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Preface

This monograph could serve as the textbook for a graduate course on symplectic
geometry. It has been used for this purpose in graduate courses taught in the
Mathematics Department at the University of Toronto. This book evolved from the
lecture notes for the graduate course on symplectic geometry taught in fall 2016.
Three of the coauthors (Shubham Dwivedi, Jonathan Herman and Theo van den
Hurk) were students in this course.

Alternatively, it could be used for independent study. A course on differential
topology is an essential prerequisite for this course (at the level of the texts by
Boothby [1] or Lee [2]). Some of the later material will be more accessible to
readers who have had a basic course on algebraic topology, at the level of the book
by Hatcher [3]. For some of the later chapters (such as the chapter on geometric
quantization and the chapter on flat connections on 2-manifolds), it would be
helpful to have some background on representation theory (such as the book by
Brocker and tom Dieck [4]) and complex geometry (such as the first chapter of the
book by Griffiths and Harris [5]).

The layout of this monograph is as follows. The first chapter introduces sym-
plectic vector spaces, followed by symplectic manifolds. The second chapter treats
Hamiltonian group actions. The Darboux theorem comes in Chap. 3. Chapter 4
treats moment maps. Orbits of the coadjoint action are introduced in Chap. 5.

Chapter 6 treats symplectic quotients.

The convexity theorem (Chap. 7) and toric manifolds (Chap. 8) come next.
Equivariant cohomology is introduced in Chap. 9.

The Duistermaat—-Heckman theorem follows in Chap. 10, geometric quantiza-
tion in Chap. 11 and flat connections on 2-manifolds in Chap. 12. Finally, the
appendix provides the background material on Lie groups.
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vi Preface

Exercises related to the material presented here may be found at

Chaps. 1-5

http://www.math.toronto.edu/ ~ jeffrey/mat1312/exercl.pdf
Chaps. 6-8, 11

http://www.math.toronto.edu/ ~ jeffrey/mat1312/exerc2rev.pdf

Chaps. 9, 10, 12
http://www.math.toronto.edu/ ~ jeffrey/mat1312/exerc3rev.pdf

The authors thank Yucong Jiang and Caleb Jonker for carefully reading and
commenting on several chapters of the manuscript.

Waterloo, Canada Shubham Dwivedi
Mississauga, Canada Jonathan Herman
Toronto, Canada Lisa C. Jeffrey
Toronto, Canada Theo van den Hurk
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Chapter 1 ®)
Symplectic Vector Spaces i

This chapter is a brief introduction to symplectic manifolds. We will start this chapter
by defining a symplectic vector space (Sect. 1.1). After briefly reviewing the notion
of an almost complex structure on a vector space, we will see how the compatibility
condition between the symplectic form and an almost complex structure gives rise to
an inner product. In Sect. 1.3, we will discuss the definition of symplectic manifolds,
describe some of their basic properties and will finally see some examples in Sect. 1.4.
Section 1.2 contains a review of results from differential topology which are essential
material for what follows.

1.1 Properties of Symplectic Vector Spaces

Definition 1.1 Let V be a n-dimensional vector space over R and let w:
V x V — R be a bilinear map. The map w is called skew-symmetric if o (u, v) =
—w(v,u),forallu,v e V.

From a bilinear form w on V, we get a linear map @ : V — V*, where V* is the
dual space to V, by

ow)(v) =w(u,v) forallu,veV

Definition 1.2 A bilinear map w is called non-degenerate if @ is a bijection.

We have the following theorem about skew-symmetric bilinear maps, whose proof
can be found in [1]

Theorem 1.3 Let w be a skew-symmetric bilinear map on V. There exists a basis
{uy, ..., ug, e1, ..., €m, f1, s fu} of V such that

© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2019 1
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2 1 Symplectic Vector Spaces

w(;,v)=0 foralliandallveV
w(ej,ej))=0 foralli,j

o(fi, f)=0 foralli,j

w(e;, fj) = bij foralli,j

where § is the Kronecker delta.
We can now define a symplectic form on a vector space.

Definition 1.4 A skew-symmetric and non-degenerate bilinear form w :
V x V — R is called a symplectic form on V and (V, w) is called a symplectic
vector space.

Note that since w is skew-symmetric and non-degenerate, @ must be a bijection
and hence

kero={ueV|wu,v)=0, forallv e V}

must be {0} and thus k in Theorem 1.3 must be zero. Thus we see from Theorem
1.3 that V must be even-dimensional. A basis of the form in Theorem 1.3 is called
asymplectic basis.

Remark 1.5 We may form " : A"V — R.Now A?"V is a one-dimensional vector
space, so @" uniquely determines a real number (a multiple of the top exterior power
of the elements of a symplectic basis).

Let us now make some definitions which will be used later.
Let (V, w) be a symplectic vector space.

Definition 1.6 An almost complex structure J : V — V is alinear map such that
JP=-1I

This is what we mean by multiplication by i; in other words, we can make
a R vector space into a C vector space by defining (a + ib)x = ax + bJ (x) for
a,b eR, x € V. We can use this to identify V = R?" with C".

Definition 1.7 An almost complex structure on V is said to be compatible with the
symplectic structure if
o(JX,JY)=wlX,Y)

forall X,Y e V.

The compatibility condition on the almost complex structure J allows us to define
a symmetric bilinear form < -, - > on the vector space. However, this symmetric
bilinear form is only an inner product if the almost complex structure satisfies an
additional condition, positivity.

jeffrey@math.toronto.edu



1.1 Properties of Symplectic Vector Spaces 3

Definition 1.8 An almost complex structure J which is compatible with the sym-
plectic form w is positive if for all X # 0,

w(X,JX) > 0.

The reason for calling this positive is evident from the following proposition:

Proposition 1.9 A symplectic form w on avector space V together with a compatible
positive almost complex structure J determines an inner product

<>

on'V, by
< X,Y >=w(X,JY).

Proof Since J is a compatible almost complex structure, we have
o, JX)=—-w(JX,Y)=0(JX,JY)=0(X,JY)

which gives that < -, - > is symmetric. The positive definiteness of < -, - > follows
from the fact that J is positive. ]

Let us see the prototype example of a symplectic vector space.

Example 1.10 Let
V =R>.

Then V has a symplectic basis {ey, ..., e,, f1, ..., f»}; in other words, if w is the
symplectic form, then we have w(e;, e;) =0, w(f;, f;) =0 and w(e;, fj) = d;j,
forall i, j. A suitable almost complex structure compatible with this symplectic form
is

.]6,‘ =fi, Jf, = —€;

0—-1
7= [1 0 ] '
The compatible inner product has {ey, ..., e,, fi,..., fu} as an orthonormal basis.
The group of transformations preserving the symplectic form is

or

Sp(V) = { [2‘ g] e GL(2n,R)|ATC, BT D are symmetric, ATD — CTB = 1}

where AT denotes the transpose of A.
To see this, note that the condition for R € Sp(2n, R) is

jeffrey@math.toronto.edu



4 1 Symplectic Vector Spaces
w(RX,RY)=w(X,Y) forallX,Y

which is equivalent to
(JRX,RY)=(JX,Y)

or
(R'JRX,Y)=(JX,Y)

in other words
RTJR=1J

] ollen]- e ]

or

The subgroup

A_B * * _ T _ T
|[B A}|AA+BB_I, BTA=A B]

where A* is the conjugate transpose of A is isomorphic to U (n) under
(A,B)—~> A+iB

This subgroup consists of all linear transformations preserving @ and commuting

. 0-—1
Wlth|:1 0 i|

1.2 Review of Results From Differential Topology

We will assume familiarity with the following concepts. Excellent sources for these
materials are [2] and [3]

differential manifolds,

tangent spaces T,, M,

tangent bundles T M and cotangent bundles 7*M,

line bundles,

vector fields (sections of the tangent bundle), and

differential forms (sections of exterior powers of the cotangent bundle),

SNk PN =

a. wedge product,
b. exterior derivative d,d od =0,
c. interior product iy with vector field X, and

jeffrey@math.toronto.edu



1.2 Review of Results From Differential Topology 5
d. Lie derivative with respect to a vector field and Cartan’s formula

Ly =dix +ixd

1.3 Symplectic Manifolds

Let M" be a n-dimensional manifold and w be a 2-form on M, that is, for every
pEM,w,:T,M x T,M — Ris a skew-symmetric bilinear map from the tangent
space to M at the point p to R, and w, varies smoothly in p.

We say that a 2-form w is closed if dw = 0 where d is the exterior derivative
on M.

Definition 1.11 A 2-form @ on M is called symplectic if do =0 and w, is a
symplectic for every p € M.

Definition 1.12 A symplectic manifold is a manifold M equipped with a symplectic
form w.

From the discussion following Definition 1.14, we see that a symplectic manifold is
even-dimensional.

We defined an almost complex structure on a vector space V. In the same way,
we can give the following definition.

Definition 1.13 An almost complex structure on M is a section J of End(7T M) such
that J? = —1I, which is to say that for every p € M, J, : T,M — T, M is a linear
map with Jp2 = —1 on T,M and J, varies smoothly in p.

Definition 1.14 The symplectic volume on M 1is the form o"/n! of top
dimension n.

7
Since the symplectic form is non-degenerate, - is a nowhere vanishing form on

M and its existence means that symplectic manifolds are oriented.

Remark 1.15 An almost complex structure J on a symplectic manifold M is inte-
grable if it comes from a structure of complex manifold on M (in other words the
transition functions between charts on M are holomorphic functions). The almost
complex structure J represents multiplication by i on the holomorphic tangent space.

See for example Chap. 0 of Griffiths—Harris [4].

Definition 1.16 If (M, w) is a symplectic manifold with a compatible positive
almost complex structure J and the almost complex structure is a complex structure
(i.e. integrable), then M is called a Kihler manifold.

jeffrey@math.toronto.edu



6 1 Symplectic Vector Spaces

Suppose (M, w) is a symplectic manifold with an almost complex structure J
(a section of End(7T' M) satisfying J 2 = —Id). Then, a Riemannian metric on M is
obtained by
gX,Y)=w(X,JY)

for all X,Y € I'(TM) (here the symbol I'(T M) means a section of the tangent
bundle, i.e., a vector field). In fact, any two of {w, J, g} which are compatible uniquely
determine the third.

wX,Y)=w(JX,JY)=g(JX,Y)

and so on.

1.4 Examples

Let us see some examples of symplectic manifolds.

1. Let M = R?" with coordinates xi, ..., X,,, V1, --sy Yn. The 2-form
n
wy = Zi:l dx; N dy;

is a symplectic form. Thus (R?", wy) is a symplectic manifold. In fact, we will
later see (Darboux’s theorem, in Chap.3) that any 2n-dimensional symplectic
manifold locally looks like R, wy).

2. Consider C" with coordinates z1, ..., z,. The 2-form

=1 _
w = T Zi:O dZ[ AN dZ,‘
is a symplectic form.
3. Consider the 2-sphere S? as a subset of unit vectors in R?. For any point s € S?,
T, S? is the set of vectors which are orthogonal to the unit vector s. The standard
symplectic form on S? is given as

ws (U, v) = (s,u X v) for all u, v € T, S>

where x is the cross product on R3. Since w is a 2-form and S is two-dimensional,
it follows that w is closed.

jeffrey@math.toronto.edu
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Chapter 2 ®)
Hamiltonian Group Actions oo

In this chapter, we will define Hamiltonian flows, Hamiltonian actions and moment
maps.

The layout of the chapter is as follows. In Sect. 2.1 we recall the original example
of a Hamiltonian flow, namely, Hamilton’s equations. In Sect.2.2, we will start by
understanding what Hamiltonian vector fields and Hamiltonian functions are. In
Sect.2.3, we will introduce a bracket on the set of smooth functions on a symplectic
manifold which will satisfy the Jacobi identity and will make the former into a Lie
algebra. We will see some examples of such vector fields on S? and the 2-torus. In the
final section (Sect.2.4), we will define a moment map and will list some conditions
which will guarantee the existence of moment maps and other conditions which
guarantee their uniqueness.

2.1 Hamilton’s Equations

The basic example of a Hamiltonian flow gives rise to Hamilton’s equations. Consider
R? with coordinates (p, ¢). In physics, g denotes the position of an object and p
denotes the momentum (in other words p = mdgq/dt, where ¢t denotes time and m
is the mass of the object).

Let the Hamiltonian H be defined by

p2
H(p,q) = m + Vi)

2
where 2’; is the kinetic energy and V (q) is the potential energy (which depends

m
only on ¢, not on p). The Hamiltonian is the sum of kinetic and potential energy.
The symplectic form on R? is

w =dq Ndp.

© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2019 9
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10 2 Hamiltonian Group Actions

Then, the Hamiltonian vector field X g is defined by the property that its contrac-
tion with the symplectic form equals the differential of H:

iXHC!) =dH
which tells us that 9 5
Xy=H,— — H,—.
H paq qap

If (¢(t), p(?)) is a path in R? which integrates this vector field, we find that it obeys
the following equations:

dq p

2 _g =£ 2.1

dt P m @D
d dv
L g = 2.2)
dt dq

The first equation above tells us only the definition of momentum (as the product

of mass times the velocity ‘;—‘g). The second equation is Newton’s law of motion (that

the force on the object, namely, — [fi—‘t/ ,is equal to the first derivative of the momentum;

in other words, the mass times the acceleration).

2.2 Hamiltonian Flow of a Function

Let (M, w) be a symplectic manifold, and H : M — R a C* function. Then dH €
Q' (M). Recall that if we have a symplectic form on a vector space V then it induces a
bijection between V and its dual V*. The symplectic form @ on M is non-degenerate,
so for all m € M there exists a unique vector field X 5 such that

dH),, = i(XH)ma)m
and hence

dH = ix,o (2.3)

‘We have the following.

Definition 2.1 A vector field Xy as above is called the Hamiltonian vector field
and H is called its Hamiltonian function.

Conversely, if we are given a vector field £ on M, o determines a 1-form o« on M
by icw = «.

jeffrey@math.toronto.edu



2.2 Hamiltonian Flow of a Function 11

Suppose the Lie derivative of w with respect to the vector field ¢ is 0. (This means
the transformation M — M obtained by integrating the vector field preserves w.)
Then Cartan’s formula tells us that

O = L;a) = dl{a) + l;da)

and the last term is zero because w is closed. So i, w is closed. We shall see that i, @
is exact if and only if the vector field ¢ arises as the Hamiltonian vector field of a
smooth function H : M — R. We get the following proposition from (2.3).

Proposition 2.2 Suppose (M, w) is a symplectic manifold and X g is a Hamiltonian
vector field with Hamiltonian function H. Then form € M,

dH, =0

(m is a critical point of H) if and only if (Xp)m = 0.

2.3 Poisson Bracket

We are going to define the Poisson Bracket of two functions. A good reference for
this section is the book [1, Chap. 2] by Audin.

Suppose
fig:M—-R

are smooth functions. We define
{f. g} =Xy, X,)
where Xy and X, are Hamiltonian vector fields corresponding to f and g, respec-

tively. The pairing {f, g} is called the Poisson bracket of f, g. The reason for
calling this a “bracket” is evident in the following theorem.

Theorem 2.3 Let f, g € C®°(M). Then
Xir.g = —1Xy, Xl

where [, -] is the Lie bracket of vector fields.

Proof For X, Y e '(TM)

i[X,y]w = inya) —_ iyLXw
=(dix +ixd)iyw—iy(dix +ixd)w

jeffrey@math.toronto.edu



12 2 Hamiltonian Group Actions

The first line in the above equation follows from [2, V.8, Exercise 8], which reduces
(in the case of a 2-form w and vector fields X, U, V) to

(Lxo)(U,V)=Lx(wU,V))—wo(LxU,V)—-w(U, LxV).

The second line follows from Cartan’s formula for the Lie derivative.
However. if X = X, Y = X, are Hamiltonian vector fields for f and g, then
ix,0= af, ix, 0= dg sousing d o d = 0 we have

iix; x 0 = d(ixiyw) — d(iyixw)
= —d(w(Xy, X))

Proposition 2.4 The Poisson bracket satisfies the Jacobi identity, i.e.

{fi.{f2, LY+ {2 {3 A+ A, 23 =0
fOV all fl» fz, f3 (S COO(M)

Proof If X; denotes the Hamiltonian vector field for f;, then

0=dw(X1, X2, X3)
= X10(X3, X3) — Xow(X1, X3) + Xz0(X1, X2) — o([X1, X3], X3)
+ o ([X1, X3], X3) — w([X2, X3], X1)

Now X (X2, X3) = X1 - {f2, fs}and Xy - { f2, f3} = {{/2, f3}, f1}. The lastiden-
tity follows because the Poisson bracket is defined by

{1, 2} = o (X4, X2)

where X (resp. X») is the Hamiltonian vector field of the function f; (resp. f). The
proof then follows. (]

From Theorem 2.3 and Proposition 2.4, we get the following.

Proposition 2.5 C° (M) is a Lie algebra under {-, -} and the map f +— X isa Lie
algebra homomorphism.

Proof The only nontrivial task is to check that the map takes Poisson bracket of
functions to Lie brackets of their images, but that is obvious from Theorem 2.3 and
Proposition 2.4. U

jeffrey@math.toronto.edu



2.3 Poisson Bracket 13

Vector Fields Arising From Group Actions:
We study two vector fields on two-dimensional manifolds whose flows are area-
preserving.

Example 2.6 The group U (1) acts on S? by rotation around the vertical axis.
Coordinates on S \ {N, S} are (z, ¢) where z is the height function and ¢ is the
angle relative to the x-axis (normally called the azimuthal angle) and the symplectic
form is
w=dzANd¢.

We restrictto z € (—1, 1) and ¢ € [0, 27).
The vector field generated by the U (1) action is % and

iaa):—dZ.

i3

In this case, H =z :S? — R is a smooth function and Xy = % This is the

interior product of the symplectic form with % so this is a Hamiltonian action
(see Definition2.9).

Example 2.7 The group U (1) acts on the 2-torus {(e'?, ¢/%)} by rotation in the ¢
direction. Again w = d6 A d¢.

The 1-forms generated by these vector fields are as follows. Note that

i»w=—do.

Ll
Buté : S! x S' — [0, 27] is not a continuous R-valued function (rather a R/27 Z-
valued function). The form d6 is closed but not exact. In fact

H'S'xSH=R&R

and the de Rham cohomology class of the form [—d0] is one of the generators (the
other is [d¢]). So in this case the vector field does not come from the Hamiltonian
flow of a smooth real-valued function.

Example 2.8 Introduce polar coordinates (r, ¢) on R?\ {0}. The vector field %

preserves the symplectic form. The vector field a% does not preserve the symplectic
form. In these coordinates the symplectic form is

1
w=rdr Ndp = Ed(rz) Adg.

Suppose G is a Lie group. Recall that a Lie group action on a manifold M means
asmoothmap F : G x M — M (define also the diffeomorphisms F, : M — M by
Fy(m) = F(g, m)) so that the maps F, satisfy

jeffrey@math.toronto.edu



14 2 Hamiltonian Group Actions

F gh = F, g© F h
and that the identity element e of G acts by the identity map, and the inverse g ! acts
by F,1 = (F,)~'. Examples include the rotation action of the circle group U (1) on
the complex plane (by multiplication). For more information about Lie groups, see
Appendix.

Definition 2.9 Let G be a Lie group with Lie algebra g. Suppose G acts on a sym-
plectic manifold M and that the action preserves the symplectic form. This means
L;w = 0 where X is the vector field associated to the action of any X € g.

The action is called Hamiltonian if there is a collection of smooth functions
®, : M — Rforall n € gsatisfying

1. Xo, = n® (in other words the Hamiltonian vector field associated to @, is the
vector field n* generated by the action of € g).

2. The &, are derived from a function ® : M — g* via ®,(m) = ®(m)(n) for all
meM,neg.

3. The map ® is G-equivariant, where G acts on g* via the coadjoint action.!

Remark 2.10 If G is abelian, then ® being equivariant just means that ® is invariant
under the G action.

Remark 2.11 The map & defined above is called a moment map for the action of
GonM.

Remark 2.12 'We shall consider only actions of compact connected Lie groups,
although the definition of Hamiltonian actions may be extended to actions by non-
compact groups. In particular, the term “torus” refers to the compact connected
abelian group T = U (1)".

2.4 Uniqueness

The moment map is defined as
chX = ix#a).

In other words, ®* is the Hamiltonian function generating the vector field X*.

We also require that ® : M — g* is equivariant (where G acts on g* by the
coadjoint action).

As we have seen, moment maps for group actions preserving the symplectic struc-
ture do not always exist. Some conditions which guarantee their existence include

If (,) : g* x g — Ris the natural pairing then for any ¥ € g* we define Adg* Y by (Ady* Y, X) =
(¥, Ady-1 X) for any X € g. Hence, we get a map Ad* : G — GL(g"), known as the coadjoint
action of G on g*.
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2.4 Uniqueness 15

1. M is simply connected (because H'(M, R) = 0, closed 1-forms are necessarily
exact).
2. Lie(G) is semisimple (for example G = SU (n)).

If G is abelian, the moment map is never unique, because it is always possible to
replace the moment map by an equivalent moment map by adding a constant to it,
and the new moment map is still equivariant. On the other hand, if G is semisimple,
adding a constant to the moment map produces a map that is no longer equivariant,
so in this case the moment map is unique.

For more details on conditions guaranteeing the existence of moment maps, and
other conditions guaranteeing uniqueness of moment maps, see [3, Chaps.24-26].

We denote the set of Hamiltonian vector fields by H. There is an exact sequence

0—>R— C°M)—> H— 0.

Here, the third arrow sends a function f to X ¢, the Hamiltonian vector field associated
to f. A second exact sequence is

0—>H—>S—> H' (M,R)— 0.

Here, S denote the set of symplectic vector fields (in other words X € I'(T' M) is in
S if Lyw = 0). They are associated with closed 1-forms, and Hamiltonian vector
fields are associated with exact 1-forms; hence, the quotient of the two is the first de
Rham cohomology group of M.
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Chapter 3 ®)
The Darboux—Weinstein Theorem G

Informally, the Darboux—Weinstein theorem says that given any two symplectic man-
ifolds of the same finite dimension, they look alike locally. It states that around any
point of a symplectic manifold, there is a chart for which the symplectic form has a
particularly nice form. In this section, we give a proof of an equivariant version of
the theorem and look at some corollaries. We direct the reader to [1] or Sect.22 of
[2] for more details.

Theorem 3.1 (Darboux—Weinstein) Suppose w is a symplectic form on a manifold
M?". Then for any x € M there is a neighbourhood U of x and a diffeomorphism

¢ 1 U — R such that
¢ (Zd% A dpt) =,

1

where q1, -+, qu, P1, - , Pn are the standard coordinates on R2",
An equivariant version of the Darboux—Weinstein theorem is as follows.

Theorem 3.2 (Equivariant Darboux—Weinstein) Suppose N C M is a submanifold
and wy, w; are two closed 2-forms on M for which (wo)|y = (w1)|n. Then there is
a neighbourhood U of N and a diffeomorphism f : U — U such that

e f(n)=nforalln e N,
° f*a)1 = wy.

Moreover, if ® : G x M — M is an action on M by a compact group preserving
N and the symplectic forms wy and w,, then f can be chosen to be equivariant with
respect to G. This means that f o ®, = ®, 0 f forall g € G.

Before giving the proof of the theorem, we state an important example and a
corollary.
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18 3 The Darboux—Weinstein Theorem

Example 3.3 Let (M, w) be a symplectic manifold. Fix coordinates identifying a
neighbourhood of 0 in 7,, M with a neighbourhood of m in M. Since T,, M is just a
vector space, it has a canonical symplectic form wy.

Now consider a symplectic action by a compact group G on M. The fixed point
set of G is a symplectic submanifold of M.

If G fixes the point m, then the action of G on T,,M is linear. The equivariant
Darboux theorem says that

e There is a coordinate system on a neighbourhood of m with respect to which wy
is the standard antisymmetric form on a symplectic vector space and the action of
G is linear.

° ¢>*w1 = wy.

In other words, there exist Darboux coordinates around m with respect to which
the action of G is linear.

Generalizing this example, we have the following.

Corollary 3.4 Suppose F C M is a submanifold that is fixed by an acting group G.
By the tubular neighbourhood theorem, there exists an open subset U of the normal
bundle v(F) of F in M, containing the zero section of F, that embeds in M, and for
which G acts linearly on the fibres of v(F). That is, Darboux coordinates may be
chosen near F for which the action of G is linear on the fibres of the normal bundle
to F.

We now give the proof of the equivariant Darboux—Weinstein theorem.

Proof This proof uses Moser’s method. Consider
w; = (1 —twy + tw.

For all ¢, w, is closed since both wy and w, are. Since d(wy — w) = 0, we can find a
I-form B such that df = wy — wy, in a neighbourhood of N. If N is a point, then we
can choose a contractible neighbourhood of N and the result is obvious. Otherwise,
we choose an equivariant family of maps ¢, : U — U such that

(a) ¢, fixes N

(b) ¢y : U — N, ¢ =id.

If X is a tubular neighbourhood of N identified with the normal bundle v(N),
then for x = (y,v), y € N, v € v(N), we have ¢,(y, v) = tv.

Then for any form ¢ on M,

1
* * d *
¢16—¢00=/0 E(qﬁto)dt
1
=/ (f)t*(LgIU)dt
0

1
= / ¢ (dig,o + ig,do)dt
0
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3 The Darboux—Weinstein Theorem 19
=lIldo +dlo

where we have defined a chain homotopy

1:QY(M) — Q1 (M)
with X

Io :/(; ¢F (ig,0) dt.
Choosing 0 = wy — w;, we see that do = 0 in some neighbourhood ¥ C N and
B=I1o, o=dp.

It follows that 8|y = 0.

Since wy |y is non-degenerate for all ¢ € [0, 1], it follows that this is also true on
some suitably small neighbourhood of N. Then we can find a time-dependent vector
field n; such that

l',ha), == /3.

Note that 8 may be chosen to be invariant under G and thus so may the time-dependent
vector field 7;.

Integrating the vector fields n, gives a family of local diffeomorphisms f; with
fo=1id and

d
Eft(m) = n.(fi(m)).

Since the vector field n, commutes with the action of G, the maps f; are G-
equivariant. Also (n,)|y = 0 and so (f;)|y = id. We then have

L a
(fi)) w1 — wo =/0 E(f,*wr)df
= /fl*d(ima)t)dt%-/ft*(wo—a)l)dt
=/ﬁwemm+/ﬁmw—th

= /ft*(a)l — wp)dt +fff(a)0 — wy)dt
=0

Thus f; is the desired equivariant diffeomorphism. (]
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Chapter 4 ®)
Elementary Properties of Moment Maps i

If a Lie group acts on a symplectic manifold preserving the symplectic form, it
is possible that each fundamental vector field is the Hamiltonian vector field of a
Hamiltonian function called the moment map which was defined in Definition 2.9.

In this chapter, we describe elementary properties of moment maps. The layout
of the chapter is as follows. The first section (Sect.4.1) outlines basic properties of
moment maps. The second section (Sect.4.2) gives examples of moment maps. The
final section (Sect.4.3) gives the normal form for a moment map.

4.1 Introduction

The following Proposition is immediate from the definition of a moment map.

Proposition4.1 /. Let H L Gbea homomorphism of Lie groups, and let

be the obvious projection. Suppose G acts on M in a Hamiltonian fashion.

Then the induced action of H on M is also Hamiltonian, with moment map

CI)H = p* o CDG.

In particular, this applies if H is a Lie subgroup of G and p is the inclusion map.

3. If M| and M, are two symplectic manifolds equipped with Hamiltonian actions
of G, with moment maps ®, : My — g* and ®, : My — g*, then the induced
action on My x M, is also Hamiltonian with moment map ®, + ®,.

4. If G and H both act on M in a Hamiltonian fashion with moment maps ®¢ and
&y and these actions commute, then G x H acts on M and the moment map is
¢G@¢HM—>g*@h*

N

Remark 4.2 Two flows (coming from group actions) commute if and only if the
vector fields commute. This happens if and only if the Hamiltonian functions Poisson
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22 4 Elementary Properties of Moment Maps

commute. So two flows each generating U (1) actions fit together to form a U (1) x
U (1) action if and only if their moment maps Poisson commute.

Proposition 4.3 ([1]) Let ® : M — g* be a moment map so d®,, : T,,M — g*,
for all m € M. Then Im(d®,,)*> = Lie(Stab(m)) where L denotes the annihilator
under the pairing g* ® g — R.

Proof We have
iy#a) = dCDY

Thus Y annihilates all £ € Im(d®,,) if and only if Y € Lie(Stab(m)). (I

Corollary 4.4 Zero is a regular value of © if and only if Stab(m) is finite for all
m € ®1(0). In this situation, ®~'(0) is a manifold and the action of G on it is
locally free.

Example 4.5 Let T be a torus acting on M, and let F C M” be a component of the
fixed point set. Then for any f € F we have d®; = 0 so ®(F) is a point.

Proposition 4.6

e I[fH C G aretwo groups acting in a Hamiltonian fashion on a symplectic manifold
M, then @y = m o &g where w : g* — h* is the projection map. In other words if
X € hthen @y (m)(X) = ®g(m)(X) foranym € M. One example that frequently
arises is the case when H = T is a maximal torus of a compact Lie group G.

e More generally, if f : H — G is a Lie group homomorphism, and the two groups
G and H act in a Hamiltonian fashion on a symplectic manifold M, in such a
way that the action is compatible with the homomorphism f, then uy = f* o ug
where f* : g* — h* is induced from the homomorphism f. (The previous case is
the special case where f is the inclusion map.)

e Iftwo symplectic manifolds M| and M, are acted on in a Hamiltonian fashion by
a group G with moment maps | and ®,, then the moment map for the diagonal
action of G on M| x M, with the product symplectic structure is ®| + ;.

4.2 Examples of Moment Maps

Example 4.7 Consider the space M = R? = {(p, x)}. A symplectic form is defined
on M by
w=dx ANdp.

This space is phase space for one degree of freedom. The variables x and p denote
position and momentum, respectively.
The additive group R acts on R? by ¢.(p, x) — (p, x +t). where ¢ € R. This

action preserves w. The vector field generated by itis X := % So
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4.2 Examples of Moment Maps 23
ix(dx Ndp) =dp
and the moment map for the action of R on phase space is

®(x, p) = p.

A general principle in physics—~Noether’s theorem—specifies that for any symmetry
group of a physical system, there is a conserved quantity. The conserved quantity
corresponding to symmetry under translation is linear momentum. The conserved
quantity corresponding to symmetry under rotation is angular momentum.

Example 4.8 Consider the space

M =R® = {(p1, p2, p3, %1, %2, x3)}.

Define p = (p1, p2, p3) and X = (x1, X2, x3). We will examine the Hamiltonian
flow of the function
d(xX,p)=xxp

where X x p is the cross product

XxXp= E €ijkXj Pk€i
i,j.k

where {¢;|j = 1,2, 3} is the standard basis of R3. Here €23 = 1, €513 = —1 (and
cyclic permutations) and ¢;;; = 0 if any two of i, j, k are equal. So

dds =) eijldx;pi + x;dpe)
i,j.k

Then

iow=dp;,

a2
ax;

o w=—dx;.
W

So 5 5
X = E y 4 xi—
R i <pj ope 3xk>

This is the vector field generated by the action of é; € so(3) on R®.

Example 4.9 Let U (n) act on C" by component-wise multiplication of complex
numbers. Since u(n) = R”", ¢ : C* — R". For X € Lie(U(n)) and

ZZ(Z19'-'5ZH)GC’17
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24 4 Elementary Properties of Moment Maps

the moment map for this action is

D(2)(X) = izTXz
T o

1 n
= g Z ZiXiij-

ij=1

Example 4.10 Let U (n) act on CP"~! via its action on C". The moment map is then

1
D(z1, ..., z0)(X) = pn (ZTXZ).

This will follow from the previous example once we have introduced symplectic
quotients in Chap. 6. This tells you the moment map for any linear action of a compact
group G on C" or CP"!,

Example 4.11 Let V be a complex vector space with an action of a torus 7. Recall
the weight lattice A" = Hom(7T, U(1)). (For more information see Chap. 11 and
Appendix.) Decompose

Vv=C,e...0C,

where T acts on C,; via the weight exp(2riA;) : T — U(1), where A; : t — R
sends the kernel of the exponential map to Z.

Example 4.12 (a) The moment map ®; for action of T on C;:
pju()* —r*.
The map P, (z) is the composition of @y () : C — R, defined by

|2|?
Symy(2) = >

with p; : R — ¢* given by
pi(s) =sA;.

So
1 >
D;(z) = _§|Z| Aj.

(b) The moment map for the action of T on & ;C;; is

o=@,
j
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4.2 Examples of Moment Maps 25
1 2
@) = =5 Z 12172
J
(c) The moment map for action of U (1) on C" is
1 2
D21, ...,2,) = _§;|Zj| .

Example 4.13 SU(2) action on (CP")V
For SU(2) acting on CP' = S? C R?, the moment map is the inclusion map

®=i:5 > R.
For SU(2) action on (CP")", the moment map is

D(z1,..zn) =21+ ...+ 2w

4.3 The Normal Form Theorem

We denote by Mg the reduced space (or the symplectic quotient) ¢ ~'(0)/G and
by wyed, the symplectic form on M;.4. (The symplectic quotient and its symplectic
form will be defined in Chap.6.) There is a neighbourhood of ®~'(0) on which
the symplectic form is given in a standard way related to the symplectic form weq
on M., (see, for instance, Sects.39—41 of [2]). Before stating the theorem, recall
that a connection on a principal G-bundle is a Lie algebra-valued 1-form, i.e., if 6
is a connection on a principal G-bundle P, then # € Q'(P) ® g. Also, denote by
i : Mg = M the inclusion map. We now state the follows.

Proposition 4.14 ([2, Proposition 40.1] (Normal form theorem)) Assume 0 is a
regular value of ® (so that ®~'1(0) is a smooth manifold and G acts on ®~'(0)
with finite stabilizer). Then there is a neighbourhood O = ®~'(0) x {z € g*, |z] <
€} C ®71(0) x g* of D~1(0) on which the symplectic form is given as follows. Let
P o ) 4 M:eq be the orbifold principal G-bundle given by the projection
map q : ®1(0) - ®1(0)/G, and let 6 € Q' (P) ® g be a connection for it. Let
wq denote the induced symplectic form on Myeq, in other words q*wo = ijw. Then
if we define a 1-form t on O C P x g* by 1, ; = z(0) (for p € P and z € g¥), the
symplectic form on O is given by

o= q* wy+dr.

Further, the moment map on O is given by ®(p, z) = z.
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26 4 Elementary Properties of Moment Maps

Corollary 4.15 Suppose that t is a regular value for the moment map for the Hamil-
tonian action of a torus T on a symplectic manifold M. Then in a neighbourhood of
g, all symplectic quotients M, are diffeomorphic to M,, by a diffeomorphism under
which

wr = wy, + (t — 1o, d6O)

where § € Q! (dD_l (to)) ® t is a connection for the action of T on ®~'(ty).

Corollary 4.16 Suppose G acts in a Hamiltonian fashion on a symplectic manifold
M, and suppose 0 is a regular value for the moment map ®. Then the reduced space
M, = ®'(0,)/G at the orbit O, fibres over My = ®~'(0)/G with fibre the orbit
O,.. Furthermore, if w : M — M is the projection map, then the symplectic form
wy, on ®71(0,) /G is given as w;, = m*wy + Q. where w is the symplectic form on
My and 2, restricts to the standard Kirillov—Kostant—Souriau symplectic form on
the fibre. (See Chap. 5.)
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Chapter 5 ®)
The Symplectic Structure on Coadjoint e
Orbits

In this chapter, we explain why the orbit of the adjoint action on the Lie algebra
of a Lie group is symplectic, and define its symplectic form (the Kirillov—Kostant—
Souriau form). An example of an orbit of the adjoint action is the two-sphere, which
is an orbit of the action of the rotation group S O (3) onits Lie algebra R3. Background
information on Lie groups may be found in Appendix.

A Lie group G acts smoothly on its dual Lie algebra g* through the coadjoint
action. Given an element X € g, it generates a vector field X* on g* whose value
at L € g*is Xﬁ = [A, X], where by definition (X*),(Y) = A([X,Y]) for Y € g. It
follows that the tangent space to O, at A is {[A, X]: X € g}. We can give the
coadjoint orbit a symplectic structure by introducing the Kirillov—Kostant—Souriau
2-form, defined on O, by

o, (X5, Y] = —A(X, Y)).

This 2-form is indeed symplectic.

Theorem 5.1 Suppose ) € g* and O;, is the coadjoint orbit through A. Then O,
carries a symplectic structure, w,, called the Kirillov—Kostant—Souriau form. This
was defined above. It satisfies

~

w,, is preserved by the action of G.

wy, 1s closed.

w;, restricts to a non-degenerate form on the coadjoint orbit O,.

The moment map for the action of G on the orbit is given by the inclusion map
0, — g*

KN

Proof We prove the four items in order:

1. Recall that for X € g and g € G we have that Ad,1 ,.(X*) = (Adg(X))ﬁ. It fol-
lows that
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28 5 The Symplectic Structure on Coadjoint Orbits

(A ) (X, Y) = 0agr 1 (Ad g1 4 (XF), Adg-1 ,(YF))
= —Ad; 1 ([Adg «(X), Adg «(V)])
= —Ad}  M(Adg.[X, YD)
= —M([X, YD)
= (X, Y).

2. We have that
dow,(X*,Y*, Z%) =

%{xﬁ«ox(ﬂ, 7)) = Y@ (XF, Z9) + ZE (@ (X, YD) |+

%{—a)([Xj, Y, Z%) + w([XE, ZF), YY) — o ([YE, Z°), Xf)}.

For the first bracket, by (1) it follows that (L x:w)(Y*®, Z*) = 0. Hence, by defi-
nition of the Lie derivative,

X (w(Y?, Z) = w([X7, YP1, Z°) + w(YF, [XF, Z°)).

Applying the same argument to Y*(w (X%, Z*)) and Z*(w (X*, Y¥)), and adding
shows that the first bracket vanishes. For the second bracket notice that

w, ([X*, Y], ZF) = o, (IX, YTF, Z°) = =0 ([[X. Y], Z)).
Hence the second bracket becomes
AMIX, Y], Z1+ (12, X1, Y1+ (1Y, Z], XD

which vanishes by the Jacobi identity.
3. To show that w;, is non-degenerate, consider an arbitrary element [X, A] € T;0;,
satisfying
A([X, -] =0.

Now, the elements of g whose infinitesimal generator vanishes at A are precisely
the elements in g;, the Lie algebra of the stabilizer of A. Hence, we see that the
kernel of w, is g, the Lie algebra of the stabilizer of A. But since 7;0; can be
identified with g/g; it follows that w; is non-degenerate on 7,0;,.

4. Lett : O, — g* be the inclusion mapping. Then for Y € g we have

L(X, ADY) = [X, A1(Y)
= —1(X, Y]
= wu([X, AL, [Y, A]).

jeffrey@math.toronto.edu



5 The Symplectic Structure on Coadjoint Orbits 29

Hence, by definition, the inclusion map is the moment map. |

If we write the above 2-form in terms of A € g*, it is canonical; in other words,
it does not depend on a choice of inner product on g. However, it is often more
convenient to choose an inner product (-, -) on g, to identify g* with g. Then, we
can work with the adjoint action rather than the coadjoint action. Once such an inner
product has been chosen, we can write the 2-form as

o (X, ¥) = — (A, [X, Y]).

This 2-form depends on the choice of inner product.

Remark 5.2 There is an inner product on G which is invariant under both left and
right multiplication. This inner product gives rise to an inner product on g which is
invariant under the adjoint action of G. For simple Lie algebras, such an inner product
on g is unique up to multiplication by a constant. For semisimple Lie algebras, the
inner product is unique up to multiplication by constants on all the simple factors. One
example of such an inner product is called the Killing form. For more information,
see [1].

Remark 5.3 Each O, is isomorphic to G/Z()) where Z(A) is the centralizer of A.
The centralizer will always include some maximal torus; however, for most X, the
centralizer Z(A) is just one maximal torus. For instance, if G = U(n) and A is a
diagonal matrix with no equal eigenvalues, then the subgroup of G commuting with
A is just 7', the diagonal matrices U (1)". For some A, Z (1) is larger, for instance, if
there are some equal eigenvalues.

Reference

1. T. Brocker, T. Tom Dieck, Representations of Compact Lie Groups, GTM (Springer, Berlin,
1985)
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Chapter 6 ®)
Symplectic Reduction i

6.1 Introduction

In the presence of a Hamiltonian action on a symplectic manifold, we may reduce
the size of the symplectic structure by quotienting out by the symmetries. When
and how we can do this is the primary subject of this chapter. Sufficient conditions
are described by the theorem of Marsden—Weinstein and Meyer. The rest of the
chapter is devoted to studying various equivalent definitions of symplectic quotients
(Sect.6.2), the shifting trick (Sect.6.3), the structure of symplectic quotients by
subgroups (Sect. 6.4) and finally constructing symplectic cuts (Sect. 6.5), which will
be a useful tool in later chapters. Many of the results and proofs found in this chapter
rely on Ana Cannas da Silva’s book [1].

Let us start by recalling some standard definitions and results on smooth manifolds
which are covered for instance in Lee’s book on smooth manifolds [2].

Definition 6.1 A smoothmap f : M — N is said to be transverse to a submanifold
S C N when for every x € f~'(S) the tangent space Ty)N is spanned by the
subspaces TS and df (T M).

Theorem 6.2 If f : M — N is a smooth map which is transverse to an embedded
submanifold S C N, then f~'(S) is an embedded submanifold of M with codimen-
sion in M equal to that of S in N. In particular, if S = {y} for a regular value y
of f then f~1(S) is an embedded submanifold of M with codimension equal to the
dimension of N.

Regular level sets provide a wealth of examples of embedded submanifolds and we
might hope that by considering certain functions on a symplectic manifold (M, w)
the regular levels with inherit a natural symplectic structure. If (M, w) comes with a
Hamiltonian G-action, then the regular levels of the moment map are a useful subject
of study. However, because the moment map is constant on the orbits it follows that
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32 6 Symplectic Reduction

the restriction of w to a regular level will be degenerate along any direction which is
also tangent to the orbit,

it = —i*dp*)=0 VX*eT. (G x) ﬂ T (n™'(®).

On each tangent space T, 1~ ' (£), we can remove the degeneracies of the linear
form i*w, by quotienting out the infinitesimal symmetries. Then we hope that i *w,
will push forward to a non-degenerate linear form on this quotient space. As the
infinitesimal symmetries are the tangent vectors to the G-orbits, we can hope that
the action of G will extend this fibrewise notion to a global one. To pursue this
approach, we must first recall some definitions and results surrounding principal
bundles [3].

Definition 6.3 An action G 14 Diff(M) by a Lie group G on a smooth manifold
M is said to be free if the stabilizer of every point is trivial and is said to be locally
free if the stabilizer of every point is finite. The action is said to be proper when the
map G x M — M x M by (g, x) = (¥(x), x) is a proper map. Note that if G is
assumed to be compact then the action is automatically proper.

Definition 6.4 (Fibre Bundles) A fibre bundle isamap p : M — B of smooth man-
ifolds which is locally a projection, that is, there is an open covering of B by sets
U; and diffeomorphisms ¢; : p~!(U;) — U; x E so that p : p~'(U;) — U, is the
composition of ¢; with the projection onto the first factor. The spaces M, B and E are
called the total space, base space and typical fibre of the fibre bundle (p : M — B),
respectively, and we refer to the preimages of points p~!(y) as the fibres. On any
fibre bundle, there is a natural short exact sequence of vector bundles obtained by
differentiating the map p, and the kernel of T'p is the canonically defined vertical
bundle which we denote by VM = ker T'p,

Tp
0 VM ™ p*TB 0.

Definition 6.5 (Principal Bundles) A principal G-bundle with structure group G is
a fibre bundle p : M — B with a right action of G on the total space which is also
free and transitive on the fibres, that is

VxeMgeG g-xep lpkx)
VxeM g-x=x = g=1
Vx,yeM pkx)=p() = FgeCGg-x=y.

The fibres of the bundle are therefore diffeomorphic to G and so the base B may be
identified with the orbit space M/G.

Proposition 6.6 If a Lie group G acts freely and properly on a manifold M, then
the orbit space M /G is a smooth manifold and the orbitmap p: M — M/G is a
principal G-bundle.
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6.1 Introduction 33

Definition 6.7 (Horizontal and basic forms) A horizontal form on a fibre bundle is a
differential form on the total space such that the contraction with any vertical vector
field vanishes. A basic form on a principal bundle is an invariant horizontal form.

Qk (p:M— B) = {a e Qk(M)‘LXa =0 VX e VM}

A (p: M~ B.G) =laea,(p:M— B))Iﬂ;a =a VgeGl.

The reason for considering basic forms on principal bundles is that they are precisely
those forms on the total space that can be pushed forward to the base.

Proposition 6.8 Everybasick-forma € Q’,jaS(P) onaprincipal G-bundle p : M —
B determines a unique k-form p,a € QX (B) which is a pushforward of a in the sense
that p* p.a = a. Moreover, if o is closed then so is the pushforward p.o.

We now have all the tools to make precise our vague description of quotienting regular
levels to obtain a symplectic structure. Before doing so in generality we exhibit the
basic idea through the example of the usual U (1) action on C"*!.

Example 6.9 (Fubini—Study structure on complex projective space) Consider the
complex vector space C"*! with coordinates (2o, ..., z,) along with the standard
symplectic structure and the usual Hamiltonian action of U (1) with associated vector
field dy and moment map pu,

n

l & . , i L,
w = Z_iZ(;de/\de, dp =j2_;z (zjaz/ —z,-azl) u(z) = EHZH .

Any nonzero level of u is a codimension 1 sphere and we denote by
i st ot

the inclusion of the unit sphere ;1= (1/2). We can represent the restriction of @ to
§2n+1 explicitly as a 2-form which vanishes on the normal bundle N §?**! and agrees
with w on vectors tangent to §2n+1: to this end consider the 2-form w + dpu A d6.
Showing that this 2-form vanishes on the normal bundle amounts to checking that it
vanishes on the global Euler vector field d. which generates N §27+1 See (6.1) for
the definition of this vector field.

Zdej—Zdej

% 6.1)

wdp =1~ =) (30, +2;0,) wo=y,
j=0 j=0

= —||z||’d6 = —d6.

Since d@ vanishes on de, it follows that ¢5 (du A df) = —df = —15, @ and so
tp. (@ +dp A df) =0 as desired. On the other hand w + du A d6 agrees with w
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34 6 Symplectic Reduction

whenever contracted with a vector field tangent to §27+1 Indeed Lp, = Lyxr@w =
—duX = —Xdpu = —d0(3s)du = dp A dO. Locally complete 9., dy to a basis so
that the du A d6 vanishes for tangent vectors orthogonal to the orbits.

The 2-form w 4+ du A d6 is certainly closed but fails to be symplectic when
restricted to S>*! since 9y is tangent to S2"! but as we have already seen ¢, (@ +
du A df) = 2du and dp vanishes on TS+ = ker d . by definition. This makes
w + du A d6 ahorizontal form for the principal U (1)-bundle

p: S2n+1 — (CPn,

and since both w and du A dO are U(1)-invariant w + du A d6 is in fact basic. We
therefore have a well-defined pushforward of w + du A df to the base CP" which
we denote by w’S.

The closed 2-form @S is in fact symplectic since by definition we have ¢, x ' =
tx(w + du A d6) and the latter vanishes if and only if X is a multiple of dy in which
case . X is zero. The resulting symplectic structure (CP", w*S) is called the Fubini—
Study structure on complex projective space and realizing it as above allows us to
express it in coordinates as below:

F

Example 6.10

1 1 /e
* FS __ — . = .
prw’” = —%IIZIIZ (w+dundd) = i||z||2<§0dzj /\dz]> (6.2)
j:

1 n _ B n ) )
__4i||2||4 ((Z zjdz; + Zdej) A (Z Zxdzy — deZk)>
' j=0

k=0

1 " _ _ _
= WZZ(Zijde ANdzg — zjzkdzk /\dzj).
M=o T

6.2 Symplectic Quotients

For this section, let us fix a connected symplectic manifold (M, w) equipped with a
Hamiltonian action of a compact and connected Lie group G having moment map p.
As in our example in the previous section we will want to consider the restriction of
w to aregular level of u and then remove the degeneracies by pushing forward to the
space of G-orbits. The latter step is essentially a fibrewise notion and it will be useful
to isolate the linear version of this process after recalling some basic definitions from
linear symplectic spaces.

Definition 6.11 Let (V, Q) be a symplectic vector space and F C V a subspace.
The symplectic orthogonal or symplectic annihilator of F is the subspace
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6.2 Symplectic Quotients 35
F'={veV :Qw,u=0VucF}.

The subspace F is said to be isotropic if F C F* and coisotropic if F$* C F. Lastly,
we say that F is a Lagrangian subspace if it is both isotropic and coisotropic; in
other words, if it is equal to its symplectic orthogonal F = F*.

Lemma 6.12 (Linear reduction) Suppose F is a subspace of a symplectic vector
space (V, Q) with inclusion I : F — V. Denote by P the projection of F onto the
quotient F = F/(F N F9). Then there exists a unique linear symplectic form QF
on F satisfying P*QF = I*Q.

Proof The pullback relation forces us to define " as follows and, in particular,
uniqueness is immediate,

QF (ul, v) = Qu,v) u,vecF.

We can check that QF is well-defined one argument at a time in which case this
follows from the universal property of the kernel since 27 is defined on equivalence
classes modulo ker I*Q = F® N F. It is clear that QF is bilinear. The fact that QF
is symplectic is again a result of the universal property of the kernel but we can also
see this explicitly; for any [u] € F we have

Q(ul, F)=0 = Qu,FH)=0 = ueF? = =0 O

Unlike in our example, it is possible that the action of G may not preserve the levels
of w; so to obtain our principal bundle, we therefore consider the action of subgroups
which do preserve 11 ~! (). Equivariance of u implies that those elements of G which
do preserve 11 ~! (&) are precisely those that fix £ under the coadjoint action. So the
largest possible subgroup which acts on the level ;! (£) is the coadjoint stabilizer
G¢ of £. This means that we can at best remove the degenerate directions which are
tangent to the orbit of G¢. Thankfully the following lemma ensures that this will be
enough to recover a non-degenerate form from i *w.

Lemma 6.13 For any point x € u~'(£), the symplectic orthogonal of the tangent
space to W~ (&) atany x € u~'(€) is the tangent space to the entire G-orbit through
X. Moreover, the intersection of these subspaces in Ty .=\ (€) is precisely the tangent
space to the G¢ orbit through x:

(Tn™' @) =TG- %) Te(p™'®)[)T(G-x) =T, (Ge - x).

It follows from Lemma6.12 that there is a family of uniquely determined (linear)
symplectic forms W% on the quotients T, ' (§)/ To(Gs - x).

Proof The statement of the lemma amounts to the following equalities:

jeffrey@math.toronto.edu



36 6 Symplectic Reduction

ker(i*w,) =T (™' &) N (T (€)™
=T (k') N T(G - x)
ZTX(GE . x).

The first is straight from the definition and the second can be verified by showing
that ker(7T, ) = (T, G - x)“*. Indeed, since p is a moment map, we have for any
Yy e T'M
(Te)Yy, X) = wydpl = 0 (X5, V) VX eg.

So (T, )Y, vanishes if and only if Y, is w,-orthogonal to the span of the Xﬁ, which
is to say that T, (u~'(£)) = (TG - x)® and taking the symplectic orthogonal of
both sides yields the equality. The last equality can be checked by writing out the
intersection in terms of the infinitesimal action and using equivariance of 7, u,

T ) NT(G - x) ={X] | 0 = Topu(X¥) = ady§} (6.3)
= {Xj | Adz, & = s} (6.4)

={X¥| X e ge}. 6.5)

O

Now we are ready to present the main result of this chapter.

Theorem 6.14 (Symplectic reduction at a regular level) Let (M, w) be a connected
symplectic manifold endowed with a Hamiltonian action of a connected Lie group G
having moment map 1. For a point & € g* leti : =" (€) — M denote the inclusion,
and M? the orbit space ' (£)/Gg with corresponding projection p : p='(€) —
M5. If & is a regular value of u and G acts freely and properly on u='(&), then
there is a unique symplectic structure w® on M* satisfying p*o* = i*w.

Proof Since & is assumed to be a regular value, the level 2~ (£) is a smooth subman-
ifold of M with codimension k = dim G and requiring the action of G¢ on w (&) to
be free and proper ensures the orbit mapping is a principal G¢-bundle. Then for any
x € u~!(&), we have short exact sequences induced by the inclusion and projection:

00— T2(Ge - X) —> Topt ™ (§) —L> Tpy ME ——0

_ Tyi Tip
0——=Tu () ——=T,M Ty g* — 0.

Now the pullback i*w is a smooth closed 2-form on 12~ ! (£) and by our lemma on
linear reduction, (i*w), vanishes precisely on T, (G¢ - x). So i*w is a closed basic 2-
form on p~! (&) since it vanishes on the vertical bundle and G¢-equivariance follows
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from G-equivariance of w and i. Therefore, there exists a unique pushforward to a
closed 2-form ! on the base,

o € QX(M%)  prof =itw.

This proves the uniqueness claim since any symplectic form on M?¢ satisfying the
pullback relation is necessarily the pushforward of i *w. For existence, it remains only
to verify that f is in fact symplectic which amounts to verifying non-degeneracy
in the fibres. This too follows from the linear reduction lemma since (@*) ) is
the pushforward of the linear form (i*) to the quotient of T, (u~'(&)) by its
kernel. (]

6.3 Reduction at Coadjoint Orbits and the Shifting Trick

Equivariance of the moment map led us to consider the action of the coadjoint
stabilizer on a regular level instead of the action of the entire group G. On the other
hand, it follows from the equivariance of i that we can consider an action of the entire
group G if we are willing to enlarge the level £ to the preimage of its entire coadjoint
orbit 0. The following lemma shows us that the sufficient conditions to form the
symplectic quotient (M*, »®) as in the previous section are enough to ensure the
action of G on u™"'(O) defines a principal G-bundle po, : u='(Og) — M.

Lemma 6.15 If the coadjoint orbit O contains a single regular value of , then
every point in O must be a regular value of . In this case, the moment map is
transverse to the coadjoint orbit and hence ="' (O¢) is a smooth submanifold of M
of codimension equal to the codimension of G¢ in G.

Proof Assume a point &€ € O is a regular value of p so that T, u is surjective for
all x € u='(&). By definition Tyuux = w,(X*,-) for any X in the Lie algebra and
x € M. This means that since we are assuming 7, 4 is surjective, X* # 0 for all X.
This implies that for x € ~!(£) the stabilizer must be discrete:

Ann(gx) = Ime,u = g* & O = {0}

Now for any n € O wehave some g € G withn = Adzé. Then the stabilizer for any
point y € u~!(n) is conjugate to the stabilizer of g~! - y € u~!(&) which we know
to be discrete. Therefore, the stabilizers Stab(y) are discrete for every y € u~'(n)
and so their Lie algebras are trivial in g. It follows that T, u is surjective for every
y € u~!(n), and hence 7 is also a regular value. Since 1 was arbitrary we conclude

that the entire coadjoint orbit must consist of regular values of the moment map. [

Lemma 6.16 The action of G¢ on u='(§) is free if and only if the action of G on
wH(Of) is free.
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Proof (=) Givenx € ™! (Og) letn = p(x) and take any g € G so thatn = Ad:é.
If some h € G fixes x then by applying i we see right away that 2 must belong to
the coadjoint stabilizer of 1 which is necessarily conjugate to that of &:

n=p@) =uplh-x)=Adn heG,=gGeg "

So we may write & = ghog~' for some hy € G; which must fix g=! - x. Now from

the equivariance of ;. we see that g~' - x € u~!(£) and because the action of Gg was
assume to be free it follows that /2y and therefore also # must be the identity element
in G.

The other direction (<) is trivial. (Il

So under the assumptions of Theorem 6.14, the action of G on the preimage of
the coadjoint orbit defines a principal G-bundle which we denote along with the
inclusion of the preimage as below:

io, : w0 > M po,: T (Of) > M.

We might hope that iaw is a basic form so that we may push it forward to a

symplectic form M ©:; however, this is not the case since it fails to vanish on the
vertical bundle. Indeed for any pointx € ;™! (O¢) and vertical vector w € ker T po,
we want to consider w, (w, v) for an arbitrary v tangent to ™! (Of) at x. The tangent
vectors v and w are described as follows. Let x € M for which w(x) = 5. Then

Tx<u"((95)> = (Tep)” (T, O0%)

— (T)"! {XnAd* —adin, X e g}

= {v eTM|3X, egst. T,ul) = ad}}ru(x)}
ker T, po, =T, (G - x)

={we .M |3X, egst. w=(Xi}.

We see then that while (,,@, need not vanish on T, p ™! (O) it is controlled by the
canonical 2-form wX%S e Q?(g*). Let (-, ) be the canonical pairing of 7*M and
TM, where (o, X) =a(X)fora € T)M and X € T, M.

ox(w,v) == (Tin) | Xy)
= — (ady 1 | Xy)
=(n | adx, X,,)
= | [Xy, Xul)
= a),’f kS (ady, n, ady 1)

KKS)
x

=(u*w v, w).
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6.3 Reduction at Coadjoint Orbits and the Shifting Trick 39

KKS js G-invariant as yu is equivariant and X%

*a)KKS

Now u*w is invariant under the
coadjoint action. Therefore, the difference w — p is a closed invariant 2-
form and we have shown that by restricting to u~!(Og) we obtain a basic 2-form
i, (@ — u*@XXS). Define ®®* to be the pushforward of this basic 2-form to M,
so that

* O, -k * KKS
posa)leog(a)—y,a) )

The pushforward w vanishes only on (po,).X for which txw = ixp*0®%S and
this holds only for those X tangent to the G-orbits, that is, when X is a vertical vector
field and hence (po,)+X = 0. Thus % is non-degenerate and therefore defines a
symplectic structure (M, %) which we could also call a symplectic quotient.
There is a natural diffeomorphism from M ©¢ onto M¢, and we should hope that this
is also an isomorphism of the symplectic structures. Before investigating this, we
construct a third possible candidate for the symplectic quotient.

Consider M x O with the skewed-product symplectic structure v = w @
(—XX5) so that the component-wise action of G is Hamiltonian with moment
map P (x, n) = u(x) —n. Then o 1(0) = {(x, n) €M x Opulx) = 17} is equiv-
ariantly diffeomorphic to £ ~!(Og); we refer to @ as the shifted moment map since it
is effectively shifting u so as to vanish on ! (O¢). The conditions to form the sym-
plectic quotient (M?, ®) as in Theorem 6.14 are sufficient to form the symplectic
quotient at the zero level of & as the following lemma shows.

Lemma 6.17 (“Shifting trick”) If & is a regular value for p and G¢ acts freely and
properly on =" (&), then zero is a regular value for ® and G acts freely and properly
on ®~1(0).

Proof If G¢ acts freely on wL(€), then G, must act freely on the level wl(n) for
any n € O since the stabilizers are conjugate. Now for any point p € ®~1(0) we
may write p = (x, u(x)) for n = u(x) € Ok. Suppose some g € G fixes p so that

(g -x,Adgn) =g-p=p=(x,n).

It follows from equality in the second component that g € G, but then since the
action of G,, on ;1~'(n) is free the equality in the second component must force g
to be the identity element. We conclude that G acts freely on ®~!(0) and zero is
therefore also a regular value of ®. (]

So under the hypothesis of Theorem 6.14, we have three candidates for the sym-
plectic quotient to consider:

(M5, %) (MP,0%) (M x 0",

and the following proposition ensures that these are all naturally isomorphic to one
another.
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Proposition 6.18 There are canonical symplectomorphisms between the three sym-
plectic quotients constructed above.

Proof The natural inclusion of ©~! (&) into u='(O¢) descends to a smooth map ¢ :
M¢ — MO The graph of the moment map provides an equivariant diffeomorphism
of M’I(Og) onto ®~'(0). Consider the graph of ; when restricted to /L’l(Og) and
denote it by Gr(i gsu) =i ?% (Idp x w). This is necessarily an injection since it is
injective in the first component and equivariant since both the inclusion and moment
map are. Therefore, Gr(i (*96 ) factors through an equivariant diffeomorphism y¢ onto
its image which we see below is the zero level of the shifted moment map &:

Im (Gr(%sﬂ)) ={(x, n(x)) € M x O | x € p 1 (Op)}
={(x.n) e M x O | n(x) =n € O}
=o7'(0)
Gl"(izr)s ,bL) = i() O Ve
An equivariant diffeomorphism between principal G-bundles y¢ descends to a dif-
feomorphism 1 on the orbit spaces. Similarly, the natural inclusion on p~!(£) into

u~1(O¢) descends to an injective immersion ¢ on the orbit spaces. All of this is
summarized in the following commutative diagram:

M MXOE

ic Gr(ié‘gs W)
iOS iy

wE) — L N (Of) — 2 o7 1(0)

Msf—ff>Mosffii>(MXO$)o.

It is straightforward to verify that ¢ is surjective and hence a diffeomorphism. To see
that ¢ is a symplectomorphism, we establish the following:
pig e = jiph,o®

— jg*ia (w _ /L*a)KKS)
=ifw — (uoig) ¥,

The first equality follows from commutativity of the diagram, the second uses the
pushforward property defining @ and the third is just a composition of inclusions.
Moreover, the pullback (1 o ig y*wX XS must vanish because y is constant on g~ ().
Hence, the pullback ¢*w® satisfies the universal property defining w® and so by
uniqueness they must coincide:

jeffrey@math.toronto.edu



6.3 Reduction at Coadjoint Orbits and the Shifting Trick 41

pgqﬁ*wof =ifo = P*0% = .

We similarly verify that v is a symplectomorphism by showing that 1*v° satisfies
the universal property defining w®:. This is established by the following string of
equalities using commutativity of the diagram, the factorization Gr(i 2‘95 W) =i oy
and the definition of v,

Po, v =vip;v’
=yipv
KKS

KKS
)

:iaw —(noip,)'®

:iz‘95 (a)—u*wKKS). a

Corollary 6.19 For any two points £ and n in the same coadjoint orbit, there is a
natural isomorphism of the symplectic quotients (M¢, w®) = (M", o").

Proof Both are isomorphic to (M=%, ©:=%), 0O

Remark 6.20 Whenever we can form the symplectic quotient 1~ (£)/ G, we may
choose instead to work with the symplectic quotient at the zero level of the shifted
moment map ¢. We may always assume that our symplectic quotients are formed
at the zero level of the moment map, and in particular are G-orbit spaces. Unless
specified otherwise, the symplectic quotients in the rest of the section are assumed
to be taken at the zero level of the given moment map.

6.4 Reduction in Stages

Assume that in addition to the Hamiltonian action of a connected compact Lie group
G on the connected symplectic manifold (M, w) with moment map ug we have a
Lie subgroup H of G. Then there is an induced Hamiltonian action of H on M with
moment map given by projecting ¢ onto h*. If we form the symplectic quotient at
a regular level of this projected moment map, it may carry some residual symmetry
from the original G-action.

Consider the natural short exact sequence associated with the inclusion j : H —
G of a normal Lie subgroup H of G. Differentiating and then dualizing, this gives
two more short exact sequences as below:
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0 H G G/H 0
0 h—Lg—2 (g/) 0
0 b <L g <2 (g/h)* <0

The action of H on M has moment map gy = J* o g and if we assume that zero
is a regular level for 1y on which H acts freely then we may form the symplectic
quotient which we will denote by (M* = u,,'(0)/H, w™). The kernel of J* consists
of those & € g* such that for every X € h the pairing (J*&, X) = (&, J X) vanishes.
Identifying b as a subspace of g via the linear map J, this means thatker J* = Ann(b).
Now conjugation by G preserves the normal subgroup H, and therefore the adjoint
action of G preserves the Lie subalgebra h C g. If follows that G preserves the
annihilator of §) and therefore also the zero level of gy

1y (0) = ug' (ker J*) = pg' (Ann(h)).

Normality of H implies furthermore that G preserves the H -orbits and therefore acts
on the orbit space M* in such a way that py is equivariant. Finally, this action on
M* clearly reduces to an action of the quotient group G,/ H which we will see is
Hamiltonian.

Proposition 6.21 Let My be the symplectic quotient with principal H-bundle de-
noted by py : ,u;II (0) — My and the inclusion of the zero level by

ig: ,u;l(O) — M.

There is a natural Hamiltonian action of the quotient group G/ H on M i with moment
map LGy satisfying Q* o (py G /) = i

Remark 6.22 1f we use Q* to identify (g/h)* with its image in g*, then the relation
between the moment maps becomes the same as the relation between the symplectic

form on M and the reduced form w?°,

Phbien =ipp < pho’ =ijo.

Proof Having already seen that the quotient G/ H acts on the orbit space M, it
remains to verify that this action is Hamiltonian and the moment map satisfies the
given relation. Because H acts trivially on Ann(h), the equivariance of 1 makes
the restriction of g to ,u;,l (0) constant on H-orbits and it therefore descends to
a smooth map from the orbit space My — Ann(h). Furthermore, since Ann(h) =
ker J* = ImQ*, this map factors uniquely through Q*. We summarize this in the
diagram below:
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5

0 (a/H)” ¢ g
A

ANug/u | Ti;ﬂ’ﬂ
\
-1
My < P 12574 0)

* J

b 0

It follows from equivariance of u¢ that 1,y is equivariant with respect to the action
of G/H.Indeed, let gH € G/H and H - x € M*; to show

neu(gH - (H - x)) = Adyyi/u(H - x)

it suffices to check this equality holds when paired with any element of g/h which
may be written as QX for some X € g. This is verified by the following string of
equalities where we use the commutativity of the diagram above and the equivariance
of both ug and Q:

(e (gH - (H - x)), 0X) = (0" ucyn (pu(g - ), X)
= (16(g - x), X)

= (AdpG (). X)

— (AdSQ* g n(H - x), X)
=

Adyypcu(H - x), 0X).

This establishes equivariance of (tg/x, and it remains only to verify the moment
map property. We must check that at every point H - x € M and forevery v € g/h
andw € Ty M we have

Lo (W) = — Ty, uW), v).

Choose X e gand Y € Tx,u;ll(O) so that QX =v and T, py(Y) = w. Using the
fact that the projection py pushes forward the fundamental vector fields (Q X)* =
T, pr (X?"), the commutativity of the diagram, and the moment map property for 1
we arrive at the desired equality

ol W) =l (Tpr(XD), Tpu(Y))
= (pho" (Xt Y)
= (ijw)« (X1, Y)
= — (Tipug(Y), X)
=— (0" Ty, comc/aTipuY, X)
=— Ty, comc/a(W), v). O
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Reduction by a normal subgroup is simplified in the case of a product group
G = G| x Gy with H = G. Inthis situation, the reduced moment map is essentially
the moment map for the action of the G, component.

Corollary 6.23 Suppose (M, w) carries a Hamiltonian actionof G = G| x G, with
moment map i and M is the symplectic quotient at the zero level of the moment
map i for G1. Then the moment map [ig,c, for the action of G/ G on M satisfies
pé],u,c;/gl = iélﬂz where py and iy are the G-bundle and ul_l (0) inclusion maps,
respectively.

Proof The splitting G = G| x G, induces the identifications g = g; & g, and g* =
g} @ g5 so that Q is the projection onto the second factor and Q* is the inclusion
& — (0,%). Then the composition Q Q* is just the identity on g5 and Qu = u,
where =y @ po. Applying Q to the relation defining the moment map jig/q,
for the G, = G/ G action on M produces the result

Q0" (pG,1k6/6)) = Qig, Ik = PG ILG/G, = iG, 2 0

If G acts freely on /,L(_;l (0) and H acts freely on ,ul_i' (0), then G/ H acts freely on
/LZ;}H (0) and we can form the symplectic quotient (M7)¢/H = /,LZ;}H 0)/(G/H).
This space is clearly diffeomorphic to M¢ = u&l (0),/G and we should hope that the
symplectic structures (w)¢/# and ¢ are also isomorphic. The following theorem
verifies this and effectively allows us to perform symplectic reduction in multiple
stages given a tower of normal subgroups.

Theorem 6.24 (Reduction in stages) Whenever the iterated symplectic quotient
((MHYCIH (")GTH) can be formed as above, there is a natural symplectomor-
phism with the symplectic quotient (M G, a)G).

Proof From the definition of jtg/x, we see that
1! 0) = (Q* o pgym o pr)~'(0) = py' (g (0)

and so it follows that u ), (0) = pr (g (0)) = pg' (0),/H. Now consider that the
sub-bundle map pg g/ : MEI(O) — ME} 1 (0) is equivariant with respect to the G-
action in the sense that pg g/u(g - x) = gH - pg,g/u(x) and so induces a smooth
map ¥ on the base spaces. It is straightforward to check that ¥ is a diffeomor-
phism. In order to see that i is in fact a symplectomorphism, consider the following
commutative diagram incorporating the various bundle projections and inclusions,
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iG

//_\

' () — =y 0) —=M

H
\LPGAG/H lPH

po | MGy (0) ———= My

iG/H
\LPG/H

15 0 ~ Hoyn©)
G 3 G/H

Using the universal properties defining w®/# and w!! as well as the commutativity
of the above diagram shows that pf; (Y *@°/) = i%.w and so uniqueness for the
reduced symplectic form ©® on M€ implies that ¢ *w%/# = wC as desired. O

6.5 Symplectic Cutting

In this section, we introduce a construction due to Eugene Lerman called symplectic
cutting [4]. This will not only provide some new examples of symplectic structures
but also prove a useful theoretical tool in the following chapters. In particular, we will
use symplectic cuts in the proof of the Delzant correspondence for toric manifolds.
Symplectic cuts are also used to prove a nonabelian version of the convexity theorem
appearing in the next chapter [5].

Suppose we have a connected symplectic manifold (M, w) which is endowed with
a Hamiltonian U (1) action having moment map H : M — R. If we give M x C the
twisted product symplectic structure, then the component-wise U (1) action will also
be Hamiltonian with moment map given by the difference of H and half the norm
squared. Any level set of this map is therefore a disjoint union of two U (1)-invariant
subsets as described below:

1
®:MxC—>R CI>:(x,w)|—>H(x)—§|w|2

o7§) = H™'©) x (0} u]_|H '€ +1) {lw =r}.
— 2

~H-1() r>0

={H>£}xS!

Any regular value £ of H is also a regular value for ® and whenever U (1) acts
freely on H~'(£), so too is the action on ®~!(£). Indeed, the action is always free
on the interior since it is free on the second component and the action is free on the
boundary since itis assumed to be free on the first component. Under these conditions,
we may therefore form the symplectic quotient at the level ®~!(£) which we denote
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by (HZE, w=¢). Since the boundary and interior are invariant, the reduced space is
diffeomorphic to the disjoint union of the orbit spaces as below:

- LH'O (H=8 xS
Mo = = U= — =m L =9

Definition 6.25 (Symplectic Cuts) We call (Mzg, ,525) the symplectic cut of M
(above & and with respect to H) since it is obtained by cutting M along the level
H~'(£) and then performing symplectic reduction along the boundary to recover a
symplectic manifold. An analogous construction produces the symplectic cut of M
below & and with respect to H which we will denote by (Mfg, ,EES). These two
cut spaces can be glued together along the submanifolds equivalent to the symplectic
quotient M?¢ to recover the original symplectic manifold (M, w).

Proposition 6.26 Assume now that (M, w) carries a Hamiltonian action of some
Lie group G withmoment map u : M — g* in addition to a U (1) action with moment
map H. If the action of G commutes with that of U (1), then the cut spaces will also
carry a Hamiltonian G-action.

Proof Extend the action of G to the product space M x C by letting it act trivially
on the second component. This commutes with the U (1) action on the product and
so there is a well-defined Hamiltonian action of G x U (1) having moment map

¢ (x,w) = ux)®d d(x,w).

Then our corollary on reduction by a subgroup for product groups implies the natural
G-action on M > is Hamiltonian with moment map 7t satisfying

p*ﬁzé = i*M-

Under the identification of {H > £} with an open subset of M, the moment map
¢ agrees with the restriction of w to {H > &}. On the subset isomorphic to M ¢ the
moment map it agrees with u. The map u descends to M § since it is necessarily
constant on U (1) orbits. U
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Chapter 7 ®)
Convexity ot

7.1 Introduction

In this chapter, we examine the properties of the image of the moment map for a
Hamiltonian torus action. One prototype was the Schur—Horn theorem [1, 2]: Given
a skew Hermitian matrix with prescribed eigenvalues, the diagonal entries form
the convex hull of the set of permutations of the eigenvalues. Finally, the theorem of
Atiyah and Guillemin—Sternberg incorporated all these results into a general theorem.

The layout of this chapter is as follows. In Sect. 7.2, we recall the background from
Morse theory necessary to prove the convexity theorem. In Sect.7.3, we describe
almost periodic Hamiltonians. In Sect.7.4, we prove the convexity theorem. In
Sect. 7.5, we describe examples and applications of the convexity theorem.

Let us begin by recalling a familiar example.

Example 7.1 Using reduction in stages, we obtained a Hamiltonian action of an
n-torus T = U(1)"*! /S (where S' was the diagonal circle group) on the com-
plex projective space CP", and the resulting moment map is given in homogeneous
coordinates by

% (|ZO|2’ T IZVl|2)

Z?:O |Zj|2

Observe that the image of p is the intersection of an affine hyperplane with the
positive orthant,

wilzo -+ zal = w:CP" — R,

w(CP"Y =HNRYS H= {g eR"™ (g, 1, -+, 1) = 1}

This intersection is an n-simplex the vertices of which correspond precisely to
the images of the fixed points of the action:
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1
w(CP™ = A" M:[0:~~:z_,-:~-:0]+—>iej.
Similarly, the edges of the simplex are obtained as the image under p of the two-
dimensional submanifolds determined by setting all but two homogeneous coordi-
nates to zero. There is a similar correspondence for higher dimensional submanifolds
fixed by a subtorus mapping to the faces of A”.

These properties occur more generally, and the relationship between convexity, con-
nectedness of levels, fixed points and extremal points is the subject of this chapter.
The main result we present is the classical convexity theorem for Hamiltonian torus
actions due to Atiyah [3] and Guillemin—Sternberg [4]. We state the theorem below
and postpone the proof until we establish some necessary preliminary results.

Theorem 7.2 (Convexity Theorem) Let (M, ) be a compact and connected 2d-
dimensional symplectic manifold endowed with the Hamiltonian action of an n-
dimensional torus T along with a moment map (v : M — t*. Then the image of |
is convex in t* and the nonempty levels ' (&) are connected. Moreover, the fixed
points form a finite union of connected symplectic submanifolds Cy, ..., Cy on each
of which the moment map is constant (u(C;) = c¢;) and (M) is the convex hull of
the points ¢, ..., cy.

With the mention of the convex hull, let us briefly summarize some results on convex
polytopes that will be useful here and in other chapters. A subset U C R” is convex
if the line segment connecting any two points in U is entirely contained within U.
It is clear that R” is itself convex and that the intersection of convex sets is convex.
This allows us to define the convex hull of any subset A C R” as the smallest
convex set which contains A—the intersection of all convex sets containing A—and
denoted Conv(A). A convex polytope is any set which is the convex hull of finitely
many points. A convex polyhedron is any intersection of finitely many affine half-
spaces. Polytopes are necessarily compact while polyhedra need not be. However,
one can show that all compact polyhedra are polytopes and vice versa. Because
of the convexity theorem, we will now refer to the image of the moment map of
a Hamiltonian torus action as the associated moment polytope. Moreover, we will
often take the polyhedron representation of the moment polytope.

Before proceeding towards a proof of the convexity theorem, we will show a
linearized version. Consider the action of an n-dimensional torus T = U (1)" acting

on C? with coordinates (z, . . ., z4) and determined by weights
Ay oo, Oy eR”
so that
ajl 7 1 n
tozp=t"tzy aj=(ay,.0) =0, ).

The moment map for this action is determined up to translation by a constant,
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1 n n n
1. 2 2 2
Ma,c(Z)=C+§ E olzil E ozt | =c+ E lzj| ;.
Jj=1 j=1 j=1

Since the |z; |? range over the positive real numbers, this makes the image of 4. a

convex cone in t* = R” generated by the vectors o; and with vertex c.

n
uaqc((Cd) =1{c+ era_,-‘rj >0j=1,...,np =Cone.(ay, ..., x,).
j=1

7.2 Digression on Morse Theory

Our main tool in the proof of Theorem 7.2 is Morse theory, and in this section we
will survey some of the main ideas and results we will need. Consider a compact
Riemannian manifold (M, g) and a smooth function f : M — R and recall that a
critical point of f is one where df vanishes. We denote the collection of all critical
points of f by Crit(f). Assume furthermore that Crit(f) is a smooth submanifold
of M. Then we can define the second derivative of f at any critical point as follows.

Definition 7.3 (Hessian) The Hessian of f at a critical point p is a symmetric
bilinear form D]% f on the tangent space T, M defined for any two tangent vectors X
and Y at p by

Dy f(X,Y) = XY ()] .
p

In alocal coordinate system (xy, ..., x,) about a critical point p of f, the Hessian of
f at p is the matrix whose (j, k)-entry is % and so Df) f agrees with the familiar
notion for functions on R?. The family of symmetric bilinear forms p > D127 f
depends smoothly on p € C and we refer to this family as the Hessian of f denoted
D? f. We are forced to restrict the definition of the Hessian to the critical submanifold
of f to ensure that each Df, f itis in fact symmetric,

XY ()| =YX —IX.YIf)] =YX —df(X. Y]] .
p p p p p

— —
=0

At any critical point p, the Hessian defines a linear map Di f:T,M — T;M by
contraction D127 fv,=) 1w DIZ, f(v,w). The kernel of this map must contain
any vector tangent to Crit(f) at p since f is constant on the connected component
containing p. We are interested in those functions which are minimally degenerate,
in other words, those for which the kernel is precisely the tangent space to Crit(f)

at every critical point. This definition was introduced by Kirwan in [5].
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50 7 Convexity

Definition 7.4 (Morse—Bott functions) If the critical set of a smooth function f :
M — Risaclosed submanifold of M and if the Hessian D? f of f is non-degenerate
in directions normal to Crit( f), then f is said to be a Morse—Bott function on M.

Remark 7.5 Note that this definition differs from that of a Morse function on M
which requires that the Hessian be entirely non-degenerate at all critical points. This
requirement forces the critical set of f to be discrete. The Morse functions we are
interested in, those coming from moment maps, may well have non-discrete critical
components and so must consider the more general Morse—Bott functions.

It follows that for a Morse—Bott function the Hessian induces a non-degenerate
bilinear form Q ; on the normal bundle N to Crit( f). Non-degeneracy of Q r implies
that the normal is a direct sum of two vector bundles vt and v~ on which Q is
positive and negative definite, respectively,

Qs p(X,L[Y,) =D, f(X,Y) NZ=v'@®v .

Definition 7.6 (Index) The index of a Morse—Bott function f at a critical point p
is defined to be the dimension of the negative normal bundle at p and we denote this
by As(p) = dim(v,). Equivalently, the index of f at p is the number of negative
eigenvalues of the associated quadratic form Qy ,.

Proposition 7.7 The index is constant on connected components of the critical set.

Proof Let p be a critical point of f with Cy the connected component of Crit( f)
which contains it and consider any vector field X which is non-vanishing near p.
Then g — Dg f (X, X) is a continuous function on Cy and must be non-vanishing if
the Hessian is to be non-degenerate on the normal bundle Ny to Cy. Therefore, the
sign of D; f(X, X) is preserved near p as must be the dimension of v. The index is
therefore locally constant and on the connected component Cy must be constant. [

Now we state some of the primary results surrounding Morse—Bott functions, the
proofs of which can be found in Milnor’s book [6].

Proposition 7.8 (Morse Lemma) Let f be a Morse function on M and z a critical
point of f contained in the critical submanifold Z C M. Then there are local
coordinates (x, y) = (X1, ..., Xk, Y1, - - - » Yn—k) about z such that

(a) The critical submanifold Z is described by y = 0.

(b) There is a quadratic form q(x, y) which is non-degenerate in the y-variables
so that f(x,y) = f(2) +q(x, ).

(c) There are finitely many connected components of Crit(f).

The major result we will need to borrow from Morse theory describes the homotopy
types of levels of a Morse—Bott function. In the following, assume that f is a Morse—
Bott function on M and for any value ¢ € R denote

M! = f'(c,00) M = f ' ((—o00,c.
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Theorem 7.9 (a)If f~'(a, b) contains no critical points of f, then there are homo-
topy equivalences f~'(a) ~ f~'(b) and N, ~ N,.
(b) If f~'(a, b) contains one critical component Z, then there is a homotopy
equivalence
N ~NFUuDWw_(2))

where D(v_(Z)) is the disc bundle of the negative normal bundle of Z. Moreover, if
Z is an isolated point then as a topological space N;' is obtained by adding to Nt
a cell of dimension equal to the index of Z.

Corollary 7.10 Suppose f : M — R is a Morse function for which there is no
critical manifold of index 1 or n — 1. Then

(a) f has a unique local maximum and minimum and

(b) every level of f is either empty or connected.

The Morse—Bott functions we will consider in the rest of the chapter will always
have even index. Since the dimension of M will be even as well, the hypotheses of
the above corollary will always be valid.

7.3 Almost Periodic Hamiltonians

Return now to the setting of a Hamiltonian action of an n-torus T on a symplectic
manifold (M, w) of dimension 2d with moment map . We are in search of Morse—
Bott functions on M which also tell us about the action. Since the moment map
generally does not take values in R, we must improvise and take a projection onto
some one-dimensional subspace. The hope is that by choosing an appropriate sub-
space the projected moment map is not only a Morse—Bott function but also retains
sufficient information about the action.

Lemma 7.11 For X € t, denote the subgroup generated by X by
Tx = Fix(exp(R - X)).

(The subgroup Ty is also a torus, as it is a closed subgroup of T.) The fixed point set
of Tx coincides with the critical submanifold of the almost periodic Hamiltonian u*

Fix(Ty) = Crit(n™).
Proof A point p € M is a critical point of % if and only if X* vanishes at p since
for a moment map duX = —ix+w. By linearity, this extends to the entire subspace

generated by X,
duy =0 & [R-X)h=0.
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It follows that the critical points p of u* correspond to those points where the X*
vanish
Crit(u*) = Fix(exp(R - X)). 0

If the one-parameter subgroup generated by X is dense in T, the previous Lemma
says that the critical submanifold of u* coincides with the fixed points for the entire
T action. This is the case whenever X is chosen to have rationally independent
coefficients. Such functions X : M — R make good candidates to study the entire
moment map u since they retain the information of the fixed points and, as a result of
the convexity theorem, the fixed points completely determine the moment polytope A
as the convex hull of their images under w. It will be useful to describe the behaviour
exhibited by the functions u* without reference to an existing Hamiltonian action
and so we make the following definition.

Definition 7.12 A smooth function H € C*° (M, R) is said to be an almost periodic
Hamiltonian if the associated Hamiltonian vector field X ;; generates a one-parameter
group of diffeomorphisms {exp(tXy) | ¢ € R} the closure of which is a torus.

Since we are considering compact manifolds, we may choose a T-invariant Rie-
mannian metric g on M and an almost complex structure J so that

oX,JY)=g¢gX,Y) hX,Y)=gX,V)+ivlX,Y),

where the bilinear form 7 = g + iw defines a Hermitian metric. Let Xy denote
the Hamiltonian vector field of Hy so that the vanishing locus of Xy is Z. Then Z
must coincide with the fixed point set of the action which we know to be a smooth
submanifold of M,

Crit(Hp) = V(Xy) = Fix(T) C M.

For any fixed point z € Z, the action of T lifts to a linear action on the tangent
space T, M which respects the Hermitian metric 4 (since the metric was chosen to
be invariant for the original action of T on M). This is to say that T acts on T,M
as a subgroup of U (n) and there is a basis for 7, M in which all elements of T are
diagonal. The tangent space decomposes according to this basis into the tangent
space to Z and complex subspaces V; which are fixed by T:

TM=T,Z&V,&---®V; Wiy oo s W, Vi, e, Vi) vy =X+ 1Y,

In these coordinates, exp(X) € U(n) acts on each V; by multiplication by a
complex scalar e/*7. It follows that
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a a
X3 (o g )
i J J

=1

—_—

a4 7) +o(vP.

j=1

X—_
=3

#0 pairs

Because the A ;’s are all nonzero, this means the Hessian must be non-degenerate
in the directions transverse to Z. Since this holds for arbitrary z € Z and combined
with the fact that Z = Crit(Hy) is a smooth submanifold this means that Hy is a
Morse—Bott function. Notice that the A;’s occur in pairs according to the real and
imaginary parts of the complex coordinates so that the index of Hy must be even on
each critical component.

Lemma 7.13 For any subgroup G of T, the fixed point set Fix(G) is a symplectic
submanifold.

Proof Let v, denote the diffeomorphism associated to any g € G and consider for
any fixed point p € Fix(G) the differential (dv,), which necessarily preserves the
T-invariant almost complex structure J,

dyre(p) : TyM — T,M  dyrg(p)oJ, = J, 0ddy(p).

Now let exp, : T,M — M be the exponential mapping taken with respect to
the chosen invariant metric g on M and suppose y : [0, 1] — M is a geodesic with
y(0) = p and y(0) = v for some v € T, M. Then ¢ = ¥, o y is also a geodesic
with ¢(0) = ¥, (p) = p and ¢(0) = (DY, - ¥)(0) = D, - v so that

exp,(DYg - v) = c(1) = (Yg 0 y)(1) = Yglexp, v).

The exponential map therefore provides a correspondence between the fixed point
set of ¥, in a neighbourhood of p and the fixed point set of (dv,),. Thus, the fixed
point set of G is the intersection of the eigenspaces with eigenvalue 1 of each (dv,),
as g ranges over G

T,Fix(G) = ] ker (Id — dyr(p)) -
geG

Each eigenspace is invariant under J,, since each (dv/,) , is a unitary transformation
and therefore so is the intersection. We conclude that 7,Fix(G) is J,,-invariant for the
w-compatible almost complex structure J and so Fix(G) is a symplectic submanifold
as claimed. (]

Proposition 7.14 For all X € t, the almost periodic Hamiltonian nX = (X, u) is
a Morse—Bott function with even-dimensional critical submanifolds of even index.
Moreover, Crit(u*) is a symplectic submanifold of M.
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Proof Begin by assuming that X has rationally independent coordinates so that it
generates the entire torus. The critical points of uX will therefore coincide with the
fixed point set of T

Crit(u*) = Fix(T) = [ | Fix(¥).

teT

Then, Lemma 7.13 implies C is a symplectic submanifold of M. To verify that u*
is a Morse—Bott function, we must show that the Hessian vanishes precisely on C.
To this end, consider that at any critical point p of u*

ker D21 = (ker (Id — (dv1),)
teT O

7.4 Proof of the Convexity Theorem

At last, we can give the proof of the convexity theorem following that given by
Atiyah. We proceed by induction on n = dim(T) and for each n let us separate the
statements of the theorem into the following three parts:

A,: n~ (&) is either empty or connected for every & e t*.

B,: w(M) is convex.

C,: There are finitely many connected components C; of the fixed point set, u(C;) =
cjisapoint and u(M) = Conv(cy, ..., cy).

To prove the connectedness of the levels of u, it will be convenient to work with
regular values. So before carrying on, we verify that there are enough regular values
of w.

Proposition 7.15 The regular values of 1 are dense in A.

Proof Let C denote the union of all critical manifolds for 4% as X ranges over g and
each critical manifold is the fixed point set of the action of a corresponding subtorus
Tx and so we have established the middle inequality below:

M\C = (U Crit(ux)> = [)Fix(Ty)* = [ Fix(Tx)".

Xet Xet Xezn+!

The rightmost equality above can be seen as follows: each Fix(Ty) will be the
intersection of the fixed point sets for the action of circle subgroups whose product
is Tx. We may therefore consider only the intersection over X € t which generate
circle subgroups Ty, that is, the X € t which have rational components. Moreover,
each such circle subgroup Tx can be obtained by rescaling X to lie on the integer
lattice Z"! C t.
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Each Fix(Ty) is a proper closed submanifold of M and so has open and dense
complement. Thus, the complement of C in M is a countable intersection of open
dense sets and the Baire category theorem tells us that M\ C must also be open and
dense. An arbitrary £ € A can therefore be approximated by {14(x;)} for a sequence
of points x; € M\C. The image A = u(M) necessarily contains a neighbourhood
of each 11(x;), and by Sard’s theorem we may find a sequence of regular values {&; i}
converging to 1(x;) for every x;. The diagonal sequence {; ;} will then converge
to & and so we conclude that regular values of p are in fact dense in A. O

Proof (A, holds for all n) The statement A; is immediate, since for n = 1 the
moment map i : M — R is itself an almost periodic Hamiltonian. Now suppose
that Ay holds for all Hamiltonian actions by a torus of dimension k < n and let T be
a torus of dimension n + 1 acting in a Hamiltonian fashion on (M, ) with moment
map 1. We may assume that the action is effective since otherwise we may reduce
to the action of some quotient of T and apply the induction hypothesis to conclude
the result for regular levels of the reduced moment map /.

To apply the induction hypothesis, we need to work with the action of a subtorus
of dimension not more than n. Take then the action of the subtorus of the first n-
components and let (i be the reduced moment map. With respect to the associated
basis on t* = R"*!', we may then decompose 1 into n + 1 component functions
and u = (@, tpy1). Similarly we have & = (é, &) for all £ € t*. Now consider the
restriction of w,, to the level Q = ,&’l(é),

="' =\u;"E) 1o=tun o MO =ug G,
j=1

It will suffice then to check that Mél (&,+1) is connected and we do this by showing
W o satisfies the hypothesis of Lemma 7.13. A similar argument to that in the proof
of Proposition 7.15 shows that the set of £ € t* for which é is a regular value for [t
is also dense in the image and so we will assume that this is the case.

Now a point p € Q is a critical point for 11 if and only if there are constants c;
so that Z;l':l cjdu; + dj,41 vanishes at p. Then p is also a critical point for the
almost periodic Hamiltonian wX where X = (cy, ..., ¢y, 1) € t. Next, we show that
the critical set of /,LX is transverse to Q at p, that is,

T,M =T,0+T,P P =Crit(u®).
The Hamiltonian vector fields X; = X, . associated to the p; are necessarily
tangent to Crit(14*) which we recall is a symplectic submanifold of M. Then for any

coefficients A ; the linear combination X = Z;zl AjX;is also a section of T P so
we conclude that the linear functionals

D o ridpp, =Y jlx,0), = (o), #0.

Jj=1 j=1
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This proves that P and Q are transverse at p as claimed. Now 7,0 N (T,P)* is
the orthogonal complement of 7, P in 7, M. Then u* is non-degenerate on T, 0 N
(T, P)* as the orthogonal complement to 7,C in T,M and as an almost periodic
Hamiltonian it must have even index and coindex. The intersection P N Q is a critical

manifold for u*X ’ with even index and coindex. Now p¢ is equal to 4% up to a
Q

constant
n
W, = <(51,...,sn, Mn+1‘Q> e D) = o+ ) ek
j=1

If follows that the critical manifolds and the index of both ©* and 1o agree and we
may conclude the connectedness of the following level sets:

g En) = 0N En) = 7' (4). O

Note that the statement B, for n = 1 is simply that @ (M) is connected and this is
immediate since M is connected by assumption and w is continuous. Now we show
that the statement holds for all n > 2.

Proof (Proof that A, implies B,) To prove that the image is convex, it is enough
to verify that the intersection of (M) with any straight line in R"*! is either empty
or connected. Any such straight line is an affine linear subspace and can be written as
7' (1) where 7 is the projection onto some codimension one subspace V C R"*!
and 7 is any element of V. We want to check the following set is empty or connected:

w(M) N~ ) = pn((wow) ™ ()

The composition 7 o p describes the moment map for the action of the subtorus
S C T corresponding to the subspace V C R"*! = t*. The property A, for this
action of the subtorus then says that (7 o 1)~ () is either empty or connected and
so too must be w((r o 1) "' (1)) since w is continuous. Since 7 and n were arbitrary,
this completes the proof. (]

Proof (Proofthat B, implies C,;) We have seen that the fixed point set of T coincides
with the critical set for any almost periodic Hamiltonian u* satisfying Ty = T, and
so Proposition 7.15 implies that this set has only finitely many connected components
Ci, ..., Cy. The fixed point set Fix(T) is contained in the critical set Crit(u*X) for
any X € tand therefore 1 must be constant on any connected component C; of C.
Since this holds for all X € t, it follows that p is constant on each C; and 0 (C;) = ¢;
is indeed a single point.

The image of u is convex by assumption and certainly contains all of the c¢;’s and
so also their convex hull; A = u(M) O Conv(cy, ..., cy). To obtain the reverse
inclusion, let £ € t* be any point not contained within the convex hull of the ¢;’s. As
a compact convex set there is a hyperplane separating the convex hull and the point &;
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that is, there is some X € t such that (n, X) < (&, X) for all n € Conv(cy, ..., cy).
Moreover, we may choose X to have rationally independent coordinates since the
distance between these compact sets must be positive and such X are dense in t. By
doing this, we ensure that Crit(1*) coincides with Fix(T) and so the maximum of
w* must occur at some p € C ;. This proves the reverse inclusion since if & were to
lie in the image of u it would violate the following inequality:

SHE(M(X), X) = (n(p), X) < (£, X). 0

7.5 Applications and Examples

Theorem 7.16 (Schur—Horn) Let H be the set of Hermitian operators with spec-
trum A = {Ay, ..., Ay} and diagonal elements ay, . .., a,,, and let A € H. Then
(aii, ..., an,) is contained in the convex hull generated by the permutations of the
eigenvalues Conv(Ascs,). Conversely, any element of Conv(hscs,) is the diagonal
for some Hermitian matrix with spectrum equal to ).

Proof The coadjoint action of U (n) can be identified with conjugation on the space
of skew Hermitian matrices i{. Then the orbit O, containing the diagonal matrix
diag(iXry, ..., iA,) is precisely the skew Hermitian matrices with spectrum iA. The
torus subgroup T = U (1)" of diagonal matrices in U (r) acts on O, and has a moment
map (1 given by projecting onto the diagonal

M A (alla -~-9ann)-
We now know from the convexity theorem that the image of i is the convex hull of
{c; = u(C;)}. Now A € iH is fixed by T if and only if it is diagonal so the fixed

points are precisely the elements diag(iA (1), - - ., iAs(n)). The moment polytope for
the above torus action must lie in a hyperplane since the trace is constant on any O;

n n
(@ieeam), (L D) = Y ay =Tr(A) =) 4.
j=l1 j=1
Example 7.17 Consider the case of three distinct eigenvalues having zero trace
AM <Ay <Az M+ A+ 23 =0.

Then S5 acts freely on the set {11, A5, A3} and so diag(0,)) is the convex hull of six
distinct points which lie in the hyperplane orthogonal to (1, 1, 1). This is a hexagon.
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Consider the coadjoint representation of a compact Lie group G on g* and recall
that the action on a particular orbit O is Hamiltonian with the inclusion O — g*
being the moment map. For a principal orbit, the type of O is the conjugacy class of
maximal tori in G and the orbit is a homogenous space for the quotient. Choosing
any representative £ € O defines a maximal torus as its stabilizer T = G and a
diffeomorphism

G
st O: gl Adyé.

We obtain a Hamiltonian torus action of T on O¢ with moment map given by com-
posing the inclusion with the projection p : Oz — g* — t*. The fixed points of this
action correspond under ¢; to the quotient of the normalizer of T in G,

ey - N
ix(T) = T = W(G)

This is called the Weyl group of G and since N (T) has finite index in G it is a finite
group. Now W(G) acts freely on O; as a subgroup of G,/T and is transitive on the
fixed points of T. Therefore, W (G) acts freely and transitively on the image of these
points under u. In summary, we say that the Weyl group of G permutes the vertices
of the moment polytope for the action of a maximal torus on a principal orbit.

Example 7.18 (Maximal torus in SU (3)) Consider the maximal torus T in SU (3)
given by diagonal matrices with entries in U (1) and having determinant 1. We con-
sider the coadjoint orbit O, of apoint A = diag(iX;, iA, iA3), Where L{+Xiy+i3 = 0,
and assume furthermore that A; are distinct. Then indeed A € su(3) and we have the
Hamiltonian coadjoint action of SU (3) on O;.. By restricting to the subgroup T, we
have a Hamiltonian action with moment map u : O) < su(3)* — t*

Recall that we chose a compatible almost complex structure on M so that at a
fixed point p the torus acts on the tangent space as a subgroup of U (d) so we may
choose a basis for T, M which simultaneously diagonalizes every element of T.

TM=Vi®- -0V, T=U1)x---xUQ1)CU@).
The (unitary) representation of T on any complex line V/; is described by its character
aj :T—>S" tz=ajt)z teT z€V,
If we have a decomposition of the torus T = U (1) x - - - x U(1) then ; is determined

by its value on the U (1) components which are in turn determined by real numbers

af. such that
k

a”
Olj(lkek) = tk/

Proposition 7.19 Let z be a fixed point in M and p = u(z) € t*. Then there exist
neighbourhoods U and V of z and p, respectively, so that
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uw(U) =V N Conep(ay,...,a,).

Proof Firstrecall that the cone generated by the o ’s at p is the image of the moment
map for the linear action of T with respect to the usual symplectic form

1 n . n B
M0=P+§ ~--,Za,f|vj|2,... a)o:Zdvj/\dvj
j=1 j=1
Here po(7.M) is the cone at p on (¢, ..., a,). Using the equivariant Darboux

theorem, we can describe the moment map u in a neighbourhood of z in terms of
Wo. Since w, and w agree at the origin, there is a neighbourhood Uy of zero in T, M
and an equivariant map v : Uy — T, M preserving the origin and satisfying ¥ *w, =
wp. We may assume that Uy has been taken small enough so that the exponential
corresponding to our invariant Riemannian metric provides a diffeomorphism with
a neighbourhood U, of z in M,

exp,| :Up— U,.
M

Since the exponential is equivariant, the composition u' = u o exp, provides a
moment map for the linearized action of T on (T, M, w,). It follows that ¥* 1 is a
moment map for the action of T with respect to wp, and therefore can only differ
from p( by a constant. We conclude that these maps are in fact equal since they agree
at zero:

(W u)(0) = ' (Y (0)) = 1’ (0) = pu(exp,(0) = u(z) = p = po(0).

Therefore, . takes U, to the image of 1y which we know to be contained in the
given cone at p:

n(U;) = u(exp, Up) = ' (Uo) = j1o(Vo).

Claim: there is an open V in t* such that uo(Uy) =V N uo(T,M).

To verify this, recall that an action is said to be effective if the intersection of all
stabilizers is trivial. For a Hamiltonian torus action to be effective on a symplectic
manifold of dimension 2d, we know we must have dim(T) < d. When the torus has
dimension exactly half that of M, we say that M along with the Hamiltonian action is
a toric manifold. Toric manifolds are the subject of the next chapter, but we observe
some of the properties of their moment polytopes now. ([

Corollary 7.20 The rank of u at any point x in M is equal to the dimension of the
face of A that contains p = u(x).

Proof Let k be the dimension of the stabilizer T, = Stab(x). Consider the action
of the subgroup T, on M with moment map m, o u, where m, is the appropriate
projection. We can choose a basis so that i, is given by
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w8 Gl 8

Since x is a fixed point of this action by design, we can apply Proposition 7.19 to
obtain a neighbourhood U of x and V of p for which

(o w)(U) =V NConep(ay, ..., o).

Suppose S is a circle subgroup of T generated by some X € tand let H = u*
be the moment map for the inherited action of S on (M, ). Assume that S acts
freely on H~'(r) and form the symplectic cut M*=". Recall that M¥=" has an
open dense subset symplectomorphic to H~'((—o0, r)) in M, and its complement
is symplectomorphic to the symplectic reduction M" = H~'(r) /S. The torus T
acts in a Hamiltonian way on the cut space M= and the moment map on these
components is (. ]
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Chapter 8 ®)
Toric Manifolds Geda

8.1 Introduction

In this chapter, we restrict our attention to a compact connected symplectic manifold
(M, w). In the presence of a Hamiltonian torus action on M, we have seen that the
geometry of the moment polytope A = w (M) is strongly related to the orbit structure
of the action. We will study the case when there is as much symmetry as possible—
when the torus is of largest possible dimension for the action to be effective. The
main result of this chapter, due to Delzant, says that in the case of maximal symmetry
the polytope completely determines the Hamiltonian T-space, where T is a torus.

Toric manifolds are symplectic manifolds equipped with a Hamiltonian action
of a torus whose dimension is half the dimension of the manifold. In this case, the
image of the moment map is a convex polyhedron (called the Newton polyhedron).
The prototype is CP", complex projective space of complex dimension n, for which
the Newton polyhedron is an n-simplex. The most basic example is the two-sphere
§? = CP!, for which the Newton polyhedron is a closed interval.

The layout of this chapter is as follows. In Sect. 8.2, we define integrable systems.
In Sect. 8.3, we define primitive polytopes. In Sect. 8.4, we describe the Delzant cor-
respondence, which establishes a bijective correspondence between toric manifolds
and certain types of polyhedra.

Since the stabilizers of any given orbit are conjugate to each other, we may as-
sociate to each orbit a conjugacy class called the type of the orbit. It is helpful
to understand Hamiltonian actions by their orbit types. In particular, the following
theorem allows us to define a distinguished orbit type—the principal orbits.

Theorem 8.1 For a smooth action of Lie group G on a manifold M, there is an orbit
type (H) for which M y—the orbits of type (H)—form an open dense subset of M.
Orbits of type (H) are said to be the principal orbits of the action.
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62 8 Toric Manifolds

If G is commutative the conjugacy class, (H) is a single subgroup H C G. Then, H
fixes every point of the open dense subset M and by continuity H must act trivially
on all of M. If the action is effective, then this implies H must be the identity.

Proposition 8.2 Consider an effective Hamiltonian action of a commutative Lie
group G on (M, w) with moment map . The interior of the moment polytope A =
Ww(M) consists of regular values for y and is nonempty. Moreover, the dimension of
G is at most equal to half that of M.

Proof Recall that the stabilizer G, for a point x € M satisfies Im7, « = Ann(g,)
and since g, = {0} on principal orbits it follows that the map du, is submersive. In
particular, i maps the open dense subset of principal orbits to an open dense subset
of A.

Any orbit G - x is diffeomorphic to GG, and for a principal orbit this means
G - x = G. Since the orbits are isotropic submanifolds, it follows that dim G <
1dim M. 0

This bounds the dimension of T which can act effectively and in a Hamiltonian
way. So there is as much symmetry as possible when the torus has exactly half the
dimension of the symplectic manifold on which it acts. This motivates the following
definition.

Definition 8.3 A Hamiltonian T-action on a compact and connected symplectic
manifold (M, w) of dimension 2n is said to be a (symplectic) toric manifold if T acts
effectively and dim T = n.

Toric symplectic manifolds have a number of generalizations relaxing the smooth
manifolds assumption. Notably, we can consider toric actions on orbifolds—
topological spaces where a neighbourhood of every point can be identified with
the quotient of an open set in a vector space by the action of a finite group. This
increases the scope of symplectic reduction, allowing more general actions to be
considered. For more information on orbifolds, see [1].

Example 8.4 Our construction of a T" action on CP” via symplectic reduction gives
complex projective space the structure of a symplectic toric manifold. Indeed, CP"
is a compact and connected symplectic manifold with dimension 2n = 2 dim(T")
and the action is indeed effective.

Example 8.5 (Hirzebruch Surface) Consider the symplectic manifold CP! x CP?
coming from the product of the standard symplectic structures on each of the pro-
jective spaces. Fix a positive integer k and let the torus T? act as follows:

(t1, 1) - (w1, wal, [z1, 22, 23]) = ([tiwr, wal, [t 21, 22, b23]) -

The action is Hamiltonian with moment map given by the sum of moment maps
for the action on each individual component
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[wi|? |21 2 |23/ )

u(wr, wal, [z1, 22, 23] =(
e wil2 4+ wal? 2P + 22 + 1232 2% + |22 + 231

Consider now the following subset:
Hy = {(w1, wal, [21, 22, 23]) W22 = whz1} € CP' x CP%.

Then H; is acompact complex submanifold of complex codimension one as a level
set of the homogeneous polynomial w¥z, — wXz; and therefore inherits a symplectic
structure. Moreover, the action of T? preserves Hy; if W]f 70 = w’z‘zl, then

k k., k k., k k ¢ ok
(tiw1) 22 = tywiza = tywrz1 = wy (£ 21).

So the compact connected four-dimensional symplectic manifold Hj inherits an
effective Hamiltonian action of the torus T2 and is therefore a toric manifold. We
can determine the associated moment polytope by identifying the fixed points of the
action and their image under u.

([0, w21, [0, 0, z3
([0, w21, [0, 22,0
([w1, 0], [z1,0,0
([w1,0],[0,0, z3

)= (0, 1)
) = (0,0)
)= (k+1,0)
)= (1, D)

—_—

We know that the vertices of A correspond to the fixed points of T—points with
orbit type (T)—and we have just seen that the interior of A corresponds to the
principal orbits—points with orbit type ({1}). The next proposition spells out this
relation in more detail by showing us that each of the orbit types is in correspondence
with each of the open faces of A.

Proposition 8.6 Suppose (M, w, T", w) is a 2n-dimensional toric manifold with
moment polytope A. For a point x € M, let A; be the unique face of A containing
w(x) in its relative interior. Then

G, =exp(h;) by =span{v; |iel}Ct.
Proof The stabilizer G, acts effectively and with moment map u, = m o u, where

7 is the projection onto g7 . Since x is a fixed point for this action, there is an induced
unitary representation of G, on 7, M which decomposes as

IM=W&--- oW, @V1® - V.

T, Fix(Gy) 1%
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If oy, ..., o are the weights, then there are neighbourhoods U and V of z and
m(u(x)), respectively, so that

(7'[ o ILL)(U) =V ﬂN(A) =Vn COHGH(N(X))(OQ, N ,Olk).

Since the action of G, is effective, the weights «; are linearly independent and so
they generate a cone which contains only the trivial subspace. Then

n’l(Conen(n)((xl, Lo, Q)

is an affine cone in t* with maximal affine subspace equal to ker m = Ann(g, ). The
cone ! (Coney () (ay, ..., ax)) is equal to the tangent cone of A at . (x). It follows
that the maximal subspaces coincide. Hence Ann(g,) = Ann(h;) and g, = ;. It
remains only to show that the stabilizer group G, is connected. To this end, consider
the unitary representation of G, on V with weights «, ..., ax. We can identify G,
with a compact abelian subgroup of U (V) and its identity component G° with a
torus in U (V). Since the action is effective, the weights form a basis for g} and so
Gg is a maximal torus in U (V) as dim Gg = dim g, = dim¢ V. Since maximal tori
are by definition maximal connected abelian subgroups, this forces G, = G and
we conclude that G, = exp(g,) = exp(h;). O

Corollary 8.7 For any closed face Aj, the preimage ="' (A;) is a symplectic sub-
manifold of M.

Proof A face A; decomposes into a disjoint union of the open faces int(A ;) for all
the index sets J containing / and with A ; nonempty. From the previous proposition,
we know that 2~ (intA ;) is the set of points with stabilizer H; = exp(h;). On the
other hand, Fix(H;) is the union of all points with stabilizer contained in H; and
these are exactly the stabilizer groups of the form H; where J D [ and A; # ). In
summary, we have

ptan = Ju sy = (JIG: = Hy) = Fix(H)).

JDI JDoI

Then results on fixed point sets from the previous chapter imply that = (A;) is
a symplectic submanifold of dimension 2n — 2 dim(Hj). ]

There is a natural Hamiltonian action of the quotient T,/ H; on ™' (A;) which
is effective and since dim(T ,/ H;) = n — dim(H;) this makes x ' (A;) a toric man-
ifold. If we identify t*,/h7 with the affine subspace parallel to Ann(h;) in t*, then
the moment map for this action is ,u‘ and the moment polytope is exactly the

w (A
face A;.
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8.2 Integrable Systems

Toric manifolds are a very special case of a more general structure referred to as
integrable systems.

Proposition 8.8 Let (M, w, 1) be a toric manifold on dimension 2n with moment
polytope A and let U = w=L(intA). There are coordinates (;,0;) on U so that
w = Z d,bLl A d6;.

Proof Choose a basis for t* and so that the moment map can be written p =

(U1s ..., uy) and let @y, ..., ¢, be any coordinate system on T. The restriction

u‘ is a surjective submersion and also proper since M is assumed to be compact.
U

Ehresmann’s theorem [2] states that a smooth mapping f : M — N which is both a
surjective submersion and proper is a locally trivial fibration. We may apply Ehres-

mann’s theorem to conclude that | is a locally trivial fibration with typical fibre
U

w1 (&) =T - x = T.; moreover, we can choose a global trivialization since int(A)
is convex (and thus contractible).

U . T x int(A)

~

int(A)

The diffeomorphism 7 is equivariant with respect to the left action of T on itself.
Now expressing w in terms of the coordinates ¢ o T and o 7 on U,

w = Z aijd,u,- /\d(bj + Z b,'!jd/J,i ANdpj+ Z C,'!jdd)i ANdo;.

i,j=1 i,j=1 i,j=1

First note that all of the ¢; ; must vanish because w(&d)f, 8¢>itI ) = ¢;,; and since the
fibres are Lagrangian so must be T. The second observation we make is that a;; = §;;
since —d i = t(yy,® = — Y_;_, a;;d ;. Lastly, we can see that the b; ; depend only
on the u; coordinates by writing

w = Zdﬂi ANdo; + Z bi,jdﬂi /\de

i=1 ij=1

n

and observing that 5 is exact (and in particular closed) as both w and

Z du; Ndo;

i=1
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are. Sothere are n functions fi, ..., f, independentof Tsothatn = d (}_;_, fid ;).
Setting 6; as the coordinate function ¢; — f; we are done. We have

®= idﬂi ANd©O;: + f;) + idfi Ndpi = Xn:dﬂi A do;.
i-1 i-1 iz1

8.3 Primitive Polytopes

Let A be the moment polytope for a toric manifold (M, @, ;). We know that near
any vertex the polytope A looks like the affine cone generated by the corresponding
weights. This shows that there are n edges meeting any vertex and each edge is a
segment of the ray emanating from the vertex in the direction of the weight. Since the
weights are linearly independent, this implies that there are exactly n edges meeting
any vertex of A.

Definition 8.9 For a vertex p of apolytope A C R”, any edge that meets p is a finite
segment of aray {p 4+ ru | r > 0} for some u € R" unique up to a positive scalar.
We say that a polytope is

simple if for every vertex there are exactly n edges that meet p,

rational if for every vertex the edges are generated by lattice vectors u € Z", and

primitive if for every vertex the edges are generated by a basis for the lattice Z".

It is clear that primitive implies both simple and rational; however, the converse need
not hold. For example, consider the polytope A = conv({0, e;, e; + 2e,}) in R? with
standard basis {e], e;}. Then A is simple and rational but fails to be primitive at the
origin since e; is not in the Z span of e; and e; + 2e,. We have already seen that
moment polytopes of toric manifolds are both simple and rational and we show now
that they are in fact primitive.

Proposition 8.10 The moment polytope for a toric symplectic manifold is a primitive
polytope.

Proof Fix a vertex 1 of A and let x be the corresponding fixed point in M and
ai, ..., o, € A* the weights for the unitary representation of T on 7, M. The action
of T on T, M is determined by n characters which define ¢ € Hom(T, U (1)") and for
an effective action this is an isomorphism. By differentiating, we obtain an invertible
linear transformation &, summarized below:

®
t———RY o = O¥ef

expl \L Q2

T—g U (1)
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Since ¢ is an isomorphism, it follows from commutativity of the diagram that X € A
if and only if ®(X) € Z". Therefore, ® restricts to an isomorphism of lattices, and

so too does @*. It follows that {1, ..., o, } is a basis for A* as the image by ®* of
the standard basis for (Z")*. There is a neighbourhood U of 5 in t* where ANV =
Cone, (a1, ..., a,) NV, so the edges of A with common vertex »n are of the form
A,={r}+ta<,~|t20}ﬂA. (Il

Recall that a convex polytope can be written as a finite intersection of half-spaces.
For a convex polytope A in t*, we write

Vi,

N
=(\H;, Ho,=[ectlEvw)<h) vet heR

For a half-space H,,, the pair (v, /) is unique only up to scaling by a positive
constant.

Definition 8.11 A lattice vector v € A is primitive if %v ¢ A for any integer k > 1.
Lattice isomorphisms preserve primitive lattice vectors. Every lattice vector can be
rescaled by a positive constant to a unique primitive one. An arbitrary vector v can be
rescaled to a unique primitive lattice vector if and only if the subspace Rv intersects
A.

Lemma 8.12 For a primitive polytope A, each normal vector v can be assumed to
be a primitive lattice vector. For any vertex Ap = (\;c; Hy..n;, the primitive inward
normals {v;}ic; form a lattice basis for A.

iel

Proof For a given half-space '7-(_ iy choose any vertex A; contained in the facet
Ay = ANH,, ; with edges glven by a basis {u;}; for A* and indexed so that
(uj, vi) is nonzero if and only if j = i. Define an isomorphism 7" : t* = (RM* by
mapping u; to —e;‘- where {ey, ..., e,} is the standard basis for R". Then 7} and its
adjoint 77 restrict to a lattice isomorphism and since u; must belong to the half-space
parallel to H~,

0 J#Ei
—1

(T; vi, €)) = —(vi,uj) = .

c; >0 j=i

Therefore, —v; = T;e; is a primitive lattice vector and an outward normal for

For the second part, let the A; be any vertex of A and 7; be as above so that the
associated primitive outward normals obtained as the image of the standard basis for
Z" under the lattice isomorphism 7; and hence form a lattice basis themselves. [

The converse is also true; any polytope with primitive outward normals that form
a lattice basis for every vertex is a primitive polytope. The argument is similar; for
any vertex, define an isomorphism a lattice isomorphism by v; > e; and we see that
the adjoint inverse image of e;f generates corresponding edges.
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8.4 Delzant Correspondence

Theorem 8.13 For any primitive polytope A in t*, there exists a toric manifold with
moment polytope equal to A.

Recall that if a Hamiltonian T-space (M, w, ) is cut below a level 2 € R according
to some Hamiltonian circle action, then there is a natural Hamiltonian T action on
the cut space. Moreover, if the circle acts as a subgroup exp(R - X) C T for some
X € A, then the moment polytope for the cut space is exactly the intersection of the
original moment polytope with the half-space associated to X and 4. We say that the
new Hamiltonian T space is cut from the original according to the affine half-space

Hy -

Example 8.14 The action of T on itself lifts to an action on 7*(T) which is Hamil-
tonian with respect to the tautological form. (In Darboux coordinates, {p;, g;} the
tautological form is the form 6 = )", p;dgq;, from which it follows that d0 = .) In
the left trivialization 7*(T) = T x t*, the action is just multiplication in the first com-
ponent and the moment map is projection onto the second. The moment polyhedron
is all of t*.

Think of a polytope A C t* by successively “cutting” t* by half-spaces, and then we
can try to mirror these by corresponding symplectic cuts of 7*(T). It is clear that this
process will not work for every polytope; at the very least, A must be rational, so that
the half-spaces define circle subgroups. Assume then that A is a rational polytope
and let the circle S} act via the subgroup of T generated by v;. Let Dy = 7*(T) and
assume that for some i € {1, ..., N} we have successfully defined a Hamiltonian T
space D;_; which carries an S} action with moment map H; = ;" | — h;. If S} acts
freely on the zero level of H;, we define (D;, w;, ;) to be the associated symplectic
cut; otherwise, we terminate the process. The moment polyhedron for each D; is
obtained by cutting that of D;_, by the half-space H,_, ,

wi(Di) = pi—1(Di-)) NH, ;= wo(Do) My H,, p, = A"
If the process terminates only after i = N, then we denote this final stage by DA. We
will see shortly that up to isomorphism D, does not depend on the ordering of half-
spaces. By reduction in stages, the existence of D, is equivalent to the existence of
the symplectic quotient of 7*(T) x C" for the product group T = S} x - x S},
and the two are isomorphic if they exist:

v (0

Dy =
A Tx

1
V=91 @ DYy wi=<m,v,~>—h,~—5|z,~|2.

The existence of D therefore amounts to the action of T being free on v~ (0).

Lemma 8.15 For a primitive polytope A, the N-torus T, acts freely on the zero

level of .
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Proof Fix an arbitrary point (p, z) € ¥ ~1(0) and let I denote the set of indices
i efl,...,N}such that z; = 0. For any j ¢ I, the subgroup S} C T, acts freely
at (p, z) since it acts freely on the jth component of CV. It remains to show that
for each i € I the subgroup S,-1 C Ta acts freely at (p, z). The set I indexes the
supporting hyperplanes of A which contain the point u(p).

iel & (up),viy=Ak < wup eH,,,.

Consider the homomorphism ¢ : T; — T which extends the embeddings of the
circle groups S;

(l‘,‘], ...,l,‘”) = Zlik\/i.

iel

Because the {v;}; form an integer basis for the lattice, we see that the right-hand side
is in the kernel of exp if and only if each #;, is an integer, which is to say that [¢] is the
identity in T;. Therefore T; acts on T*(T) x CV as a subgroup of T and is therefore
free at (p, z) since T acts freely on the 7*(T) component. U

Now we have a Hamiltonian T-space D, with the desired moment polytope, and
it remains to verify that it is in fact a toric manifold.

Proposition 8.16 The space D is a toric manifold.

Proof Symplectic cutting preserves dimension, so the dimension of T is still half
that of D . Next, we see that the action must be effective, since it is so on the open
dense set of D which is isomorphic to an open dense set in 7*(T). Now we show
that ¥ ~'(0) is a compact and connected set. It follows then that D, is compact
and connected as the orbit projection is continuous. In the left trivialization, the level
¥~1(0) € T*(T) x CV can be written as a product of atorus and aset Z C t* x CV,

1
v N)=TxzZ Z= {(é,z) | (€, vi) =h; — 5|z,-|2}

Since ¥ ~!(0) is closed, so is Z. For any (£, z) € Z, it is clear that £ must belong
to A which is a bounded set and by Cauchy—Schwarz this provides bounds on each
component of z. The set Z is therefore compact as a closed and bounded set in
t* x CV and so ¥ ~'(0) is compact as well. Finally, the convexity theorem tells us
¥ ~1(0) must be connected as a nonempty level of a moment map. (I

The second half of the Delzant correspondence—which we will state but not
prove—says that a symplectic toric manifold is completely determined by its moment

polytope.

Theorem 8.17 If (M, w, u) and (M', o', ') are two symplectic toric manifolds
with w(M) = u'(M’), then there is an equivariant isomorphism ¢ : M — M’.
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Chapter 9 ®)
Equivariant Cohomology oo

9.1 Introduction

Equivariant cohomology was designed to allow the study of spaces which are the
quotient of a manifold M by the action of a compact group G. This can be accom-
plished by studying the fixed point sets of subgroups of G, notably the maximal
torus 7. The Cartan model replaces the study of infinite-dimensional manifolds by
families of differential forms on finite-dimensional G-manifolds parametrized by an
element X in the Lie algebra of G with polynomial dependence on X. A version of de
Rham cohomology can be developed for the Cartan model. The localization theorem
of Atiyah—Bott and Berline—Vergne describes the evaluation of such an equivariantly
closed differential form on the fundamental class of the manifold.

In this chapter, we first define homotopy quotients in Sect. 9.2. We introduce the
Cartan model in Sect. 9.3. We treat characteristic classes of bundles over classifying
spaces in Sect. 9.4. We consider these characteristic classes in terms of the Cartan
model in Sect. 9.5. We treat the equivariant first Chern class of a prequantum line
bundle in Sect. 9.6. We treat Euler classes and equivariant Euler classes in Sect. 9.7
We treat the localization formula for torus actions in Sect. 9.8. Finally, we treat the
abelian localization theorem of Atiyah—Bott and Berline—Vergne in Sect.9.10.

References for this chapter are Audin [1], Sect. 5 and Berline—Getzler—Vergne
[2], Sect. 7.

9.2 Homotopy Quotients

In this section, we first define classifying spaces, and then use them to define homo-
topy quotients.
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72 9 Equivariant Cohomology

Definition 9.1 Let G be a compact Lie group. A universal bundle EG is a con-
tractible space on which G acts freely. If E;G and E,G are two such spaces, there
is a G-equivariant map between them.

Definition 9.2 The classifying space BG is BG = EG/G. For any two contractible
spaces spaces E|G and E,G equipped with free G-actions, £;G/G is homotopy
equivalent to E,G/G.

According to Chern—Weil theory, we may obtain representatives for characteristic
classes in de Rham cohomology by evaluating invariant polynomials on the curvature
of a connection.

Example 9.3 S" acts freely onall $*"+!, and these have homology only in dimensions
0 and 2n + 1. An example of a universal space EU (1) is

S*° ={(z1,22,...) € C®Z: only finitely many nonzero terms, Z |zj|2 =1}
j

=S'Uusiu...

where $2"~! — ¥ via (z1,...,2,) — (21,..., Zn, 0). The space S is in fact
contractible, so itis EU(1).

Lemma 9.4
BU(1) = EU(1)/U(1) =CP*

Proposition 9.5 H*(BU (1)) = C[x] where x has degree 2.

Recall Clx]
X

H*CPYY= —M.

( ) < x"l =0>

Suppose M is a manifold acted on by a compact Lie group (not necessarily freely).
We want to find a substitute for the cohomology of the quotient space M/G. The
latter object has singularities unless the action of G on M is free. We form the direct
product of M by a space EG which is contractible and on which G acts freely. The
resulting object is equipped with a free action of G. Because EG is contractible,
(M x EG)/G has the same homotopy type as M/G.

Definition 9.6
HE(M) = H*(Mg)

where we define the homotopy quotient
Mg =M x EG)/G.

This diagonal quotient will often be denoted
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M XG EG

where
M xg Y = {(m, y)|(m,y) ~ (mg, g~ y)}

for M equipped with a right G action and Y equipped with a left G action.
Definition 9.7 The equivariant cohomology of a point is
H} = Hl(pt) = H*(BG)
Proposition 9.8 If G acts freely on M then M /G is a smooth manifold and
H (M) =H*"(M/G)

More generally, Hf, (M) is a module over the ring H; (pt).

9.3 The Cartan Model

The Cartan model is the De Rham cohomology version of H*(Mg):

Definition 9.9 G
QM) = (M) ® S(g")

where we have defined
S(g) ={f:g— R: fisapolynomial}.
Here, S(g*) is acted on by G through the coadjoint action of G on g*.

Proposition 9.10 In the case M = pt, we have Qf,(pt) = S (g)C. Moreover,
S’ =stH”
where the Weyl group W acts on t.

Proof Under the adjoint action of G, every element of g is equivalent to an element
in t. A polynomial on g invariant under the action of G restricts to a polynomial on
t invariant under the action of W. It is also true that any W-invariant polynomial f
on t allows one to define a G-invariant polynomial f on g (defining f Y) =g(X)
where X € tis equivalent to Y € g under the adjoint action). The polynomial f is
well defined because f is invariant under W. (I

Example 9.11 When T is abelian, we have
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74 9 Equivariant Cohomology
Q7 (M) = (M)" ® S(t)

since all polynomials on t are automatically invariant under the adjoint action,
because the adjoint action of 7 on t is trivial.

Lemma 9.12
S(t*) = (C[xl, e, )C(]

where £ = dim(T).

Let X be a formal parameter, which should be viewed as an element of the Lie
algebra of a Lie group G which acts on M. The parameter X should be thought of
as taking values in a vector space of dimension 7 if the Lie group has dimension 7.
We could denote X as (X1, ..., X,). Anelement f € QF (M) may be thought of as
a G-equivariant map f : g — Q*(M), where the dependence of f(X) € Q*(M) on
X € g is polynomial. In terms of the coordinates {X, ..., X,}, this means that we
can write f as f = Ze>() fe(Xq, ..., Xp)ag where fi (X4, ..., X,) is a polynomial
in Xy, ..., X, and o is a differential form of degree £ on M.

The grading on QF (M) is defined by deg(f) = £+ 2p if X — f(X) is p-linear
in X and f(X) € QY(M). We may define a differential

D :QL(M) — Q5(M)

by
(DfIX) =d(f (X)) —ix+ f(X)

where X* is the vector field on M generated by the action of X € g and i denotes
the interior product. The differential D increases the grading by 1.

Proposition 9.13 Let G, M, Q (M) and D be as above. Then D o D = 0.

Proof Webreak down D o D according to the degrees of differential forms. One term
isdod : Q¥(M) — QFT2(M) which is clearly 0. One term is i+ o ix+ : Q¥(M) —
QK(M) which is also 0 (because a differential form vanishes if it is evaluated on
the same argument more than once). The last term is d o ix+ +ix* od : QK(M) —

Q**1(M). This is 0 because it is the Lie derivative Ly (by Cartan’s formula) and we
are restricting to G-invariant forms on which the Lie derivative is 0. (]

Because of the previous proposition, we can make the following definitions. Define
the equivariant cycles

Z5(M) = {a € Q;(M) : Da = 0}
and the equivariant boundaries

BL(M) = DQL(M).
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Then we can define
H*(Q25(M), D) = Z5(M)/B%(M).

Theorem 9.14 (Cartan) Let G and M be as above. The equivariant cohomology
HE(M) of M is naturally isomorphic to the cohomology H* (25 (M), D) of this
complex.

A good reference for Cartan’s theorem is Theorem 6.1 in [3].
Proposition 9.15
H*(BG) = S(g"% = s)"
(in other words, the polynomials on g invariant under the adjoint action, or polyno-
mials on t invariant under the Weyl group action)

Here, the degree in H*(BG) is twice the degree as a polynomial on g.

Proof This follows immediately because the cohomology of BG is identified with
the G-equivariant cohomology of a point, which is as above. In particular, since
D = 0 on Q% (pt), we see that H; := H(pt) = S(g")°. O

If (M, w) is a symplectic manifold equipped with the Hamiltonian action of a
compact group G, with moment map ®, we define

o(X) = w+ dx € QL(M).
The form o is affine linear in X. In the above grading, the equivariantly closed exten-

sion of w has degree 2. In the next lemma, we prove that the form @ is equivariantly
closed.

Lemma 9.16
Do =0
Proof
D@)(X) =dw — iyt +ddx
Butdw = 0 and
ix#a) = dCDX
by definition of the Hamiltonian group action. The result follows. (]

We can thus define [@] € HCZ; (M), where [«] denotes the equivalence class of o
fora € QG (M).

Example 9.17 We can view the circle as a principal circle bundle over a point p. We
may equip the circle with the action of a torus T via a weight 8 € Hom(7, U(1)).
Thus T acts on S! by
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teT:zeS'w— Bz

Denote this bundle by Pg.

Example 9.18 Let T = U(1) and let B(t) = t™ for m € Z be a weight. We shall
denote the bundle over p (which is just a copy of C equipped with an action of 7')
by P,.

9.4 Characteristic Classes of Bundles over BU (1) and BT

Example 9.19 Letm € Z, and let P,, be the complex plane C equipped with a U (1)
action of weight m. The space

EU) xyqy Pa
is the homotopy quotient of P,,. Explicitly this means
{z,w) € EU(1) x Py}/ ~

where

m

(z,w) ~ (zu_l, u"w).

Every point (z, w) is equivalent to a point (z’, 1) by choosing u = w~!/" so that
(z,w) ~ (zw!/", 1).

Since there are m solutions to u = w= /"

by a power of ¢2™/", we see that

, any two of which differ by multiplication

EU(]) XU(]) Pm = EU(I)/Zm

where
Zm — {eZﬂzr/m’ = O, e m— 1}

We now define a connection form 6,, on EU (1) xy 1) P, (the space on the right-

hand side is a complex line bundle over BU (1)). Note that a connection form 6 on
EU(1) satisfies fn,, n =1 We also require 6,, to satisfy

/ 0, =1.
T (D)

But since each fibre of EU (1) may be written as {e!?, ¢ € [0, 2]} and the fibre of
EU(1)/Z,, 2% BU(1) corresponds to {¢'?, ¢ € [0, 27t /m]} , we have fn—](h) o=1
so we need the following.
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Lemma 9.20 We have
6, = mo

in terms of our earlier connection form 6 on EU (1).

It follows that the first Chern class ¢ (P,,) of the principal circle bundle P,, (which
is represented in Chern—Weil theory by the curvature d6,,) satisfies

Lemma 9.21
c1(Pn)(X) =mX

where ¢ = c{(EU (1) — BU(1)) is the generator of H*(BU (1)).

Lemma 9.21 is a special case of Lemma 9.22.
Let T — P — M be a principal T-bundle with connection

0=,...,0,) € QUP) L.
Let B € Hom(T, U(1)). Choose B € t* so that exp(B(X)) = B(exp X). We require
also that B(X) = 0 for any X € t for which exp(X) = 1.
Form the associated principal circle bundle
P xz S :={(p,s)e P xS}~
where (p, s) ~ (pt, B(t~")s) fort € T. Write B as

B ={b,...,b)}

(for b; € Z). Then a connection form on P X1 § s

Zb,@, = B(®).
j=1

Lemma 9.22 If(X,, ..., X,) € H*(BT) are the generators of H*(BT) for a torus
T of rank n, then the first Chern class of the associated principal circle bundle

ET x7 (S")g

specified by the weight 3 is

¢l (ET xr (SY)p) = ijxj.
j=1
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9.5 Characteristic Classes in Terms of the Cartan Model

Definition 9.23 A G-equivariant vector bundle over a G-manifold M is a vector
bundle V — M with an action of G on the total space V covering the action of G
on M.

An equivariant principal circle bundle P — M is a principal circle bundle with the
action of G on the total space P covering the action of M.

Lemma 9.24 Suppose P — M is a principal circle bundle with connection
0 € QY(P).

Its first Chern class is represented in de Rham cohomology by the cohomology class
of dO, denoted ¢, (P) = [dO]. Note that d6 descends to a 2-form on M if and only if
the bundle P is trivial; in other words, if and only if d6 is the pullback of an exact
formon M.

Lemma 9.25 If P LS Misa G-equivariant principal U (1)-bundle, then its equiv-
ariant first Chern class is represented in the Cartan model by

¢ (P) = [DO] = [dO — ix+0]

where X* is the vector field on P generated by X € g.

Proof For a collection of sections s, : Uy, C M — P, 55 D0 is closed but not exact
in Q% (M). In particular, if M is a point and P = Pg = U(1) equipped with B €
Hom(7, U(1)), then

c1(Pg) = [DO] = —B(X) = —ix+0

(since d6 = 0 on M). (I

Lemma 9.26 If P — M is a principal U (1) bundle with T action, and the T action
on M is trivial (but the T action on the total space of P is not trivial), then on each
fibre 1= (m) = S, the T action is given by a weight B € Hom(T', U (1)) related to
B ettby

B(exp X) = exp(B(X))

where we require B(X) = 0 ifexp(X) = 1. Then
el (P) = [D] = [d6 — B(X)].
Remark 9.27 Atiyah—Bott[4], p. 9 have a different convention on characteristic num-

bers. One obtains their convention from ours by replacing X by —X. Our convention
is consistent with Berline—Getzler—Vergne [2], Sect. 7.1.
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The situation of the preceding Lemma arises in the following context. If M is
equipped with a G action, we apply the following Lemma where T is the maximal
torus of G.

Lemma 9.28 Let M be equipped with a T action, and let F be a component of M .
Fora € Hi (M) and iy : F — M the inclusion map,

ita € HA(F) = H*(F) ® Hi(pt) = H*(F) @ R[X, ..., X,].

9.6 Equivariant First Chern Class of a Prequantum Line
Bundle

Definition 9.29 Let (M, w) be a symplectic manifold with a Hamiltonian action
of a group G. A prequantum line bundle with connection is a complex line bundle
P — M for which c¢; (P) = [w], equipped with a connection 6 for which df = m*w.

Lemma 9.30 Ifwe impose the condition that Lx+6 = 0, then
dix+0 = —ix+d0
= —iytw = —ddy.
It is thus natural to also impose the condition
ix+0 = —Dy.

Thus the specification of a moment map for the group action is equivalent to specifying
a lift of the action of T from M to the total space P.

Lemma 9.31 If F C M is a component of the fixed point set of T (the components
of which will be denoted F ), then we have

ito(X) € Q3(F)
= wlr + ®x(F).

Proof For any F € ¥, the restriction P|r of the principal U (1) bundle P to F is a
copy of S! on which T acts using a weight exp(8r) € Hom(7T, U (1)) for

(Br) € Hom(t, R) = t*
which annihilates the kernel of the exponential map. The equivariant first Chern class

of P is
el (P)|r = c1(P)|r — Br = [0]lF — Br.
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Identifying the two equivariant extensions of w|r, we see that

Qx(F) = =(Br)(X).

At fixed points of the action, the value of the moment map is a weight, provided
the symplectic form w satisfies [w] = ¢, (P) for some principal S'-bundle P. This
is true if and only if [w] € H*(M, Z). O

9.7 Euler Classes and Equivariant Euler Classes

References for this section are Roe [5], Gilkey [6] and Milnor—Stasheff [7],
Appendix C.

Definition 9.32 If E is a complex vector bundle of rank m (write this as E¢), then
we may regard it as a real vector bundle of rank 2m (write this as ER).

Definition 9.33 The Euler class of E is a characteristic class e(E) associated to a
real vector bundle E — M of rank r, if r is the (real) dimension of M.

Definition 9.34 If E¢ is acomplex vector bundle of (complex) rank m, then e(Er) =
Cm ( E C ) .

Proposition 9.35 (Euler class is multiplicative) If E = E| @ E, is the direct sum
of two vector bundles, then e(E) = e(E1)e(E3).

Proposition9.36 If E=L,® ... D L, is the direct sum of line bundles, then
e(E) =c1(Ly)...ci(Ln).

Proposition 9.37 If E is a complex vector bundle with a T action, and E =) iLj
where the L; are complex line bundles with T action given by weights 8; : T —
U (1), then the equivariant Euler clas of E is

By =T @y
J

which is represented in the Cartan model by

! (B)Y(X) = [](@6; — B (X))
J

We can usually reduce to this situation by the splitting principle: see Bott-Tu [8],
Sect. 21.

Example 9.38 If T acts on M and F is a component of M, then the normal bundle
v is a T-equivariant bundle over F (as the torus T acts trivially on F, but not on
vr). Assume vy decomposes equivariantly as ) j vr.j with weights B ; € t*.
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The equivariant Euler class ey := e’ (vF) is then given by

er(X) =[Jc1vr) = Br.p).
J

References for this subsection are Berline—Getzler—Vergne [2], Sect. 7.2; Audin [1],
Chap. V.6.

9.8 Localization Formula for Torus Actions

If M is a G-manifold of dimension m, then the equivariant pushforward is

/ D HE(M) — HE(pt).
M

Topologically, this is the pairing with the fundamental class of M. In the Cartan
model, we represent an equivariant cohomology class by 7 € Qf;(M) satisfying
Dn = 0. Stokes’ theorem implies that if M has no boundary then | y Pa(X) =0
forany o € Qf(M). Thus f y 1(X) depends only on the class of i in the cohomology
of the Cartan model. Integration over M defines a map f y from HE (M) to HE (pt)
which we will call the equivariant pushforward.

Remark 9.39 The integral defining the equivariant pushforward is a smooth function
of X. For example, the equivariant pushforward of ¢'® (where w is the symplectic form
on §? and @ is its extension to an equivariantly closed form) is a constant multiple
of sin X/ X, which is a smooth function of X. However, the terms corresponding
to individual F' are meromorphic functions of X which do have poles. These poles
cancel in the sum over F.

The localization theorem in equivariant cohomology is stated in Sect.9.10 and
proved in Theorem 9.50. What follows is the proof of the localization theorem when
MT consists of isolated fixed points. In this case ey (X) = (—1)" ]_[j Br,;j(X). This
implies the dimension of M is even, since nontrivial irreducible representations of
T have real dimension 2, and if F is a fixed point, Tr M must decompose as a direct
sum of nontrivial irreducible representations of 7'. If there were any subspaces of
TrM on which T acted trivially, they would be tangent to the fixed point set M7,
but we have already assumed M7 consists of isolated fixed points.

Lemma 9.40 Let 6 be any 1-form on M for which 8(X*) # 0 off MT. Then on
M \ M" we have that if « € 25.(M) and Da = 0,

fa
a=D|—).
(2)
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Proof (a) The differential operator D is an antiderivation (because d and ix+ are
antiderivations).
(b) So D(Aa) = (DO)a (since Da = 0 and D is a derivation). It follows that

(%)
a=D|—
Do

We are using the fact that D(f/D60) = Df/D6.
(c) The formal expression 2% makes sense on M \ M” since DO = d6 — 6(X*)
and (X*) #0on M\ MT. Then

1 _ 1 | do
DO~ —0(x%) ( - 9<x#>>

—1 do 4
~o(xh) Z(@(X**))

r=0

and (d6)" = 0 for 2r > dim(M). So the series only has a finite number of nonzero
terms. O

Lemma 9.41 There exists a 0 satisfying the hypotheses of the previous lemma.

Proof We may construct§ on M as follows. Define # on M \ M7 as follows. Choose
a T-invariant metric g on M and define for & € T, M

Q;n(X#m) = g(X#ma X#m)

Then 6, (X*,,) = g(X*,, X*,,) =1 on M \ M". We choose the metric g to have
this property on the complement of the fixed point set of the vector field X*.

In a neighbourhood of F € M T we shall take a different choice of 6: denote it
by 6”. Choose coordinates (xy, ..., Xp,—1,x2¢) on TekM = C & ...C (£ copies of
C) for which T acts on the jth copy of C (with coordinates z; = x»;_1 4+ ix2;) by a
linear action with weight 8; € t*, Lie(8;) : t — R.

Define 8;(X) = A; € R for a specific X e t for which all the 8; (X) are nonzero.
This statement is true for almost all X € t.

On C" = Tr M, define

, 1
0" = Z f(xzjquzj — Xjdx2j_1).

j J
The exponential map exp : TrM — M is T-equivariant. So

(-x19'-"-x25)
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become coordinates on an open neighbourhood Uy of F in M, and in these coordi-
nates, the action of 7 is still given by the linear action on C* for which the action on
the jth copy of C is given by the weight g;.

Using a partition of unity, construct a smooth 7 -invariant function

fiM—[0,1]

with f = 0on M \ Ur. Choose an open neighbourhood F' € Vy C Up (for instance
Ur is a ball of radius 2, and Vp is a ball of radius 1) and require f = 1 on V. Then
define

0=(0- o+ f9”

Thus
Olwu,. . 0r =0
and
0|VF — 9//
and for appropriately chosen f, 6,,(X*) # 0 whenm ¢ M. (]

Theorem 9.42 (Stokes’ theorem for the Cartan model for manifolds with boundary)
Let M be a manifold with boundary oM, with G action such that the action of G
sends OM to OM. If a € Qf,(M) then

/Doz:/ o.
M oM

Proof Decompose o = atg + ... + otgimp Where o is a differential form of degree
J (depending on X). Then f o= f v %dimp (by definition the other «; contribute
0 to the integral f ). Then (Da)gimy = dagimm—1 (since the ix+ part of the Cartan
model differential reduces the degree of forms, so all terms involving ix+ integrate
to 0). Now apply the ordinary Stokes’ theorem to (D) gimas- ([l

Let B.(F) C exp(Ur) be a ball of radius € around F (in the local coordinates on
exp(UF)). Then

/ o = lim o
M €0 JAn\UpB.(F)

. fa
= lim D|—
—0Jmurpry  \DO

fa

= —lim / —
G*OZF: aB.(F) DO

(by the usual Stokes’ theorem applied to differential forms, using the fact that all
terms involving i y+ contribute 0). Define 3 B, (F)=S. (F), a sphere of radius € in C*.
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Se(F) ={(x1, .., x20) = ) Ixj P =€)
J

Define ¢ : S*~! — S.(F) by ¢ (x) = ex. After this rescaling, we see by considering
the boundary term from the previous Lemma that the fixed point F' contributes the
inverse of the equivariant Euler class of the tangent space at F'. (]

9.9 Equivariant Characteristic Classes

Define the pushforward map m, : Q5 (M) — Q@) by m.(m)(X) = fM n(X)
(where m : M — point is projection to one point).

Stokes’ theorem for equivariant cohomology in the Cartan model tells us that if
M is a G-manifold with boundary and G : M — 9M (where the action of G on
OM is locally free) and n € Qf; (M), then

/(Dn)(X)=/ n(X).
M oM

It follows that the pushforward map 7, induces a map Hf (M) — HJ(pt).

Definition 9.43 Suppose E is a (complex) vector bundle on a manifold M equipped
with a Hamiltonian action of a group G which lifts the action of G on M. The
equivariant Chern classes ¢ (E) are given by

ch(E) =c¢(E xg EG > M xg EG).
Likewise, the equivariant Euler class of E is given by
eY(E) = e(E xg EG — M x¢ EG).

Example 9.44 (Equivariant characteristic classes in the Cartan model) Suppose E
is a complex vector bundle of rank N on a manifold M equipped with the action of
a group G. Let V be a connection on E compatible with the action of G. Define the
moment of E, i € EndE ® g* (see [2], Sect.7.1) as follows:

Lyes — Vyss = l(X)s 9.1)

for s € I'(E) (where X € g and X* is the fundamental vector field on M associated
to X). Notice that the action of G on the total space of E permits us to define the
Lie derivative Ly+s of a section s € I'(E), and that the formula (9.1) defines & as
a zeroth-order operator (in other words, a section of End(E) depending linearly on
X € g).
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We find that the representatives in the Cartan model of ¢ (E) are given by
¢/ (E) = [(Fy + u(X))]

where Fy € I'(EndE ® Q*(M)) is the curvature of V and 7, is the elementary sym-
metric polynomial of degree r on u(N) giving rise to the rth Chern class c,.

Remark 9.45 1f M is symplectic and E is a complex line bundle £ whose first Chern
class is the De Rham cohomology class of the symplectic form, then the moment
defined in Example 9.44 reduces to the symplectic moment map for the action of G.

Example 9.46 Suppose E is a complex line bundle over M equipped with an action
of a torus T compatible with the action of 7 on M, and denote by F the components
of the fixed point set of T over M. Suppose a torus T acts on the fibres of E|p
with weight S € t*. In other words, if X € t, then the action of exp(X) € T sends
z € E|r to ¢#*® 7. Then in this notation, the restriction of the equivariant Euler
class of E to F is given by

e (E)lr = c1(E) + Br(X).

Example 9.47 If G acts on a manifold M, bundles associated to M (for example
tangent and cotangent bundles) naturally acquire a compatible action of G.

Example 9.48 Suppose a torus T acts on M and let F be a component of the fixed
point set. (Notice that each F is a manifold, since the action of T on the tangent
space TyM at any f € F can be linearized and the linearization gives charts for F
as a manifold.) Let vz be the normal bundle to F in M; then T acts on vy. Without
loss of generality (as mentioned above, we are using the splitting principle: see for
instance Bott and Tu [8]), we may assume that vy decomposes T -equivariantly as a
direct sum of line bundles vy ; on each of which T acts with weight Br ; € t*. Thus
one observes that the equivariant Euler class of vy is

er(X) = [ J(c1(vr.) + Br ; (X))
J

Notice that Bf ; # 0 for any j, since otherwise vy ; would be tangent to the fixed
point set rather than normal to it. We may thus define

ey (X) =[] Br.i(X)
J

and we have
c1(vr,j)

Br, ;i (X)

er(X) =y (X) [+ ).
J
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Since ¢ (vr,j)/BF,;(X) is nilpotent (recall a class U is said to be nilpotent if there
is a positive integer N for which UY = 0), we find that we may define the inverse
of e (X) by

1 1 B c1(vr,j)
€F(X) F(X) Z( b’ (ﬂ (X)’)

only a finite number of terms contribute to this sum.

Example 9.49 U (1) actions with isolated fixed points.

Suppose the action of T € U(1) on M has isolated fixed points. Suppose the
normal bundle vy = Tr M at each fixed point F' decomposes as a direct sum vp =
EB]]V: \Vr,j where each vr ; = C and M acts with multiplicity s ; on vp ; (for 0 #
F,j € Z): in other words

teU(l):zj vy th'hig;.

We then find that the equivariant Euler class is

er(X) = (l_[ e )XY
J

9.10 The Localization Theorem in Equivariant
Cohomology

A very important localization formula for equivariant cohomology with respect to
torus actions is given by the following theorem.

Theorem 9.50 (Berline—Vergne [9]; Atiyah—Bott [4]) Let T be a torus acting on
a manifold M, and let ¥ index the components F of the fixed point set M7 of the
action of T on M. Let n € Hj(M). Then

n(X)
/”(X) ZfeF(X)'

FeF

Proof (Berline—Vergne [9]) Let us assume 7T = U(1) for simplicity. Define M, =
M\ 1] UF where U} is an e-neighbourhood (in a suitable equivariant metric) of
the component F of the fixed point set M. On M,, T acts locally freely, so we may
choose a connection 6 on M, viewed as the total space of a principal (orbifold) U (1)
bundle (in other words, 6 is a 1-form on M, for which (V) = 1 where V is the
vector field generating the S' action). Now for every equivariant form n € Q% (M)
for which Dn = 0, we have that
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= D(dee—n X)

Applying the equivariant version of Stokes’ theorem (Theorem 9.42), we see that

on(X
/ n(X) = lim/ n(X) = 1im/ (X
M e—0 M. 7 e—>0 dUF do — X
It can be shown (see [9] or Sect. 7.2 of [2]) thatas € — 0, [, % tendsto [, e”F((X;).

O

Proof (Atiyah—Bott [4]) We work with the functorial properties of the pushfor-
ward (in equivariant cohomology) under the map iy including F in M. We see
that i7.(ir), = er is multiplication by the equivariant Euler class ey of the normal
bundle to F. Furthermore, one may show ([10], Sect. 6, Proposition 8) that the map

> i Hf (M) > @peyr H*(F) ® Hy (pt)
F

is injective. Thus we see that each class n € Hj (M) satisfies

1
n= Z(ip)*;i?n 9.2)

FeF

(by applying i} to both sides of the equation). Now |, v 1 = 7.1 (Where the map
m: M — ptandn, : Hf (M) — Hj} isthe pushforward in equivariant cohomology).
The result now follows by applying . to both sides of (9.2) (since 7, o (i), =
(TF)s = fp) 0
Proof (Bismut [11]; Witten [12], 2.2.2) For more details, there is an excellent pre-
sentation of this material in the book [13]. Let A € Q' (M) be such that tx+A = 0 if
and only if X* = 0: for instance, we may choose A(Y) = g(X*, Y) for any tangent
vector Y (where g is any G-invariant metric on M). We observe that if Dy = 0 then
Sy n(X) = [, n(X)e'* for any t € R. Now DA = dx — g(X*, X*), so

X tDAZf X 7Ig(X“,X#) m d}\, m !.
[ e = [ nooe Sy m

m=>0

Taking the limit as t — oo, we see that the integral reduces to contributions from
points where X* = 0 (i.e., from the components F of the fixed point set of T). A
careful computation yields Theorem 9.50.! ]

IThe technique used in this proof—introducing a parameter ¢, showing independence of ¢ by a
cohomological argument and showing localization as ¢ tends to some limit—is by now universal in
geometry and physics. Two of the original examples were Witten’s treatment of Morse theory in
[14] and the heat equation proof of the index theorem [15].
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Chapter 10 ®)
The Duistermaat—-Heckman Theorem G

10.1 Introduction

There are two formulations of the Duistermaat—Heckman theorem, which is the main
result of Heckman’s PhD thesis and is presented in [1]. The first (which comes from
the original article [1]) describes how the Liouville measure of a symplectic quo-
tient varies. The second describes an oscillatory integral over a symplectic manifold
equipped with a Hamiltonian group action and can be characterized by the slogan
“Stationary phase is exact”.

The layout of this chapter is as follows. Section 10.2 describes the normal form the-
orem. Section 10.3 states the Duistermaat—Heckman theorem. Section 10.4 describes
the pushforward of the Liouville measure. Section 10.6 defines the Kirwan map.
Section 10.8 outlines the residue formula. Section 10.9 defines the residue formula
by induction.

If (M, w) is a compact symplectic manifold equipped with a Hamiltonian torus
action with moment map, ® : M — t* and n° is a regular value in t* so M,p =
®~'(n°)/ T (the symplectic quotient at n°) is a smooth manifold or at worst an
orbifold, we might ask how M,, varies as 7 varies in a neighbourhood of n° consisting
of regular values of ®.

Proposition 10.1 The critical values of ® are of the form ®(M™") where M is the
fixed point set of a one-parameter subgroup T' = U (1) of T.

For topological reasons, only finitely many such subgroups will appear. The
images of ®(A), where A is a component of M7, are subsets of intersections of
® (M) with hypersurfaces. These hypersurfaces are normal to the vectors u (4 € t)
which generates the one-parameter subgroups 7".

Example 10.2 1f K = SU(3) and T is its maximal torus, the coadjoint orbit O;,
(for generic A) is a Hamiltonian 7 space. The fixed point set of the T action is the
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90 10 The Duistermaat—-Heckman Theorem

collection of points wA where w € W. The moment map image ®7(0,) is a hexagon,
the convex hull of {wA}. See [2], Figs.4.3 and 4.7.

We shall see

Theorem 10.3 (Duistermaat—Heckman [1]) Ifn° is a regular value of ®, then for n in
a sufficiently small neighbourhood U of 1°, M, = M,y (the two are diffeomorphic).
However, M), is not symplectically diffeomorphic to M,o. In fact, identifying the
symplectic forms w, on M), (via the diffeomorphisms) with symplectic forms on M,p,
we have

0
a),,:w,,o—l—<n—n,c>

where c € Q? (M) ® tisaclosed differential form. (Informally, the symplectic form
on a reduced space M, depends linearly on 1.)

Corollary The symplectic volume vol(M,) of a family of symplectic quotients is a
polynomial function of n in a sufficiently small neighbourhood of a regular value n°.

We shall prove this theorem starting from the following:

10.2 Normal Form Theorem

The proof presented here is adapted from [3], Proposition 40.1.

Proposition 10.4 (Normal form theorem) We give a normal form for the T action,
the symplectic structure and the moment map in a neighbourhood of ®~'(n°) for
any regular value n° of ®.

The role played by this result is analogous to the Darboux theorem.

Proof We begin with the following observation. If (M, w) has a Hamiltonian 7 action
and H < T, then the moment polytope for @ is obtained as follows. By reduction
in stages, if { € h* then M, := @;,1 (¢)/H is afamily of symplectic manifolds with
Hamiltonian action of 7 /H. The moment polytopes are

QM) =1{§ € 7 (M) 1wy (§) = ¢} O

Example 10.5
M = CP?

The images ®7/5(M;) form a family of intervals of length 1 — ¢. Thus M, is a

2-sphere with symplectic area 1 — ¢ (in other words, the symplectic form on M,
varies linearly with ¢, as stated in the Duistermaat—Heckman theorem).
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10.2 Normal Form Theorem 91

Recall that if P is a manifold with a free action of G, then P - M = P/G
inherits the structure of a principal G-bundle. A connection on G is a 1-form

0eQ (PRt

for which
o (R)"0 = Ad(g™)0
e (X*) =X forany X € g.

Example 10.6 1f U(1) - P — M is a principal U (1)-bundle, then a connection is
a 1-form 6 for which

o (R;)*0 = 6 (0 is invariant under the U (1) action)
e 9(X*) = X for any X € iR := Lie(U(1)).

Example 10.7 1f U(1)" — P — M is a principal U(1)" bundle, then a connection
is a collection of 1-forms (61, ..., 6,) on P invariant under the action of T = U (1)"
and for which 0; (§]") = 8, if &' is the vector field generated by the kth copy of U (1).

We then have the following.

Theorem 10.8 Let (M, w) be a symplectic manifold equipped with a Hamilto-
nian action of T = U(1)". Use (01, ...,0,) to define a connection on the bundle
1 (n%) x R" over ®~1(n°)/U (1) (where we have identified t with R"). Let (O
be the symplectic form on M,y = &' (n°) /T and define a symplectic structure on
®~'(n°) x R" by

w=m"wy —d)_1;6)

j=1

where t; are coordinates on R" = t* corresponding to the coordinates on t used to
define the 9;.

This theorem gives a description of the symplectic form and moment map and T
action in a neighbourhood of 1°.

The action of 7 is defined by the action on ®~!(5°). Then there is a symplectomor-
phism from a tubular neighbourhood of ®~!(1") in M to a tubular neighbourhood
of ®~1(n% x {0} in ®~'(n°) x R".

Lemma 10.9 With the symplectic form w on ®~'(n°) x R", the moment map is

D (p,(t, .. ) > — (T, .. 1),

Proof We have
1, d(Y 1) = —diy, () 1) = —d;
k k

(since L, 6 = 0). (I
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92 10 The Duistermaat—-Heckman Theorem

Remark The isomorphism with a tubular neighbourhood is not canonical. It depends
on the choice of a connection (64, ..., 6,).

Remark 1f 0 is a regular value of the moment map, an analogous statement is true
for the normal form for the action of a nonabelian group.

10.3 Duistermaat-Heckman Theorem, Version I

Theorem 10.10 (Duistermaat—-Heckman) If n° is a regular value of ® : M — t*,
then for n in a sufficiently small neighbourhood of n°, M,) = Mo and

a),] = a),]() —+ Z(T] — no)jdej
j=1

Here we have decomposed n = (01, ..., 1n,) € R" = t*. In other words, the sym-
plectic form varies linearly in the parameters 1.

Proof If ®~'(n) x {n} is in the open neighbourhood of ®~!(1°) x {1} which is
identified diffeomorphically with a tubular neighbourhood of ®~!(1°) in M, then

My =@~ ()/T = (@' (") x (n)/T
=7 0")/T x {n} = Myp.
The symplectic form on M,, pulls back on
>~'(n°) x {n)
to the restriction

wp —d | Y (n; —1)8;
J
But now 7 is a constant so the symplectic form pulls back to

Wy — Z(nj — n?)dé‘j.
J

Now c¢; := db; is a closed 2-form on ®~'(5°) x R". In fact the form c; is pulled
back from a 2-form on the symplectic quotient M. It is a representative in de Rham
cohomology for the first Chern class of a line bundle L ; over M,o. If v; is the element
of t* defining the coordinate ¢; on R", take p; = exp(v;) € AY = Hom(T, U(1)).
The space
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—1,.0
Lj:q) (T])XT,pj(C
is a line bundle over M,o. Then the 1-form 6; is a connection on the line bundle L ;

so df; is its curvature. O

Proposition 10.11 The pushforward ®,(w" /N) atn € t* is equal to the symplectic
volume of M, multiplied by vol(T).

Proof For a smooth function f ont,

o o
[ ocprm=[  Sr@m

_ / (exp ) £ (®(m)).
M

Choose f supported on the neighbourhood U € t*. Then the integral becomes

/ exp (m*w, —d(n —n°,0)) f(n)
(p.me®d=' (1) xU

= / exp(m*w,) exp (—(dn, 0) — (n — n°, dO)) f ().
(p.med~1(n%)xtx

The measure on t* comes fromdn; A ... Adn,indm A ... Adn, ANOy A ... N6,
We get this by expanding exp {—(dn, 8)} . We evaluate the integral over ®~' (%) x

{n}, to get
O A ... A By exp(Tw,p) exp (—(n -, d9)

= vol(M,)vol(T).

(since vol(T) = fT 01 A ... A6,.) The remaining integral is over n € t*, so it is
fnet* vol(M,)vol(T)g(n) so

vol,(M) = / @, (0" /NY) = vol(T) vol, (M,).
i

net*

This follows by applying the definition of pushforward to g : t* — R given by
gx)=1. [l

Corollary 10.12 If M?" is a toric manifold (acted on effectively by U(1)V), then
its symplectic volume is equal to the Euclidean volume of its Newton polytope (the
image of the moment map for the torus action).

The proof uses the fact that for a toric manifold, the symplectic quotient at 7 is a
point if 7 is in the image of the moment map, and it is empty otherwise. Notice that
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the pushforward Q*(%) of the Liouville measure is supported on the (compact)
polytope ® (M), but it encodes more information about M than just the polytope.

Proposition 10.13 The n-form CD*(“’FN!) is a polynomial of degree < N on sufficiently
small neighbourhoods of regular values of ®.

Proof This result follows immediately from Theorem 10.10. We learn from this
theorem that @, (“’VN!) is polynomial on any connected component of the set of regular
values of @, and it and its derivatives may have discontinuities on the hyperplanes
(walls) consisting of critical values of ®. O

Example 10.14 Consider the adjoint action of the maximal torus 7 on the adjoint
orbit of an element in su(3). (See, for example, the book [2] by Guillemin, Lerman
and Sternberg.) The measure <I>*(‘”TN!) is Euclidean measure multiplied by a piecewise
linear function characterized by

1. dh("’%) = 0 on the boundary of ®(0,)

2. On the region adjacent to the boundary, CD*(“’FA;) is proportional to the Euclidean
distance to the boundary.

3. D, ( ‘%) is constant on the interior triangle (the component of the complement of
the walls containing the centre of the hexagon).

Remarks on torus actions
Proposition 10.15 The orbits of a Hamiltonian torus action are isotropic.
Proof w(X!,Y?)=0forany X,Y €t. O

Corollary If M2V is a toric manifold (acted on by T = U (1)), then
M3 B

has the property that ®~'(b) is a Lagrangian submanifold for any regular value b of
®. In other words, the map ®~! (Int(B)) — B is a fibration with Lagrangian fibres
isomorphic to U(1)".

This is a special case of the Liouville—-Arnol’d theorem. See, for example, the book
[4] by Arnol’d.

10.4 Computation of Pushforward of Liouville Measure on

a Symplectic Vector Space

Recall that V = CV is a symplectic vector space acted on linearly by a torus T'; in
other words,
V=05Cs
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where Cg is acted on by
pp = exp(2mif) € Hom(T, U(1))

for
B e AV =Hom(A!,Z) C t*.

Here A’ denotes the integer lattice (the kernel of the exponential map), and A"
denotes the weight lattice (defined here). We saw that the moment map was

1 2

i .
w = Egdzj /\de = ;dxj /\dy]

Denote the moment map for the linear action by

Lemma 10.16 The pushforward of Liouville measure under the moment map ® is

WV
(D*(m)(f) = Hz&)dn A -+~ Ndity

where this function is defined by
N
Hy(&) = vol{(s1,....sy) € ROV 1 £ == "5;8)).
j=1

Here, the number of equations is £ (the dimension of T ) and the number of unknowns
is N. The function Hg is piecewise polynomial of degree N — £. The pushforward of
Lebesgue measure on RN under the moment map ® is the function H 5(&) multiplied
by Euclidean measure on R,

Let & € t* and suppose that L : CN — t* is the map

L(st,...,sn) = Zs.iﬂj'
J

For toric manifolds (N = ¢), Hp is the characteristic function of the image of the
moment map of the torus action (also called the Newton polytope).

Inthecase C - R,z — %|z|2, onV,(dx A dy) = 2mds when s is the coordinate
on R. This is because dxdy = rdrd6 = %d(rz)de. So

/f(%rz)%d(rz)de =2nff(r2)d(%r2)
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)
W, (dxdy) = 2nds.
So
O =Lo(¥y,...,¥y)
where
\IJj N (C — R+
is
W) = 2leP
j Z - 2 Z .
So

O, (0" /N = L, (2m)Nds; A ...dsy).

It is easy to check that
L.(dsi A...dsy)(E) =

N
vol | (s1,...,8n) € (R+)N (= —ZSJ',B]'
j=1

Let us define a differential operator on t* by

0 0

Dg =Bi(—, -, —
A TR

).

Then
N
[ 08, Hs = 5©)

j=1

so Hj is the fundamental solution of a differential equation with support on the cone
—Cp. A good reference for this material is the book [2] by Guillemin, Lerman and
Sternberg.

Let M be a symplectic manifold equipped with the Hamiltonian action of a group
G. As described in the previous chapter, the equivariant 2-form @ € Q% (M) defined
by

o(X) = v+ (u, X)

satisfies Dw = 0 and thus defines an element [w] € Hé (M).

Theorem 10.17 (Duistermaat—Heckman theorem, version II) Suppose M is a sym-
plectic manifold of dimension 2n equipped with the Hamiltonian action of a torus
T. Then for generic X € t, in the notation of Theorem 9.50, we have
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iw

- iw)" . ) e
/ e® = ( ) ez//,(m)(X) — Z ez;/,(F)(X)/ )
M er(X)

m o nt FeF F
Proof Apply the abelian localization theorem (Theorem 9.50) to the class
exp(io) € Hi(M).

(For each component F of the fixed point set of T, the value of w(F) is a constant.)
O

10.5 Stationary Phase Approximation

An alternative approach to this version of the Duistermaat—-Heckman theorem
(“exactness of the stationary phase approximation”) is sketched as follows. Assume
for simplicity that 7 = U (1) and that the components F of the fixed point set are
isolated points. By the equivariant version of the Darboux—Weinstein theorem [5],
we may assume the existence of Darboux coordinates (xi, yi, ..., Xu, y,) On a coor-
dinate patch Up about F, for which

mi
O V1 X ) = (F) = )0 2005+ 5.
J
Thus the oscillatory integral over U tends (if we may replace Ur by R?") to

/ @t mX — / i"dx\dy . ..dx,dy,e" X e Xjmiaiyp/2, (10.1)
meM R

Here X is a real parameter. The integral over R?" is given by a standard Gaussian

integral:
) ) 27 )" in(FyX
/ poginx = G _ g, (x)
R2 (]_[j m;)X"

The lemma of stationary phase ([3], Sect.33) asserts that the oscillatory integral
[ ey €€ ™% over M has an asymptotic expansion as X — oo given by

/ eia)eill-(in)x — ZSF(X)(I 4 O(I/X)) 4 O(X—OO)
meM

FeF

The first version of the Duistermaat—-Heckman theorem (Theorem 10.17) may thus
be reformulated as the assertion that the stationary phase approximation is exact
(in other words, the leading order term in the asymptotic expansion gives the exact
answer for any value of the parameter X).
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10.6 The Kirwan Map

Suppose M is a compact symplectic manifold equipped with a Hamiltonian action
of a compact Lie group G. Suppose 0 is a regular value of the moment map w. There
is a natural map « : H’; (M) — H*(Myq) defined by

k2 Hg(M) — Hg(Zo) = H* (Mieq)
where Zy := ' (0). This map is obviously a ring homomorphism.

Theorem 10.18 (Kirwan) The map « is surjective.

The proof of this theorem ([6], Sects. 5.4 and 8.10; see also Sect. 6 of [7]) uses the
Morse theory of the “Yang-Mills function” |u|?> : M — R to define an equivariant
stratification of M by strata Sg which flow under the gradient flow of —|p)? to a
critical set Cg of |u|*. One shows that the function ||? is equivariantly perfect, in
other words, that the Thom—Gysin (long) exact sequence in equivariant cohomology
decomposes into short exact sequences, so that one may build up the cohomology as

HE(M) = HE (' (0) & €D HE (Sp).
BF#0

Here, the stratification by Sg has a partial order >; thus one may define an open
dense set Ug = M — U,,.4S, of all points that flow into Sg. This includes the open
dense stratum S, of points that flow into 1~ (0). Note that the stratum Sy retracts
onto £~ (0)). The equivariant Thom-Gysin sequence is

> Hy P (Sp) B HY(Up) — HEWUs\ Sp) — ... .

To show that the Thom—Gysin sequence splits into short exact sequences, it suffices
to know that the maps (ig), are injective. The map i; (ig)« is multiplication by the
equivariant Euler class eg of the normal bundle to Sg. (See, for example, Chap. 9.)
Injectivity follows because this equivariant Euler class is not a zero divisor (see [6],
Theorem 5.4 for the proof).

Atiyah and Bott [8] use a similar argument in an infinite-dimensional context
to define a stratification of the infinite-dimensional space of all connections on a
compact orientable 2-manifold X, using the Yang—Mills functional fa | F4|? (which
is equivariant with respect to the action of the gauge group). This stratification is
used to compute the dimensions of the cohomology groups of the spaces of gauge
equivalence classes of flat connections.
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10.7 Nonabelian Localization

Witten in [9] gave a result (the nonabelian localization principle) that related inter-
section pairings on the symplectic quotient M,.q of a (compact) manifold M to data
on M itself. Since k : H}; (M) — H*(Myyq) is a surjective ring homomorphism, all
intersection pairings are given in the form f Moy K (n) for some n € Hi(M).

In the paper [9], Witten regards the equivariant cohomology parameter X € g as
an integration variable and seeks to compute the asymptotics in € > 0 of

/ dXe IXI'/2 / n(X)el el X, (10.2)
Xeg M
He finds that the expression (10.2) has an asymptotic expansion as € — 0 of the form
/ e e ic(n) + 0 (p(e™ e F) (10.3)
Mred

where b is the smallest nonzero critical value of |w|?, p is a polynomial, and © is a
particular element of H*(M,q) (the image « (8) of the element 8 € H, & (M) specified
by B: X € g —|X|?/2). Recall « is the Kirwan map.

10.8 The Residue Formula

A related result is the residue formula, Theorem 8.1 of [10]. -,
We define the residue on meromorphic functions of the form “X—N when A # 0 (for
0< N e€Z)by

irX irX
Res(w) = Resxzow, A > 0;

=0, A <O.

More generally, the residue is specified by certain axioms (see [10], Proposition 8.11),
and may be defined as a sum of iterated multivariable residues Resx, =, ... Resx,=;,
for a suitably chosen basis of t yielding coordinates X1, ..., X; (see Proposition 3.2
in [11]).

Theorem 10.19 ([10], corrected as in [12])
Letn € H:(M) induce n° € H*(Meq). Then we have

/ Kk (n)e'® = noC%Res (Z)Z(X) Z H;(X)[dX]), (10.4)
Mred

Fef
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where ny is the order of the stabilizer in G of a generic element of u='(0), and the
constant CY is defined by

¢ (_ 1)s+n+

= W. (10.5)

We have introduced s = dim G and | = dim T'; here ny. = (s — [)/2 is the number
of positive roots." Also, F denotes the set of components of the fixed point set of T,
and if F is one of these components then the meromorphic function H}Z ont® Cis
defined by

H_;(X):emm(X)/ fpn(Xe™ (10.6)

r er(X)

and the polynomial D : t — R is defined by D(X) = ]_[y>0 y(X), where y runs
over the positive roots of G.

The main ingredients in the proof of Theorem 10.19 are the normal form theorem
(see Sect. 10.2) and the abelian localization theorem (Theorem 9.50). We outline a
proof as follows. First (following Martin [13]), we may reduce to symplectic quotients
by the action of the maximal torus 7'

Proposition 10.20 ([13]) We have

i@ 1 i@ (=D"™ i®
/ k(ne'”)y = — Kk (Dne'”) = / K(Dzne ).
w0)/G Wl J o1 Wl Juzoyr

Proof We need to prove the result only for torus actions. A sketch of the proof when
G =U(1) [14] follows: We write

n= D<d99_n X)

Suppose 0 is a regular value of p. Then p~!(R*) is a manifold with boundary
w=1(0) := Z,. One may show [10] that

One'® L
ReSX:O/ =/ k(ne'®). (10.7)
Zo X —do Zo/G

In the U(1) case the map k may be written as

on

_— 10.8
X —db ( )

Kk 1> Resxy—op«

"Here, the roots of G are the nonzero weights of its complexified adjoint action. We fix the
convention that weights B € t* satisfy g € Hom(A!, Z) rather than 8 € Hom(A!, 27 Z) (where
A = Ker(exp : t — T) is the integer lattice). This definition of roots differs by a factor of 27 from
the definition used in [10].
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(where p : Zg — Zy/ G is projection, so that the pushforward p, is integration over
the fibre of p). Applying the equivariant Stokes’ theorem to 1 ~! (R*) and then taking
the residue at X = 0, we find that

07,) P neiw
Resx_o / - Resy_ge ™) / —— =0, (10.9)
z,d0 — X F6T§)>O rer(X)

which is exactly the U (1) case of the residue formula.

Nonabelian localization has had two major applications thus far. The first is that
the residue formula has been used in [12] to give a proof of formulas for intersection
numbers on moduli spaces of vector bundles on Riemann surfaces. Some of the
background underlying these results is described in Chap. 12. The second is that
nonabelian localization underlies some proofs (see, e.g. [11, 15]) of a conjecture of
Guillemin and Sternberg [16] that “quantization commutes with reduction”: in other
words, that the G-invariant part of the quantization of a symplectic manifold equipped
with a Hamiltonian G action is isomorphic to the quantization of the reduced space
M..q. See Chap. 11 of this volume. For an expository account and references on
results about this conjecture of Guillemin and Sternberg, see the survey article by
Sjamaar [17].

10.9 The Residue Formula by Induction

Guillemin and Kalkman [18] and independently Martin [13] have given an alternative
version of the residue formula which uses the one-variable proof inductively.

Theorem 10.21 (Guillemin—Kalkman; Martin) Suppose M is a symplectic manifold
acted on by a torus T in a Hamiltonian fashion, and n € H}j(M). Then

/
Kk(n) = / ki (Res;n).
/Mred Xl: (Mi)rea

Here, M; is the fixed point set of a one-parameter subgroup T; of T (so that i (M;)
are critical values of jut): it is a symplectic manifold equipped with a Hamiltonian
action of T | T; and with the natural map «; : H}k/r,- (M;) = H*((M;)eq) (the Kirwan
map for the action of the group T/T;). The map Res; : Hf (M) — H;/T/_(M,-) is
defined by

Res;n = Resy,=o (i}, n) (10.10)

where iy, is the inclusion map,
i}%n € H}k(M,) = H}k/Ti(Mi) ® H;

and X; € t} is a basis element for t.
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The sum in Theorem 10.21 is over those 7; and M; for which a (generic) ray in t*
from O to the complement of wr (M) intersects wr(M;). Different components M;
and groups T; will contribute depending on the choice of the ray.
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Chapter 11 ®)
Geometric Quantization Gouck ko

This chapter describes geometric quantization. The motivation for this mathematical
is to mimic quantum mechanics, where a manifold (the “classical phase space”,
parametrizing position and momentum) is replaced by a vector space with an inner
product; in other words, a Hilbert space (the “space of wave functions”). Functions
on the manifold (“observables”) are replaced by endomorphisms of the vector space.

In short, geometric quantization replaces a symplectic manifold (the classical
phase space) by a vector space with inner product (the physical Hilbert space).

If the symplectic manifold has dimension 7, the quantization H should consist
of “functions of half the variables.” A prototype is M = R? with coordinates g
(position) and p (momentum).

One way to do this is to let { be holomorphic functions in p + ig (this is called a
complex polarization). Alternatively, [1] we could use a real polarization (a map  to
amanifold of half the dimension, with fibres of Lagrangian submanifolds) and define
HH to be functions’ covariant constant along the fibres of the polarization (in the R?
example, an example would be functions of p or of g). Geometric quantization with
areal polarization gives a basis consisting of sections of the prequantum line bundle
covariant constant along the fibres.

The layout of the chapter is as follows. In Sect. 11.1, we describe holomorphic
line bundles over a complex manifold. In Sect. 11.2, we describe the geometric quan-
tization of CP'. In Sect. 11.3, we give a link to representation theorem. In Sect. 11.4,
we describe the Bott—-Borel-Weil theorem. Finally in Sect. 11.5, we outline the rep-
resentation theory of SU (2).
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11.1 Holomorphic Line Bundle over a Complex Manifold

Definition 11.1 A complex line bundle over a smooth manifold M is specified by
an open cover {U,} on M and transition functions gus : Uy, N Ug — C*. The line
bundle is defined as

L=U,U, xC/~
where (x, zo) ~ (x, zp) if Z4 = gap(x)zp.

Definition 11.2 Suppose M is a complex manifold. The line bundle is holomorphic
if the transition functions g, are holomorphic.

Suppose the complex structure is compatible with the symplectic structure:
o(JX,JY)=wlX,Y)

for X, Y € T, M and J the corresponding almost complex structure. We assume that
the almost complex structure J is integrable (in other words, it comes from a complex
manifold, as in Remark 1.15 of Chap. 1. In this situation, the manifold is called a
Kdihler manifold.

Definition 11.3 A section s of L is a collection of maps s, : U, — C satisfying
Sa(2) = 8ap(2)sp(2) for z € Uy N Upg. This is well defined, since %gaﬂ =0soon

U, N Ug, %sa = 0 if and only if %sﬁ = 0. We will denote the sections of L by
I'(L). '

Definition 11.4 The complex tangent space and cotangent space are defined as fol-
lows:
TeM=TM®C

ICM=T"M®C
In local complex coordinates z;, a basis for T*M is {dz;,dz;}, j =1, ..., n.

Definition 11.5 The holomorphic and antiholomorphic cotangent spaces of a com-
plex manifold M are denoted by

M = (1" "M & (17" M
=(THM & (T M

where in local complex coordinates (T*)'M is spanned by {dz;} and (T*YM is
spanned by {dz;}.

Definition 11.6 (3-operator on functions on M) Choose local complex coordinates
Z1, ..., 2, On the U, and define
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11.1 Holomorphic Line Bundle over a Complex Manifold 105

9:C>®WU,) — QU
_ Y
af =Y —dz;
f Z;&j“

Remark 11.7 We note that the definition of 9 is independent of the choice of complex
coordinates—on the other hand, the quantization depends on the choice of complex
structure or almost complex structure. If M has an almost complex structure that is
not integrable, the definition of the quantization can be generalized using Dolbeault
operators. See for example [2].

Definition 11.8 (8 operator on sections of L on M) Suppose L is a holomorphic
line bundle over M. Given a sections : M — L, s = {s,}, define

ds eT(TH'M QL)

by
0s = 05y

on U,.
This is well defined since dgys = 0.

Proposition 11.9 Specifying a structure of holomorphic line bundle on a complex
line bundle L is equivalent to specifying operators 9 : I'(L) — QY (M, L) and
9: Q% (M, L) - Q2(M, L) satisfying d o d = 0.

Proof We have seen that a holomorphic line bundle determines a @ operator. Con-
versely, given a complex line bundle L with 3, we can choose an open cover {U,}
with locally defined solutions s, € I'(L|y,) to dsq = 0,and s, (x) # Oforallx € U,.
Define transition functions gep : Uy N Ug — C* by

-1
8ap = SaSg -

Hence, 3 8up = 050 gup gives L the structure of a holomorphic line bundle. (]

Definition 11.10 A prequantum line bundle with connection is a complex line bun-
dle L — M equipped with a connection 8 whose curvature is equal to the symplectic
form.

Proposition 11.11 Let (L, V) be a prequantum line bundle over M. Suppose M
is equipped with a complex structure J compatible with w (in other words, on M
there are locally defined complex coordinates {z}). ThenV : T'(L) — I'(T*M ® L)
decomposes as

V=vVeoV
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where
V:I(L) > T(TYM QL)

and
V' :[(L)>TW((TH'MQL).

Note that V' and V" depend on the almost complex structure J on M.

Proposition 11.12 We may define a structure of holomorphic line bundle on L by
defining V' as a 3 operator: a section s of L is defined to be holomorphic if

"

Vs =0.

Definition 11.13 The quantization of the symplectic manifold (M, w) equipped with
the prequantum line bundle L with connection V and complex structure J is

H=H"M,L),

in other words the global holomorphic sections of L.

As noted in Remark 11.7, the quantization can be defined even if M is equipped
with a complex structure which is not integrable.

Remark 11.14 If M is compact, the vector space H is a finite-dimensional complex
vector space.

11.2 Quantization of CP! = §2

The two-sphere is

cr' = {(Zo,Zl) e C*\ {(0, 0)}}/“'

= {[zo0 : 1]}

(using the standard notation for projective spaces, where (z, z1) ~ (Azg, Az;1) for
A € C with A # 0). The hyperplane line bundle over CP! is defined in [3], Chapter

0. The fibre above [z : z;] in this bundle is L;,.;,; = [f H{A(zo, 1)} — C}, (in

other words, linear functions on the line {(Azg, Az1)} where A € C and z( and z; are
constant). Such f satisfy
Az, Az1) = Af (20, 21)

The dual of the hyperplane line bundle is the tautological line bundle, for which the
fibre above [zg : z1] is
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Liyen = {{()»Zo, Az} A€ (C}.

This is the collection of complex lines through the point (zg, z;) € C2. The kth power
of the hyperplane line bundle is

LEyon = £ 1 1020220} = € fGuzo, hzn) = 2 f 2o, 20}

in other words, f is a polynomial of degree k on the line through (z¢, z;) € C? \ {0}.
Its zeroth power is the trivial bundle L° = CP' x C.

11.2.1 Global Holomorphic Sections

The space H°(L) is spanned by the restrictions to C? \ {0} of the linear functions on
C2. This is a complex vector space of dimension 2. The space H°(L¥) is spanned by
the restrictions to C? \ {0} of the polynomials of degree k on C2:

k
foz) =Y a;zhay . (11.1)

j=0

This is a complex vector space of dimension k + 1.

11.3 Link to Representation Theory

Suppose a (compact) group G acts on M (from the left), preserving the complex
structure J as well as the symplectic structure (in other words, for each g € G,
L, : M — M is a holomorphic diffeomorphism).

Suppose the G action lifts to an action on the total space L of a prequantum line
bundle which preserves the connection V, and that this action is linear in the fibres:
in other words,

Ly i (m) — ' (gm) (11.2)

is a linear map.

Proposition 11.15 In this situation, the G action on M defines an action of G on
HO(L) (from the right).

Define (s - g)(m) = s(g(m)), in other words s - g = 5 o L. Thus, since L, is a
holomorphic diffeomorphism, the composition s o L is a holomorphic section.

Proposition 11.16 The action of G on the space of holomorphic sections is linear.
Thus H is a linear representation of G.
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Proof 1f 51 and s, are holomorphic sections of L, then (s; + s2) - g =51 -8+ 52 - &.
This follows from the linearity of the action of g on fibres of the prequantum line
bundle. (]

Remark 11.17 We shall often use a conjugation-invariant inner product on g (such as
the Killing form) and its restriction to t to identify t with t*. Thus, a weight . € AW
will sometimes be viewed as an element of t, although strictly speaking A" C t*.

Proposition 11.18 Let M be a symplectic manifold acted on by T, and suppose w
is an integral symplectic form. Then the weights B € t* of the representation of T on
H lie in the moment polytope ©7 (M) C t*. These will in general appear with some
multiplicities mg. We decompose the holomorphic sections of the prequantum line
bundle as a direct sum of weights with multiplicities. In other words, we have

H = @55Awm,f;(Cﬂ

formg € ZT; in other words, the direct sum of mg copies of the representation Cg,
which is a copy of C acted on by the representation .

Proof This result is given by the Kostant multiplicity formula [4] and its general-
izations due to Guillemin, Lerman and Sternberg [5]. As described in this book, we
have

1. For toric manifolds, a weight appears with multiplicity 1 if and only if it is in
® (M) (and 0 otherwise).

2. The multiplicity function m : A — Z=" is related to the pushforward ®,%;.
The pushforward is obtained from the asymptotics of the multiplicity function

under replacing @ by kw, k € Z*. This operation dilates the moment polytope
by k. (]

11.4 Holomorphic Bundles over G/T': The
Bott—Borel-Weil Theorem

Theorem 11.19 (Kostant [4]) Suppose A € t*. The symplectic form w on the coad-
joint orbit O is integral if and only if . € AW C t*.

The Kirillov—Kostant—Souriau (or KKS) symplectic structure is
oA, X1, [A, YD = @, [X, Y]
where X, Y € g and A € t. (All elements of the tangent space at A are of the form

[A, X].) The group G acts transitively on the orbit, so we may assume A € t without
loss of generality.
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Let J be the almost complex structure on the orbit.

On a chart identified with a subset of the direct sum of the root spaces, each root
space is identified with a copy of C and J acts by multiplication by i. We need to
check that

o(JIA X1, JIA YD) = oA, X1, [A, Y]).

This is obvious because after this identification, J is simply multiplied by i.

Let A € A" be a weight for which Stab(1) = T. We may define a complex line
bundle L; over G/T = O;, as follows. Define

0, € Hom(T, U(1))

by
o1 (exp(X)) = exp(AL(X))

for X € tand X\ as above. We define
L)L =G XT,px C

= (G x C)/~ where
(g.2) ~ (gt p(1)2)

for t € T. Sections of L, are given by T-equivariant maps f : G — C; in other
words, maps of the form

{f:G—Clf(gt™) = p() f(®)}

The action of G on the space of sections is

(8- )hT) = f(ghT).

Theorem 11.20 We have the following identification of homogeneous spaces: G| T =
G®/B. Here G© is the complexification of G (whose Lie algebra is the tensor product
g ® C) and B (the Borel subgroup) is a complex Lie group defined by

Lie(B) = (Lie(T) ® C) @ @ Cy.
y>0

in other words, the Lie algebra of B is the direct sum of the positive root spaces
and the complexification of the maximal torus. Recall that Lie(G) ® C decomposes
under the adjoint action of T as

LieM oC)oPC, e PC.,.

y>0 y>0
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Proof See, for example, Berline—Getzler—Vergne [6]. (I

Here are some examples of complexifications of Lie groups:
SUm® = SL(n,C)
vt =c*
Un)* =GL(n,C)
Correspondingly, here are some examples of Borel subgroups. If
G=Um),

its complexification is
G =GL(»n,C).

The corresponding Borel subgroup B is the set of upper triangular matrices in
GL(n, C) (in other words, the set of n x n matrices with z;; = 0if i > j).

The groups G® and B have obvious complex structures. So, therefore, does G©/B.
This holomorphic structure is compatible with w, (it comes from the almost complex
structure J on Lie(G) ® C). The identity

o ([A, X1, [A, Y] =< A [X, Y] >

gives w; (JZ1, JZ») = w(Z1, Z,). Here, the almost complex structure J is defined
on T, (G/T) and is defined at T,.; (G/T) by identifying this with

T.(G/T) = &,-0C,.

This almost complex structure is integrable (in other words, it comes from a structure
of complex manifold on G/T). Thus, L, acquires the structure of a holomorphic
line bundle.

Lemma 11.21 There is a homomorphism p : B — T¢.
Proof The group B has a normal subgroup N¢ for which 7z = B/Nc. (]

In the case G = U (n), the subgroup N¢ consists of the upper triangular matrices
for which all entries on the diagonal take the value 1. In this case, the group Tt is
the set of invertible diagonal matrices and the map p is projection on the diagonal.

Hence, p, = exp(A) : T — U(1) extends to p, : Tc — C* and to p; : B — C*
via p, = p, o p. Thus, we can define

L)L:G([j XB”D(C
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={(g,2)}/~

where (g, z) ~ (gb™', p,(b)z) forall b € B.
The space of holomorphic sections of L is

H°(0;,L;) ={f : G — C: f is holomorphic, f(gb™") = pr(b) f (g)}

forall g € GCand b € B.

Theorem 11.22 (Borel-Weil-Bott [7, 8]) IfA € AV is in the positive Weyl chamber;
then H%(O,,, L;) is the irreducible representation of G with highest weight ).

11.5 Representations of SU (2)

We recall from (11.1) that the representations of SU(2) arise by quantizing S*:

H°(M, L) = {ayzo + a121}

k
HOM, L") =) a;zzy )
Jj=0

The element
T :=diag(t, 1) € SUQ2)

acts on C? by sending

i i
Sozy ‘7] >tz 7.

There are k + 1 weights in total, each appearing with multiplicity 1.
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Chapter 12 ®)
Flat Connections on 2-Manifolds Geda

In this chapter, we aim to provide a survey on the subject of representations of
fundamental groups of 2-manifolds, or in other guises flat connections on orientable
2-manifolds or moduli spaces parametrizing holomorphic vector bundles on Riemann
surfaces.

The layout of this chapter is as follows. In Sect. 12.1, we describe background
material. In Sect. 12.2, we provide a description of representations of the fundamen-
tal group of an orientable 2-manifold into the circle group U (1). In Sect. 12.3, we
describe the general case. Section. 12.4 describes Witten’s formulas for the coho-
mology of these representation spaces. A sketch of the proof is given in Sect. 12.5.
Sections 12.3 and 12.4 describe the topology of the spaces treated in Sects. 12.1 and
12.2, and may require more background in algebraic topology (for instance, familiar-
ity with homology theory). Section 12.6 describes a particular class of Hamiltonian
flows on spaces of representations. Finally, we describe geometric quantization of
these spaces. The Verlinde formula gives the dimension of the quantization, and it
will be outlined in Sect. 12.7.

12.1 Background Material

Let ¥ be a compact two-dimensional orientable manifold. Unless otherwise speci-
fied, the dimension refers to the dimension as a real manifold. The space ¥ can be
described in different ways depending on how much structure we choose to specify.

1. Suppose first that we want only to specify the topological structure of the 2-
manifold. These spaces are classified by their fundamental groups (in other words,
by the genus r, for which the Euler characteristic of the space is 2 — 2r):
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7 =m(X) = (ay, by, ... a5, b, : ]_[ajbja;lb;l =1).
j=1

The a;, b; provide a basis of the first cohomology H '(X), chosen so that their
intersection numbers are
aj N bj =1

and all other intersections are zero.

2. Orientable surfaces may be endowed with structures of smooth orientable mani-
folds of dimension 2, and all smooth structures on a compact orientable 2-manifold
of genus r are equivalent up to diffeomorphism.

3. Orientable 2-manifold may be endowed with additional structure, since they may
be given a structure of complex manifold or Riemann surface (a Riemann surface
is a complex manifold of complex dimension 1). It turns out that although there
is only one class of smooth manifold corresponding to a surface of a given genus,
there is a family of inequivalent ways of endowing such a surface with the structure
of a complex manifold.

Correspondingly, there are three ways of describing the spaces we want to study,
which turn out to be equivalent:

1. representations of the fundamental group into a Lie group, up to conjugation,
2. flat connections on X, up to the action of the gauge group, and
3. isomorphism classes of holomorphic bundles over X.

12.2 Cohomology of U (1) Spaces

In this subsection, we describe the setup from the previous section in the simplest
case, where the Lie group is the circle group U(1).

Let G = U(1). A connection A is simply a 1-form Ziz:l A;dx' on X. The holon-
omy of A around a cycle y (¢) in X is

27 2 j
dy’

exp i/ E Aj(y(@®)——dr ],
0 = dt

since the parallel transport x (-) satisfies the equation

dx _ A
T LA(y (£)x(2).

The solution to this equation is obtained by exponentiating the line integral of A
along y:
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y (@) dy
x(t) = exp (lf A(—/)dt’) )
yoy dt

The connection A is flat if and only if dA = 0 in terms of the exterior differential
d, which sends p-forms to (p + 1)-forms. The connection resulting from the action
of an infinitesimal gauge transformation ¢ (where ¢ is a R-valued function on %) is
the 1-form d¢.

The space of gauge equivalence classes of flat connections is isomorphic to
H'(X,R)/Z* . In this case, the correspondence between flat connections and rep-
resentations has an easy proof using Stokes’ theorem: the parallel transport of a flat
U (1) connection around a closed loop is independent of deformations of the loop,
so parallel transport gives a map from the space of flat U (1) connections to the
representations of the fundamental group.

We have

Ana/ expLie(G)

— RZr

Not all gauge transformations are in the image of the Lie algebra of the group of
gauge transformations under the exponential map. To account for the action of those
gauge transformations that are not in image of the Lie algebra, we must divide by an
additional Z*", which represents those gauge transformations which are not in the
image of the Lie algebra under the exponential map.

Ar/G =RY )77 = (U1))>. (12.1)

Thus, the cohomology of the space U (1)? has 2r generators d6;, i = 1,...,2r
and the only relations are that

do; Ad6; = —dO; Adb;, i, j=1,...2r (12.2)

12.3 Cohomology: The General Case

In this section, we describe the generators of the cohomology ring of representations
of the fundamental group.

We describe the procedure to find analogous generators and relations for the case
of M when G is a nonabelian group such as U (n) or SU (n).

Here, the generators of the cohomology ring are obtained as follows.

1. There is a vector bundle U (the “universal bundle”) over M x X. The bundle
U has a structure of holomorphic bundle over M x X, such that its restric-
tion to {x} x ¥ for any point x € M is the holomorphic vector bundle over X
parametrized by the point x.
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2. Take a connection A on U and decompose polynomials in its curvature F, (for
example, Trace(F)) into the product of closed forms on X and closed forms on
M.

3. Integrate these forms over cycles in X (a point or 0-cycle, the 1-cycles a@; and b;,
or the 2-cycle given by the entire 2-manifold X) to produce closed forms on M,
which represent the generators of the cohomology ring of M.

4. These classes generate the cohomology of M under addition and multiplication.

For G = SU (n), if n and d are relatively prime, define the space M (n, d) as the
space of representations of the fundamental group of X into SU (n) (up to the action
of G by conjugation) which send the product of commutators to e>*'¢/" times the
identity matrix.

One important cohomology class is the cohomology class of the symplectic form
on M. This cohomology class is often denoted by f and is the class obtained by
taking the slant product of c¢;(U) with the fundamental class [X] of X. Another
important family of classes is that obtained by evaluating the classes on M x X ata
point in X.

12.3.1 The Case M(2,1)

For the space M (2, 1), the class obtained by evaluating ¢, (/) ata point in X is often
denoted a € H>(M (2, 1)). This class is frequently chosen as the normalization of
the cohomology class of the symplectic form on M (2, 1). Newstead [1] describes
the generators of this cohomology ring. The relations between these generators were
established by Thaddeus [2].

12.4 Witten’s Formulas

Witten [3, 4] discovered formulas for intersection numbers in the cohomology of
these spaces M (n, d). In particular, he obtained formulas for their symplectic vol-
umes.

Let G = SU(2) and set n = 2 and d = 1. In this case, these formulas are given
by Donaldson [5] and Thaddeus [2]. The cohomology is generated by the gener-
ators a € HY(M(2, 1)), f € H*(M(2,1)) and b; € H3(M(2,1)),j =1,...,2r.
The structure of the cohomology ring is then determined by the relations between
these generators. Since the cohomology of a compact manifold satisfies Poincaré
duality, these relations are determined by the intersection numbers of all monomials
in the generators.

Donaldson and Thaddeus showed one may eliminate the odd degree generators
b; (see [2]), so the structure of the cohomology ring can be reduced to knowing
the intersection numbers of all powers of the two even degree generators a and f
described above.
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/ alexp f
M@,

—1)/ X (—1)nt]
= _( )_ — ( _)_ - (12.3)
or 27-[2(}" 1—j) 1 an 2-2j

(=1’

= 55 - 2232y 2r — 2 = 2j).

Here we have used the notation

=¥ L

m=>0

and we use the fact that | Moo= 0 (where the integral denotes evaluation on
the fundamental class) unless the degree of o equals the dimension of the space of
conjugacy classes of representations. The ¢ (n) denotes the Riemann zeta function.

We note that the formulas for intersection numbers can be written in terms of a
sum over irreducible representations of G: this is the form in which these formulas
appeared in Witten’s work.

Example 12.1 The symplectic volume of the space M of gauge equivalence classes
of flat G connections is given by the “Witten zeta function™:

1
/M exp(f) ~ XR: @m R (12.4)

where we sum over irreducible representations R of G. In the preceding formula and
the next two formulas, the symbol ~ means that the left-hand side is proportional to
the right-hand side by a known proportionality constant. For the details, see [4]. In
the special case of SU (2), we have

1
/M exp(f) ~ Z = (12.5)

and

[ ewtn~y O (12.6)
MQ1 p n2r—2 :

n

where we sum over the irreducible representations of SU (2), which are parametrized
by their dimensions #. In this case, the Witten zeta function reduces to the Riemann
zeta function.
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Witten [3] expressed the symplectic volume of the moduli space in terms of
Reidemeister—Ray—Singer torsion and gave a mathematically rigorous argument cal-
culating it.

12.5 Mathematical Proof of Witten’s Formulas

In this section, we give a very brief outline of the ingredients in the proof of Witten’s
formulas [6] for intersection numbers for the spaces M (n, d).
The space M is a symplectic quotient

©n(0)/G,

where p is the moment map (a collection of Hamiltonian functions whose Hamilto-
nian flows generate the action of a group G on a symplectic manifold M):

The space M may be constructed as an infinite-dimensional symplectic quotient
of the space of all connections A by the gauge group G: the moment map p : A —
Lie(G)* of a connection A is its curvature u(A) = F4 € Q2(Z, g) = QU(X, g)*
(and Q°(Z, g) is the Lie algebra of the gauge group). Hence, the space M may be
identified with 1 =1(0)/G.

The space M may also be constructed as a finite-dimensional symplectic quotient
of a (finite-dimensional) space of flat connections on a punctured Riemann surface,
by the action of the finite-dimensional group G. This may involve an extended moduli
space [7] or the quotient of a space with a group-valued moment map [8].

We use formulas [6] for intersection numbers in a symplectic quotient; in terms of
the restriction to the fixed points of the action of a maximal commutative subgroup
of G (for G = U (n) this subgroup is the diagonal matrices U (1)"). The answer is
given in terms of

1. the action of the maximal torus 7' on the normal bundle to the fixed point set to
the T action;

2. the values of the moment map on the fixed point set;

3. the restriction of the cohomology classes to the fixed point set.

Using these methods, we recover Witten’s formulas.

12.6 Hamiltonian Flows on the Space of Flat Connections
on 2-Manifolds

In this section, we describe a collection of Hamiltonian flows on the spaces of con-
jugacy classes of representations introduced above. These were found by Goldman
[9] and adapted by Jeffrey and Weitsman [10] to give Hamiltonian torus actions on
an open dense subset.

A good reference for this material is [9].
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Let S1, ..., S3,—3 be a collection of simple closed curves in a 2-manifold X of
genus g. Each curve induces a Hamiltonian flow on the moduli space. For any two
disjoint curves, the corresponding flows commute.

If the Hamiltonian Trace(6) is replaced by cos™!(Trace(6)/2), then the flows
become periodic with constant period (they become the Hamiltonian flows for a
Hamiltonian S! action).

12.7 Geometric Quantization of the SU(2) Moduli Space

A good reference for this section is [10].

We refer to the description of geometric quantization in the introduction to
Chap. 11. The choice of 3g — 3 disjoint circles in a 2-manifold (in other words a
pants decomposition) specifies a real polarization on M.

The map sending a flat connection A to the angle 6; for which the holonomy of
A around C; is conjugate to

ei@ i 0
o]

is the moment map for a Hamiltonian circle action on an open dense subset of A.

Goldman [9] studied the Hamiltonian flows of the functions A > Trace(Holc; A)
and found that these functions Poisson commute provided the curves S; are disjoint.

In terms of flat connections, the Hamiltonian flows are given as follows. Let A be
a flat connection on X. We assume a simple closed curve C C ¥ is chosen.

Assume the holonomy of A around C is in a chosen maximal torus 7 (say the
diagonal matrices in SU (2)). It is always possible to apply a gauge transformation
to A so that this condition is satisfied.

Define X’ = ¥ \ C. This has two boundary components C, and C_.

Define e’/ (A) to be the result of applying a gauge transformation over ¥’ which is
the identity on C_ and the diagonal matrix with eigenvalues e on C. . The result
is a flat connection on X (because its values on C. and C_ are equal), but it is not
gauge equivalent to A (since the gauge transformation does not come from a gauge
transformation on X). This defines an S' action on (an open dense set of) the space
of gauge equivalence classes of flat connections on X.

The circle action is not well defined when the stabilizer of the holonomy of A
around C is larger than T, since in that case there is no canonical way to choose a
maximal torus containing this holonomy.

We equip the genus 2 surface with the following pants decomposition (Fig. 12.1):

The moment polytope for the Hamiltonian torus actions in the genus 2 case then
a tetrahedron.

The holonomies around C; are characterized by the inequalities

|6; —0;] <O <0, +0;
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Fig. 12.1 Pants decomposition of a genus 2 surface

ts

4

Fig. 12.2 The tetrahedron which is the image of the moment map in genus 2
6 +6;, +6, <2m

(where 0 < 6; < m).
This set of inequalities specifies a tetrahedron (Fig. 12.2).

jeffrey@math.toronto.edu



12.7 Geometric Quantization of the SU(2) Moduli Space 121

The Verlinde dimension is a formula for the space of holomorphic sections of £*
where £ is the prequantum line bundle. Drezet—Narasimhan [11] showed that all line
bundles are powers of the prequantum line bundle over M.

The Verlinde dimension formula is a formula for the dimension of the space of
holomorphic sections of £" where L is the prequantum line bundle over M. It is the
number of labellings /; of the curves C; by integers in [0, r] so that (”7[", ”71’, ”7“)
lies in the above tetrahedron whenever C;, C;, C; are boundary circles of a pair of
pants, and additionally

li+lj+lk €27

The Verlinde formula is stated, for example, in Bismut-Labourie [12] and Witten
[3]. These papers also give detailed references for the researchers who proved this
formula.

In [10], the authors proved that the Verlinde dimension is the sum of integer values
of the moment map for the circle actions.

Recall from toric geometry that the dimension of the space of holomorphic sec-
tions of £* is the number of integer points in the dilation of the moment polytope
(or Newton polytope) where the dilation factor is k. See for example [13].

This is an example of independence of polarization (since the dimension of the
space of holomorphic sections of a line bundle is computed using a complex polar-
ization, whereas the number of integer points in the moment polytope computes the
dimension using a real polarization).

To get the correct answer, the authors of [10] needed to include points on the
boundary of the moment polytope, where (strictly speaking) the Hamiltonian torus
actions are not defined.
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Appendix
Lie Groups

In this appendix, we collect together some standard facts about Lie groups which are
used throughout the book. They are mostly presented without proof, and we direct
the reader to Appendix B of [1] for more details.

Definition A.1 A Lie group is a group G which is also a smooth manifold, for
which multiplication m : G x G — G and inversion i : G — G are smooth maps.
The identity element is usually denoted e.

Here are some standard examples of Lie groups:

Example A.2 The unitary group U (1) with multiplication m(e’®, €/7) = ¢/°*+% and
inversion i (¢'?) = e,

Example A.3 The general linear group G L(n, R) with multiplication m(A, B);; =

>, AiB,; and inversion i (A) ;; = %AU’ where Aij is the determinant of the

matrix obtained by striking out the ith row and jth column of A.

Example A.4 The complex general linear group GL(n, C) is exactly the same as
G L(n, R) with R replaced by C.

Example A.5 Thereal numbers R with multiplicationm (a, b) = a + b and inversion
i(a) = —a.

Definition A.6 A Lie subgroup of G is a regular submanifold which is also a sub-
group of G.

Lie subgroups are necessarily Lie groups, with their smooth structure as submanifolds
of G. The multiplication and inversion maps are automatically smooth. Lie subgroups
are necessarily closed (see [2], Theorem I11.6.18). Here are some examples of Lie
subgroups:
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124 Appendix: Lie Groups
Example A.7 1. The orthogonal group
O(n)={AeGLn,R): AAT =1}

is a Lie subgroup of GL(n, R).

2. The special orthogonal group SO(n) = {A € O(n) : det(A) = 1} is a Lie sub-
group of GL(n, R).

3. The unitary group U(n) = {A € GL(n,C) : AAT =1} is a Lie subgroup of
GL(n, C). Here A" is the conjugate of the transpose of A.

4. The special unitary group SU(n) = {A € U(n) : detA = 1} is a Lie subgroup
of GL(n, C).

Example A.8 Another example of a Lie group is the compact symplectic group,
Sp(n). The group is defined by

A —B
Sp(n) = {M(A, B) := [B i ]}
where A, B € End(C") and we insist that M (A, B) € U(2n). Equivalently

Sp(n) ={U € SUQ2n) : UJ = JU)

0o 1,
where J = |:_1n 0:|.

The above examples give the complete list of the classical Lie groups. Namely,
A,..SUmn+1),n>1
B,..S502n+1),n>2

C,..Spn),n>3
D, ..SOQ2n),n > 4.

The reason for the restriction on n is to avoid duplication: for low values of n many
of the groups are isomorphic, or at least their Lie algebras are. For example, SO (3)
has the same Lie algebra as SU (2). The classical Lie groups and a finite list of
“exceptional Lie groups”, namely, G», F4, Eg, E7, Eg, are the basic building blocks
for compact connected Lie groups.

We now look at some more facts about Lie groups.

Theorem A.9 If G| and G, are Lie groups and F : G| — G, is a smooth map
which is also a homomorphism, then Ker(F) is a closed regular submanifold which
is a Lie group of dimension dim(G) — rk(F).

Proof This is Theorem I11.6.14 of [2]. O

Example A.10 SL(n, R) is the kernel of det : GL(n, R) — R\ {0}.
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Definition A.11 A Lie subgroup H of a Lie group G is a subgroup (algebraically)
which is a submanifold and is a Lie group (with its smooth structure as an immersed
submanifold).

Recall that X C M is aregular submanifold if and only if thereisachart¢ : U — R™
for which ¢ (U N X) = ¢(U) NR".

Proposition A.12 A Lie subgroup that is a regular submanifold is closed. Con-
versely, a Lie subgroup that is closed is a regular submanifold.

Definition A.13 Let F be a diffeomorphism and X a vector field on N, while Y is
a vector field on M. Then X is F-related to Y if and only if F,(X,,) = Yrm) for all
meM.

Proposition A.14 The Lie brackets of F -related vector fields are F -related.

Proof Suppose F : N — M is a diffeomorphism and X is a vector field on N, while
Y isavector field on M. Suppose that X;, Y; are F-related, meaning that F, (X;) = Y.
We want to show that
F.([X1, X2]) = [Y1, Y2l
Forall g € C*(M),andx € N
(Yig)(F(x)) = (F)x(Xi)(g) = Xi(go F) (A1)

That is,
(Yig)oF = Xi(goF).

Now let f € C*(M) be arbitrary. Subbing into (A.1) Y; for ¥; and Y, f for g, we
obtain

Yi(Yaf) o F = Xy ((Y2f) o F).
Now apply (A.1) for g = f, ¥Y; = Y,. This gives

Yi(Yaf) o F = X{(X2(f o F)).

Likewise
Y1 f)oF = Xo(X1(f o F)).
Hence,
(Y1, 2lf) o F =[X, Xo](f o F)
so [Y], Y>]is F-related to [ X, X»]. O

Recall that for g € G themap L, : G — G, defined by L,(h) = g o h, is called
the left multiplication map. For Y € T,G define a vector field Y by Y, = (L,).Y.By
definition, we get
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Proposition A.15 The vector field Y is smooth and left invariant.

The vector field Y is called the left-invariant vector field corresponding to Y € T,G.

Proposition A.16 The bracket [X, Y] is left invariant.

Proof For any h € G, the vector field Y is L-related to itself by Proposition A.15.
By the naturality of the Lie bracket, it follows that [Y;, Y»] is also Lj-related to itself,
forany Y, Y, € T,G. O

We have shown that [Y}, Y>] = Z for some Z € T,G. Hence, there is a Lie bracket
operation [-, -] on T,G. The vector space T,G equipped with [, -] is called the Lie
algebra of G, denoted Lie(G) or g.

Proposition A.17 The tangent bundle T G of a Lie group G is trivial.

Proof We have a global basis of sections given by the left-invariant vector
fields. ]

Example A.18 The tangent bundle TS is trivial, since S* = SU(2).

Theorem A.19 Forall X € T,G, there is a unique smooth homomorphism ¢ : R —
G with 4| =X.

Proof Given X, we construct the corresponding left-invariant vector field X . Take the
integral curve ¢ : (—e, €) — G through e, with ¢ (0) = e. Extenditto¢ : R - G
by defining

¢@) =¢(e/2)0...9(e/2)p(r)

where there are k~copies of p(e/2),andt = k(e/2) +r.Thent > ¢(s) - ¢ (¢) is an
integral curve of X passing through ¢ (s) att = 0. We also have that ¢ (s + ¢) is such
an integral curve. Therefore, by uniqueness of integral curves

P +1)=¢(s) o).

Conversely if ¢ : R — G is a smooth homomorphism, and f : G — Ris smooth,
then d¢/dt is a tangent vector to G at ¢ (7). Recall

d h)) —
d_rf(f) A Gl Ul )2 flo®)

. f@®e ) — f(@@)

= hmh A

d
= I M:OfOth(t) o ¢ (u)
= (L)) 4 (fod)
= (Lg@))x du|,_, o (u
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= (Ly@)+«X(f)
= X(@@W)(f).

Thus ¢ is an integral curve of X. (]

Definition A.20 A one-parameter subgroup of G is a homomorphism ¢ : R — G.

‘We have thus shown that there is a bijective correspondence between Left-invariant
vector fields and one-parameter subgroups.

Given X € g, let ¢ be the unique smooth homomorphism with %(0) = X. Then
we define the exponential map as follows.

Definition A.21 With the above notation, we define exp : g — G by

exp(X) = ¢(1).

The map exp is called the exponential map.
Clearly
exp(f + 1) X = (expn X)(exp LX)

and
exp(—tX) = (exptX)~".

Proposition A.22 The map exp : g — G is smooth, and 0 is a regular value. Thus,
exp takes a neighbourhood of 0 € g diffeomorphically onto a neighbourhood of
eeG.

Proof Note that T(x 4)(g x G) = T,G & T,G. Define a vector field Y on g x G by
Yixo =0® X(a).
Then Y has a flow
a:Rx(T,G xG)—>T,G xG
which is smooth, since Y is smooth. Since exp(X) is the projection on G of (1,0 @
X), exp is smooth as it is the composition of smooth maps.

Given v € T,G, the curve ¢(¢t) = tv in T,G has tangent vector v at 0.
So

d
expy(v) = o exp(tv) = v.
0
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Hence
(dexp) |o=1d.

So exp is a diffeomorphism in a neighbourhood of 0.
Proposition A.23 Ify : G — H is a homomorphism, then

expy oY = ¥ o expg .
Proof If Yy : G — H,and X € T,G, thenlet ¢ : R — G be a homomorphism with

d¢
dt

= X.
=0

Then ¢ o ¢ : R — H is a homomorphism with

=0

d
7 Wed)

Hence

exp(¥ (X)) = ¥ o (1) = ¥ (exp X),
as desired. O

Proposition A.24 [f G = GL(n, R) then Lie(G) = M,,«,(R), the vector space of
n X n real matrices, and

Xl’l
exp(X) = Z — (A.2)

n>0

Proof We define a norm on Lie(G) by

|X| = suplsi,anlxij |'
Since |AB| < n|A||B], it follows that
k 1 k
|X*] = =(n|XD".
n
Hence, the series (A.2) converges absolutely. Also, the one-parameter subgroup of
G L(n, R) whose left-invariant vector field has the value X at e is exp(# X) since

ZIX

n>0

=id+1X + 0(t?),
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showing that
d

dt

lan
> =X

=0 >0 : U

Proposition A.25 I[fG = GL(n,R) and A, B € Lie(G) then
[A, B] = AB — BA.

Proof Arbitrary elements A, B € Lie(G) are of the form

a
A= Zaija,
i,j ’
a
B = Zb,-j%
L

where a;;, b;; are constants. Let A, B be the left-invariant vector fields corresponding
to A and B. Then, by definition of the Lie bracket on vector fields,
[A, Blf = A(Bf) — B(Af).

If x € GL(n, R), then

B(x);j = (xB);; = inrbrj

o)
ABf =Y Zaui
— dXke
i,j k.t
Z b 9 f + terms with 9 9
= air Oy e
- Tox;; dxge 0
Likewise

~ 0
BOAf) =) biarZ—Ff.
r ij

It follows that

—_—~—

[A, Bl = AB — BA. 0
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Proposition A.26 For matrix groups, if [X,Y] =0 then exp(X +Y) =exp X
expY.

Proof For matrix groups, using Eq. (A.2), we have that

X+1)
exp(X+Y)= Z(; 0
o0 m
=>> ! 'X’"*PL'YP
o o (M = P! p!
o0 oo
1 1
= (X)X ax)
k=0 k! ) £=0 o
=expXexpY 0
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