The mean number of 3-torsion elements in ray class groups of
quadratic fields

Ila Varma

September 28, 2017

Abstract

We determine the average number of 3-torsion elements in the ray class groups of fixed (integral)
conductor ¢ of quadratic fields ordered by absolute discriminant, generalizing Davenport and Heilbronn’s
theorem on class groups. A consequence of this result is that a positive proportion of such ray class
groups of quadratic fields have trivial 3-torsion subgroup whenever the conductor c is taken to be a
squarefree integer having very few prime factors none of which are congruent to 1 mod 3. Additionally,
we compute the second main term for the number of 3-torsion elements in ray class groups with fixed
conductor of quadratic fields ordered by discriminant.

1 Introduction

In 1971, Davenport-Heilbronn [8] determined that the mean number of 3-torsion elements in the class groups
of real (respectively, imaginary) quadratic fields ordered by absolute discriminant is 3 (resp., 2). In this
paper, we determine the average number of 3-torsion elements in ray class groups of fixed integral conductor

of quadratic fields ordered by their discriminant. More precisely, we prove the following theorem.

Theorem 1. Fiz a positive integer c, and let m denote the number of primes p | ¢ such that p =1 mod 3.

(a) The average size of the 3-torsion subgroups in the ray class groups of conductor ¢ of real quadratic
fields K ordered by discriminant is:
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(b) The average size of the 3-torsion subgroups in the ray class groups of conductor ¢ of imaginary quadratic
fields K ordered by discriminant is:
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Above, we denote by Cl3(K, ¢) the 3-torsion subgroup of the ray class group of conductor ¢ of a quadratic
field K. Thus, the case ¢ = 1 in Theorem [l| recovers Davenport-Heilbronn’s theorem on the average number
of 3-torsion elements in the class groups of real and imaginary quadratic fields [8, Theorem 3].

The Cohen-Lenstra heuristics [6], which conjecture asymptotics for the distribution of torsion in class
groups of quadratic fields ordered by discriminant, were inspired by the constants appearing in [8] as well
as computations. The analogous distributions for p-torsion subgroups in ray class groups of quadratic fields
can be predicted; for example, we expect that the average size of p-torsion subgroups in the ray class groups
of conductor ¢ coprime to p of real quadratic fields ordered by discriminant is
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where ¢ runs over primes dividing ¢. Such a generalization of the Cohen-Lenstra heuristics predicting the
full distribution for ray class groups of families of fixed degree fields would give a more explicit and tangible
description of the maximal abelian extension over number fields other than Q and imaginary quadratic fields.

While the mean values in Theorem [1| do depend on the conductor ¢, if we instead average over quadratic
fields with discriminant coprime to the conductor, we obtain different constants that only depend on the
number of primes dividing c. Note that when averaging over a family of quadratic fields defined by prescribed
splitting conditions at a finite set of primes, the average size of the 3-torsion subgroups in ray class groups
only changes when the set of primes includes prime factors of ¢. This gives the expected generalization of
the case when ¢ = 1, in which the mean values do not depend on the family one averages over (see Corollary
4 in [4]).

Theorem 2. Fiz a positive integer ¢ with n distinct prime factors, and let m denote the number of distinct
primes p | ¢ that are congruent to 1 mod 3. When quadratic fields are ordered by their absolute discriminant:

(a) The average number of 3-torsion elements in the ray class groups of conductor ¢ of real quadratic fields
with discriminant coprime to c is:
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(b) The average number of 3-torsion elements in the ray class groups of conductor ¢ of imaginary quadratic
fields with discriminant coprime to c is:
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More generally, we find that the mean size of the 3-torsion subgroup in ray class groups of conductor ¢
of quadratic fields defined by prescribing splitting conditions at a finite set of primes only depends on the



specific primes p dividing ¢ that are allowed to ramify in the family of quadratic fields and the number of
primes p | ¢ that are required to remain unramified in the family (see Theorem [5.1)).

The averages obtained in [8] implied that a positive proportion of real (respectively, imaginary) quadratic
fields have class number indivisible by 3 when ordered by discriminant, and this result was slightly refined
by Nakagawa-Horie [I5] in order to prove that there are infinitely many hyperelliptic curves over Q of a
given genus with no integral points. In joint work with Bhargava, we prove the following (as a consequence
of Corollary 4 in [4]):

Theorem 3 ([]). Let Sy U Sy U S_ be a disjoint union of finite sets of primes. There are infinitely many
real (respectively, imaginary) quadratic fields K with class number indivisible by 3 such that K is ramified
at each prime of Sy, inert at each prime of S_, and split at each prime of Sy.

This result and its generalizations (see [18] in conjunction with [I]) have been utilized to imply uncon-
ditional versions of modularity lifting theorems in the residually reducible case [I6]. Furthermore, they are
required in proving the nonvanishing of critical values of L-functions for positive proportions of quadratic
twist families of elliptic curves with rational p-torsion points [I7] and have applications to proving cases of
the weak Goldfeld conjecture [12].

In this article, we show that the mean values in Theorem [I] also imply that a positive proportion of
quadratic fields have trivial 3-torsion subgroups in their ray class groups for certain conductors ¢, generalizing
Theorem [3

Corollary 4. Assume c is equal to an odd prime number not congruent to 1 mod 3 (in the real quadratic
case, also consider those conductors ¢ that are a product of two distinct primes that are mot congruent to
1 mod 3). Additionally, let Sy U S_ U Sy be a disjoint union of finite sets of prime numbers, none of which
contain the primes dividing c. There are infinitely many real (respectively, imaginary) quadratic fields K
that are split at each prime in Sy, inert at each prime in S_, ramified at each prime in Sy, and have trivial
3-torsion subgroups in their ray class groups of conductor c.

Finally, we may apply the methods of [3] to compute the second main term for the mean number of
3-torsion elements in ray class groups of quadratic fields ordered by absolute discriminant. More precisely,
we prove the following refinement of Theorem [1} Let Cl3(K3,c) denote the 3-torsion subgroup of the ray
class group of conductor ¢ for the quadratic field K.

Theorem 5. For any positive integer ¢ coprime to 3, let m denote the number of distinct primes dividing c
that are congruent to 1 mod 3. When quadratic fields are ordered by absolute discriminant:
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To derive the result for 3-torsion ideal classes in class groups of quadratic fields, Davenport and Heilbronn
first provide asymptotic formulae for the number of cubic fields having bounded discriminant and sieve to



count the nowhere totally ramified cubic fields. These are degree 3 extensions K3 of QQ in which any rational
prime p that ramifies is of the form (p) = p?p, where p; and po are two distinct primes of K3. They prove
that the number of nowhere totally ramified cubic fields having bounded discriminant determines the number
of 3-torsion ideal classes in quadratic fields with the same bound on their discriminant, and so they deduce
the above theorem.

To prove Theorems and bl we first prove a new parametrization theorem that determines the number
of 3-torsion elements of ray class groups of quadratic fields with bounded discriminant in terms of the
number of appropriate (pairs of) cubic fields with related bounds on their discriminants. We then employ
a generalization of Davenport and Heilbronn’s asymptotics for cubic fields given in [3] by simplifying the
asymptotic count of the relevant pairs of cubic fields. It is important to note that Theorem [1| would not
follow from the original asymptotics given in []].

We begin this article by fixing an conductor ¢ and a quadratic field K5 in Section 2 in order to compare
the number of 3-torsion ideal classes in the ray class group of K5 of conductor ¢ to the number of pairs of
cubic fields whose discriminants satisfy certain c2-divisibility conditions (see Theorem . We additionally
study the action of Gal(K2/Q) on this 3-torsion subgroup in order to relate the number of 3-torsion ideal
classes with a fixed action of Gal(K3/Q) to certain singleton cubic fields whose discriminants satisfy similar
c2-divisibility conditions. In Section 3, we recall and employ results of [3] that compute the density of
discriminants of cubic fields satisfying certain acceptable local specifications. This allows us to determine
in Section 4 the mean size of the 3-torsion subgroups in an eigenspace of the ray class groups of quadratic
fields K5 for the nontrivial action of Gal(K>2/Q). We are then able to conclude Theorems |1 and [2| as well as
Corollary [4 in Section 5 by studying the 3-torsion elements in ray class groups of quadratic fields K that are
fixed by Gal(K2/Q). Finally, in Section 6 we prove Theorem [5| by computing the second main term for the
average number of 3-torsion elements in ray class groups of fixed conductor of quadratic fields with bounded
discriminant, building on work of [3].

2 Parametrization of 3-torsion elements in ray class groups of
quadratic fields

We begin by describing a bijection between index-3 subgroups of ray class groups of quadratic fields and
certain pairs of cubic fields. This will allow us to determine the number of 3-torsion elements in ray class
groups of fixed conductor of quadratic fields using a generalization given in [3] of Davenport-Heilbronn’s
asymptotic formulae on the density of discriminants of cubic fields.

2.1 Ray class groups and fields

First, we recall the definition of the ray class group of a number field K. Because we will eventually range
over all quadratic fields, we only consider ray class groups whose finite part of the modulus is integral (so
that it can be fixed independently of the quadratic field). Additionally, because ramification at infinity only
affects the size of the 2-torsion subgroup in the (narrow) ray class groups, we work with ray class groups
with trivial infinite part of the modulus. Under these restrictions, we refer to the rational positive generator
of the modulus as the conductor.

Fix ¢ € Z, and let Z.(Ok ) denote the subgroup of fractional ideals of Ok generated by prime ideals coprime
to cOk. Additionally, let P; .(Ok) denote the subgroup of principal ideals («) such that o = 1 mod cOk.
We then define the ray class group of conductor ¢ as the quotient

Cl(K, C) = Ic(OK)/Pl,c(OK)- (1)

In this notation, the ideal class group of a field K is denoted C1(K,1). Additionally, let Cl,(K, ¢) denote the
p-torsion subgroup of Cl(K, ¢) for any prime p.



There is another (equivalent) definition of CI(Kc¢) as a quotient of the ideles. More precisely, let Ay
denote the ideles of K, and for any Og-prime p | ¢, define

We(p) = 1+ mg®),

where my, is the maximal ideal of O, and c(p) denotes the largest power of p which contains cOf. Let
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Cl(K,c) := Af(/KX - We. (2)

The fact that these two definitions are equivalent can be found, e.g. in Milne [I3].

Let K(c) denote the ray class field of conductor ¢ of K, which is characterized as the unique abelian
extension of K such that the Artin map provides an isomorphism between Cl(K, c¢) and Gal(K (¢)/K). Tt is
well-known that every finite abelian extension is contained in some ray class field. The conductor of a finite
abelian extension L/K is defined to be the conductor of the smallest ray class field of K that L lies in (note
that if ¢ | ¢/, then K(c) C K(c)). Additionally, it is true that any prime p of Ok that ramifies in L must
divide c.

The importance of the conductor of a finite abelian extension is that it determines exactly which primes
ramify. We next show that conductors of cubic cyclic extensions over a quadratic field are squarefree away
from 3 and never divisible by 27.

Lemma 2.1. Fiz a integer ¢ € 7 with prime factorization ¢ = 3 - H?Zl p?j.
(a) If k =0, any cubic cyclic extension of a quadratic field K that is unramified away from primes dividing
c is contained in the ray class field K(H?lej).

(b) If k > 0, any cubic cyclic extension of a quadratic field K that is unramified away from the primes
dividing ¢ contained in the ray class field K(9 . H?Zl pj).

Proof. Part (6) of Theorem 9.2.6 in [5] implies that the conductor f of a cubic extension L over K is
squarefree away from 3. We deduce part (a) by noting that f | H?Zl p; since L cannot ramify at any prime
which is coprime to c.

If 3| f and p is a prime ideal of K above 3, then ((’)]X(p)3 contains 1+ 90k, = (1+ 30k, )?. Using the
definition CI(K, f) = Ay /K*Wjy, there is an index-3 subgroup of Aj corresponding to the extension L.
Since any such index-3 subgroup of Aj will contain the cubes ((’)IX(p )3, we deduce that 9 | f, but 271 f, and
we can then combine this fact with part (a) to deduce part (b). O

Lemma [2.1] implies that the minimality restriction on conductors of cubic extensions of quadratic fields
requires that such conductors are integers ¢ which are squarefree away from 3 and additionally, 27 t ¢. We
next study the relationship between conductors and discriminants of cubic extensions.

Lemma 2.2. (a) Let K be a quadratic field. If L is a non-Galois cubic field such that the compositum
LK is Galois over Q, then Disc(L) = Disc(K)f?, where f is equal to the conductor of LK over K.

(b) If L is a Galois cubic field and Disc(L) = f2, then fo =3°-p1-...  pm where e =0 or 2 and each p;
denotes a distinct prime satisfying p; = 1 mod 3 for all i. Additionally, L C Q(fo).
Proof. Part (a) follows from Theorem 9.2.6(4) in [5]. Part (b) follows from class field theory (see [7]). O

Next, we explicitly determine cubic fields that lie inside the normal closure (over Q) of a cubic cyclic
extension of a quadratic field K. We show that the quantity of such cubic fields can be used to compute the
number of the 3-torsion elements in the ray class groups of K.



2.2 Index-3 subgroups of ray class groups of quadratic fields

For the remainder of the section, fix a conductor ¢ as described by Lemma[2.3] i.e. let ¢ be a positive integer
which is squarefree away from 3, and 27 { ¢. We describe the relationship between index-3 subgroups of
Cl(Ka,c) for a quadratic field K5 and certain pairs of cubic field. To do so, we must first introduce some
notation. Call an integer d € Z fundamental if it is the discriminant of some quadratic field.

Definition 2.3. We say that a pair of fields (K+, K™) is c-valid if:

e K =Q or a Galois cubic field with Disc(K™T) | ¢?, and
e K~ =Q or a non-Galois cubic field with Disc(K~) = df? where d € Z is fundamental and f | c.

Two c-valid pairs (K™, K~) and (M*, M~) are isomorphic if both K* =~ M™* and K~ = M~.

To see an explicit example, let ¢ = 7, and take K+ = Q((7 + C;l), where (7 denotes a 7th root of unity. If 6
denotes a root of f(x) = 23 — 22 + 52 + 1, then K~ = Q(#) totally ramifies at 7. Since Disc(K*+) = 49 and
Disc(K~) = —3-22- 72, it follows that (K*, K~) is a 7-valid pair.

The only 1-valid pairs have K+ = Q, and K~ = Q or has discriminant equal to the discriminant of a
quadratic field. It is straightforward to check that such cubic fields K~ cannot be totally ramified at any
prime.

Below, we give names to certain special classes of c-valid pairs.

Definition 2.4. Let ¢ be a positive integer which is squarefree away from 3, and 271t c.

(a) The pair (Q,Q) is the trivial c-valid pair for any c.

(b) For any cyclic cubic field K3 satisfying Disc(K3) | ¢2, (K3, Q) is a c-valid pair. We refer to K3 as a
(cyclic) c-valid cubic field.

(c) For any non-cyclic cubic field K3 whose discriminant can be written as df* where f | ¢ and d is a
fundamental, (Q, K3) is a c-valid pair. We refer to K3 as a (non-cyclic) c-valid cubic field.

We now state the main result of this section, which describes a correspondence between c-valid pairs and
index-3 subgroups of Cl(K32, ¢). This will allow us to later determine the size of Clz(K3, ¢) in terms of c-valid
cubic fields.

Theorem 2.5. Let ¢ be a positive integer which is squarefree away from 8, and additionally, 271 c¢. There
is a natural bijection between pairs (Ko, G) consisting of a quadratic field Ko along with an index-3 subgroup
G of Cl(K2,c) and isomorphism classes of non-trivial c-valid pairs.

When ¢ =1 and Cl3(K3) = Cl3(K3, 1), Theorem is simply the bijection used in [§] between nowhere
totally ramified cubic fields and index-3 subgroups of the class groups of quadratic fields (see also [3]). We
prove this generalization by studying prime ramification in (cubic) subfields contained within the Galois
closure of an arbitrary cubic cyclic extension K¢ over K5. These cubic subfields turn out to be c-valid iff Kg
is unramified away from c.

The goal for the remainder of this section is to prove Theorem We first discuss the Galois theory of
an arbitrary cubic cyclic extension of a quadratic number field.

2.3 Cubic cyclic extensions of quadratic fields

In order to prove Theorem [2.5] we first show that for a fixed quadratic field, any cubic cyclic extension of
conductor ¢ is determined by a (unique up to isomorphism) non-trivial ¢-valid pair. To find a candidate for



this c-valid pair, we look within the normal closure (over Q) of such sextic fields. For any number field K,
let K denote its normal closure over Q.

Fix a quadratic extension K»/Q. If Kg/K> is a cyclic cubic extension, then the Galois group Gal(Kg /Q)
is equal to S3, Cg, or S3 x C3, which are the transitive subgroups with order at least 6 in the wreath product

Gal(Kﬁ/K2) ! Gal(Kg/Q) = (03 X 03) x Cy & S3 x Cs. (3)

Note that in the first two cases, Kg is already Galois. We have the following field diagram when K¢ # K.
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K Ky
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/
3
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Figure 1: Some subfields of I/—EE} when Gal(Ks/Q) =2 S5 x Cs

When Kjg is not Galois, denote the subfield of I~{6 fixed by C2 x C3 C S3 x C3 as K~, and the subfield
fixed by S3 as K. We then have that Gal(K*/Q) = C3, and Gal(K~/Q) = S3 with K~ = K~ K,. It

follows that K¢ = K+K~. We have thus proven the following lemma stating that KT and K~ determine
K¢ and vice versa.

Lemma 2.6. Let Ky denote a cubic cyclic extension over a quadratic field Ks. If K¢ is not Galois over Q,
then N
Gal(Kﬁ/Q) = 53 X Cg.

Additionally, there exists a unique pair of (isomorphism classes of ) cubic subfields K+ and K, where KT

is cyclic and K~ 1is not Galois such that the normal closure of K™K~ is equal to Kg. In particular, we can
explicitly write .

Ke=KTKyK™.

This lemma implies that any degree-18 field with Galois group over Q equal to S5 x Cj is either determined
by a degree 6 non-Galois subfield that is cyclic over a quadratic subextension or equivalently, by the fixed
field of Cy x C5 and the fixed field of S35. We will use this to prove that the pair of fields denoted in Figure
1 by K+ and K~ make a c-valid pair whenever K is unramified away from c.

2.4 Ramification in fields with Galois group S; x Cj

We next show that a pair of cubic fields associated to a cubic cyclic extension of conductor ¢ over a fixed
quadratic field by Lemmal2.6]is indeed c-valid. We do so by understanding how ramification in the sextic field
determines ramification in the pair and vice versa. We begin by reviewing properties of the discriminants of
subfields within a Galois sextic field.

Lemma 2.7. Fiz a quadratic field Ko. Any c-valid cubic field K such that KoK is Galois over Q satisfies:



(a) Disc(K)? | Disc(K2K);
(b) Nmg (Disc(K2K/K)) | Disc(K>2)?;
(c) Disc(K2K) | c¢* - Disc(K2)3.

Proof. There are two different ways we can calculate the discriminant of KoK using the field towers
KyK/Ko/Q and Ko K/K/Q:

Nmg, (Disc(KyK/K>)) - Disc(K3)? = Disc(KyK) = Nmg (Disc(KyK/K)) - Disc(K)?. (4)

(a) By the second equality in (4)), we conclude that Disc(K)? | Disc(K2K).

(b) Let [B1,82] denote an integral basis of Ok, , and define the 2 x 2 matrix M = [0;(8;)];,; where o; run
through elements of Gal(K3K/K). First, we know that det(M)? = Disc(K3), and second, we have that
[B1, B2] is a K-basis for KoK . This implies that det(M)? € Disc(K2K/K), and hence

Disc(K3K/K) | Disc(K>)

as Og-ideals. Part (b) then follows by taking norms.

(¢) The extension KoK /K5 is abelian, and by Theorem 9.2.6 of [5], it has an integral conductor f. It is
related to the relative discriminant by Disc(KsK/K2) = (fOk,)? If K is non-Galois, then Disc(K) = df?
by Lemma (a), and so f | c. If K is Galois, then Disc(K) = f2 where f | c.

From , we have that
Disc(K2K) = Nmg, (f?) - Disc(Ka)®.

Since f | ¢, we obtain Disc(K2K) | Nmg, (c?) - Disc(K3)?3, which implies that
Disc(K2K) | ¢* - Disc(K3)®.
O

Proposition 2.8. Fix a quadratic field Ko. Any cubic cyclic extension Kg over Ko of conductor ¢ that is not

Galois over Q has a c-valid pair (K+, K™) contained within the normal closure [?/6 satisfying K+ K— = I?;.
It is unique up to isomorphism.

Proof. Given a cubic cyclic extension Kg over Ky of conductor ¢, the candidate c-valid pair (K, K™)
)

associated to Kg comes from Lemma and Figure 1. It remains to show that Disc(K*) | ¢? and ]%iissi(éz) |

2. To do so, we study the relationship between total ramification in K+ or K~ and ramification in Kg/Ks.

We begin with K~. By Lemma a), the conductor of K~ K5/K, is equal to f where Disc(K~) =
Disc(K32) f2. Combined with Lemma we obtain Disc(K2)2f? | ¢* Disc(K2)?, and so

4 ¢t Disc(Ks).

Recall that Disc(K3) is squarefree away from 2, and 2% { Disc(K3) for any quadratic field, so we conclude
that f | c.

We now turn to K*. Lemma implies that
Disc(K™)? | ¢* Disc(K2)>.
In this case, Disc(K+) = f2 for some integer fy, and so we obtain
fo | ¢* - Disc(K3)3.

If Disc(K>) is odd, then it is squarefree by Lemma [2.2{(b). This implies fo | c.



If Disc(K3) is even, but 2 1 fo, then we also conclude fy | ¢. If 2 | fo, assume for the sake of contradiction
that 2 1 ¢. Then Iz; is unramified over Ky at the primes above 2. This implies that the ramification degree
of [?é /Q is at most 2 for p = 2, and thus the ramification degree is at most 2 in K+. Since K™ is cyclic of
degree 3, 2 is thus unramified in K+, which contradicts 2 | fo since Disc(K+) = f2. Thus, 2 | ¢, and since
41 fo by Lemma [2.2b), we obtain fy | c. O

2.5 Proof of Theorem [2.5]

We finally return to Theorem [2.5]and give a proof. We begin by giving an explicit description of the map. Let
¢ be as in the statement of Theorem If (K3, G) is a quadratic field along with an index-3 subgroup G of
Cl(Ko, ¢), then let K4 denote the fixed field in K3(c¢) for the subgroup G so that Gal(Kg/K3) = Cl(K3,¢)/G.
We then have:

e If K4 is Galois over Q and Gal(K4/Q) = Cg, then (K3, G) corresponds to (K3, Q), where K3 is the
cubic subfield of Kg;

e If K¢ is Galois over Q and Gal(K4/Q) = Ss, then (Ks,G) corresponds to (Q, K3), where K3 is the
cubic subfield of Kg;

o If K is not Galois over Q, then (K»,G) corresponds to (K*, K~) as constructed in Lemma [2.6]

If K¢ is Galois, then its cubic subfield K3 can only totally ramify at primes dividing c¢. Indeed, this is
clear when Gal(Ks/Q) = Cs. When Gal(Ks/Q) = S3, a prime p ramifies in the extension Kg/K> if and
Disc(K:

When Kg is not Galois, Proposition implies that the above map sends (K5, G) to a c-valid pair
(KT, K™). To prove the other direction, we begin with a c-valid pair (K+, K~) and construct a cubic cyclic
extension over Ko of conductor dividing ¢. Then, the Galois group of K(c) over this cubic cyclic extension
will be equal to G.

Recall that the compositum K Ky K ~ is Galois over Q of degree 6 or 18. If it is degree 6, then (K, K ™)
is in fact a non-trivial c-valid cubic field, i.e., exactly one of K* is equal to Q. Thus, we take Kg to be
the compositum K™Ky K~. In this case, it remains to show that K¢ has conductor dividing ¢ over Ko, i.e.
K¢ C Ky(e). If K~ = Q, then by assumption Disc(K+) = f2 where fy | ¢; thus, KT C Q(fo) C Q(c), so
K¢ = KtKy C Ka(c). If KT = Q, then Disc(K ~) = Disc(Kz2) f2 where f | ¢, and so K~ Ky = K~ is a cubic
extension of K5 contained in K»(f) C K2(c) by Lemma [2.2|a).

If KT K,K~ is degree 18, it has Galois group equal to S3 x Cs, and we define K to be the fixed field of
any non-normal C3 C S3 X C3. It remains to show that Kg has conductor dividing ¢ as an extension over
K>. We do so by proving that K, K~ and Ko K+ have conductor dividing ¢ over Ko.

Lemma a) implies that KoK~ has conductor f where Disc(K ~) = Disc(K>) - f2, and f | c¢. Addition-
ally, if Disc(KT) = f2, suppose p is a prime such that p { fo. Then p cannot ramify in KT, which implies
that KT Ky/K, is unramified above p. By Lemma we conclude that K K1 /K5 has conductor dividing

Hp if 31 fo, or

plfo

9- T[ » i3] fo.
3¢P‘f0

only if p? | . Thus, K3 is a c-valid cubic field in either case.

If 31 fo, then fy is squarefree by Lemma b)7 and so the conductor of Ko K+ over K, divides ¢ since
folc. If 3] fo, note that 9 || fo; thus, we altogether obtain that Ko K+ and KK~ both have conductor
dividing ¢. Since R’:; = KTK,K~, it must have conductor dividing ¢ as an extension over Ky, and so Kg as
a subextension must also have conductor dividing c.



It is easy to check that two non-isomorphic c-valid pairs (KT, K ) correspond to distinct non-isomorphic
cubic cyclic extensions of K5 of conductor ¢, and thus, they correspond to distinct index 3-subgroups of
Cl(KQ, C) . O

Using the fact that the number of order-3 subgroups is equal to the number of index-3 subgroups in a
finite abelian group, we directly relate the number of non-trivial c-valid pairs to the number of 3-torsion
elements in ray class groups of conductor c.

Corollary 2.9. If ¢ is a positive integer which is squarefree away from 8 and 27 1 ¢, then

s.t. K~ = Q or has quadratic resolvent Ky

HCly (K, ) = 2+ 4 { non-trivial c-valid pairs of fields (K*, K ™) } ey

Recall:chat the quadratic resolvent of a non-Galois cubic field K3 is the qua_dratic subfield of the normal
closure K3. If K3 has quadratic resolvent Ko, then Disc(K>) | Disc(K3) and 2ictis)

e Disc(K2)
of the conductor of Gal(K3/K>) by Lemma b).

is equal to the square

2.6 The action of Gal(K,/Q) on Cl3(Ky,c)

We next consider the action of Gal(K5/Q) on Cl3(Ks,c¢). The number of c-valid cubic fields on the right-
hand side of the equality in Corollary is related to the sizes of eigenspaces for the action of Gal(K3/Q).
Note that Cls(K2,c) is a Gal(K2/Q)-module of odd order, and thus we have two well-defined submodules of
Cl3 (KQ, C):

Clf (Ky,¢) := {[I] € Cl3(Ks,c):o(I) =1}, and
Cly (Ko,c) = {[I] € Cl3(Ky,c): o(I) = J where [I]7* = [J]}.

We then have Cl3(Ks,c) = Cl3 (Ka,c) @ Cl; (Ka,c), and thus
#Clg(KQ,C) = #Cl;(KQ, C) . #Clg(KQ, C). (5)

Proposition 2.10. Fiz a quadratic field Ks, and let ¢ be a positive integer which is squarefree away from
3, and 271 c. Then:

(a) #ClF (Ko,c) = 2-# {Cyclic c-valid cubic fields K} + 1;
(b) #Cl3 (K3,¢) = 2-# {Non-cyclic c-valid cubic fields K~ with quadratic resolvent Ko} + 1.

Proof. The second part follows from Lemma 1.10 of [I4] and Proposition 35 of [4]. To prove the first
part, consider some cyclic cubic field K+ unramified away from c. By class field theory and the proof of
Proposition Kt K, /K, corresponds to a index-3 subgroup H of Cl(Ky,c)®), the 3-Sylow subgroup of
Cl(K3,c). Since K+ K5 is Galois over Q, H has an action of Gal(K>/Q). Artin reciprocity implies that

o(KTKy))=KtK, = o(H)=H.

Thus, we write H = Ht @ H—, where H* := {[I] € H : o([I]) = [I]¥}. Let CI*(K3,¢)® be defined
analogously. Since H is index 3, it is clear that H+ = CIT(Ky,¢)®) or H~ = Cl™ (K, ¢)®).

We now show that H~ = Cl™ (K2, ¢)®, so that Cl(Ks,c)® /H = CIT(Ky,c)® /HT. For any lift & of o to
Gal(K* K3/K3), Artin reciprocity implies the action of conjugation on Gal(K K,/ K>) by ¢ corresponds to
acting by o on C1(Ky,c)® /H. Since Gal(K* K,/K>) is isomorphic to Cg, o acts trivially on Cl(Ka,¢)®) /H
so H= = Cl™ (Ko,¢)®. We then have that the number of index-3 subgroups of C1* (K5, ¢)® is the same as
the number of order-3 subgroups, which are generated by nontrivial elements of Clgf (K3, c). Since powers of
an element generate the same subgroup we then deduce the first part. O
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We additionally remark that for any quadratic field K, Clj (K3, c) = Cl3(Q, ¢), independent of Ky. This
is a crucial fact that greatly simplifies the computation for the average size of ray class groups of conductor
¢ when K is allowed to vary. We next compute asymptotics for both le(Kg, ¢) by counting the relevant
c-valid cubic fields as given in Proposition 2.10}

3 Counting c-valid cubic fields

The results of the previous section allow us to determine the number of 3-torsion elements in ray class
groups of quadratic fields simply in terms of c-valid cubic fields instead of c-valid pairs. We first compute
the size of Clg‘ (K3, c) for any quadratic field Ko by enumerating the number of cyclic ¢-valid cubic fields. In
order to obtain asymptotics for the size of Cl3 (K3,c), we then employ the results of [3] building on those
of [§] for computing the number of cubic fields with bounded discriminant that satisfy certain ramification
restrictions.

3.1 The size of the 3-torsion subgroup in ray class groups of Q

As before, let K5 be a quadratic field. In this section, we prove that the number of Gal(K5/Q)-stable
elements in the 3-torsion subgroups of the ray class group of conductor ¢ depends only on the number of
distinct primes congruent to 1 mod 3 that divide c¢. More precisely,

Proposition 3.1. Let Ky be a quadratic field, and let ¢ be a positive integer. Let the number of distinct
prime factors p; | ¢ such that p; = 1mod 3 be denoted by m. Then

3m if9tc, and
Cli (K, ¢) = ’
#Cls (K2, <) {3’"“ if 9| c,

independent of the quadratic field K.

Proof. By Proposition a), we can enumerate elements of Cl3 (K3,c¢) by counting cyclic c-valid cubic
fields, i.e., normal cubic extensions of Q with discriminant dividing ¢2. If K is such a cyclic field of degree
3, by Lemma b), the conductor of KT is equal to cg = 3°-p; - ... pm where e = 0 or 2, and p; denotes
distinct primes satisfying p; = 1 mod 3 for all i. Furthermore, if e = 0, then there are 2! cubic cyclic
fields of conductor ¢g, and if e = 2, then there are 2™ cubic cyclic fields of conductor ¢y (see [7]). We must
therefore enumerate cyclic c-valid cubic fields with discriminant ¢3 where cq is as above.

If9¢fc, let c=3° -p’fl o phme Qf:fﬁl -...- gk where each p; is a distinct prime congruent to 1 mod 3,
g; are distinct primes congruent to 2 mod 3, and e = 0 or 1. In conjunction with Proposition m(a), we
obtain

#CI (Ka,0) =1+2- Z(T;)zﬂ —3m,
j=1

Similarly, if e > 2, we deduce

m+1 m+1 .
#Cl3 (Ka,c) =142 ( , )2] =3gmt

=t N Y



3.2 The asymptotic number of non-cyclic c-valid cubic fields

We want to next determine the asymptotics for the number of cubic fields that are totally ramified at a
certain fixed set of primes. Let ™! denote the set of isomorphism classes of cubic fields, and for any subset
K C Kl define for i = 0 or 1:

N(K, X) := #{K5 € K| 0 < (—1) Disc(K3) < X}.
Theorem 3.2. Let S denote a set of primes, and let n; = # Aut(R372 & C?) fori =0 or 1.
(a) Let Kg denote the set of isomorphism classes of cubic fields that are totally ramified exactly at the
primes p € S.

NP (Ks,X) 3 1

lim = . I |
2
X o0 X LT p(p+1)

(b) If3 € S, let ICE;’) denote the set of isomorphism classes of cubic fields that are totally ramified exactly
at p € S and have discriminant that is not divisible by 81.

NO(KD, x) 2

1
lim = - | I
2
X o0 X Tt g p(p+1)

(c) If3 €S8, let IC(SQ) denote the set of isomorphism classes of cubic fields that are totally ramified exactly
at p € S and have discriminant divisible by 81.

NP x) 1 1 1

I - : .
X 5o X n;m2 p(p+1)

peES

(d) Let S’ be a set of primes containing S. Let Kg g denote the set of isomorphism classes of cubic fields
that are totally ramified exactly at p € S and unramified at p € S’ . S.

N (Kss, X) 3 I P I 1

lim = . .
X 00 X n;m2 pES’\Sp+1 pesp(p+1)

(e) Let S" be a set of primes containing S. If 3 € S, let ICg?zg, denote the set of isomorphism classes of
cubic fields K3 that are totally ramified exactly at p € S, unramified at p € S’ S, and 81 || Disc(K3).

NG x) 1 2 p 1
lim 2 = S H ) H '
X —o00 X n;m 3 pes,\sp—kl pesp(p—Fl)

Proof. For any prime p, let Z;,r denote the set of all isomorphism classes of maximal cubic étale algebras
over Z;, that are totally ramified. Let X7 denote the set of all isomorphism classes of maximal cubic étale
algebras over Z, that are unramified. Additionally, let Eg“ denote the set of all isomorphism classes of

maximal cubic étale algebras over Z,, that are not totally ramified. When p = 3, let Zé?’) denote the subset of

) denote the subset of Y% whose discriminant

Y4 whose discriminant over Zj is not divisible by 81, and let Zgg
is divisible by 81. Finally, let 2&81) denote the subset of X§ whose discriminant is equal to 81.
We now describe collections ¥ = (£,,),, of local specifications at each prime p which exactly determine the

(maximal orders of) cubic fields contained in Kg, ICE;)), Ing), Ks,sr, and IC%%,, respectively. In each case,
Y is an acceptable collection of local specifications as defined in [3]. Indeed, we can equivalently define the
family of cubic fields (a) Kg, (b) ICg), (¢) IC(SQ), (d) Ks,sr, or (e) IC(S?)S, as containing exactly the fraction
fields of all maximal orders R for which R ® Z, € ¥, for all p where:

12



@y, =1 rés Zpr ifp ¢ S,
P S ifpes; (d) L, =S ifpes,
uro ifpe 8\ S;
zntrfp ¢ S, r
(b) ¥, = {E“ if pe S\ {3},
2(5) ifp=3:
HP= T if p ¢ S,
o if p ¢ S, © = B ifpe S\ {3},
e =
(c) Zp=93" ifpe S~ {3}, b o ifpe NS,

O ifp=3; 2<81> if p= 3.

Let N?Ei)(E, X), the number of (isomorphism classes) of maximal cubic rings R such that RQZ, € £, for
all p with 0 < (—=1)?Disc(R) < X. We asymptotically compute N?EZ)(Z,X) using Theorem 7 in [3], which
determines the main term in terms of a mass formula whenever ¥ is defined by an acceptable collection of
local conditions. More precisely, they prove

N2, x) 1 p—1 1 1
lim ==/ — . . , 6
X5 X 2n; ]-_-[ D R;p Disc,(R) # Aut(R) (©)

p

where Disc,(R) denotes the discriminant of R over Z, as a power of p. We compute (or combine Lemmas
18, 19, and 32 in [3] to deduce):

X e if 3, =y X 2 iy = 2%3;,

E: ) 1 T E ={ L ify,=xY
Disc, (R Aut(R »* By P’ DISC (R) #Aut(R 27 3 31
s, DiseolR) A Aw(R) 1 T, =Xu;  ReN () # Aui(R) 2 ifyy =3Pl

In conjunction with @ we thus obtain the desired asymptotes in Theorem (3.2} As an example, we give the
calculation below in case (e):

N( K(g),,X 1 4 9 1
e T B D I |
o i pgS’ p* peES’'NS p 3#peS

2 p 1
-~ 3nm? 11 p+1 pllp(pﬂ%)'

peS’'\S

O

3.3 Prescribing splitting conditions on the quadratic resolvents of c-valid cubic
fields

Now, let S = (S4+,5-,S0) be three disjoint sets of primes. We will next consider families K3(S) consisting
of all cubic fields whose quadratic resolvent field is in Ko(S). (Recall that Ko(S) consists of all quadratic
fields that split at the primes in S, remain inert at the primes in S_, and ramify at the primes in Sy.)

Theorem 3.3. Let S denote a set of primes not containing 3, and let n; = # Aut(R3=2 & C?) fori =0 or
1. Additionally, let S = (S, S_,Sy) be three disjoint sets of primes such that:

e S, NS only contains primes congruent to 1 mod 3 .

13



e S_ NS only contains primes congruent to 2 mod 3.

As before, let Kg denote the set of isomorphism classes of cubic fields that are totally ramified exactly at the
primes p € S. If K5(S) = Ks N K3(S), then we have:

i M KE(S).X) 3 T = I
2
Koo X T peS p(p + 1) pESo p+ 1 pESLN(SNSt) 2(p + 1)

Proof. For any prime p, let:

1. X7 denote the set of all (isomorphism classes of) maximal cubic étale algebras over Z, that are
minimally ramified, i.e., they decompose as Z, &  where ) is a totally ramified quadratic étale
algebra over Z,;

2. E; consist of the ring of integers of the unique unramified extension of degree 3 over Q, as well as the
algebra Z, ® Z,, ® Zy;

3. X, = {Zy ® Zy2} where Z,> denotes the ring of integers of Q,2, the unique unramified extension of
degree 2 over Q.

4. E;” consists of maximal cubic algebras over Z, that are totally ramified and whose quadratic resolvent
algebra is contained in Q, ® Q.

5. ¥~ consists of maximal cubic algebras over Z,, that are totally ramified and whose quadratic resolvent
is contained in Q.

As before, denote the set of all (isomorphism classes of) maximal cubic étale algebras over Z,, that are totally
ramified as ¥ = X UXH ™, denote the set of all unramified cubic étale algebras over Z,, as X" = S FUY,
and denote the set of all cubic étale algebras over Z, that are not totally ramified as 22“ =X U

If ¥ = (X,), denotes the acceptable collection of local specifications defining K5 (S), then we have:

¥ ifpg S, US_USyUS,

i ifpe S~ (SN(SLUS.)),
Np=43m ifpe S,

E;t ifpe Sy~ (SNSy),

E;ri ifpe SNSy.

It is straightforward to determine that

if ¥, =37,

if £, = 2,

if ¥, = ¥+ and p = 1 mod 3.
if ¥, = X'~ and p = 2 mod 3.

1 1
R;p Disc,(R) |Aut(R)|

e I 1

Using @ and the computations following it, we conclude the theorem:

N (KS(S), X) 1 Pl el et p-1
Xlgnoo X T ooy H » H P H » H 2p
pESLUSQUS peS pESoH pESE~N(SNSt)
3 1 1 p
S DI | LR | e
e peS p(p + 1) PESH p +1 pESLN(SNSt) 2(]7 + 1)
(Above, we have abused notation slightly by letting Sy = S, US_.) O
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4 The mean size of Cl; (K5, c) over families of quadratic fields K>

In this section, we begin by computing the average number of 3-torsion elements in the minus eigenspace
of their ray class groups of fixed conductor ¢ in families of quadratic fields ordered by discriminant. We
then determine the mean size of Cl; (K2, c¢) over certain subfamilies of quadratic fields K3, namely those
defined by local specifications at a finite number of primes. We first vary over the quadratic fields whose
discriminants are coprime to the choice of conductor ¢ and obtain a different average that only depends
on the number of primes dividing ¢. We then average over quadratic fields that have prescribed splitting
conditions at a finite number of primes.

4.1 The average number of 3-torsion elements in the minus eigenspaces of the
ray class groups of quadratic fields

For shorthand, let
> #Cl3 (K, )
AvgD(CI3 () := lim 25T Disclie)<X

X—00 Z 1

0<(—1)? Disc(K2)<X

Proposition 4.1. Fiz a positive integer ¢, and recall that ng =6 and ny = 2. Then

; 2
@) o= _ p .
(a) If 3tc, then Avg (C13(c))1+ni~||| <1+pl)’
ple

; _ 12 P
) 7311 then Asg (€5 0) =1+ 72 T (1+557):
ple

; _ 30 D
) _ .
(©) 179 | e, then Ave®(Cl5 (0) = 1+ 2] <1+p+1>,
ple

Proof. Let S, denote the set of primes dividing ¢, and recall that the density of fundamental discriminants

18:
> 1
. 0<(—1)i Disc(K2)<X 3
Xlgnoo X o 7T2 ' (7)

(a) Assume 31 c. Recall that a c-valid cubic field K3 has discriminant Disc(K3) = df? where d is the
discriminant of its quadratic resolvent field and f | ¢. Furthermore, it follows (for example, from Proposition
8.4.1(1) of [B]) that a prime p totally ramifies in K3 if and only if p | f. Proposition in conjunction with
([7]) therefore implies:

3 N (Ks, X - TLes ?)
7T2 . SCS.
- lim

@)= _ e
Avg® (13 (0) = 1+2- 5+ Jim. - ,
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where S, is equal to the set of primes dividing ¢. By Theorem a), we conclude that

; 2 3 1
Avg(Cly (c)) = 1+2 = Z Hp2. p H
3 mw L5650

SCS. \pes v
2 D
= 1+—- ][ (1+).
i jes. p+1

This proves (a). We skip the proof of (b) as it is very similar to the proof of (c).

(¢) Assume 9 | c¢. By Proposition and (in conjunction with Proposition 8.4.1(1) of [5]), we have
that

i i) -3
. S NKs XTI+ NOKD X T 2D
; _ 2 . SCS.~{3 S Su{3
AVg(z)(Cl?, () = I—F%))r . thgo S G Pe < pESU{3}

i 9
> MK ox- 1 M
. SCS.~{3) peSU{3}
+ lim
X —o00 X

where S, again denotes the set of primes dividing ¢. Theorem a) and (c) then imply that Avg™ (Cl3 (¢))
is equal to

w2 3 P 2 p 9 P
ety (LI A T e T
3 scsowqsr \ T pesPH1 i pESU{3}p+1 in pESU{3}p+1
30 p
=1 . 1+—1.
+7ni H < Jrp—|—1>
PES.

4.2 The asymptotic number of quadratic fields in certain acceptable families

In order to vary the family of quadratic fields we average over, we must first determine the asymptotics of
these families. We first describe the asymptotic number of discriminants of quadratic fields that are relatively
prime to a fixed integer.

Lemma 4.2. Let ¢ be a positive integer.
>, 1
(Disc(K32),c)=1 5
. 0<(—1)! Disc(K2)<X _ D
R e Bt

Proof. By Proposition 2.2 and (4.2) in [2], we have that the number of real (resp. imaginary) quadratic
fields that are unramified away from c is asymptotically equal to

D G D) e (1)

pte ple p|
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Next, we determine the asymptotic number of quadratic fields with prescribed splitting at a finite number
of primes.

Lemma 4.3. Let S = (S4,5-,50) be disjoint sets of primes, and let Ko(S) denote the set of isomorphism
classes of quadratic fields Ko such that any prime p € S4 splits in Ka, any prime p € S_ remains inert in
Ky, and any prime p € Sy ramifies in Ko. We then have:

> 1

K2eK2(S)

. 0<(—1)° Disc(K2)<X 3 1 P
lim = . I I . | |
2 9
X —o00 X w2 es P 1 ey 2(p+1)

where Sy = Sy US_.

Proof. Similarly, by Proposition 2.2 and (4.2) in [2], we have that the asymptotic number of real (resp.
imaginary) quadratic fields in /C3(S) with (absolute) discriminant bounded by X is

LIS () O L) e L gt

pgS PES+ PESo pESL

4.3 Averaging #Cl; (K>, c¢) over quadratic fields unramified at c

We vary over only those quadratic fields whose discriminants are coprime to the choice of fixed conductor.
For shorthand, let
> #Cl3 (K, c)
(Disc(K2),c)=1

Ava(Cly (¢)) = Jim < Disc(@ix |
(Disc(Kz2),c)=1
0<(—1)" Disc(K2)<X

Proposition 4.4. Fiz a positive integer ¢, and let n denote the number of distinct primes dividing c. Recall
that ng = 6 and nqy = 2. Then

(a) If 3} ¢, then Avg®(Cly () = 142 2
n;
(b) If 3 || ¢, then Avgg)(Clg (c) =1+ L;

n;

() If9 | ¢, then Avg®W(Clz (¢)) =1+3- =—.

Proof. Let S. denote the set of primes dividing c.
(a) Assume 31 c. Proposition combined with Lemma (4.2 implies that

02 . Z Néi)(lcsysch'HpeSp2)
Ave®(Cly () = 1+ =X H?%  lim 355
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By Theorem [3.2(d), we conclude that

Y 272 p+1 3 D D
Avel () = 1+ J]— > (- Il Il —
3 ve P ogcs. \MT pESp+1 pESC\Sp+1
2n+1
n;

(b) Note that for non-Galois cubic fields K3 that are totally ramified at 3, Disc(K3) is exactly divisible
by 32, 3%, or 3%, and in order for the quadratic resolvent Ky of K3 to have discriminant relatively prime to
3, then Disc(K3) = Disc(K3) f? where either 3 1 f or 9 || f. Thus, if 3 || ¢, any quadratic field K, that is

unramified at 3 satisfies
Cl™ (Ka,c) = Cl” (K, %)

Thus, Proposition Lemma and Theorem d) together imply that

S NI (Kss, X Tlesp?)

N 272 p+1 . 5CS.~{3}
AVgEZ) (Cl?) (C)) = 1+ 7 . H 7]) . X]gnoo X
ple
2’ﬂ
= 1 + —
n;

Z N?Ev) (ICS,Sca X - HpES p2)
p+1 SCS.~{3}

Avg(C (@) = 1+ ([T~ | | Jim, <

(1) (4-(9) 2
> MK pys 9% T 27
. SCS.~{3} peSU{3}
+ lim
X —o00 X

Finally, by Theorem [3.2(d) and (e), we conclude that

. on
Avg(Cly (¢) = 1+3- =

n;

O

4.4 Averaging #Cl; (K, c¢) over quadratic fields with prescribed splitting at a

finite number of primes

Next, we vary over quadratic fields in Ko(S). Let S = (S4,S5-,50) be disjoint sets of primes, and recall
that K2(S) denotes the set of isomorphism classes of quadratic fields Ko such that any prime p € S, splits
in Ky, any prime p € S_ remains inert in K5, and any prime p € Sy ramifies in K3. Recall that we set

Sy =S8, US_.
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For shorthand, let
Z #Cly (K, )
K>€K2(8)
Avgd (Cl3 (¢) == lim 0<(~1)" Disc(K2)<X

X —o0 Z 1

K>eK2(S)
0<(—1)" Disc(K2)<X

Proposition 4.5. Fiz a positive integer ¢ coprime to 3, and let S = (S4,5_,50) be disjoint sets of primes
such that any prime p | ¢ is not contained in Sy. If SiOOd (respectively, S5°°%) denote the subset consisting
of all primes p in Sy (resp., in S_) that are congruent to 1 mod 3 (resp., 2 mod 3) and p | c. We then have

i _ 2 ood, | qgood
Aveg(Cl; (C))=1+;-3#(Si P (1+pi1)
! ple
pES+

Proof. In order to determine Avgg) (Cl5 (¢)), by Proposition [2.10} we must compute the asymptotic number
of non-cyclic c¢-valid cubic fields whose quadratic resolvent field is in Ko(S). If p € S; and so Ks € Ko(S)
splits at p, then in any non-cyclic ¢-valid cubic field K3 with quadratic resolvent K5, p remains inert in K3,
p splits completely, or p is totally ramified. Additionally, if p € S_, then pOk, either decomposes into a
product of exactly two distinct prime ideals or totally ramifies. Finally, we recall that a prime p totally
ramifies in K3 with discriminant Disc(K3) f2 if and only if p | f.

Let S, denote the set of primes dividing ¢, and recall that by assumption, S. N Sy = (). Additionally, let
Sgeod denote the set of all primes p | ¢ such that if p € S, (respectively, if p € S_), then p is congruent to
lhmod 3 (resp., to 2 mod 3), and set cgo0qa = Hpesgpod p. Proposition combined with Lemma implies
that

S NSRS (S). X TTes p?)

2 ood
(i) (- _ 2m 2(p+1) . SCsE
Avg§ (Cly (cgooa)) = 1+ 3 I | o : | | p+1 Xlgr})o e
PESE p€ESoH

By Theorem (a), we conclude that Avgg)(Clg (€good)) is equal to

272 2(p+1) 3 p 4
N P E AR N tr=2p | e S VB ey

PESL scggeed PES+LN(SNS+)

1+ 20 M 25 102

" gcgEeed \peS~(SNSz) + peESNSL

2 goo
14 = . g#(SE®INSy) | || <1+p>.
n; p+1
pesgood\(sgoodmsi)

We finish the proof by verifying that Avgg)(Clg (Cgood)) = Avgg)(Clg (¢)). Indeed, the 3-torsion subgroups

of ray class groups of conductor ﬁ are trivial for quadratic fields in ICo(S). If a prime p | ¢ and p { ¢goo0d,
oo
then either p € S; and p=2mod 3 or p € S_ and p = 1 mod 3. In both of these cases, there are no cubic

extensions of a quadratic field in ICo(S) that are totally ramified at p. O
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Remark 4.6. Let ¢ be a positive integer exactly divisible by 3. If S = (S4,5—-,S0) is as in Proposition
but we further assume 3 ¢ S, U S_, then

3 ].2 0o oo
A (O () = 14 g#OEus ] (1+pil>,
¢ ple
pESt

d . .
where S$°° are as in Proposition .

5 Proofs of Theorems and Corollary

We put together the results of the previous sections in order to conclude Theorems [I| and [2| as well as
Corollary [l For Theorem [I] we will first allow K> to vary over all quadratic fields of bounded discriminant
and use the combination of Propositions [B:1] and[43] Afterwards, we only vary over the discriminants
of quadratic fields that are coprime to the fixed conductor, and we combine Propositions and
in order to conclude Theorem [2| Corollary [4] is then derived from a generalization of Theorem

5.1 Proof of Theorem [1I

We combine Propositions and of the previous sections to prove Theorem [l Let ¢ be an integer, and
assume that there are m primes dividing c that are congruent to 1 mod 3. Define k to satisfy 3% || ¢, and
recall that Cl3 (Ks,c) only depends on m and k. It is independent of the choice of quadratic field, so in
particular, we have by Proposition [3.1]

> #Cl3 (K>, ) 3 #C1; (Ko, )

lim 0<(—1)i Disc(K2)<X _ #Cl;{(Kg,c) . 0<(—1)i Disc(K2)<X

0<(—1) Disc(K2)<X 0<(—1)? Disc(K2)<X

We conclude by Propositions and in conjunction with that

ng
Z #Clg(KQ, C) ple
Jim IS Dbeli) <X S FL PR | g if k= 1; (8)
X —o00 Z 1 a 7717 | p+1 v
plc

0<(—1)% Disc(K2)<X

5.2 Proof of Theorem [2

In order to compute the average number of 3-torsion elements in ray class groups of fixed conductor of
quadratic fields with discriminant that is both bounded and coprime to the choice of conductor, we combine
Propositions [3.1] and [£:4] Let ¢ be an integer, and assume that there are n distinct primes dividing ¢, m of
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which are congruent to 1 mod 3. Define k to satisfy 3% || ¢. By Proposition 3.1 and ,

> #Cl3 (Ko, c)

(Disc(K32),c)=1
. 0<(—1)" Disc(K2)<X
lim

X —00 Z 1

(Disc(K32),c)=1
0<(—1)" Disc(K2)<X

Combining with Proposition we obtain

Z #Clg(KQ, C)

(Disc(K2),c)=1
. 0<(—1)* Disc(K2)<X
lim

= #ClF (Ky, ) -

X —00 Z 1

(Disc(K2),c)=1
0<(—1)* Disc(K2)<X

z: #Cl; (Ka, ¢)
(Disc(K2),c)=1
iy <=1 Dise(Ra)<X
X —00 Z 1
(Disc(K2),c)=1
0<(—1)" Disc(K2)<X

if k=0,

2n+1
3 (14 )
n;
on
s (142
n;

2n
3m+1-(1+3-> if k> 2.

Uz

if k=1, and (9)

5.3 Generalizing Theorem [Ij(a) and the proof of Corollary

Before turning to the proof of Corollary [d] we first generalize Theorem [[(a) when (6,c) = 1.

Theorem 5.1. Let ¢ be an integer coprime to 3, and let S = (S4,S_,S0) be a disjoint set of primes such
that no prime p | ¢ is contained in Sy. Let m denote the number of primes p | ¢ that are congruent to

1 mod 3, and let Sio"d (respectively, S¥°°Y) denote the subset of primes p | ¢ that are contained in Sy (resp.,
S_) and congruent to 1 mod 3 (resp., 2 mod 3).

(a) The average size of the 3-torsion subgroups in ray class groups of conductor ¢ of real quadratic fields
that are split at primes in Sy, inert at primes in S_, and ramified at primes in Sy s

g00 good D

3m_ 1+3#(S+ dU57 d) 1. 1_"_

E p+1
pgSLUS_

when these quadratic fields are ordered by their discriminant.

(b) The average size of the 3-torsion subgroups in ray class groups of conductor ¢ of imaginary quadratic
fields that are split at primes in Sy, inert at primes in S_, and ramified at primes in Sy is

ood good p
3m | 14 3#ETIOSET (1+—>
1,,1 p+1
p¢ S US_

when these quadratic fields are ordered by their discriminant.

Proof. In order to compute the average number of 3-torsion elements in ray class groups of fixed conductor
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of quadratic fields with prescribed splitting, we combine Propositions and using . We obtain:

> #Cls (K, ) > #Cly (K. )
K2eK2(S) K>eK2(S)
lim 0<(—1)" Disc(K2)<X _ #Cl; (Kz, C) ) hm 0<(—1)" Disc(K2)<X
X =00 Z 1 X —o0 Z 1
K2€’C2(§) K2€K2(§)
0<(—1)" Disc(K2)<X 0<(—1)% Disc(K2)<X

2 good good p
= 3m. | 14 = 3#ETTUSET <1+)
p¢S+US,

O

The above theorem (along with Remark directly implies that as long as S is disjoint from S, U S_,
the mean size of the 3-torsion subgroups in ray class groups of conductor ¢ are independent of the family
K2(S) of quadratic fields one averages over. More precisely:

Corollary 5.2. Let ¢ be an integer such that 91 ¢, and let S = (S4,5_,S0) be a disjoint set of primes such
that no prime p | ¢ is contained in S; US_USy. If m denotes the number of primes p | ¢ that are congruent
to 1 mod 3, then the average size of the 3-torsion subgroups in ray class groups of conductor ¢ of quadratic
fields with i pairs of complex embeddings that are split at primes in S, inert at primes in S_, and ramifies
in Sp is equal to

when these quadratic fields are ordered by discriminant.

This allows for the generalization of Theorem 3 given in Corollary [4] whose proof we turn to next.

Proof of Corollary We use Corollary to compute lower bounds for the proportion P;(S, ¢) of quadratic
fields in Ko (S) with ¢ pairs of complex embeddings whose ray class groups of conductor ¢ have trivial 3-torsion
subgroup.

We assume (3,¢) = 1. If m denotes the distinct number of primes dividing ¢ that are congruent to
1 mod 3, we have by Theorem

3m . 1+§.H(1+> >1-Pi(S,e)+3- (1 - Pi(S,0)).

i p+1
ple

Hence, P;(S,c¢) > 0 if and only if m = 0 and

nz>H<1—|—).

ple

Thus, we conclude automatically that for any conductor ¢ of the form ¢ = p where p = 2 mod 3, a positive
proportion of real (resp. imaginary) quadratic fields have trivial 3-torsion subgroup in their ray class groups
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of conductor c¢. Additionally, for any conductor ¢ of the form ¢ = p;ps where p; = 2 mod 3, we see that
a positive proportion of real quadratic fields have trivial 3-torsion subgroup in their ray class groups of
conductor c.

If 3 || ¢, and m denotes the distinct number of primes dividing ¢ that are congruent to 1 mod 3, we
similarly have that P(7,¢) > 0 if and only if m = 0 and

7nl>>II (1+—>.

Thus, for real quadratic fields, if ¢ is a product of 3 and a prime p which is congruent to 2 mod 3, a positive
proportion of real quadratic fields have trivial 3-torsion subgroup in their ray class groups of conductor c.
Additionally, a positive proportion of imaginary quadratic fields have trivial 3-torsion subgroup in their ray
class groups of conductor 3. ]

Remark 5.3. Similarly, one can show that if 31 ¢, at least 50% of real quadratic fields have trivial 3-torsion
subgroup in their ray class groups of prime conductor ¢ = 2mod 3. If 3 || ¢, at least 50% of real quadratic
fields have trivial 3-torsion subgroup in their ray class groups of conductor 3 or 3p where p = 2 mod 3.

6 Second main term and the proof of Theorem

To compute the second main term for the mean number of 3- torsion elements in ray class groups of quadratic
fields of bounded discriminant, we use a refinement of Theorem [3.2] For any set of primes S not containing
3, recall that Kg denotes the set of isomorphism classes of CU.blC ﬁelds that are totally ramified ezactly at
the primes p € S. We first introduce some notation from [3]. For a free Z,-module M, define MF*™ c M
by MFrm .= M \ {pM}. Also, for any element z in a cubic order, let i(x) := [R : Zy[x H As in the proof of
Theorem. let ¥ denote the set of all isomorphism classes of rings of integers of cubic fields in Kg. Then,
5 is strongly acceptable as defined in [3]. Thus, if N( )( X) denotes the number of cubic orders R € ©%
satisfying 0 < (—1)? Disc(R) < X, Theorem 7 of [3] determines the asymptotic count with two main terms:

DyS. xy — L. p-1 ! : : '
N3 " (37 X) = m, 1;[( p R; Disc, (R) #Aut(R)) *

e 1 1 ‘
=2 1—p—1/3y. . i(2)2/3dx) - X5/6
I 1;[(( P R;p Disc,(R) #Aut(R) /(R/Zp)pml(x) v)

+ OC(X5/671/48+5)’

(10)
where dz assigns measure 1 to (R/Z,)"™™ and additionally,

V3¢(2/3)T(1/3)(2m)/®

if i =0,
(i) 30F(2/3) E;tr 1f D ¢ 57
Cy = and r,= v ]
¢(2/3)r(1/3)(2m)1/3 P o ifpes.

10T°(2/3)
(Recall that for any prime p, Z;f denotes the set of all isomorphism classes of maximal cubic orders over Z,

that are totally ramified, and Zg“ denotes the set of all isomorphism classes of maximal cubic orders over
Z,, that are not totally ramified.)
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In order to compute the second main term’s constant, we combine Table 1, Lemma 28, and Lemma 37 in
[3] to determine

1 1
+ ifpe S, and
plp+1)  p¥3(p+1)
1/3

- . i(x)°dx =
st Disc,(R)  # Aut(R) J(g/zyprim )

2/3 4 ,1/3
P PP +p .

- fpés.
PR ppr DA 1) P

1 1
We then calculate that (1 —p /3. - . / i(m)Q/?’dx is equal to
];[ ) R]g)p DISCp(R) #Aut(R) (R/Z)Prim
1 n 1
[T (1) (S22 224w o oe ) )
- P =1 plp+ VA -1)) S plf? p?/3 +pl/3

pPE—1  p(p+1)(p /3 —1)

plp+1)(p'/% = 1) o PR+ pYE —p—pf
1/3 1 1 1— —-2/3
N Hl_i(p:l)'np(pﬂ)' f/3+1'
p peES 1— p
p(p+1)
We can thus conclude the following refinement of Theorem [3.2]

Theorem 6.1. Let S denote a set of primes not containing 3, and let n; = | Aut(R3=2 @ C%)| fori =0 or

1. Let Kg denote the set of isomorphism classes of cubic fields that are totally ramified exactly at the primes
peSs.

N (K, X)

1
2 H '
n;m peSp(p+1)

1/3 _=2/3
Sl (s )
p

- 1 1) 1 p+
ple+1)/) g \plp+1) 1- 224
+ OE(X5/671/48+E),

where
V3C(2/3)T(1/3) (203
() _ 30T(2/3) ifi=0, and
2 ¢(2/3)r(1/3)(2m)"/? i
10'(2/3) =1

We are now ready to prove Theorem [5| Let ¢ be a positive integer coprime to 3, and let S. denote the
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set of primes dividing c¢. Proposition [2.10| combined with Theorem [6.1] implies that

3 #Cl3 (Kay0) = 1+2- ) NP (Ks, X - [] 9%

0<(—1)? Disc(K2)<X SCS. peS
N Y | N 1 T
2
T gCs. peS p(p+1) peS
(4) 1/3 _—2/3
cs PP +1 1 l—p 5/6 5/3
e - 2055) T Gy 1) X T
+1
(2 4 plp+1)/) s \plp+1) 1- Bt s

+ OE(X5/6—1/48+6)>] )

Simplifying, we conclude

1
> #Cl3 (Ky,¢) = 142 _-H(1+i>~ > 1
0<(—1)* Disc(K2)<X i peES p 0<(—1)% Disc(K2)<X
1/3 _1/3
o p/°+1 p(l—p/°) 5/6
L2 12T, 1408 F V). x
) 1}( p(p+1)) 11 < By

pes P31

+ Oe(X5/671/48+6).

Combining with Proposition and , we deduce Theorem
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