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Abstract

In this paper we give the Bohr-Sommerfeld-Heisenberg quantization
of the mathematical pendulum.

1 Introduction

The Dirac’s formulation of quantum mechanics 7] can be described as a
precursor of the theory of C* algebras. Quantum observables are self adjoint
operators in a complex vector space of quantum states. In chapter 3 of [§]
Dirac represents quantum states as functions on the spectrum of the maxi-
mal abelian subalgebra (complete set of commuting observables). Classical
Hamiltonian mechanics may be regarded as the limit of quantum mechanics
when A tends to zero. There are quantum systems without classical ana-
logues.

Quantization is an attempt to find a quantum system corresponding to
a given classical system. Since there may be several different approaches,
quantization may give inequivalent results. Because quantum observables
may be represented as operators on the space of functions on the spectrum
of the maximal abelian subalgebra, the usual approach to quantization is to
identify a complete set of commuting observables and to study operators on
its spectrum.

For a completely integrable Hamiltonian system, Bohr-Sommerfeld quan-
tization [1, 12| of the action variables gives rise to a space of quantum states
and a complete set of commuting observables acting of this space of states.
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Bohr-Sommerfeld theory does not provide operators of transition between
the eigenstates of operators corresponding to the actions. These transitions
are accounted for by shifting operators. Because the general theory of these
operators requires an extension of geometric quantization to locally Hamil-
tonian vector fields, which is far a field from the topic of this paper, we refer
the reader to [6]. However, we do treat a special case relevant to this paper in
the appendix. The commutation relations satisfied by the shifting operators
are the same as the commutation relations satisfied by formal quantization
of the functions e, where ) is an angle in the action angle coordinates
for the integrable system. Moreover, if 9 were a single-valued function, then
its Hamiltonian vector field Xy would generate a local group e!X¢ of local
symplectomorphisms of the phase space preserving the Bohr-Sommerfeld po-
larization, which would lift to a local group e'4? of local quantomorphisms.
Since the angle ¥ is a multi-valued function, e*%? is not well defined for
t # nh, where h is Planck’s constant and n € Z. However, the shifting op-
erators, given by et"%? are well defined and correspond to the operators of
multiplication by e*. The existence of shifting operators answers Heisen-
berg’s criticism [10] of the Bohr-Sommerfeld theory.

In geometric quantization, a complete set of commuting observables cor-
responds to a polarization. For a completely integrable Hamiltonian system
with a regular foliation by Lagrangian tori, we get Bohr-Sommerfeld theory
by choosing a polarization tangent to the tori of the foliation [4]. Taking into
account the existence of shifting operators, we obtain a full geometrically
based quantum theory. We do not try to compare the results of our quanti-
zation scheme with observations. For readers who would like to compare the
energy spectra of the Schrodinger and the Bohr-Sommerfeld quantizations
of the mathematical pendulum, we provide implicit equations for the energy
spectrum in Bohr-Sommerfeld theory. In interesting completely integrable
systems [5], the foliation by tori is not regular and we have to take into
account the singularities of the polarization to obtain the Bohr-Sommerfeld
quantum spectrum.

In this paper we discuss how to treat the singularities in the mathematical
pendulum.

2 The classical mathematical pendulum

2.1 The basic setup

We consider the classical mathematical pendulum, which is a Hamiltonian
system on T*S? = R x S! = R x (R/27Z), the cotangent bundle of the



circle S, with coordinates (p, a), symplectic form w = dp A da, and 1-form
f# = pda. The Hamiltonian of the system is

H:T*S' - R:(p,a)— 3p* —cosa+ 1. (1)

The Hamiltonian vector field Xy of H satisfies Xy 1 (dp A da) = —pdp —
sinada so that

0 0
XH(p,a):—sinaa—p—Fpa—a. (2)
Its integral curves are solutions of Hamilton’s equations
d d
dit) = —sina and d—cz =p. (3)

The Hamiltonian H has two critical points: one at (0,0) with H(0,0) =0
and the other at (0,7) with H(0,7) = 2. These correspond to a stable
elliptic and an unstable hyperbolic equilibrium point of X, respectively.
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Figure 1. The graph of H(x,y) = %yz —cosx+ 1 with (x,y) € [-m, 7] x R.

2.2 Action-angle coordinates

In this subsection we find action-angle coordinates (I, ) for the mathemat-
ical pendulum.

First, we introduce the action function I on T*S' such that for every
connected component C(e) of the energy level H1(e), the restriction of I

to C(e) is
10 =Tlow =2 [ 0=% [ pa @
C(e) C(e)

Before giving explicit expressions for I and 1 we compute the Poisson bracket
{I,9} as follows:

(1,0} = Ly, T = / Ly, = / Xy 1 d6+d(Xy i 0)]
C(e) C(e)

3



:—;ﬁ/dﬂ:—l, (5)
;

since w = df and C(e) is parametrized by a periodic integral curve v of Xp
of period T' = T(e). We reparametrize C(e) using ¥ = 25 ¢, which is the
angle function. Because the matrix of the symplectic form w in action angle

coordinates is Nt
(({19?[} {1619}> ) _(? _01)’

it follows that w = dIAd¥. Similarly, the Poisson bracket {I, H} is computed
as follows:

{I7H}:LXHI:217F/

C(e)

:ﬁ d(—H—l—XH_l 9):0,
o

L, 0= / X 1 A0+ d(Xs ) 0)]
C(e)

since the curve «y is closed. Thus [ is constant on the integral curves of Xpg.
So I is constant on C(e). Consequently,

% I1dY = ;ﬂﬂc(e)/dﬁ:[(e). (6)
Cle) v
We now give explicit expressions for the action I and the angle ¥ of the
mathematical pendulum. There are two cases.

Case 1. 0<e<2.

We denote by I the restriction of I to the region Py = {(p,a) € T*S! |
H(p,a) < 2}. Because (0,0) is a nondegenerate minumum of the Hamilto-
nian H with minimum value 0, for e near 0 the level set H~!(e) is diffeomor-
phic to a circle S! and hence is connected. From the Morse isotopy lemma, it
follows that for every e with 0 < e < 2 the level set H!(e) is diffeomorphic
to a circle and hence is connected. By definition

Io(e):;W/H_l()pda:}r/i V2 (e — (1 —cosa))da, (7)

where e = 1 — cosa®, which implies that o~ = —a™, since cos is an even
function. Therefore

Io(e) = ze ———=do, (8)



using the identity cosa = 1 — 2sin2% and the change of variables sin § =

sin 2 sin . We check some limiting cases. First when e 2 we obtain

lim, »o In(e) = 2. When e \, 0 we find that Ip(e) ~ 4 07r/2 cos?pdyp = e,

which is what i 1s given by the harmonic oscillator.

We now find the corresponding angle ¥y. By definition

2 2
ﬂozit 7r/ da

477/
T ot \/2 (e — (1 —cosa)) /1 2smgp

where T' = T'(e) is the period of the motion of the mathematical pendulum
on H~!(e). From Hamilton’s equations it follows that

w/2 1
T = 4/ —dep. 9)
0 4/1— %sin%p

Again we check some limiting cases. First, when e /2 we find that T~ co.
So 99 N\, 0. Second, when e \, 0 we get T\‘4f7r/2dg0:27r. So Yo\, 2¢ =

a, which checks with the angle given by the harmonic oscillator.

CASE 2. e > 2.

First we find the restrictions I of I to the regions Py = {(p,a) € T*S" |
H(p,a) > 2, +p>0}. Because (0,7) is a nondegenerate critical point of
Morse index 1 of the Hamiltonian H with critical value 2, for e > 2 but near
to 2 the level set H~!(e) is diffeomorphic to the disjoint union of two circles
C4 (e). By the Morse isotopy lemma it follows that for all e > 2 the level set
H~'(e) is diffeomorphic to C_(e) [[ Cy(e). By definition

™
Ii(e) = & pda =1 \/2 (e — (1 —cosa)) dav
C+(e)
/2
= 4@/ \/1— 2sin%p de. (10)
We check two limiting cases. When e N\, 2, limg\ o I+ (e) = 4 f /2 cos pdp =

4 which is one half of the action I(e) at e = 2. Th1s is correct because as
e \( 2 the component Cy(e) of H~1(e) converges to H~(2) N {£p > 0}.
When e 7 oo, we get I1(e) ~ v/ 2e.

We now find the corresponding angle 91. By definition
2w 2 [¢ do

2 _ 2m _277\/5/‘p1d
Ty Ty J ny/2(e— (1 —cosa)) T+ " Jo m
e

Py =




where Ty = T4 (e) is the period of the motion of the mathematical pendulum
on H~1(e). From Hamilton’s equations it follows that

do

™ \/5 /7r/2 1
=4/ S S
—xy/2(e — (1 — cosa)) e Jo /1 Zsin?p

Again we check some limiting cases. First, when e \, 2 we find that T. " co.

So ¥+ \ 0. Second, when e 0o we get Ty ~ \/Lz? So ¥ ~ 4o = 2a.

It follows from the above discussion that the action function I, defined by
equation (4) is continuous on [0,00). However, I(e) is not smooth at e = 2,
see Dullin [9)].

T, = (11)

3 Elements of geometric quantization

In this section, we review the elements of geometric quantization applicable
to the mathematical pendulum following [11].

Consider a trivial complex line bundle L = C x T*S' with projection map
p: L — T*S": (2, (p, a)) — (p, @) and trivializing section A\ : T*S* — L :
(p, @) — (1, (p, «)). Define a connection V on L by setting

Vo = —ih 10 @ Ao, (12)

where £ is Planck’s constant divided by 27 and 6 = pda is the canonical 1-
form on T*S". Since w = d#, it follows that the curvature of the connection
V is % w.

We consider the geometric quantization of the mathematical pendulum with
respect to the singular polarization D of T*S' consisting of all integral curves
of the Hamiltonan vector field X (2)! associated to the Hamiltonian func-
tion H (1). This means that quantum states of the mathematical pendulum
are represented by sections of the prequantization line bundle L that are
covariantly constant along D. It should be noted that this representation is
not unique. Multiplication of every section by a constant phase factor leads
to an equivalent representation. For e ¢ {0,2}, the leaves of D are smooth
and are topological circles due to the conclusions of subsection 2.2. More-
over, this polarization has singularities consisting of the equilibrium points

!Throughout this paper we will use the shorthand mathsymbol (Number) to mean
mathsymbol given in equation (Number). For example, Xy (2) means Xy given in equa-
tion (2).



(0,0) and (0,7) of Xg and two homoclinic orbits of Xz, which have (0, )
as a common boundary. Therefore, we are extending geometric quantization
to a singular polarization, which leads to the difficulties encountered here.

4 Bohr-Sommerfeld conditions

Consider an integral curve v : R — T*S' : t — ~y(t) = (p(t),a(t)) of the
Hamiltonian vector field X . Suppose that e = H(y(t)) is not 0 or 2. Then,
v is periodic with period T' # 0. The cases when e = 0 and e = 2 will be
discussed separately.

Let o : T*S' — L be a section of the prequantization line bundle that is
covariantly constant along D. Then v*¢ : R — L is a horizontal lift of v to
L. v*o is periodic with period T if either the restriction of the connection
V to the image of v has trivial holonomy group, or ¢ restricted to the image
of v is identically zero.

Theorem 4.1 Let v : [0,T] — T*S" be a periodic integral curve of Xy with
period T' # 0. The holonomy group of V, restricted to the image im~y of v,
1s trivial if and only if the action integral

T
Iy =I|imy = 2177/0 70 dt = nh, (13)

for some n € Z.

Proof. Consider an integral curve v : R — T*S1 : t — ~(t) = (p(t), a(t))
of the Hamiltonian vector field Xp. It satisfies Hamilton’s equations (3).
Suppose that e = H(y(t)) € (0,2). Then, the curve v is periodic with
period T, see (9). Let

F1(0,T] = Lot (2(y(1),7(1)) = 2(v(t)) Ao((1))

be a horizontal lift of v. Then the covariant derivative %?(t) of ¥ must
vanish. Equation (12) implies that

D_ D

av(t) = a(z(’Y(t)))\O(V(t)))
_ % Mo(3(1)) = ih 200 | Xar)(4()) Aoy (1))
- (% — i t2(pda | —sina aap +p %})Ao(v(t))



_ (% - 'h_lp(t)22>>\0(7(t)),

dt
where 3 p(t)? — cosa(t) + 1 = e. Hence, p(t) = £/2(e — (1 — cosa(t))).
Because % = g—;% = g—z p, the curve 7 is horizontal (= covariantly constant)
if g—;p(t) —ihp(t)?z = p(t)(g—; — ihp(t)z) =0, that is,
1dz
—ih—— =4++/2(e— (1 — . 14
i =2~ (1 - cosa)) (14)
Here the + sign corresponds to o € [0, "] and the — sign corresponds to
a € [a,0] = [-a™,0]. Integrating (14) from o~ to a™ and using the fact

that cos is an even function, we get

—ihln <Z§a+)> =9 /f V2(e — (1 — cosa)) da = 2r1(e)

z(a™)

by equation (6). The horizontal lift ¥ of the closed curve v is a closed curve
in the line bundle L if and only if z(a™) = 2(a™). Since In is a multivalued
function and In 1 = 27ni, it follows that 7 is a closed curve in L if and only
if we have I|¢ () = nh.

For e > 2, we have H!(e) = C_(e) I C4 (e), and there are integral curves
v~ and y* of Xy such that where C_(e) is the image of v~ and C(e) are
image of y©. The same argument as in the preceding paragraph shows that
the horizontal lift 4~ of 4~ is a closed curve in L if and only if I_(e) = m_#,
where m_ is an integer. Similarly, the horizontal lift 4™ of 4" is a closed
curve in L if and only if I;(e) = m4h, where m4 is an integer. Since
I_(e) = I (e), it follows that m_ = m,. Moreover, I_(e) = I|c_(.) and
Ii(e) =1[c, () ™

Equation (13) gives the Bohr-Sommerfeld conditions discussed in the
introduction. The action integral is independent of the parametrization of v
within its orientation class. However, the change of orientation of v would
lead to the change from n to —n. Therefore, the Bohr-Sommerfeld condition
(13) depends only on the image of 4. In the following, we shall refer to
the image an integral curve v of Xy that satisfies equation (13) as a Bohr-
Sommerfeld torus. The integer n on the right hand side of equation (13)
is called the quantum number of the corresponding Bohr-Sommerfeld torus.
Since integral curves of Xy preserve the Hamiltonian H, we may rewrite
equation (13) in the form

I‘C(e):;ﬂ_/c()p da:nh, (15)



where C(e) is a connected component of the energy level H~'(e). Thus,
Bohr-Sommerfeld conditions (13) impose conditions on the energy. The set
of values of the energy allowed by Bohr-Sommerfeld conditions is interpreted
as the quantum energy spectrum of the system.

From the discussion preceding theorem 4 it follows that a section o of the
prequantum line bundle, which is covariantly constant along D, has support
contained in the union of Bohr-Sommerfeld tori and the energy levels H~1(0)
and H~1(2). Since H~1(0) is a critical point, the restriction of o to H~*(0)
is the value of o at H~!(0) which is not restricted by the condition that
o is covariantly constant along D. So we may allow the value e = 0 in
equation (15). On the one hand, we consider H~1(0) as a (singular) Bohr-
Sommerfeld torus corresponding to the quantum number n = 0. On the
other hand, we assume that the singular level set H—'(2) is not a (singular)
Bohr-Sommerfeld torus.

Since a section of theprequantization line bundle that is covariantly con-
stant along D has its support in the union of Bohr-Sommerfeld tori, which
has empty interior, such sections can be smooth only in the sense of distri-
butions. Therefore, we adopt the following definition.

Definition 4.2 A quantum state of the mathematical pendulum is a section o
of the prequantization line bundle p, whose support lies in the union of Bohr-
Sommertfeld tori such that for each Bohr-Sommerfeld torus C the restriction
olc of o to C is a smooth covariantly constant section of plc.

Let $ be the space of quantum states of the mathematical pendulum. For
each Bohr-Sommerfeld torus C, we choose a non-vanishing smooth covari-
antly constant section o of L|c. The family {J‘C} is a basis of §), which we
shall refer to as a Bohr-Sommerfeld basis. Give §) a hermitian scalar product
(- | -) so that the Bohr-Sommerfeld basis {o|¢} is orthonormal. Thus, we
have obtained a vector space structure on the space of states of the mathe-
matical pendulum. Note that this structure is not uniquely determined by
the geometry of the classical phase space. We have the freedom of multiply-
ing each basis vector o by a nonzero complex number.

Definition 4.3 A function f € C(T*S') is Bohr-Sommerfeld quantizable
if it is constant on Bohr-Sommerfeld tori. Bohr-Sommerfeld quantization
assigns to a quantizable function f a linear operator Q¢ on $) such that, for
each Bohr-Sommerfeld torus C

Qoic = fic ojc- (16)



Observe that the operators @ corresponding to Bohr-Sommerfeld quan-
tizable functions f are diagonal in the Bohr-Sommerfeld basis. Since the
Bohr-Sommerfeld tori are closed and mutually disjoint, for any function
C' — Ac¢ on the collection of Bohr-Sommerfeld tori, there exists a func-
tion f € C*°(T*S") such that fic = Ac. Thus, each basis vector 0| is an
eigenvector of the operator @ corresponding to an eigenvalue Ac.

5 Quantization away from the singularity

5.1 Structure of the Bohr-Sommerfeld basis
We now study of the structure of the Bohr-Sommerfeld basis {o|c}.

The energy level H~1(2) divides T*S! into three open subsets: Py =
{(p,a) | H(p, ) < 2} and P = {(p, ) | H(p, ) > 2 and Fp > 0}. Let o
be the subspace of $) consisting of sections with support in Fy. Similarly, let
$H+ be the subspaces of § consisting of sections with support in Px. Then
H=H&H-&Ht and {o|c}o . = {olc | C C Py} are bases of $, 9,
and $_, respectively.

A Bohr-Sommerfeld torus in Py can be labelled by its quantum number
n =0,...,N, where N is the largest nonnegative integer such that Nh <
I(2). Thus {o|c}, = {0),...,0%}, where the subscript n = 0,...,N is
the quantum number of the state 00 and the superscript 0 reminds us that
0¥ lies in . Similarly a Bohr-Sommerfeld torus in Py can be labeled by
it quantum number m > M, where 2M is the smallest even nonnegative
integer greater than or equal to N + 1. In other words,

(N +2), if N iseven

17
(N +1), if N is odd. (an

M—min{m€Z>o|2m2N+1}—{

D= N[

Hence the Bohr-Sommerfeld basis of $ is {o|c}, = {07, m > M}, where

m?

the subscript m is the quantum number of the state ot in $+. Since N < 2M
the basis {o¢} of $ has the lattice structure

+ +
0 /)/UM(:’O-MH{:"”

V5. .56

USSU

(18)
WNor Sar S

The structure of the Bohr-Sommerfeld set can be used to study the energy
spectrum of the mathematical pendulum, which consists of values of e,, such
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that a connected component C(e,) of the energy level H~!(e,) satisfies
Bohr-Sommerfeld conditions

1

— pda = nh
27’[’ C(en)

for some integer n. See the discussion following equation (12). The part of
energy spectrum contained in the interval interval [0, 2] is simple, and it can
be obtained by solving for e,, equation

cos? o
/ ———dyp,

—Sln %)

where 0 < n < N, and N is the largest positive integer such that ey < 2. We
have assumed that e = 2 is not in the energy spectrum of the mathematical
pendulum. For e > 2, The part of the energy spectrum contained in the half
line [2,00) can be obtained by solving for e,, the equation

\/2 (1 — cosa)da,

where 2m > N + 1 ensures that e,;, > 2. In this range, each eigenspace is
2-dimensional.

5.2 Transitions between quantum states

In this subsection we discuss the transitions between quantum states given
by the horizontal arrows in diagram (18). The transitions from % to o7
given by slanted arrows in diagram (18) involve crossing the energy level
2, where the action [ is continuous but not differentiable. This requires
understanding the Zo symmetry of the mathematical pendulum, which will

be treated in the next section.

In diagram (18) transitions involving the right pointing horizontal arrows
correspond to the action of an operator b on §) such that

bol =00, forn=0,1,...,N—1 (19)

and
baizaiﬂ, form=MM+1,.... (20)

We refer to b as the raising operator on $. Transitions involving the left
pointing horizontal arrows give rise to the lowering operator a such that

acl=0" | forn=1,...,N (21)

11



and

+ _ _+
aoc, =0, 1,

form=M+1,.... (22)

Since 08 is the lowest point in the lattice, we require that
ac) = 0. (23)

Thus in diagram (18) the lowering operator a corresponds to left pointing
horizontal arrows, while the raising operator b corresponds to right pointing
horizontal arrows.? In order to interpret the slanted arrows in the diagram
we need to discuss the Zo symmetry of the mathematical pendulum. The
shifting operators a and b will be constructed by lifting the shifting opera-
tor in the Zs-reduced quantum system. In the appendix we construct this
shifting operator using geometric quantization.

In order to identify the function whose quantization might lead to the
operator b we extend Dirac’s quantization rule

Q1 Qpl =ih Qyp, 10y (24)

to complex valued functions. Action angle coordinates (I,v) on PyU P UP_
restrict to action angle coordinates (Ip,9g) on (Py,w|p,) and (Iy,v+) on
(Py,w|p, ), respectively. The latter action angle coordinates have been com-
puted in section 2.2. They satisfy the Poisson bracket relations {Iy, 99} = —1
and {I1,91} = —1 on Py and Py, respectively. Therefore

{Iy, e} = —ie™0 and {I.,e*} = —je'=, (25)

If we introduce the quantum operator Qu» on ), equations (24) and (25)
imply

Q1 Quive] = —1h Qqivy and [Qr,, Qewi] = —ih Qewi. (26)
On the other hand, equation (16) yields
Q00 =nhol, forn=0,1,...,N (27)

and
Qi 0L =mhoE, form=MM+1,... (28)

2For small positive quantum numbers, when the value of e is slightly above zero, the
mathematical pendulum is well approximated by the 1-dimensional harmonic oscillator.
In this situation the shifting operators a and b are well appoximated by the classical
raising and lowering operators of the harmonic oscillator. We do not discuss the complex
analytic nature of this approximation.

12



Equations (19) and (20) imply that the operator b and the quantized actions
satisfy the commutation relations

[Qr,,b]0? = —ihbae? and [Qy,,bloE = —iibol (29)
forn =0,1,...,N —1 and m = M, M + 1,..., respectively. Comparing
equations (26) and (29) shows that the raising operator b defined in equations
(19) and (20) satisfy the same commutation relations as the operator Qis.

It is of interest to see to what degree the raising and the lowering opera-
tors on $) correspond to quantization of classical functions on P = PyU P_ U
P,. Their restrictions to the subspaces g, H_ and $H of $ with supports in
o, H- and H, respectively, can be related to quantization of the functions
et etW- and e~ on Py, P, and P_, respectively.

Choose the basic sections of basic sections {Jg}nNzl in o so that 00 =
aa?LHL for all 1 < n < N. Because bpcago) = 00 for all 1 < n < N,
it follows that the restriction by of the raising operator b to £ may be
interpreted as the operator Qis,, which sends 0¥ into ewoag forl1 <n<
N. Similarly, the restriction by of the raising operator b to $_ may be
interpreted as the operator Q_w_ of multiplication by ¢™0.%  In other words,
b_ = Q_v_. Similarly, by = Q_is, , is the restriction of the raising operator
b to $4. On the other hand, the restriction by of the raising operator b to
$o agrees with e’ except on 0 because ba? is not in $g. In the same way,
the lowering operators ag, a_, and a; may be interpreted in terms of the
multiplication operators Qivy, Q.w_, and Qv , respectively.

6 The Z,-symmetry
The mathematical pendulum (H,T*S', w) has a Zo-symmetry generated by
C:T*S* - T*S': (p,a) = (—p, —0), (30)

because the Hamiltonian H (1) and the symplectic form w = dp A da are
invariant. In more detail, for every (p,a) € T*S! we have (¢*H)(p,a) =
H(—p,—a) = H(p,a). So H is invariant. Also the l-form 6 = pda is
invariant, because ((*0)(p,a) = (—p)d(—a) = 0(p, ). This implies that the
2-form w is invariant, because (*w = (*(df) = d (*0) = w.

The quantized mathematical pendulum (H,T*S!,w) has quantum line
bundle
p: L=CxT*S' - T*S": (2,(p,a)) — (p,) (31)

13



with covariant derivative V = —ihfl ® \g, where \g : T*S! — L : (p,a)
(1, (p, a)) is a section, which trivializes the bundle p. The bundle space L
has a Zo-symmetry generated by the mapping

w:L—L: (z, (p, a)) > (z, (—p, —a)). (32)

The mapping u covers the Zso-symmetry of the mathematical pendulum gen-
erated by ¢ (30), since pou = (°p.

6.1 The Z;-symmetric quantum system

Consider the Zg-symmetry on L generated by the mapping u (32). The
Zo-symmetric quantized system is the mathematical pendulum with Zo-
symmetry generated by ¢ (30) and quantum line bundle p (31) having the
Zso-symmetry generated by u (32).

Let I'(p) be the vector space of smooth sections of the bundle p.

Lemma 6.1.1 The Zs action on L generated by the mapping p (32) induces
a Za-action on T'(p) generated by the linear map

p :T(p) = T(p) i o= p'(0) = p " eooC. (33)

Proof. Let o : T*S' — L : (p,a) — (z(p, a), (p, a)) be a smooth section of
the bundle p. Then

(o) (p, o) = (2(C(ps @), C(p, ) = (2(C(p, ), (pr ) (34)

is a section of the bundle p. So

w (1(0)) (0, @) = (2(C(p, ), (p, @) = o(p, a),
that is, (u*)?0c =0. =
The mapping ¢ : T*S* — T*S! (30) acts on the set of all Bohr-Sommerfeld
tori. Hence it induces an operator

P:9H—9H:0c—u(oe), (35)

which we call the parity operator. Since the mapping p (32) generates a
Za-action on L, it follows that p* (33) generates a representation of Zy on §.
From the fact that the Hamiltonian H (1) is invariant under the Zg-action
on T*S*, we get [Qp,P] = 0. Moreover,

14



Lemma 6.1.2 The maps
Py =Plgg . 1 Hox = Hox

are bijective involutions, which implies P, 1= Py and P;l =P

Proof. Recall that if 0 € I'(p), then ¢ = fA¢ for some smooth function
f on T*S'. The support suppo of ¢ is the support supp f of the func-
tion f, which is {(p,a) € T*Sl|f(p, a) # 0}. Suppose that olg, () =
20,+(p, @) Ao (p, @) € Ho,+. Then supp a]co,i(e) = Cp +(e). From (34) we get
(PO,i(O-|Co,i(E)))(p’O‘) = ZO,i(C(pv Oé)))\o(p, Oé). So we obtain

(p, ) € supp Po +(0|c, 4 () if andonlyif ((p,a) € supp 20+ = Co +(e)

if and only if (p, a) € ¢(Co,+(€e)) = Cox(e). So Po +(0]cy s (e)) € Hox- Thus
PO,:E maps Jﬁ()d: onto $o,+. From

(P%,:I:o-‘co,i(e)) (pv a) = 20,+ (C2 (p, a)) Ao (p, a)
= ZO,:I:(p7 Oé))\o(p, a) = U|C'0,j:(e) (p7 a)

we get P(%,i = id|g, .. The operator Pg 1+ is injective, for if Po +(0|c, . (e))
=Po.+(0[cy 4 (), then

leyr(e) = Ph(0loys(e) =Pii(0lcorie) =0 lco ()

Thus the operator Pg + is bijective. Since Pg,i = idg,, it follows that
P,'=Pyand P{' =P.. m

We say that a quantum state o|¢ of the Zo-quantized mathematical pen-
dulum (H,T*S',w) with quantum line bundle p is even if it is covariantly
constant even section o|¢ of p, that is, P(o|c) = o|c. Let HV°" be the vec-
tor space spanned by the even quantum states. o|¢ is an odd quantum state
if it is covariantly constant odd section o|c of p, that is, P(o|c) = —0olc.
Let $°4 be the vector space spanned by the odd quantum states.

Claim 6.1.3 We have

= S;Jeven ® y)odd. (36)
Proof. The proof of this claim is standard, but we include it for complete-
ness. Suppose that the section o|c is in ). Then P(o|c) € $. So the
sections Geven|c = % (0| + P(0|c)) and ooqdlc = 3 (o|c — P(o|c)) lie in $
and o|c = Geven|C + Todd|c: NOW Oeven|c € HV", because it is covariantly
constant, has support C', and is an even section, since

P(O—even’C) - % (P(U|C) + PQ(U‘C)) = % (U|C + P(U|C)) = Jeven|C’-
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Similarly, ooqdlc € £ Thus H = H°" + H°4d. The preceding sum is
direct since $°V°" N H°dd = {0}. For if o|lc € H°" N H° then o|c =
P(o|c) = —ol¢, which implies o|c = 0. =

Theorem 6.1.4 Let o|c be a nonzero even or odd quantum state in $HV" N
$ or $H° N 9y, respectively. Then its quantum number is even or odd,
respectively.

Proof. Write o(p, a) = z(p, a)Ag for (p,a) € T*S' = T*S'\ {(0,0), (0,7)},
where z(p, a) = ez(—p, —a) with ¢ = 1 if ¢ is even and € = —1 if ¢ is odd.
Note that z|¢ is nowhere vanishing, for if it vanished at some point in C' then
it would be identically zero on C, since o|¢ is covariantly constant. But this
contradicts our hypothesis. Because o|c € £y by hypothesis, it follows that

C =C(e) = (H*)"(e), where H* = H|T*S! and 0 < e < 2.

Let v be a closed curve in 7% S', which parametrizes C. The image of v
is {(p,a) € TX51|%p2 —cosa + 1 = e}, which is clearly invariant under the
Zs-action generated by ¢ (30). Setting p = 0 we get 1 — cosa = e, which
has a solution a™ € [0, 7] and another solution = = —a™. Thus we can
parametrize v by «a, say y(a) = (p(a), @) for a € [-at,a™]. Let

p L =CxT*S' = T*5": (z,(p, @) — (p, )

be the quantum line bundle with covariant derivative V* = V|I'(p*). Let
7 be the horizontal lift of 7. Parametrize the image of 7 by «, namely,
Y(a) = (2(p(a), @), (p(a),a)) for a € [-a™,a™]. So 7 is a section of L*.

Suppose that for some ag € [—a™, ] we have z(v(—a0)) = ez(v(a)),
where ¢ = +1. Then z(y(—ap)) # 0, since o|c is nowhere zero. Because
~ is the horizontal lift of 7, using the covariant derivative V*, integrating
equation (14) we get

by 20la0) 2
27 " o (—a0)) ~ 27 Sy

_ 2mh, ife=1
_{@m—nmiu:—1

V2(e — (1 — cosa)) da
(37)

for some positive integer m. The last equality in (37) follows because the
hypothesis z(y(—ao)) = ez(7(ap)) implies that

M—ln _ 2mmi, ife=1
) T @m— D, ife=—1
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for some integer m. Since y/2(e — (I —cosa)) > 0 on (—ag,ap), we see
that m > 0. From the fact that the Bohr-Sommerfeld torus C' = C(e) =
(H*)71(e) has quantum number n, that is,

2 [
— V2(e — (1 —cosa))da = nh
21 ) o+
and y/2(e — (1 — cosa)) >0 on (—a™t,a™), we obtain {0 germemite =t

We now show that

n = 2m, ife=1
n=2m—1, ife=-—1.

Consider the function

1 Q

o V2(e — (1 - cosa)) da.

—ag

F(ag) =

For ap = 0 we get F(0) = 0; while for ag = a™*, we get F(at) = nh. By
continuity, for every 0 < k < n there is an angle ay € [0,a™] such that
F(ax) = kh. Hence (38) holds. =

Corollary 6.1.5 Let o|c be a nonzero even or odd quantum state in HV" N
Ho or $H°99NHg, respectively. Then the quantum number of o|c is the number
of Za-orbits of e u (32) on the image of the horizontal lift of the curve ~y, which
parametrizes C.

Proof. Suppose that for some o € [—a™, "] we have 3(—aq) = en(F(a)).
Then z('y(—ozo)) =ez (’y(ao)). Repeating the argument of theorem 8 which
proves equations (37) and (38) shows that the quantum number n of the
Bohr-Sommerfeld torus C' = (H*)7!(e) is equal to the number of oy, €
[0, ] such that z(y(ax)) = ez(y(—ax)). In other words, n is the number
of Zo orbits of € p on the image of 7. m

It follows from lemma 6.1.2 that the operators P4 enable us to go from
H+ to H_ and back. Thus they play the role of shifting operators. In partic-
ular {P_o;h}, <, is a basis of _. Because the parity operator P induces a
Zo-symmetry on the Hilbert space §), by averaging the given inner product,
we may assume that the parity operator P preserves the new inner prod-
uct on $. In order to simplify the presentations we choose the orthonormal
bases {0t} of H4 so that Protr = oF. In order to construct operators
relating o to $H+ we need to show that reduction of the Zs-symmetry of the
mathematical pendulum gives rise to the quantized Zs-reduced mathematical
pendulum.
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6.2 Zs-quantization and reduction

In this subsection discuss quantization of the Zs-reduced mathematical pen-
dulum.

6.2.1 Reduction of the Z,-symmetry

Here we reduce the Zo-symmetry of the mathematical pendulum (H, T*S*, w)
generated by ¢ (30).

First we determine the reduced phase space ]5, which is the space T*S1/Zs
of orbits of the Zo-symmetry on T*S!. To start with we use cut and paste
geometric methods to construct the Zo-orbit space. Recall that a connected
subset A of T*S! is a fundamental domain for the Zo-symmetry generated
by ¢ (30), if it contains exactly one point of each Zg-orbit in T*S!.

Claim 6.2.1 The set A = {(p,a) e T*S' |p>0orp=0&a € [0,7]} is a
fundamental domain for the Zs-action generated by C.

Proof. Clearly A is connected. Let (p,a) € T*S'\ A. If p # 0, then p < 0.
So ((p,a) = (—p,—a) € A. Suppose that p = 0 and « € (m,27). Then
—a € (0,7). So ¢(0,a) = (0,—a) € A. Hence ((T*S'\ A) C A, which
implies T*S' \ A = ¢(¢(T*S'\ A)) C ¢(A). Consequently,

T*S' = (T*S'\ A)UA C ¢((A)UA C T*SY,

that is, ((A) U A = T*S!. Note that A N¢(A) = {(0,0), (0,7)}, which are
the fixed points of the Zs-action. m

Look at the closure A of A in 7%S! and identify the points on the boundary
of A, which lie on the same Zs-orbit. The resulting space is a model for the
orbit space T*S/Zs.

We now give another construction for the reduced phase space using
invariant theory and the concept of a differential space, see |2]. The algebra
of real analytic functions on 7*S', which are invariant under the symmetry
group Zs, is generated by

T = cos a, T9 = psin a, T3 = %pQ—cosole. (39)

These invariant functions are subject to the relation
C(r)= %7’22 —(m+n—-1DA-=7)=0, |n|<1&m>0, (40)
which defines the Zs-orbit space P = T*5! /Zy as a semialgebraic variety

in R3 with coordinates 7 = (71, 72,73). We say that a function f on P

18



is smooth if there is a smooth function F on R? such that f = F|5. Let

(5]

<=.

Figure 2. The Z-reduced space in R3.

T

C>(P) be the space of smooth functions on P. Then (]3, Coo(ﬁ)) is a locally
compact subcartesian differential space, because P is a semialgebraic.

Next we construct the reduced Hamiltonian. Since the Hamiltonian H of
the mathematical pendulum is invariant under the Zs-symmetry, it induces a
smooth function H on P given by restricting the smooth function 75 : R3 —
R:7+— 73 to0 P.

In order to have dynamics on P, we first need a Poisson bracket { Frs
on C*°(R?). A calculation using the Poisson bracket { , } on P shows that

oC
{r,my=m-1= o7
oC
{7‘2,7'3} = 27’1(7'3 + 71— 1) +7‘12 —1=—
87-1
{mm}=m= gg
For every F, G € C*™(R3) let
{F,G}ps = a—Fa—G{Ti,Tj} = (grad F' x grad G, grad C), (41)
g 87'1' 87']'

Here ( , ) is the Euclidean inner product on R? and x is the vector product.

Then {, }ps is a Poisson bracket on C*°(R3). On C*°(P) define a Poisson
bracket {, } as follows. Suppose that f,g € C>(P). Then there are
F,G € C*®(R?) such that f = F| and g = G|5. Let {f,g}p = {F, G}ps|p.
Because of (41), the defining function C' (40) of P is a Casimir in the Poisson
algebra A = (C=(R3),{, }gs,-). Hence, the collection Z of all smooth

functions on R3, which vanish identically on ﬁ, is a Poisson ideal in A.
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Consequently, the Poisson bracket {, }5 is well defined and B = A/T =
(C’O"(f’) = C™(R3)|Z,{, }5,") is a Poisson algebra.

Consider the derivation —ad,, on the Poisson algebra A. This derivation
gives rise to the Zs-reduced Hamiltonian vector field —adz on the locally

compact subcartesian differential space (P,C°°(P)) associated to the Zg-
reduced Hamiltonian H. To see this note that on R? the integral curves of
—ad,, satisfy

71 = {71, T3}gps = — T

fy= {2, ms}ps =2m(ms+ 71— 1)+ 74 — 1

7"3 = {7’3,7’3}R3 =0.
Because C' is a Casimir of the Poisson algebra A, we obtain 0 = {C, 73} ps.
In other words, C' is an integral of —ad,,. A calculation shows that —ad,
leaves the sets C~1(0), {r3+71 —1 = 0}, and {m; = 1} invariant. Thus the

Zy-reduced space P is invariant under the flow of —adr,. Consequently, the
Za-reduced Hamiltonian vector field —ady, where H = 73] B> is defined on

P. Because the Hamiltonian vector field X g of the mathematical pendulum
is complete, the reduced vector field —adg is complete. Its flow ol is a
1-parameter group of diffeomorphisms of P. In fact, for p € H ~L(e) the
closure of the integral curve t — goff (p) is a connected component of the

level set H ~1(e), since a level set of the reduced Hamiltonian H is compact.

We now take a closer look at the Zs-reduction mapping
7:T*S' - PCR: (p,a) — 7(p, ). (42)

The Zs-action on T*S* has two fixed points: pg = (0,0) and ps = (0, 7). So
the reduced space P has two singular points py = (1,0,0) and p2 = (—1,0, 2),
which are conical. The set P* of nonsingular points of P is ﬁ\{ﬁo, P2}, which
is a smooth manifold that is diffeomorphic to R? \ {(41,0)}. The Zs-orbit
map 7 (42) restricted to T*S' = T*S1\ {pg, p2} is the proper submersion

X TXSY = PX o (p,a) = 7(p, ), (43)

whose fiber (7%)~1(7) at 7 € P is two distinct points. Thus we have proved

Lemma 6.2.2 The Zg-orbit map 7 (43) is a 2 to 1 covering map.

The 1-form 6% = |pxg1 = (pda)|pxgt on T*S! is invariant under the
Zo-action, since T*S! is a smooth Zs-invariant manifold. Hence 6> pushes
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down under the Zs-orbit map 7 (43) to a 1-form 6> on the smooth manifold
P*. So (m*)*0* = 6*. Here are explicit expressions for the 1-form 6*.

Claim 6.2.3 On Uy = P*\ {r; = £1} we have 0%|U; = —75(1 — 72) "1 dr;
while on Uy = P*\ ({mn = 0} U{m + 7 —1 = 0}) we have 0*|Uy =
(2(7’3 + 71— 1)dry — 1odm — TQdTg) (27’1(73 + 71— 1))_1. Note P* = Uy UUs.

Proof. On Uy = T*S*\ {(p,£m) € T*S' | p € R*} we have

psin

7 (6%|U) = — d(cosa) = (pda)|Uy = 6%|Uy;

1 — cos?a
while on Uy = T*S\ {(p, £7/2) € T*S' |p € R*} U{(0,a) € T*5'} we
have

GV (@%|T) = (p*d(psin ) — psinad(cos a) — psina(pdp — d(cos av)))

2
p? cos o
= (pda)|Uy = 6*|Us.

Note that for i = 1, 2 we have (7%)"}(U;) = U; and T*S' = U, UU;. m
Because the 2-form w = df on T*S! is invariant under the Zo-symmetry
generated by ¢ (30), the 2-form w* = w|pxg1 = d(]pxg1) = d§* on T*S*
is Zg-invariant. Hence w™ pushes down to a 2-form @™ on the Zy-reduced
space P*. Now

(F)*(d6*) = d((F*)*0°) = do* = w* = (F*)*@*.
Since T* is surjective, we obtain w* = df*. Thus the punctured Zy-reduced
space P* is a symplectic manifold with symplectic form w* = d#*.
_ We now compute the Zs-reduced actions. On P>\ {r, = +1} the 1-form
0% is —79(1 — 72)"tdm, where » = F+/2(r3+ 711 — 1)(1 — 7). So 0% =

+ Wdﬁ. The Zs-reduced Hamiltonian on PX is HX = ﬁ|ﬁx
1

Consequently, the reduced action j *:(0,2) U (2,00) — R on a connected
component C(e) of the level set (H*)~(e) is

T(e) = 1 gx_ 1 /1 Mdﬁ’ (44)

S 2m Cle) T Jmax(1—e,—1) 1- 712

when 0 < e < 2 or e > 2. We now calculate the integral in (44). First we
consider the case when 0 < e < 2. Letting u?> = 71 — (1 — ), u = y/ev, and
then v = cos p, we get successively

~ _\/ﬁ Ve 22
! (e)_ﬂ/o \/(e—uQ)(2—e—|—u2)du
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2v/2 /1 v? d
=—"¢ v
& 0 V(1 —v2)(2—e+ev?)
_costp

2 7T
:e/ dy > 0.
T Jo \/1—fsm<p

Next we treat the case when e > 2. Letting 7 = cosd and ¥ = 2¢p succes-
sively, we get

I*(e \f/ ve—1+ cost d19—2f/ ve—2+2cos?pdp

2\/> / \/1— 2sinpdy > 0. (46)

Note that the Zg-reduced action I* (45) and (46) is one half the original
action I = I|pxg (8) and (10). Moreover, the function e I*(e) is
continuous at e = 2. Dullin [9] shows, I* has a logarithm term in its series
expansion in e — 2, which shows I* is not differentiable at e = 2.

(45)

The corresponding Zs-reduced angle 9% is

~ 2 2 2
gx 2w, 2 dry 7 (47)
\/2 1—78)(e—1+m)
where ¢ € [max(1 —e,—1), 1] and
\/2 I—7)(e—1+m)

In order to simplify the notation, in the following we will use I for the
reduced action on the reduced space P and 9 for the reduced angle, which
is not defined at the singular points pg and ps of P. Note that [* = T ] B

and 9% = 19|PX.
6.2.2 Reduction of the Zs-quantum symmetry

In this subsubsection we reduce the Zs-symmetry of the quantized mathe-
matical pendulum. In other words, we reduce the Zs-action on L C C x R?
generated by the mapping p (32). We use invariant theory.

The algebra of invariant real analytic functions is generated by

01 =2, T] =COSQ, To =psina, T3 = %pQ—cosa—i—l
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subject to the relation

373 = L p’sin®a = 3 p*(1 — cos’a)
(

=(n+mn-10)0-7), |n|<1&m>0. (49)
Equation (49) defines the Zg-orbit space P = L/Zs. The Hilbert mapping
S:L—=P:(z,(pa) e (01(2), 11(p, ), 12(p, ), 13(p, @) = (01(2), 7(p, @)

is the orbit map of the Zs-action. The Zs-orbit space P is C x (T*S'/Zs),
which is a semialgebraic variety with two singular planes C x {(£1,0,1F1)}.
We view P as a complex “line bundle” over the Zs-orbit space P with bundle
projection

7%73:((: Xﬁ—)ﬁ: (0'1,7': (7_1,7-277_3)) =T

Here (49) is the defining relation of the Zs-orbit space P with orbit mapping
7:T*S' = P: (p,a) — 7(p, ). Consider the smooth manifold P* = P\
{(£1,0,1F1)} = C x P* of nonsingular points of P, where P* = T*S!/Z,
and T*S! = T*S1\ {(0,0), (0,7)}. Restricting @ to C x P* gives a trivial
smooth bundle p* : L* = C x P*X — P*. The bundle p* serves as the
quantum bundle of the Zs-reduced mathematical pendulum (f[ X, pPx L, w).

6.2.3 The Zs-reduced quantum system

In this subsubsection we quantize the Zg-reduced quantum mathematical
pendulum, namely, the Zs-reduced mathematical pendulum (H*, P>, &)
with the Zs-reduced quantum bundle

pX L =CxP* =P :(z,7) =T
and trivializing section Ao : PX — L* : 7 (1,7).

We need to find a connection V* on the smooth sections of the bundle
p”, which is related to the original connection V* on P*. On smooth
sections of the bundle p* we have a connection, whose covariant derivative
V% in the direction of the smooth vector field X on T*S"' acts on the section
Ay lgy VA = —ih (X 1 6*)\§. Suppose that X is a smooth vector field
on P*, which is 7*-related to the vector field X, that is, T7*X = Xo7*.
On the line bundle p* with trivializing section \; define a connection V*
by (%X)*(V)X?)\g) = VA . In other words,

X
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Fact 6.2.3.1 o o
ViAs = =i (X 2 07))g. (50)

Proof. Equation (50) follows because by definition
() (VENS) = VEAS = —ih 1 (X 107G
whereas

@) (= ih {(X D 0)AY) = —ih (X 0 0%) )AL o7~
= —ih N X oTX 10X o)A 0TS
= —ih Y (T X AT 0\ o7
—ih Y (X ) (TR o7X)
—ih N X 30N, since (FX)*AX = AX.

Thus (%X)*(%)X}Xo) = () (- (X 67X)X0), which implies (50) since

7% is surjective. m

Next we determine the quantization rules for the Zs-reduced Hamiltonian
system (H* = H|P*, P*,5*) with quantum line bundle 5* and trivializing
section \g. The mapping PX — TP : : p > span{ Xz, (p)} defines a smooth
Lagrangian distribution D on the symplectic manifold (PX w”), which is a
polarlzatlon of (P*,&*). A leaf of D is a connected component of a level
set (H*)~!(e) of the Zy-reduced Hamiltonian H* on P*, which is a smooth
S when e € (0,2) U (2,00).

Let v : R — P* be an integral curve of XHX of energy e € (0,2)U(2, 00).

Then + is periodic of primitive period T=T (e) > 0. Also v parametrizes
a connected component C*(e) of the smooth level set (H*)~1(e). Parallel
transport the section A of the C*-bundle p* along ~ using the connection
V*. Then at every point (t) in (H*)~!(e) we have

0= (V. NOW) = (Lxg (6o = (X = 0)A0) (D))o,

that is,
dF(t)
— — (X« 6" F(t)=0 51
A MOV =0 1)
where F(t) = f(y(t)). For equation (51) to have a nonvanishing solution

~ T ~ ~
FT) = PO ex (5 [ (X 2 8)0(0) de) = ADIFO)
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theNholonomy~A(f) of the connection V* along v must equal 1, because
F(T) = f(v(T)) = f(v(0)) = F(0) # 0. Consequently, for some k € Z we
have

1/T~ dy(t) 1/T ~ 1 ~
=~ | ()L dt == ’y*@X:/ 0"
h 0 ( ()) dt h 0 h (ﬁ[x)—l(e)

In other words, when e € (0,2) U (2, 00) the quantization rule for the (Zy, -)-
reduced quantized Hamiltonian system (H*, P*,w*) with quantum bundle
p*:L* — P*is

- 1 -
0<TI*(e) /~ 6% = kh, for some k € Z>o, (52)
*(e)

where I is the action (44) of the Zs-reduced mathematical pendulum.

Lemma 6.2.3.2 The reduction mapping 7> : T*S' — pP* (p, @) — 7(p, )
(43) maps a Bohr-Sommerfeld torus C(e) of the mathematical pendulum
(H*,T*SY,w*) onto a Bohr-Sommerfeld torus C(e) of the Zy-reduced math-
ematical pendulum (ﬁx,ﬁx,fax).

Proof. By lemma 6.2.3.1 the Zs-reduction mapping 7> is a 2 to 1 covering
map. Its preimage of the e-level set (H*)™1(e) of the Zy-reduced Hamilto-
nian on the Zs-reduced phase space P* is (H*)"(e)if 0 < e < 1ore> 2.
Thus the image of a connected component C(e) of (H*)"!(e) under 7 is
(H*)~Y(e). Since

~ 1 ~
~ X\ % X | _ — (XN X
(7T ) (I ‘C(e)) (7T ) <27T /(f_jx)—l(e)ﬂ )
o Jry-1(0 97 HO<e<2 1

= = 9™ = (I")]c(e)
%fci(e)ﬂx, if2<e 2T Jo(e)

the image under 7> of a Bohr-Sommerfeld torus of the mathematical pendu-
lum is a Bohr-Sommerfeld torus of the Zs-reduced mathematical pendulum.
|

For every positive integer k, let o, be a section of the line bundle p*,
which is supported and covariantly constant on the level set (I*)~1(kh). As
before we add the quantum number 0, which corresponds to a section sup-
ported on the singular Bohr-Sommerfeld torus corresponding to the singular
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point (1,0,0) of P. The collection {0k }rez., 1s an orthonormal basis of the
space $ of quantum states of the Zo-reduced mathematical pendulum.
Since the quantum states {5k}k’€Z>0 are ordered by increasing k, there

exist shifting operators a and b such that

B&k:'&kﬂ, fOI“kZO
(53)
ao, =o0p_1, fork>0andacgy=0.

Because the local lattice structure of the set of Bohr-Sommerfeld tori on
Pis linear, the shifting operators a and b are also well defined across the
singularitiy at the reduced energy value e = 2. As before, the operators
a and b satisfy the same commutation relations as the quantum operators

Q,_.5 and Q_3, respectively.

6.2.4 Lifting the shifting operators
In this SubsubsectionNW(e use the isomorphism R : $HV" — 5 to lift the
shifting operators on ) to shifting operators on $Hve".
We define R as the operator which sends the basis {agk, k=1,...,K;
ob+o,,m=MM+1,...} of HV" to the basis {04} of § as follows
R(ng) =0, fork=1,....K

(54)
R(o} +0,,) =om, form> M.

Recall that 2M :{%ﬁ i iseven and 2K :{Nﬁ’L iV iseven To define shift-
ing operators on $°¥" recall that equation (53) defines the shifting operators
b and a on $). We may lift the shifting operator a to the shifting operator

a®’®™ on HV" by setting
Racven ng = ERagk for k< K

2 - B (55a)
Ra*" (o} +0,,) =aR(o}, +0,,) form>M

and lift the shifting operator b to the shifting operator b®V*" on HV" by
setting _
Rb®n o) =DbRol for k<K
Rb® (o +0-) =bR(c} +0;,) for m > M.
If k+1< K, then

(55b)

0 - 0 L~ ~ 0
Rb®" 03, = bR oy, =bop =011 = Rogyo.
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So be"enagk = agk 4o, because R is injective. Since n = 2k, it follows
that b®¥*" raises the quantum number n by 2, provided that n +1 < N.
Hence 6,5, = bol,, = bbo) = b*¥*"¢). A similar argument shows that
be¥e raises the quantum number m > M by 1 and that b®¥*"(o;} + o, ) =
Q.iw (0} +0,,). Analogous results can be obtained for the lowering operator
a®v®", In particular, if k¥ < K, then

even _0 = 0 == ~ 0
Ra"""oy. =aRo;, =aoc, =01 = Rogy,_s.

Q2900 for 0 < n < N. Similarly, for

(m— 1)(oh + o).

This implies that a®*"¢? = o
Tm

n-2
m > M we get a®*" (o} ) =

7 Crossing the singularity

The operators a®¥*" and b'*", defined in equation (55a) and (55b), respec-
tively allow for shifting quantum states which cross the singular level set
H~1(2). In order to write this out explicitly, we need to consider the cases
when N is even or odd seperately.

We look at the operators a®*°® and b when N = 2K, M = § (N+2) =
K +1, and 0% = 0 € $H°°" N H) together with

oM+ O =0kt + 0 €HVNN(H1 & H_).
In this case equation (55b) yields

Rb*""0f, = Rb™"0f, = bR oYy = bok

=0x41=0m = R0y, +0yy). (56)
Since R : ©Hever — 5 is injective, we get
b = o, + oy (57)
Let pr¥:$H,. @ 9H_ — H1 0} + 0, — 0. From (57) we get
prib® e} = o}, and pr b*"¢} =0y, (58)

which represents the transition given by the right pointing top and bottom
slanted arrows in diagram (18) when N is even. Similarly,

Ra™ (o}, +0y;) =aR(0y;, +oy) =aR(0j,; + 05y

~~ ~ 0 0
=aogy1 =0k = Rogg =Roy,
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which implies

a®v (o, +oy) = o (59)

Next we look at the operators a®*" and b*¥*" when N = 2K +1 and M =
K +1 and 09\, = O'3K+1 € $°4 N Gy Then by theorem 8 we have 09\,_1 =
JgK € H%" N §Hy. Moreover, a;\r/[ +oy = U}H +0g €H7N (HrdH).
We can cross directly from J?Vil = O'gK to U]T/I +oy = 0’;; 1t or using
the operator b®V*". In other words,

b = ot + oy (60)
Therefore, in order to cross from a?\, to O']T/[ + oy, we first go to 0?\7—1 and
then to O']—\t[ + 0o, So b¥Ma O’?V = a]'\t[ + o,,. Hence for odd N, we have

+ peven 0 +

aoy = o}, and pr-b® aocy

pr ao% = oy, (61)
which represents the right pointing top and bottom slanted arrows in diagram

(18) when N is odd. Similarly,

Raeven(o_}‘t[ toy) = 5R(0']J'\;[ +oy) = ER(O';;_H +0x41))

==~ ~ 0 0
=aog+1 =0k =Rosy =Roy_q,

which implies

aeven (

N T Oa) = o1 (62)
Let
L 9L = HL DO 0n o L (on +Po) =0 + o, (63)

Using the injection mapping ¢4+ and equations (59) and (62) when N =
2M — 2 we have

+

evenbi(o_M) = a

~ even( +

i O_M) = a even (

ot o) = ok (64a)
while when N = 2M — 1 we have

aiven(g]:{:/l) = baevenLi(o']:\tJ) = baeven(o.]—c[ + 0';/[) = ba%,l = 0'9\[- (64b)

The operator a$¥" represents the transition given by the left pointing top

slanting arrow in diagram (18); while the operator a®’" represents the tran-

sition given by the left pointing bottom slanting arrow in the diagram.
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8 Appendix: construction of the lowering operator

In this appendix we construct the lowering operator a for the quantized
Zo-reduced system on T S!.

On phase space T*S! = R x S!, where S = R/(27 Z) with coordinates
(p, ) and symplectic form w = dp A d¥¢ consider the trivial (right) principal
bundle
DX =C* x T*S' — T*S': (b, (p,9)) = (p,9)

with connection 1-form § = %% — %p d¥. The curvature df of S is —%w,

which we suppose has integer de Rham cohomology.

The action integral of Bohr-Sommerfeld quantization is I = 027r pdd =
27 p. The variable conjugate to I is § = /2w, since w = dI A df. Let (1,0)
be coordinates on T*S! = R x S! with S' = R/Z and let w = dI A df be
the symplectic form on 7*S!. The vector field X = —2 L0 oy 7*5t

ol T T 2xdp
is locally Hamiltonian, since
Lxw=d(X Jw)+ X _1dw=d(-df) =0,
and has local Hamiltonian 6, since —df = X _I w locally. The flow of X is
XSt 5 TSt (1,0) = (I—1t,0) = (2m(p — &t),9/2m). (65)

Note that the diffeomorphism e”X sends the Bohr-Sommerfeld torus 7T},
defined by {I = nh}, onto the Bohr-Sommerfeld torus T,,_;, defined by

{T = (n—1)h}.
In what follows we find a quantomorphism ®;, of (L, \), which covers e"~ .

In other words, ®j, is a diffeomorphism of L into itself such that ®; A = A
and 7wo®j, = e"X or. Here

T:L=CxT*S" - T*S": (2,(1,0)) — (1,0)

is the line bundle, associated to the C* principal bundle 7> : L* — T*S1,
with connection 1-form A\ = %dz — %Id@.

The vector field X is integral, that is, 1) there is an good covering U =
{Ui}icr of T*S! by open sets U;, i € I, where every finite intersection of
elements of U is either empty or contractible; 2) for every U;, U; € U such
that U; N U; # @ we have 0|y, — 0|y, is an integer on U; N U;. The local
Hamiltonian functions 6|y, for i € I piece together to give a smooth mapping
[0] : T*S' — S = R/Z, which is the “coordinate” 6, that is, [] = 9/27.
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Consider the vector field Z on L*, whose flow is
e'Z L — L : (b,(1,0)) = (be 2™ /0 (I —1,0)). (66)

The flow of Z preserves the connection 1-form 3, since for every (b, 1,0)) €
L* we have

((e'%)*B) (b, 1,0) = ;-dInfbe 2 /" — L(T — t)do
= (s — H1d8) — 310+ Leddo = (0, 1,0).
We have
elZ — o= tYon o otlftX (67)

where Yy (b, I,6) = %hzo(be%iw/h,f, 0) is a vector field on (L*,3), whose
flow is e®Yo/n (b, I,0) = (be?™ /" T 6), and liftX is a vector field on (L*, B),
which is the horizontal lift of the vector field X, that is, liftX (b,1,0) €
ker 3(b, I,0) for every (b,I,6) € L*. The vector fields liftX and X are 7*-
related, that is, T(, 1 9)7* (liftX(b, 1, 9)) = X(7TX (b,1, 9)) for every (b, 1,0) €
L*. The flow of lift X is

X (5, 1,0) = (b, (I1,0)) = (b, —t,0).
Note that the flows of the vector fields Yy, and lift X commute.

We now look at the universal covering space (T*R,@) of (T*S!,w) with
coordinates (p,q) and symplectic form w = dp A dg. The universal covering
map is given by

kTR = TS : (p,q) > (£1,0) = (p.q mod Z),

since R — S' = R/Z : ¢ + gmod Z is the smooth universal covering
map of S'. Pull the local Hamiltonian vector field X on 7*S' back by
the covering map ~ to a vector field X on T*R, which is k-related to X,
that is, T(p,q)m(X(p, q)) = X(/i(p, q)) for every (p,q) € T*R. The integral
vector field X is the Hamiltonian vector field Xg—c= —BQ associated to the
Hamiltonian function ¢ : 7R — R : (p,q) — ¢q. The constant ¢ can be
choosen to be 0, because the smooth mappings [¢] : T*R — S! = R/Z :
(p,q) = gqmod Z and x*[6] : T*R — S* : (¢,p) — [0](x(p,q)) are equal,
namely,

[q] = £"[0]. (68)
A calculation shows that

roelXa = et oy, (69a)
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The C* bundle 7* : L™ — T*S' pulls back under the covering map & to
the C* bundle 7 : L* — T*R : (b, p,q) + (p,q) with connection 1-form
B=r*f=Ldb_ +pdg. The flow et on L* lifts to the 1-parameter group

27 ?
of diffeomorphisms

etZ : EX — EX : (b,p, Q) = (be_2ﬂ'itq/hap - tuQ)v (70)

which preserves 3. We have etZ = e a/h 0 tliftXe  where Y,/n is the vector

field on L*, whose value at (p,q) is %|t70(b e~ 2mita/h o). Tts flow is given

by eYa/n (b, p, q) = (be*™ /" p q). Also lift X, is a vector field on L*, which
is the horizontal lift of X, using the connection 1-form 5 on L*. The flow of
lift X, is e Xa(b, p, q) = (b,p —t,q). Note that the flows e¥o/» and e liftXa

commute. Since L* = x*L*, there is a smooth mapping
KX L* — L* : (b,p,q) — (b,p,qmod Z) = (b, L1,0),

which covers k, that is, 7% ck* = ko7*. The flows etliftXa and etliftX gre

k*-related, that is
(X o tliftXy _ (thiftX o x (69b)

Let
oX T*SY — L* 1 (1,0) — (b(1,0),1,0)

be a smooth section of the bundle 7% : L* — T*S' where (I,6) — b(I,0)
is a smooth nowhere vanishing complex valued function on 7%S'. Then

(€2),0% = etZ 0g* 0o tX = g=tYo/n o (etliftX 0 g oe—tX)
— (e*tyg/h)* ° (et liftX) o X (70)

*

is a smooth section of the bundle 7% : L* — T*S1. Let
¥ TR — L* : (p,q) — (b(p,q),p,q)

be a smooth section of the bundle 7% : L* — T*R, which is the pull back by
the mapping x* of the smooth section ¢* of the bundle 7> : L* — T*S*.
For every (p,q) € T*R we have 5% (p,q) = (b(k(p, ), £(p,q)). So

R, (69C)
which characterizes 0. We now show that

(ehZ)*gx _ (HX)*(e_Qm[9].(ehhftx)*a><), (70)
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We explain what the symbol « in the above formula means. For a smooth
section o* : T*ST — L* : (1,0) — (b(I,6),1,6) of the bundle 7% : L* —
T*S! and a smooth complex valued function f on T*S' we define foo* :
T*S* — L* to be the smooth section (I,6) — (b(1,6)f(Z,6),1,6).

Proof. Analgous to (67) we have
(etZ)*&x _ (eftgg/h)* o (etlifth)*5><7 (71)
where 0 = (k™)*0*. To verify equation (70) we first show that
(KX)*((ehliftX)*o_x) = (MX0) ((5%)*0). (71a)

This follows by applying equations (69a), (69b), and (69c). Next we show
that _ '
(ehY‘I/h)*((IiX)*UX) _ (nx)*(e’%” [0].0_><)' (71b)

Using (68), for every (p,q) € T*R we get

— e2miq eh(27m' q/h).
So

(T0m) (7)) (s ) = ()" (")) (p, )
= (("01m),0%) (k(p, ) = 0 (k(p, @) "™ ¥/
= g% (/f(p, q))eZm [0](x(p,q)) — (eZm‘ M.JX)(H(p, q))
_ (K:X)*(eQﬂi [9].U><)(p7 q).
Equation (71) follows from equations (71a) and (71b). =
The locally Hamiltonian vector field X on 75! with flow !X TSt
T*AS1 : (1,0) — (I —t,0) lifts to a vector field X on L, whose flow is
XL - L:(2,1,0)~ (2,1 —t,0). The map

p:L=CxT*S' - L* =C*xT*S": (2,1,0) — (¢*,1,0) = (b,1,6) (72)

is smooth and p*3 = A. Moreover, we have qutX = tliftX oy Tnstead of
etX we will write %, The mapping p intertwines the (right) action of C*
on L* with the action of C* on L, namely, u(b'z,I,0) = u(b, I,0)(')~" for

every b, b’ € C* and every (I,6) € T*S!. From these remarks it follows that
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the operator ;¢ = e~ 2™ o1, (@M 1iftX) on smooth sections of the line bundle

7% L* — T*S' becomes the operator

), = e2mi 0] (/éhliftX)* (73)

on smooth sections of the line bundle 7 : L — T*S!. Clearly, ®}, covers "X

that is, mo®;, = "X o, and preserves the connection 1-form A. So ®j is
the desired lowering operator a.

We note that ®_j, is the raising operator b.
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