61)  Qaltk)=bnn®) Y / O (£, )AS! (v, 4 )OI (Sym,., (vE ) © An_).
Fegt,

Recall that one subtlety of (61) is that Ch*(£ Fia)s AS*(vj A) are initially defined on the covering

space Fa, and then we argued that the product descends to F, when ¢ € TaTy. T-equivariant
extensions of these differential forms, as in (60), do not descend to F. For example, the
equivariant extension of Ch’(£ 7, ) will involve the moment map of £, which does not descend.
This means that the Kirillov-Berline-Vergne-type formula must be formulated in terms of
covering spaces.

This leads to a second issue. For g = 1, equation (60) involves an integral over the entire
manifold. It is not initially clear what manifold should play this role in our setting. Because
of the comments in the previous paragraph, it should contain all of the covering spaces F as
fixed-point submanifolds. A manifold that contains all the ' as submanifolds is the infinite
dimensional Hamiltonian loop group space M, but this obviously cannot be used to formulate
an analogue of (60). We are thus led to consider a new manifold, mentioned briefly already in
Remark 4.8. We give a fresh description here.

The map

Txth =G, (t,&)— texp(é)

restricts to a Ng(T)-equivariant diffeomorphism on a sufficiently small ball B,.(t+) C t*+ around
the origin in t*. Let U be the image of T' x B,(t+) under this map; U is a Ng(T)-invariant
tubular neighborhood of T" in G, with canonical maps 7r: U — T and my/: U — th ~ g/t.

Definition 6.10. Define

X =o"4U)
a Ng(T)-invariant open subset of the q-Hamiltonian space M. Let
X =tXp Y

be the fibre product, which is a A-covering space of X.
Note that X has canonical maps
@X:X—)fﬁf*, Mg/{:X%g/f.
It was explained in [21] that X embeds Ng(T) x A-equivariantly into the Hamiltonian loop

group space, compatible with the embedding of all the F. The spinor module S for p*T'M then
pulls back to a spinor module for X.
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For A € S define
Xa =exp(A) xp X' C X, Xa=AxprXaCX.
Note that Xa is a Aﬂtﬁ—covering space of Xa. As X contains all the F € F (see (61)), XA

contains the F, F € 32 as submanifolds.
Let A =AN ti. The manifold Xa has a T x Aa-equivariant spinor module

(62) SA = HomCI(VXA) (/\_TAVXA’ S|XA)’
where we use the —7a-polarized complex structure on the normal bundle vg, to XA in X.
Using T' x A a-invariant connections, the Atiyah-Singer integrand ASY (Z/X—A %9 ,€) is a well-

defined T-equivariant differential form on X % (see Appendix A). Similarly one has a T x KA-
invariant twisted Chern character form ChY(L x4 ,€). These differential forms transform at

level b, k respectively under the action of Aa, hence
* ¢
(63) n ASQ(VXA ,X'i ) g)Chg (EXZ ) g) = (g eXp(g)) nASg(VX'AJZZ ) g)Chg (‘CX'Z ) 5)7

for all n € Aa.

Applying the discussion from Section B to V = t+ ~ g/t ~ n_, and taking the Thom form
Tys to have support contained in the ball B,.(V9), results in a differential form Ch9(b, {) whose
pullback by pg/¢ to X Z has compact support. Pulling back further to X9 . we obtain a closed
T x Aa-equivariant differential form. To avoid excessive notation, we will denote this pullback
by Ch9(b,§) as well.

Theorem 6.11. The expression
6 Qaulek) = [ (L 9AS vy, sy CH(6 Syme, (vx,). 6
A

defines a distribution on a neighbourhood of 0 € t, whose push-forward under the map
exp,: § €t gexp(§) €T

agrees with Qa on a small neighbourhood of g € T.
Proof. Choose a fundamental domain X A0 C X4, for the action of Aa. Since the differential
form Chg(ﬁf(i,g) (resp. ASg(VXA,XZ’é)) transforms at level k (resp. h") under the action of
Aa on X%, equation (64) can be written
(65) Qagl6.h) = 3 (gexp(©)" [ CHI(Lyy AS (g, 3. CH(beSym,, (vx,).).

neAa A,0

Let g = exp(§y) for some &, € t. By the Poisson summation formula (cf. [20] for the version
used here),

(66) QA,g(gv k) = Z 5\/(5 + gg) /f(g Chg(ﬁXg,g)_ASQ(VXAJE—Z,g)ChQ(b ® SymTA (VXA)v 5)
%4 A0

The sum is over ta cosets V = p + ta, u € £71A*. The normalization of dy, is induced by the
Haar measure on TaT; = exp({~1A* + ta) having total integral 1. From (66) and using the
same argument as Remark 6.6, it follows that Qa 4 defines a distribution on a sufficiently small



VERLINDE SUMS AND [Q, R] =0 35

neighborhood of 0 € t, where the equivariant characteristic form .ASg(yXA’ £ €) is an analytic

function of &.

The delta distribution in (66) forces £ + &, to lie in ta + ¢~ 'A* C t. By equation (63), when
£ + &, is in the support of the delta distribution, the integrand in (66) descends to a smooth
form on X4 = X%/Aa, and

(67) Qa6 k) =D dv(€+&) /X | Ch?(L g, §)AS? (v, xq,6)ChI(b @ Sym,, (vx,), €).
\% A

The manifold X% may be non-compact, but the Chern character of the Bott element has
compact support, ensuring that the integrand is compactly supported. The integrand is closed
for the equivariant differential d¢ = d + 27it(€x ), and thus localizes to the fixed-point set of
the vector field generated by £ on XX. Let t = gexp(§) = exp, (). For £ sufficiently small

(XR)° = Xa.
Applying the abelian localization formula, the integral in (67) becomes
L}ZASg(VXA’XZ’O

EUI(VXZJE'Z ) 5)

Qasl€h) =S ovie+6) [ cniiey) Ch'(b @ Sym,, (vx,)).
Vv A

Equations (50), (62), (93) show that
L}Z'ASQ(VXA,XZ y f)

Eul(vge :,€)

t
=AS (VXA’XZ),
hence

(68) QA,g(gv k) = Z 5V(£ + gg) /Xt Cht(EXtA)ASt(VX'A,XtA)Cht(b ® SymTA (VXA))v
14 A

where t = gexp(§) = exp(§ + &), with £ assumed to be sufficiently small and chosen such that
t € TATy (equivalently, £ 4 &, lies in the support of the delta distributions). Let x be a bump
function with support contained in a neighborhood of 0 € t where exp is a diffeomorphism and
(68) holds. Then
(expy )« (XQa.g)

is a well-defined distribution on 7', supported on TAT; (this corresponds to the image of the
cosets V' under the map expg).

If the coset tTa contains a regular element h € T, then, since Xa C X2,

X =Xxkcol(gh) = (7).

It follows that XtA is compact, and the Bott element b can be replaced by its pullback to 0 € g/t,
namely [An_] € KJ(pt). In this case the connected components of X% are the F' € Y, and
VAR |7 =V - Comparing equations (61), (68) shows that the distributions (expy)«(xQa,g)
and ((exp,)«x)@a agree on a neighbourhood of g € T..

We claim that on the other hand, if {TA does not contain any regular points, then the
contribution in (68) vanishes. Indeed if tTA does not contain any regular points, then ¢ must

be fixed by some non-trivial reflection w € W that also fixes Tao. Choose a representative
n € Ng(T) for w. Then n lies in G! N GT2. The latter subgroup is connected, as one may
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deduce by observing that G* N GTa = G where ¢’ is any topological generator of T, and
using the fact that GY is connected for any g € G since G is simply connected. In particular,
the linear transformation Ad, on g’ is orientation-preserving. Since Ad, reverses orientation
on t C g', Ad,, reverses orientation on (g/t)! as well. Hence, under pull-back by Ad,, (cf. (94),
remembering Ad,(t) = t),

Ad? Chf(b) = —Ch(b),
in the compactly-supported cohomology of (g/t)t.

A second consequence of the connectedness of G* N G4 is that n acts by an orientation-
preserving diffeomorphism on each component F C X, and acts trivially on the compactly-
supported cohomology of F. The map pg is N¢g(T)-equivariant. Combining these observa-
tions,

,u;/tCht(b) = n*,u;/tCht(b) = ,u;/t Ad} Ch'(b) = —u;/{Cht(b) = u;/{Cht(b) =0
in the compactly-supported de Rham cohomology of F'.
The other differential forms on the right hand side of (68) are preserved by n* (in cohomology,
or even exactly if we use suitably invariant connections for the Chern-Weil representatives).
This is immediate for ASt(VXA £t ), Ch¥(L Xt ) because of the N¢(T')-equivariance of the spinor

module and line bundle £. For Ch*(Sym,, (vx,)) this holds because Ady(7a) = Ta as 7a € ta.
Thus, for such cosets tTa, the right hand side of (68) vanishes. O

6.4. An asymptotic decay result. Fix A € S throughout this section. Let ¥ C XA be a
connected component, and let ¥ = A x7 ¥ C X the corresponding covering space. Let § AS
(resp. StA’E) be the subset of F' € §a (resp. F') such that ' C X. Define ngg, Nas, Qax
by replacing §a with §a . Define Qa x4 as in (64), except restricting the rang,e of integration
to 29 C X¥.
The main result of this section is the following.

Theorem 6.12. Assume the perturbation € used in the decomposition formula is sufficiently
small. Let 3 be the orthogonal projection of 0 onto A and let X C XA be a connected component.
The contribution Ng{’g is zero unless exp(f) € ®(X).

Following the strategy of Szenes and Vergne in the case of compact Hamiltonian G-spaces
[38], below we deduce Theorem 6.12 from the Kirillov-Berline-Vergne formula (64), combined
with a stationary phase argument as the level kK — oco. A further corollary of Theorem 6.12
is the following, which shows that the non-vanishing contributions NXPOI in the formula of
Corollary 6.8 are indexed by ‘B..

Corollary 6.13. For a sufficiently small, generic perturbation €, the contribution ng()l van-
ishes unless en = pra(€) € B..

Proof. Suppose ngd # 0. By Theorem 6.12 there exists a component ¥ C Xa such that
exp(8) € ®(X). For e sufficiently small this implies exp(ea) € ®(X) since 8 ~ ea. Thus

en € Pp(Xa) and therefore XAN (I)/_\/}(EA) # (). Since Xp C M C M€ 7€ this shows that
€A € B.. O

We turn to the proof of Theorem 6.12. The function ngg is quasi-polynomial on Cx s for
every 0 € A* ® Q. By an open cone in Ca s, we mean an open subset of Ca s which is a
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translate of a set invariant under scalar multiplication by Rsg. A quasi-polynomial function
that decays on an open cone must be identically zero. Thus, to show ngg vanishes, it suffices

to show that it decays on an open cone inside each subset Ca s. By Pr&)position 6.2, there is
an open neighborhood b of ea in t* such that szgl, Nay are equal on the set of (A, ¢) such
that k = (¢ —hY) > K and which are contained in the set

(69) CasNCp €t x Ryp.

As the intersection in (69) contains an open cone inside Ca 5, Theorem 6.12 follows immediately
from the next lemma.

Lemma 6.14. Suppose € € t is sufficiently close to 0. Let B be the orthogonal projection of 0
onto A, and suppose exp(B) ¢ ®(X). Then there is an open neighborhood b of en in t* such
that Na s, decays on the set (69).

Proof. We begin by passing to a ‘truncation’ of N s in order to simplify the stationary phase
analysis. Symmetric powers Sym?, (vs) in (51) with n > 0 do not contribute to the restriction
of Na s to Cas. This is because the Ta-polarized weights of the TA action on vy form a
pointed cone, and thus the minimum value of (o, 7a), as « ranges over the weights of Ta on
Sym?, (vs), increases linearly with n. For n sufficiently large, this minimum is much larger
than the constant (7a, A + §). Taking Fourier transforms, this implies that the support of
the contribution of Sym?, (vs) to Na s does not intersect Ca 5. Therefore let QXL’)E denote
the distribution on 7' defined by equation (51), except replacing Sym,, (vs) with the finite

dimensional subbundle Sym(TZ)(VE) only including symmetric powers not exceeding n. Let

N(An)Z be the Fourier transform of QXL)E. It suffices to prove the statement for N(An)z.
Choose a finite open cover {Uy|g € I} of T' by neighbourhoods as in Theorem 6.11, and let
Xg be bump functions on t such that {(exp,).x,4lg € I} is a partition of unity subordinate to

the cover. By Theorem 6.11
(70) Qax = Z(eng)*(XgQA,Z,g)-
gel

The Fourier transform of (70) is

Nash) = X [ l€)sexn(©) *Qass(e.b)

gel

The same formula holds for Ng)z, replacing Qa 5 4 with QXL)& @ where QX?Z’ g is defined as in

(64) except replacing Sym,_, (vs) with Sym(TZ)(VE).

The n-truncated version of equation (65) for Q(AR)E ; reads

) QL (60 = 3 (gexpl€) [ CH(Lsy 9AS v, 5, OO0 & Sym) (1), )
neAa o
where ig is a fandamental domain for the action of Ax = ANt} on 39 by Deck transformations.

It is convenient to choose 3§ to be of the form ®~1(A¢)N%Y, where Ay is a (closed) fundamental
domain for the action of Ax on A.



38 YIANNIS LOIZIDES AND ECKHARD MEINRENKEN

The product e 4®:€) Ch9 (L9, &) ASI (v5, 54, €) is quasi-polynomial in k: the dependence on
k comes the g-twisted Chern class of the level k prequantum line bundle £, and in particular
the polynomial degree is at most dim(M/)/2. Define

Pg (57 k) = X9(6)6_£<¢i7§>Chg(£ig’ 5),489(112’29,5)0}19({1 & Syms—z) (VE)a 5)

Then Pg is a family of differential forms on 29 with quasi-polynomial dependence on k and
smooth dependence on £. Note that this last property would not hold if the full symmetric
algebra bundle were used, or if the cutoff function x,(§) were omitted.

By (71),

(72) NIEOK) =30 3 g / / R ()
’ 58 Jeet

gel ’I7€AA
Recall X = @ }(U), where U C G is a Ng(T)-invariant tubular neighborhood of T, identified
with T x B,(g/t) via the identification g/t = t* and the map

(1,€) € T x By (a/t)  texp(€) € U.

As exp(B) ¢ ®(X), it is possible to find an open neighborhood b’ of 5 € tand ' with 0 < 7’ < r
such that

&(%) N exp(B') exp(B (g/1) = 0.
Choosing Ch(b) € Q(g/t) to have support contained in B,/(g/t), it follows that the pullback of
Ch(b) to U vanishes on ®(X) N7" (exp(b’)). Pulling back to X and then to X, Ch(b) vanishes
on CIEI(b’).

By choosing e sufficiently small, we may assume ea € b’. Let b be a relatively compact open
neighborhood of ea such that b C b’. The distance between b and t\ b’ is bounded below by a
constant € > 0.

Suppose A € £ - b, equivalently £~'\ € b. Since P vanishes on @51(b’ ), the lower bound

g (z) — £71N] >,

holds for z in the support of P§. As the set where P§ vanishes is invariant under Deck
transformations, the lower bound

(73) s (x) +n— LA > e

holds on the support of P{, for any n € Ax. For n € A outside of a closed ball D centred at
0 we will have a stronger lower bound, of the form

(74) |5, () + 71— LA > 3],

where € £7; this holds because |®5| is bounded on J.
The infinite sum over 7 in (72) can be split into two parts: a finite sum

(75) Nps(\ k) = Z Z gfﬂ)\/ / 62“i€<‘1’i+7]*5_1>\,§>P§7(1€75)7
g€l nEAAND xg Jeet
and an infinite tail

(76) NDC,E()\a k‘) = Z Z gzn_/\ [ / 62ﬂ1£<¢i+n_£71)\7§>P5(k" 5)
7 Jeet

g€l neAp\D
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In equation (75) we use the weak lower bound (73). Since PZ is quasi-polynomial in
k (with polynomial degree at most dim(M)/2) and depends smoothly on &, at each point
x € ig, the principle of stationary phase gives a bound for the integral over t of the form
Cj(z)(be)7+dmM)/2 " where j € Z~o can be chosen, and C;(x) is a constant depending on x
and j. As the support of the integrand is a compact subset of the fundamental domain f]g, the
constant can be taken to be uniform in z, hence we obtain a bound of the form

|Np.s(\ k)| < ¢ Fdm@D/2,
Taking j > dim(M)/2 shows that Np s (A, k) decays as £ — oo.
In equation (76) we use the stronger bound (74). Applying the principle of stationary phase
as in the previous paragraph, we find a bound of the form
[Npes(A, k)| < ¢je-dHAmA02 N0 =,
neAA\D

For j > dim(M)/2 sufficiently large, the sum converges, hence Npe (A, k) decays as ¢ —
0. O

7. EXAMPLES

In this section we describe two simple examples of the norm-square localization formula. We
use some basic calculations of 1-dimensional Verlinde sums from [20]. Further details can be
found in [16].

7.1. The 4-sphere. The 4-sphere S* can be given the structure of a quasi-Hamiltonian SU (2)-
space (cf. [27] for details of its construction), and is prequantizable at any level k € Z~¢. The
fixed-point formula is discussed in detail in [27], where it is shown that

QR =
1-t)(1 -t
The finite subgroup T, = {t € U(1)[t?* = 1} C T = U(1) is the group of (2£)"" roots of unity.
The multiplicity function is
N =V,N, N\ k) = 5 Via(A\0) — V(A= ¢, 0),
where A € A* = Z, a = —2 is the negative root of SU(2), and V; _ is the Verlinde sum

(=k+h"=k+2.

A

Vo= 1-t)a—t1)

teTy

The decomposition formula for Vi 1 with v € (0, 2) is
Vi1 L) = (%eQ S+ AN 5) —2> a (A -2ml) — 203 2 (A - 2ml),
m>0 m<0

where

0 if r<o0
x+<r>={r: crsgr T =),

See [16, 20] for similar computations. One uses a similar expression for V; _1(A — £, ), but
instead chooses v € (—2,0), as explained in Section 5.5.
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Let 0y = —Vaxg, ie. 01:(A) = 22(A 4+ 2) — 21(A). Then the norm-square localization
formula for S is

(77) NOK) =1+ (-1 0. (A - je) (-1 0 <>\ - jf).

J>0 J<0
The contribution from A = t is the constant polynomial 1, while the other terms are contribu-
tions from 0-dimensional affine subspaces.

Remark 7.1. The 4-sphere is a multiplicity-free g-Hamiltonian SU(2) space with surjective
moment map. There are only two other such examples [13]. A second example is the fusion
product C®C', where C' is the conjugacy class corresponding to the midpoint of the alcove. The
norm-square localization formula for this example is given in [16]; in this case the contribution
from A =t is the quasi-polynomial doz(\).

7.2. A multiplicity-free g-Hamiltonian SU(3)-space. A multiplicity-free q-Hamiltonian
(or Hamiltonian) G-space is uniquely determined by its generic stabilizer (up to conjugacy) and
moment map image (cf. [41, 13]). There is an example due to C. Woodward of a multiplicity-
free g-Hamiltonian SU(3)-space M with moment polytope an equilateral triangle inscribed in
the alcove, and trivial generic stabilizer (cf. [41] where a similar multiplicity-free Hamiltonian
SU(3)-space is discussed). This example was constructed and studied in [16], where it was
shown that M is prequantizable at level k if and only if k is even.

Identify su(3) = su(3)* using the basic inner product. Let tw;, wy denote the fundamental
weights of SU(3). The alcove has vertices 0, wj, we. The moment polytope is the triangle
with vertices %wl, %wQ, %(wl + wy) inscribed in the alcove. There are 3 fixed-point sets
corresponding to the 3 edges of the moment polytope; each is topologically a 2-torus fixed by
a l-dimensional subtorus of 7. (An interesting feature of this example is that there are no
T-fixed points, which would be impossible for a compact Hamiltonian G-space.) Let F' be the
fixed-point set with infinitesimal stabilizer tF equal to the linear span of p = w; +ws in t. The
other two fixed-point sets are conjugates of F' under the Ng(7T)-action; thus it suffices to give
a formula for the contribution Ng of F' to the multiplicity function, since then the other two
contributions Np,, Np, will be determined by the (shifted) Weyl group anti-symmetry:

(78) Ng (A0 = (~1)"INp(wiA +p) = p,0),  i=1,2
where w; denotes the reflection corresponding to the simple root «; of SU(3).

The edge of the moment polytope orthogonal to tr is the line segment

S= [%wl, %wz}.
For @ one can choose
5, = by (4=1) = pry ().
Identifying tp = t}, with the basic inner product, ® = . The torus
Tr = exp(tp) = fF/(A N fF) = Rp/Zp.

Since (p, p) = 2 for the basic inner product, the weight lattice of Tr is identified with Z - £.
This already implies M is not prequantizable when k is odd, since k§ € Z - § iff k is even.
The normal bundle vg is trivial of complex rank 4, and the weights of the Tr action are

the projection to t}, of the positive roots aq, ag, a1 + g, as well as —w; (or equivalently
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FIGURE 2. The left image shows a single contribution to the norm-square lo-
calization formula for a multiplicity-free g-Hamiltonian SU(3)-space (at level
k = 2). The right image shows the sum of the first 6 contributions.

—w3). (One knows the positive roots appear since S intersects the interior of the alcove; the
last weight and the fact that vp is trivial can be deduced from the construction [16].)

The evaluation of the fixed-point contribution for F' involves an integral over F' of the
differential form e**e®(%)/2 (the A-hat class of a torus is 1). The latter integral is 3¢ = 3(k+h")
(the factor 3 can be read off from the moment polytope of F, see [16] for further details). On
the other hand, #7, = 3¢2. Altogether, the fixed-point formula for Ny reduces to the following
(translated) Verlinde sum,

t%wl—)\

(79) Np(\ k) = % >

teTyNTr

1—t=

The group Ty N Tr ~ Zjg, hence (79) is the pullback of a 1-dimensional Verlinde sum under the
quotient map t* — t},. The latter was evaluated in [20]. One finds

Ne(Ak) = =0 0+ ) + D ke (Mp) =5 =) = S () = 5 = je+1),
7>0 7<0

where h4 are Heaviside functions

1 ifr>0
h = - h_(r) = hy(—=r).
L) {0 oo )= (=)

One obtains the multiplicity function by adding Np together with Np,, Np, from (78). The
part of the sum which is polynomial in A is

CH=(A+p) +wi(A + p) + wa(A + p), p) = 0.
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This is an example of the ‘cancellations’ observed in Section 6.4. Therefore, the norm-square
localization formula is

NOWK) = 3 (D (wihp), ). f0) = Dk (r=f-2-) =3 b (r—§-1-jt),
J=0 J<0

i=0,1,2

where wg = 1 € W. The sum of the first 6 non-trivial contributions is shown in Figure 2.

8. THE QUASI-POLYNOMIAL MULTIPLICITY FUNCTION

In this section we study the support of the non-trivial terms NRPOI in the norm-square
localization formula (46) leading to a proof that N(0, k) is a quasi-polynomial function of
k>1.

Recall from Proposition 5.7 that if A # t* then ngg(—, k) is supported in a half-space such
that the in-pointing normal to boundary is 7oA. We now make this more precise.

Definition 8.1. For ¥ C X a connected component, let 2hv\IfA7g be the moment map for
the action of Ta on the anti-canonical line bundle Zs = Homcy+7an(S*,S)|s; note that

VA y € ty is constant, because ¥ C X Ta is connected, and the components of the covering
space ¥ = A X7 X are related by Deck transformations lying in A N ti, which are annihilated
by prs .

A

Definition 8.2. For ¥ C XA a connected component, let ©a x € t} denote the sum of the
complex weights for the action of Ta on the normal bundle vy, to ¥ in X, where vy, is equipped
with the Ta-polarized complex structure.

Definition 8.3. Let ®a = pry; (Pg, ), a constant in t}; equivalently {®a} = pry; (A). Note
that k®A is the weight for the action of TA on the line bundle ﬁf(A' (Unlike WA 57, Op x, this
does not depend on the connected component of Xn.)

Proposition 8.4. Let A # t* and let ¥ C XA be a connected component. Then szg(—,k)
has support contained in the half-space described by the inequality (—,7a) > da s, where

1
(80) day = k(®a,7a) + D (VA 5, 7A) + §<9A,EaTA> - § (o, 7A).
{a€R{ [{a,7a)>0}

Proof. We already did the requisite calculations in Section 6.2. The formula for da s follows
from the analogue of equation (51) for Qa 5, the function N g being related to Qa x by taking
the Fourier transform, followed by replacing Verlinde sums with Verlinde quasi-polynomials (see
equation (47)). Thus day equals the minimum of the function (7a,u) as p ranges over the
weights for action of TA on the vector bundle

Ly, ®Sy, , @Sym, (Vg ) ® An_

VE.A
over Fa, for any Fa C % (the result is independent of the choice of Fa, by the moment map
property, and because ¥ C X’ is connected). The line bundle £ Pa contributes k® A, while

the factor An_ contributes the (partial) sum over positive roots in (80). Since Tx fixes vz 4,
Schur’s lemma implies T acts on S, by some fixed weight. The weight for the action of
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Ta on SZ,F A is one half the weight for the action of TA on its anti-canonical line bundle. By
equation (50), the latter is

(81) det_m(yg’ R 2

where ZVFA is the canonical line bundle for S, |5, . The weight for the action of T on (81) is
2hV\IlA,E + Oa 5, hence the result. O

Theorem 8.5. Let k > 1. Assume 0 ¢ A, and Ng{’g #0. Then da s, > 0.

Proof. Let 8 € t}, be the nearest point in A to the origin with respect to the inner product. As
we are assuming that the perturbation e is sufficiently small, 5 ~ 7a. Since 0 ¢ A, it suffices
to prove ca x; > 0 where

(2)  camimk(@aB)HDY(UAn B+ Oan ) - Y (0B)
{aeR{@,8)>0}

Each term in (82) other than the last is invariant under the Weyl group (with /5 replaced by
wp, A by wA and ¥ by n - X, with n € Ng(T') being any choice of lift). On the other hand
the last term is largest for 3 € t.. Thus, without loss of generality, we restrict to the ‘worst’
case when 3 € t.. The last term then becomes 2(p, 3). Note also that Pryy (B) = ®a, so that

the first term is k||3||?. Hence

eas = MBI+ 0 (Uan, ) + L (Oan,5) ~ 200 5)

Choose w = (w,n) € Wag such that
B € wo

for a unique face ¢ C a. Let g = (g,n) € Na(T') x A be a lift of w.
As NP9 o£ 0, Theorem 6.12 implies exp(3) € ®(). Hence we may choose z € X C X¥

with ®(z) = exp(f). Let & € ¥ be any lift of 2. Let 2hVW¥ be a moment map for the action of
T on Z, the anti-canonical line bundle of S. Then ¥ transforms at level 1 with respect to the
A-action, and thus

Ua s = prog (V(#)) = pre, (@0 (g~5) + 7).

By construction ¢~1'% € Ve G , the (w1 B)-fixed-point subset of the cross-section ), associated
to the face o C a of the alcove.

At this stage we need a fact about the anti-canonical line bundle Z that emerges from its
construction: Z may be constructed by patching together the flow-outs, under the loop group
action, of LG,-equivariant line bundles I, defined on the cross-sections ), 0 C a by

2, = dete(T" Vo)™ @ Co(pepy)

where one uses any compatible almost complex structure on the cross-section to define the
complex determinant, and p, is as in Section 2.2; see [31] for details. Moment maps depend on
choices of connections, except along fixed-point subsets, where the corresponding components
of the moment map are determined by the group action alone. It follows that

1

(W (g1 ), 0" B) = (O, W' B) + (p — plyy 0" B)
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or, equivalently, 1
WY (@¥(g~"2), B) = 5 (@0, B) + (@(p = pf), B)

with ©, € w~ 't} the sum of the complex weights for the action of g~'Tag on Ty-13Yo (for
any compatible almost complex structure).

By definition ©4 x; is the sum of the weights for the action of TA on vs, where the latter is
equipped with the Ta-polarized complex structure. The tangent space is a direct sum

TxX - TzYﬁ)o & g/gﬁ)o

where Yz, = ® 1 (Ugy) is the quasi-Hamiltonian cross-section and g/gq. is identified with
G-orbit directions. Thus

1 1
§<6A,27 6> = §<@1Jfr;g7/6> + <p - pwa7ﬁ>
where @g(, is the sum of the Ta-polarized weights for the subspace T, Yz, (we have used the

assumption 3 € ¢, and also pgo = pus)-
The combination

1, _ 1

§<w90') B) + 5(61}:0’7 ﬁ> Z 07
since any weight appearing in w®, having negative pairing with S ~ 7A will cancel with the
corresponding weight appearing in ©F . Dropping this term and the term k||3||*> > 0, we
obtain the lower bound
(83) cax > (w(p = p) +h'n, B) = (p + puo, B).

The closure of wo is a compact, convex set. The right-hand-side of (83) is a linear function
of 8, and thus its minimum value on this set must occur at some vertex £ of the face wo. Hence
(84) cax > (w(p = p) +h'n, &) — (p+ puo. €).

Then w~'¢ is some vertex v of a. Consider the sum
WPy + Puwo-

puwo is the half-sum of the positive roots Ry C R4 for the subalgebra g4y, while wpl, is
the half-sum of the (possibly different) set w - i)%fj . of positive roots for the same subalgebra.
Those roots in the intersection Ry N W - 9%{, . add, while the others cancel. Therefore the
sum wp, + puwo 1s a sum of a set of roots in R..
By a similar argument
Wp,y + PLey
is a sum of a set of roots in Ry (here {v}, {£} are faces of the Stiefel diagram containing a
single point). Since Rge,+ C Riey,+ and 9%’07+ C in{V}’Jr, the same positive roots will appear
as in the sum wp), + puo, and possibly some additional ones. Since & € t} it follows that

Using this in (84) yields
(85) cas > (@(p = ply) + 070, €) — (o + pey, €)-
By a special case of Lemma 2.5
p—ppy =h'v
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thus
W(p — pl,y) +h'n =hVwr =hY¢,
and (85) becomes
cas > WYE” = (o + pe. £).
The result now follows from the Key Inequality (7). O

As a corollary, ngg does not contribute to the multiplicity N (0, k), and we obtain our main
result:

Corollary 8.6. N(0,k) is a quasi-polynomial function of k.
Proof. Theorem 8.5 implies

NOE) = > > NPN0K), VE>1.

(AJ0EA} BCXA
But if 0 € A, then ngg(O, k) is a quasi-polynomial function of k by Proposition 5.7. O

As explained in the introduction, Corollary 8.6 is closely related to the [Q, R] = 0 Theorem
[3] for quasi-Hamiltonian G-spaces or Hamiltonian LG-spaces. The last step in a proof of the
(@, R] = 0 Theorem would be to apply the Kirillov-Berline-Vergne index formula of Section 6.3
and a stationary phase argument to deduce that N (0, k) equals the quantization of the reduced
space for large k, similar to [24, 18].

APPENDIX A. THE ATIYAH-SINGER INTEGRAND FOR THE SPIN. DIRAC OPERATOR

Let M be a closed oriented Riemannian manifold of even dimension n. Let G be a compact
Lie group with a given action on M by orientation-preserving isometries. Suppose that M
is equipped with a G-equivariant Spin -structure: a G-equivariant principal Spin.(n)-bundle
@, together with a G x Spin,(n)-equivariant bundle map @ — P to the oriented orthonormal
frame bundle of M. Equivalently, in terms of the unique irreducible representation A of the
Clifford algebra Cl(n), M is equipped with a Hermitian vector bundle

S=P ><Spinc(n) A

and an isomorphism CI(T'M) ~ End(S). As a representation of Spin.(n), A splits into a direct
sum AT @ A~, and accordingly S = ST @ S~ acquires a Zo-grading.

Fix g € GG, and let F' be a connected component of MY. The action of g defines sections g,,, gs
of the group bundles SO(v), Spin,(v) respectively. Since the G-action preserves the orientation,
no = dim(F') is even. Since the G-action preserves the Spin -structure, F' is orientable (the
proof is similar to [5, Proposition 6.14], combined with the observation that the variant of
C(g)'/? (see Definition A.4 below) defined on the oriented double cover of F' is locally constant
and reverses sign under the non-trivial deck transformation). Let v = TF~ be the normal
bundle to F, and let n; be its rank. Since T'M|p, TF are orientable, so is v.

Let z € F. A frame of v, is adapted to g if, relative to the frame, the matrix of g, is
block diagonal diag(—1,,, Bi, ..., B;) where B; is counterclockwise rotation by 6; in R?, and
0<b <0y <--- <0, <m. Itis convenient to fix an orientation of v, once and for all,
such that any adapted frame is oriented (the latter condition only determines an orientation
uniquely if n, = 0). The orientations of TM |, v determine an orientation of TF. An oriented
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frame of T, M is adapted to g if its first ng elements form an oriented frame of T, F and its
remaining n; elements form an adapted frame of v,. Thus along F' the action of g determines
a reduction of structure group Pr C P|p, from SO(n) to SO(ng) x SO(n1)¢, where SO(n;)Y
is the subgroup of SO(n;) commuting with diag(—1,,_, B1, ..., B;). The inverse image of Pp is
a reduction of structure group Qr C Q| from Spin.(n) to Spin.(ng) Xy (1) Spin.(n1)?. There
is a unique element of Spin.(n;) determined by g (any choice of point in Qr yields the same
element), which we also denote by g when there is no risk of confusion. The Lie algebra

Lie(Spin.(no) Xy (1) Spin.(n1)?) = s0(ng) @ spin.(n1)? = so(ng) @ s0(n1)? © u(1)

splits into a direct sum, and we write elements of the Lie algebra as triples (Ao, A1,a). For j =
0,1, let A; denote the irreducible Cl(n;)-module. The map Lie(Spin.(no) X (1) Spin.(n1)) —
spin.(n1) makes A; into a representation of Lie(Spin.(no) xg(1) Spin.(n1)).

Definition A.1. The relative Chern character Ch%.(S) € H*(F) is the characteristic class of
QF associated to the Ad-invariant analytic function

(86) (Ao, A1, a) — sTrp, (gelA1a)/2m)
on the Lie algebra of Spin_(ng) Xu() Spin,(n1)9.

The definition applies to any G-equivariant Spin,-structure, and in particular Ch%(S*) is
defined, where S* = Hom(S, C) is the dual spinor module. Since g acts without fixed vectors
on v, the class Ch%(S*) is invertible.

Definition A.2. The Atiyah-Singer integrand is the characteristic class of Qp given by

A(F)
87 ASI(v) = ——~—.
(37) )= ey
The fixed point contribution to the index of the Spin, Dirac operator for S is the pairing of
AS9(v) with the fundamental class of F. Equation (87) for the fixed-point contribution may be
derived from the general formula for the fixed-point contributions given by Atiyah and Singer.
One of several other equivalent expressions is
gy Bul(F)
(59) AS ) = G
where Eul(F) is the Euler class of TF, and Ch?(S*) is the ordinary Chern character of the Zo-
graded complex vector bundle S*; however note that in (88), the class Ch9(S*) is not invertible,
so the quotient only makes sense when interpreted in a suitable ring of characteristic classes.
This is an appropriate place to remark that, the definition of Ch%(S*), and hence ASY(v),
does not depend on the ambient manifold M except through the g-equivariant Spin.-structure
on the Euclidean vector bundle TF & v. This becomes relevant in our setting, in order to
define ASY(v) in a context where F' is not canonically embedded into an ambient closed Spin,
manifold.
Since the Lie group Spin,(n0) X ¢7(1)Spin.(n1) does not split into a product, the spinor module
S does not necessarily split into a graded tensor product along F. However one has

sTra, (¢) = (—=21)7/25Tra (61 - - - €ny ),
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for ¢ € Cli(n1), where eq,--- ey, is an oriented orthonormal frame of R™. This yields an
alternative formula for (86) suited to the Chern-Weil construction. Let Vy € I'(det(T'F')) be the
Riemannian volume form; it may be regarded as an element Cl(T'M|r) via the isomorphism
ANTM|p ~ C(TM|p). As F is totally geodesic, the Levi-Civita connection preserves the
splitting TM|p = TF @ v. Let R = Rp @ R, € Q*(F,50(TF) @ so(v)) be the pullback of the
Riemann curvature to F. Fix a connection on S compatible with the Levi-Civita connection,
and let Rs € Q2(F, spin, (T M|r)) be the pullback of its curvature to F. The image of Rs under
the map spin.(T'M|r) — so(T'M|r) is R.

Proposition A.3. The differential form
(_2i)fdim(F)/28TrS (Vogs—lefi(RszF)/Qﬂ) c0® (F)
represents Ch¥,(S*).

We will use the same symbols Ch¥%.(S*), ASY(v) to denote these Chern-Weil representatives; in
particular we use this interpretation in more general contexts where F' may be non-compact.

Let Z = Hom¢(S*,S) be the anti-canonical line bundle of the Spin, structure. The element
g acts on Z|p by a phase factor ((g) € U(1). The chosen orientation of v determines a lift of
gv € SO(v) to Spin(v), that we also denote g,, defined by the condition that the top-degree
part of the image of g, under the isomorphism Cl(r) ~ Av is positive relative to the orientation
of v.

Definition A.4. The product gsg; ' € U(1) is a square-root of ((g) that we denote by ¢(g)/2.

Remark A.5. Let x € F and fix a g-equivariant orthogonal complex structure J, on T, M com-
patible with the orientation. There is an isomorphism of CI(T,, M )-modules S, ~ A ;, T, M ® D,
for a complex line D,. Let kp,(g) € U(1) be the phase factor for the induced action of g on

D,. Let g5, € U(T,M, J,) be the unitary transformation induced by g, and g}iz e U(T,M, J;)

1/2 1/2).

the square root having eigenvalues €'/? with 6 € [0,27). Then ¢(g)'/? = kp, (g) detc(g;

By [5, Proposition 3.24] the function
Ay € so(ny) — det(1 — geiAl/QW)

has an analytic square root det!/ 2(1 — gelh/ ™), where we fix the sign by demanding that
det’/?(1 — g) > 0.

Definition A.6. Let DY (v) € Q°(F) be the differential form
Dﬂ%(l/) _ irank(u)/Qdetl/Z(l _ gueiR,,/27r)'

Note that D (v) is invertible since its component in Q°(F) is i"1/2det'/2(1 — g,) # 0. We use
the same symbol Dg(v) to denote its class in H*(F).

Proposition A.7. The Atiyah-Singer fized-point contribution is

A(F)((g)! e (2)2
Di(v) '

(89) ASI(v) =



48 YIANNIS LOIZIDES AND ECKHARD MEINRENKEN
This can be deduced from the formula (cf. [5, Proposition 3.23)])
detl/?(l . geiA1/27r) _ i—nl/QSrI\rAl (geiAl/Qﬂ')’

for the square-root. Note also that det(1 —u) = det(1 —u~!) for any u € SO(n1,C). A similar
calculation shows that

Ch%,(S*)? = (—1)"/ det(1 — g,e/*")ChI(27),

hence Ch%.(S*) is a square-root of the right-hand-side.
Under various assumptions on F', the Atiyah-Singer fixed-point contribution admits further
simplification.

Proposition A.8. If F' admits an almost complez structure Jp, and S, = Homcy (A, TF,S)
is the induced Cl(v)-module, then

(90) ASI() = CT;E((Q)'

If furthermore S, ~ N\ v ® D for a g-equivariant orthogonal complex structure J, on v and
line bundle D, then

Td(F)ChY(D)

(o1) ASH ) = =S

DL(v) = detc(1 — g, e /2T,

1,0

where g,, R, are regarded as endomorphisms of v-° in the determinant.

The differential form ASY(v) admits an equivariant extension ASY(v,§), obtained by re-
placing curvatures with equivariant curvatures (cf. [5]) in the formulas, defined for ¢ € g,
sufficiently small that the denominator Ch¥(S*,€) remains invertible:

(92) ASI(v,€) = %2@5).

Our convention for the equivariant curvature is such that AS9(v, ) is closed for the differential
de = d + 27i(&r). There are obvious analogues of (88), (89), (90).

Finally we briefly outline the proof of the Berline-Vergne-Kirillov index formula (cf. [5]). Let
£€gy let v F' = F§ < F be the fixed-point set. Let v p be the normal bundle to F’ in F'
and v/ = v|p @vp pr. The action of £ determines an orientation of vp pr. Let ¢’ = gexp(§). For
& sufficiently small, V' = F¢ = F'. Using the equivariant analogue of (88) and multiplicativity
of the Euler class,

*ASI (v, §) Eul(F") Eul(F")

(93) EUI(VRF/,é.) = L*Chg(S*,ﬁ) = Chgl(s*hyv) == ASg (V )

The Berline-Vergne-Kirillov index formula follows from this expression and the abelian local-
ization formula in equivariant cohomology.
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APPENDIX B. THE BOTT ELEMENT AND ITS CHERN CHARACTER.

Let V be a complex vector space with an effective T-action, and let ¢ € T. Viewing AV
as a Zs-graded complex vector bundle over a point, its equivariant twisted Chern character is
simply its ordinary character as a representation of T":

Ch9(AV,€) = det¢ (1 — gexp(€)).

Let g € T and let V9 denote the subspace fixed by g. The T-equivariant Euler class of VY
(viewed as a vector bundle over a point) is the polynomial

€ detZ’ ().

Let my9 be a Thom form for VY, i.e. a compactly supported closed differential form on V¥
with integral 1. It has a T-equivariant extension 7y¢(§) whose pullback to the origin in V9 is
detg” ().

Let b € K% (V) denote the Bott element associated to the complex structure: the unique
element of K%(V') whose pullback to the origin is AV € K%(pt) ~ R(T). The T-equivariant
differential form

1 —exp(§)
) e

on V9 represents its equivariant twisted Chern character. Indeed since pullback to the origin
is injective for equivariant cohomology, this can be checked by pulling back (94) to the origin,
where it becomes

(94) Ch(b,¢) := detl/ "’ (1 — gexp(€))dety’ (

det¥ (1 — gexp(€)) = ChI(AV ).
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