Recall Product topology
X, topological spaces(A € A)
[Tiea X = {(0en - %0 € Xa)

Pt [hea X=Xy
Xu o (K)aea = Xy

Product topology on [ X, is the coarsest topology such that all the p,' s are continuous.
we saw the basis [],., Uy whereU, c X, openV A and X, = U, for A outside for somefinite subset of A

Y — [Tca X continuous < fy iscontinuousfor all A
y — (fay).

Box topology : Basis [T cx Ua, Uy © X, openVy A
* finer than product topology

8§20, 21 Metric Topology

Recall Metric space: (X, d), X set, d: X x X >R.o
(dx y=0ox=y

(i) d (x, y) = d(y, x)

(iii) d(x, 2 =d (%, y) + d(y, 2 —triangular inequality
Open ball (or e-ball)

Be, a(¥) ={y e X:d(X, y) < €} or just B«(X)

Definition The metric topology is the topology on X generated by the basis {B, 4(X) : € > 0, x € X}

Check basis:
(i) unionin X : clear
(”) Xe Bel(xl) N Bez(XZ)

B (X) C Be,(X1) C Be,(X2), provided r < min(e; — d(Xy, X2), €2 — d(X1, X2)).
Thisfollows by triangular inequality.

Theorem 23
Let (X, d) bemetricspaceU c Xopen < ¥V xe U de> 0suchthat B.(x) c U

Proof: “<” trivia. “=" By definition, 3e >0, y e Xsuchthat x € B«(y) c U. But B,(X) c Bc(y) providedr <€ —d(x, y). O

Examples

() X=R" dx, y) =+ 2, (% — yi)? (Euclidean metric)
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metric topology = standard topology
(2) X arbitrary set

1 ifx+y
99 ={ irx_y

metric topology = discrete topology
If X| > 1, A d: metric st. metric topology of (X, d)isthetrivial topology.
Why ?
Lemma 24

Any metric topology is T.
Proof: If x £y, then B.(x), Bc(y) digoint nbdsprovided e < —; dx, y).

Definition A topological space (X, 1) ismetrizable if 3 metric d on X s.t. metric topology of (X, d) equals.
Other basic properties of the metric topology.

(D) X, Y metric spaces. f : X - Y in continuousfor metrictopology < continuousine— sense. (asinlecturel)
(2) If Y c X subset of ametric space (X, d), thenthetwo natural topologieson'Y coincide.

- subspace topology in metric topology on X.

- metric topology of (Y, dly,y)

Thisjustifieswhy S\ {N} — R? continuous where $?\ {N} has subspacetopology inR3.

a b
@b, 0 (, )

(3) If (X, d)) for 1 < i < n metric spaces, then the product topology on [ [X; is the metric topology of (] [X;, d), where

d((%)iLy, (X)iLy) = max(di(Xi, Yi)-

.. the product topology on R" is the metric topology of the metric d. (X, y) = maXi<ijn {|X — Vil}

Now we can seein anicer way that product topology = standard topology onR".
Thereom 25

Suppose d, d’ are metrics on aset X inducing metric topology 7, 7. Thentc v & ¥ xe X, Ye> 036 > Osuchthat
Bs,a(X) € Be d(X).

Proof:

Bs,d(x)

(D
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Let U c Xopenint. WeneedU openint’. U openin 7= Je> 0suchthat B, 4(x) c U. By assumption, 36 > 0O, such that
Bs ¢ (X) € Be,d(X). O

Examples

1) X=R?, d = Euclidean metric, d-((X1, X2), (Y1, ¥2)) = max(1xa — i, X2 = Yal)

2) X=R", d(x, y) =V X(x — y)? (standard topology), d.(x, y) = max {|x — ¥il} (product topology)
We want to apply theorem 25 to see these are the same topol ogy

A6 ) =do6y) =V di y) =B,y o ©BoacBoa
Theorem 26

Let (X, d) metric spacethen there exist ametricd’ on X that induces the same topology asd. st. d’(x, y) < 1.V X, V.

Examples

d'(x, y) =min(1, d(x, y)) = d(X, y)

, __dxy
dxy = Ty

Proof:
We need to show that d and d induce the same topology. d isametric: clearly 0<d < 1.

(i)a(X- V)=0=dx,y)=0=>x=y

(i) d(x, y) =d(x, y)
(i) triangle inequailty, (we want min(1, d(x, 2) < min(1, d(x, y)) + min(1, d(y, 2)))
Thisistruesinceif d(x, y) = 1, thenLHS <1 < d(x, y) < RHS, for d(y, 2 = lissimilarly done.
If d(x, y) <landd(y, 2 <1. Weneedmin(1, d(x, 2)) <d (X, y) + d(y, 2). Trueb/c LHS < d (X, 2 < RHS.

Hence dismetric. Now we will show that d, d induce the same topology. This is true blc
B, ¥ =Bea(¥), Ye<landby Thm25. o

Infinite Products

(Xy, dy) metricspaces(A € A). In general, [, Xy not metrizable (counterexamplein §21). But can at least define a natrual
metriconit. p((Xrea, Yaea) = SUp{dr(Xy, Y| A € A} 1 A real number in [0, 1] b/cO<d, <1, V A. “uniform metric”

Just consider the case X, =R, YA = [[Xy =RA, dyx, y)=min(d, [x-y]), VA
Check thisisametric (exercise).

Theorem 27
OnR*, thismetrictopology of o (uniform topology) iscoarser than the box topol ogy and finer than the product topology .
Proof:

Compare with box topology: Fix U open in the uniform topology, pick x € U. U isopen = Je > 0 st. B, 5(X) c U.
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Bes(¥) = {y e R : supd(xy, y)) <€}

. B. 00

If d(xy, y) < —Z YA = supdixy, y) < —Z <eoye HBE/Z’H(XA) (open set in box topology.)
proof continued next lecture.
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