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Pensieve header: A unified verification testing suite for the $sl_2$-portfolio project, Uxi version.
Continues pensieve://Projects/SL2Portfolio/nb/Verification.pdf.

Also continues pensieve://Projects/PPSA/nb/Verification.pdf and pensieve://2017-06/ and
pensieve://2017-08/.

Prolog

Inf+]:= wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Portfolio"];
<< "SL2PortfolioProgram.m"

In[«]:= $P = 2; $k = 1; $U = QU;

Inf+]:= HL[& ] := Style[&, Background - Yellow];

DocileQ

1= DQ /@ {ezxyaz, e? x? y3}

our-1= {True, False}

Initialization / Utilities
in[-J= SP{gsx) [ (§2 + &+ 3) (X5 e*+7 x) +99 a]

ouf-j- 7+99a+21x+20eXx>+15eXx* +5e*x°

in[-1= SP tgsx, noy} [ (§2 +E&+3+2 §r]) (x5 e* + 7x) +99a+ e’y §r7]

our - 7+99a+21x+20e*x3+15eXx*+5eX x>+ XY9 5+ XY xy 52

Implementing CU = T(sl5¢)
Verify g and A! Also Generalize Ato Ajj, j,.....
Verifying associativity on triples of generators:

n-1- With[{bas = CU/e {y, a, x}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} ] ]

Out[«]= {{{0.! 9, e}) {9, 9, e}; {e: 9, e}})
{{0, 0, 0}, {0, 0, 0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random?” triple:
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no1- With[{z1 = CU[y, y, a, a, X, x], 22 =CU[y, a, x], z3 =CU[y, y, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
z1 %% (z2%%23) -rhs // Simp // HL
}] 77 Timing
our- = {1.625, {(28t*y*+116ty° €) CU[y, ¥, ¥, X, X] +
(4P v+8t*y*e) CULY, ¥, @, @, @, X] + <<20> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, x], O} }

Implementing QU = Uq(sl%?)

n-1- HL /@DQ /@Series[{(1-Te2¢?") /n, e"°?}, {e, @, 5}]

ou-1= {True, True}

.= With[{bas = QU /@ {y, a, x}}, Table[{z1, z2} -» Simp[z1 % z2 - z2 »% z1], {zl1, bas}, {z2, bas}] ]
our= {{{QUIy], QU[y]} > @, {QU[y], QU[a]} > ¥y QU[y],

(-1+T)Qur]
{QUIy], QU[x]} - ——2T6QU[a}—Yef1QU[y,X]},
{{Qufal, QU[y]} » -vQU[y], {QU[a], QU[a]} - @, {QU[a], QU[x]} - v QU[x]},
QU]
{{QUIx], QUly]} - -nen ) +2TeQUlal +yehnQuUly, x],

{QU[x], QU[a]} »—yQu x], {QU[x], QU[x]} >@}}

Verifying associativity on triples of generators:

np= With[{bas = QU /@ {y, a, X}},
Table[HL[z1 x» (22 % 23) - (21 %% 22) =% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]
Out[« |= {{{0.! 0, e}) {e) 0) O}J {e) 0) 0}},
{{0, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs @ $p=5, $k=2):

In[«]:= With[{z:l- =QU[Y, ¥, a, a, X, x], z2=QU[y, a, x], z3 =QU[y, Yy, a, X]}, {
(rhs = (z1 %% 22) xx23 // Simp) // Short,
HL[Zl *% (22 *% 23) -rhs // Simp]
}] // Timing
28 ¥4 56 Ty*+28T2y* 82%°c-280Ty°e+198T2y°¢
our - {3.35938, { + QUIY, ¥, ¥V, X, X] +
h? h
<«<18>> + (1+8yeh) QULY, Y, ¥, ¥, ¥, 3, @, @, @, X, X, X, X], 0} }

Verifying that Limpa-o QU = CU using a “random” product (~23 secs @ $p=5, $k=2):
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In[«]:=

Outf+]J=

In[«]:=

Outf«]=

In[«]:=

Out[+ ]J=

In[«]:=

Out[+ ]J=

In[«]:=

Out[» J=

In[«]:=

Outf«]=

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, Yy, a, x]}, {
Short[lhs =21 %% (22 *% 23) ] R
Short|[rhs = (QUeez1) + ((QUeez2) »+ (QUeez3))],
Expand[Limit[rhs /. U21{J {QU -» CU}, A - @] -1hs] // HL
}] 7/ Timing
{10.5, {28 t2y* CULy, ¥, ¥, X, X] +
116tyseCU[y, Y, ¥V, X, X] + <«<44>> +CU[Y, Y, VY, VY, VY, a, a, a, a, X, X, X, XJ,

YPO2Tyt Tyt e 2Ty’ e Tye
LA + ¥ - + QULY, ¥, ¥, X, X] +
72 #72 72 fal h h

<<209> + (1+8Y€h> QULY, ¥, ¥, ¥, Y5 @, @, @, @, X, X, X, X], e}}

2

Verifying g, m, S, and A.
Verifying O ki

CU@X]_ + CU@XZ // 0153,2-4

CU[X3] +CU[Xa]

Verifying relabeling using m:

t1 t3 CUy1, a1, Xo] + €3 t1 CULy1, @2, X2] // my,3
CUlaz, X2, Y3] t3+CU[Xa, ¥3, @3] t3

Verifying the meta-associativity of m:

Module[{z, u},
Table[u = CU[z[1]1, z[2]2, z[3]3]; HL[my,3,3@mM;,3,3@U == My 3,3@M; 5,,@U],
{z, Tuples[{y, a, x}, 31}, {U, {CU, QU}}]1
{{True, True}, {True, True}, {True, True}, {True, True}, {True, True},
{True, True}, {True, True}, {True, True}, {True, True}, {True, True},
{True, True}, {True, True}, {True, True}, {True, True}, {True, True}, {True, True},
{True, True}, {True, True}, {True, True}, {True, True}, {True, True}, {True, True},
{True, True}, {True, True}, {True, True}, {True, True}, {True, True}}

Verifying the involutivity of S on CU on products of triples:

With[{bas = CU /@ {y1, a1, X1}},
Table[HL@Simp [zl #* z2 %% 23 - S; @S, [Z1 »* Z2 »% 23] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]

{{{e, 0, 0}, {0, 0, 0}, {0,0,0}},
{{e, 0, 0}, {0, 0,0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying that S is an anti-homomorphism on CU/QU:

With[{bas =U /@ {y1, a1, X1}},
Table[HL@Simp[S1[Zz1 x% z2] - S1[z2] **S1[z1]],
{z1, bas}, {z2, bas}, {U, {CU, QU}}]11

{{{e, @}, {0, 0}, {0,0}}, {{0, 0}, {6, 0}, {0,0}}, {{0, 0}, {6,0}, {0,0}}}

Verifying the co-associativity of A:

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/ #MathematicaNotebooks

2019-06-17 20:59:53



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: SL2PortfolioTesting.nb 2019-06-17 20:59:53

1= Block[{bas = U/@ {y1, a1, X1}},
Table[ (z1#% 22 %% 23 // A1y1,2 // Basz,3) - (21 %% 22 %% 23 // Basa,3 // Aisa,2) /7 Simp // HL,
{z1, bas}, {z2, bas}, {23, bas}, {U, {CU, QU}}] |

ouf-= {{{{0, 0}, {0, 0}, {0, 0}}, {{0, O}, {0, 0}, {0, 0}}, {{6, 0}, {0,0}, {6,0}}],
{{{e, @}, {0, 0}, {0, 0}}, {{0, 0}, {0, 0}, {0,0}}, {{0, 0}, {0, 0}, {0,0}}},
{{{e, 0}, {0, 0}, {0, 0}}, {{0, 0}, {0, 0}, {6,0}}, {{0,0}, {0,0}, {6,0}}}}

Verifying S-A compatibility:

Timing@Block[{bas = U /@ {y1, a1, X1}},
Table[zl xx 22 %% 23 // A1,1,2// Si // M1,2,1 // Simp // HL,
{U, {CU, QU}}, (i, 2}, {zl, bas}, {22, bas}, {23, bas}] ]
our- = {{{{{0, @, @}, {0, 0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}},
{{e, 0,0}, {0,0,0}, {0,0,0}}}, {{{0, 0,0}, {0,0,0}, {0,0,0]},
{{0) e) 0}) {01 e) 0}) {01 e) 0}}) {{0) 0) e}) {0) 01 e}) {0) 01 0}}}}1
{{{{01 e) G}J {01 e) G}J {91 0) e}}) {{GJ 01 e}) {e) 0) e}) {eJ e) 0}}1
{{e) e) e}) {0, e) 0}) {eJ e) 0}}}1 {{{GJ 01 e}) {e) eJ e}) {GJ 0) e}}J
{{e, 0,0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {6,0,0}}}}}

Verifying S-A compatibility for opposite m, only for CU:

n-1= Block[{bas = CU /@ {y1, a1, X1}},
Table[zl xx 22 %% 23 // Ay,1,2 // Si // Mp,a51 // Simp // HL,
{i, 2}, {z1, bas}, {z2, bas}, {z3, bas} ]]
our-= {{{{@, @, @}, {0, 0, 0}, {0, 0, 0}}, {{e, 0, 6}, {0, 0,0}, {0,0,0}},
{{GJ 01 e}) {GJ 01 e}) {eJ 01 e}}}) {{{01 e) 0}) {01 e) e}) {01 e) e}})
{{e, 0, 0}, {0, 0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}}

Verifying m-A compatibility:

Inf+]:= Timing@Block[{basl =U/@{yi1, a1, X1}, bas2 =U /@ {y,, a2, X2}},
Table[ (z1#% 22 %% 23 %% 24 // My 5,1 // Bysa,2) -
(21 4% 22 4% 23 4% 24 // Duszya // Dous,e // M5y // Mayesy) // Simp // HL,
{U, {CU, QU}}, {21, basl}, {z2, basl}, {23, bas2}, {z4, bas2} | |
ouf-= {27.3438, {{{{{0, 0, 0}, {0, 0, 0}, {0, 0,0},
{{0, 0, 0}, {0, 0,0}, {0,0,0}}, {{0,0,0}, {O,0,0}, {O,0,0}}},

{{{o, 0, 0}, {O0,0,0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {O0,0,0}},
{{e, e, @}, {0, 0, 0}, {0,0,0}}}, {{{0, 0,0}, {0,0, 0}, {0,0,0}},
{{e, o, 0}, {0, 0, 0}, {0,0,0}}, {{0,0,0}, {6,0,0}, {06,0,0}}}},

{{{{e, 0, @}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0, 0}}}, {{{0, 0, 0}, {0,0, 0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0, B}}, {{0, 0, 0}, {0, 0, 0}, {0,0, 0}}},

{{{e, o, 0}, {0, 0, 0}, {0, 0, 0}}, {{6, 0,0}, {0,0,0}, {6,0,0}},

{{0,0,0}, {0,0,0}, {0,0,0}}}}}}

Implementing 6

Verifying involutivity on CU:

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/ #MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: SL2PortfolioTesting.nb 2019-06-17 20:59:53

Inf[«]:=

Out[» J=

In[#]:=

Outf«]=

Inf- ]:=

Outf«]=

Inf[«]:=

Out[«]=

In[«]:=

Out[« ]J=

Inf]:=

Out[«]=

Inf]:=

Out[«]=

With[{bas = CU /e {y, a, x}},
Table[z -» Co[z] » HL[CO[CO[Z]]], {Z, bas}] ]

{CU[y] » -CU[x] »CQU[y], CU[a] »-CU[a] »CU[a], CU[x] » -CU[y] »CU[x]}

Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[CO[z1l % z2] -CO[z1] *xCo[z2] // HL, {z1, bas}, {z2, bas}] ]

{{e, 0, 0}, {0,0,0}, {6,0,0}}

Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z -» Q6[z] » HL[Simp[Q6[Q6[Zz]], PowerExpand]], {z, bas}] ]

QU[x] ehQU[a, X]

{ury] > - S QUIY], QUa] > -QU[a] - QU[al,
VT VT

QUIx] - [ L ey - SRR AL oy
VT AT T

Verifying that 8 is a multiplicative homomorphism on QU:

With[{bas = QU /e {y, a, X}},
Table[{z1l, z2} » HL[Simp[QOo[z1l »* z2] -Q6[z1] **Q6[Z2]]], {z1, bas}, {z2, bas}] ]

{{{Quly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{QUx], QU[y]} - @, {QU[x], QU[a]} - @, {QU[x], QU[x]} - @}}

Verifying that O is a co-multiplicative morphism on CU:

With[{bas = CU/@ {y1, a1, X1}},
Table[Co6@A1,1,,@Z - A1,1,,@ C6@QZ // HL, {z, bas}] ]

{0, 0, 0}
Verifying that 6 is a co-multiplicative morphism on QU: (Fails!)

With[{bas = QU /@ {y1, a1, X1}},
Table[res = FullSimplify@PowerExpand[QO@A;,;,,@2Z - A;,; 1@ Q0@2z], {z, bas}] ]

~eh (QUfan, Xa) + QUla2, xa]) ¢ QUIxa]) <1+ 4/Ta |+ QD) [T«

{

T1VT2
o [en (Qlan, xa) + QUlas, sl + QL2 Xa) - (QUDx] + € hQULaL xa1) /T2 ||,
1
0, — | ((-1+vyen) QUlys] ~eh (QUla1, ¥2] +QULyz, @] )) |-1++/T1 | +
| 2]

((-1+yehn) QUIyi] ~€hQUlys, ar]) /T2 + ((1-veh) QUlys] +enQULys, a1]) Tz)}

res/.e-9
~QUIyz] (-1+3/Ty | -QUIYa] VT2 +QUIY1] T2
VT1 VT2
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The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequantl.pdf.
Docility of ADSf:
n-7= HL@eDQ@Block [ {$p = 4}, Collect[SS@AD$f /. w-» a;, €]]
ou-J= True
Scaling behaviour of ADSf:
n1- HL@Simplify [AD$F = ((AD$f /. y-»1) /. {e>ve, a»yta, w->y'w})]

ouf-]= True

Inf+]:= HL@FullSimplify[
AD$Ff == ((A]D$'F /. 7-)1) /. {fz > ¥’h,e»€e/y, anal/y, to>y2t, a)->7'3w})]

outf-]= True
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= Block[{$p = 4, $k = 3}, {res = AD[yq], res /. € » 0}]

2 1 5 1 13
outf- J= {(*yzezthrftyzesz—*y3e3h3+ftzyzezh“—fty?’@h“ CUly] +
3 2 6 5 20
th t2h? 7 1 t3a3 5 1
[1+7/eh+ —ftyeﬁ2+*yzezﬁ2+ —ftzyeﬁ3+*tyzezﬁ37
2 6 12 2 24 24 3
1 t4at 13 91 89
=yieEnis - —tyents — 2yt - —ty3edat| iy +
6 120 240 720 720

1 1 1 1 1
[——tyehz——tzyeff——t3yeh4——t2yzezh4+—ty3(—:3h4) CU[y] +
12 24 80 720 720
1 3 3323 4 3 3324
—y’e’n+ —ty’e’h"| CU[y] +
3 15

2 7 1 5 2 1
yeh+ —tyehn?-—y?e?n?+ —t?yenP-—ty?etnds —yietnds —t3yent-
3 6 4 6 3 15

13 91 2 8
= t2y?elnt s —ty3e3h4) CU[y] + (——yze3h3— —ty2ednt
40 180 3 15

CUly, a] +

2 7 1 5 2 1
—eh-—teh?*+ —vyern?-t2en+ —tyelnd-—y2elnd- —tient+
3 6 4 6 3 15

13 91
—tzyezh“——tyzeBhAJ CUuly, aj +

1 4
-=y?ednd- —ty263h4) CU[y, a] +
40 180 3

15

1 1 1 1
[—Yezh2+—tyezh3+—t2762h4+—t7263ﬁ4) CUly, a] +
6 12 40 360

1 1 1
(—tyezh3+—t27{62ﬁ4+ —tY2€3f’14) CUly, a] +
12 20 360

4 5 2 13
(——Yezhz—tyezh3+—7(263h3——t2>f62h4+—tvr263f”14] CUly, aJ -

3 3 5 10
1 2e2p? 1 5 1 13
—tyedn*ally, a, al + +—tezh3——ye3h3+—t262h4——tye3h4] CU[y, a, a] +
20 3 2 6 5 20

1 1 1 4
[f—ye3h3——tye3h4] cUly, a, a] + (—ye3h3+—tye3h4] CU[y, a, a] +
6 10 3 15

2 8 1 2
[—Ye3h3+—tye3h4) CU[y, a, a] - — ty?e2n* Uy, y, x] + — ¥y 3 r* Uy, vy, x] +
3 15 180 45

1 1 1 1 1
[—yeh2+—tyeh3+—t2yeh4+ tyzezh4——y3e3h4J cUly, y, x] +

12 24 80 720 720

1 2 2323 1 2 2324 1 3 3324 1 333 4 3 24

[—y e“h”+ —tye“h"+ — '€ h)CU[y,y,x]+(——e h’-—te’n”| Cly, a, a, al -
12 20 360 3 15

4 1 1 1
—y?edntauly, y, a, x] + (——yesz——tyezh“— —yze3h4J cUly, Yy, a, x] +

45 12 20 360
1
—vye*ntclly, y, a, a, x] + y2erntcUly, v, ¥, X, X1,
20 360

th t2r? t3md tiht
1+—+ + + CU[y]}

2 6 24 120

Verifying that the asymmetric dequantizator is a homomorphism:

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/ #MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: SL2PortfolioTesting.nb 2019-06-17 20:59:53

n-;= With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[SimpT[AD [z1 #* z2] - AD [z1] ** AD [z2]]], {z1, bas}, {z2, bas}] ]

our- = {{{QU[y], QU[y]} - @, {QU[y], QU[a]} - @, {QU[y], QU[x]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequantl.pdf.

Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequantl.pdf:

Cosh[a (%H—:a)] - Cosh[a tz;ez rew |

Infe]= {S]D$P =

nsinh[=2] (w-ea’+ (t-€)a+t/2)

Simplify [SD$P == (SD$P /. {a-»-a-1, t>-t})] // HL,

PowerExpand@Simplify[ (SD$P /. {h » ¥’ h, e »e /¥, a»a/y, t->y?t, s>y w}) =
Sp$g (Sp$g /. {a--a-¥, t>-t})] // HL,

SD$Q = Simplify[sD$P /. {a-»c-1/2}],

Simplify[SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

FullSimplify [SD$g == FullSimplify|
Vsp$Q /. c»a+1/2/.{n > ¥’h,e~e/y, anal/y, t>y2t, wsy>w}]] // HL,

HLeDQ@Block[{$p = 4}, Collect[SS@SD$g /. w - a;, €11,

HLeDQ@Block[{$p = 4}, Collect[SS@SD$f /. w-» a;, €]]

a€+1 (—t+€)

out[+ J= {— Cosh[
2

h]—Cosh[\/1<t2+ez)+ew n] Csch[ﬂ}/

4 2

t 2
((*+a (t-€)-a e+w) fz] , True, True,

((4

Cosh[l (t-2ce)n] —Cosh[lmh” Csch[i}]/
2
((4ct+e-4c’e+4n) h)), True, True, True, True}

2 2

Verifying the 8-symmetry:
)= Table [HL@SimpT[CO[SD [z]] = SD[QO[z]1], {z, QU/@{y, a, X}}]

ouf-]= {True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:
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n-;= With[{bas = QU /e {y, a, x}},
Table[{z1l, z2} » HL@SimpT[SD [z1 *% z2] - SD[z1] ** SD[z2]], {z1, bas}, {z2, bas}] ]

our- = {{{QU[y], QU[y]} - @, {QU[y], QU[a]} - @, {QU[y], QU[x]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The representation p

Verifying that p represents CU and QU:

1= Table[HL[SS[p[2z1 #* 22] = p[21].p[22]] /. €* /5 k> $k > @],
{U, {CU, QU}}, {z1,U/e{y, a, x}}, {z2, U/e{y, a, Xx}} ]

ouf-}= {{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

Commuting @29 with e¢*:

1= Table[HL[p[e®'*].p[e*V®?] = p[e*¥®*].p[e* " ¢Y**]], {U, {CU, QU}}]

ouf-= {True, True}

tSW

Inf-]:= HL@SimP[Osu[{Y3: a3, X3}z, tSWyy,1,253 /+ {§1 >R &1, ma» AN} /. U21] -
SS[Ogu[{X35 Y3}3, SS[e” (ErXsrm¥) ] /. u21]]

outf-]= @

In[+]:= HL@Simp[
Ogu[{Y15 315 X1}15 tSWxa,1,151 7/« {E1> B &1, a1 > Bay}] - SS[Ogy[ (X1, a1}1, SS[e Frxara) ] ]]]

outf-]= @

Infe]= HL@Simp[
Osu[{Y1, a1, Xa}1, tSWay,1,151 /+ {M1 > B N1, a1 > Bay}] - SS[Ogy[{a1, y1}1, SS[e” MYrrr2) ]]]]

outf-]1= @
Rin QU.
n-j= Table[Together@SeriesCoefficient [eq,5[Xx], {X, @, n}], {n, 0, 5}]
1 1 1
OutfJ= {1, 1, B > ]

1+q (1+q) (1+q+q2) (1+q)2(1+q2) (1+q+q2)
1/((1+a)? (1+02) (1+9+a) (1+a+a*+q° +q%))]

n-j= Table[HL@FunctionExpand [QFactorial[n, q] SeriesCoefficient[eq,s[x], {X, @, n}]], {n, @, 5}]
our-}= {1, 1,1, 1, 1, 1}
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In[e]:= QU[R3,4] // Short

ehQU[as, a € <«<1l> <«<1> QU[ «<1>
outl- short= QU] + M +hQU[ys, Xq] + I } +
Y Y

«<1>» en?QU[ «<1>] t3 ) A2 QU[Ys, as, Xa] t3 . n2QU[a4, a4] t3

— <<1l>> <«<1>»> -
2 Y ¥? Y 2 y?

Verifying R2 (~2 secs @ $p=4, $k=2):
1= QU[Ry,z *%Ri%,| // Simp // HL // Timing
our-- {0.078125, QU[]}

Verifying R3 (~156 secs @ $p=4, $k=2):

In[«]:= {Shor‘t [].hS = QU[R]_)Z * % R1,3 * % R2,3] 1, HL@SimpT[lhs - QU[R2)3 * % R1)3 * % lez] 1}y 7/ Timing
€hnQUlai, a] €hQU[a;, a3]
+ +

our-- {0.15625, {QU[] +
Y Y
<«<73> +2eh*QUly1, a2, X3] To+QU[y1, X3] (h-hT,), @}}
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Exponentials as needed.

1= Block [ {$p = 2, $k = 2}, TableForm[StringSplit[
"y | a | X | ce@ycu | Coeeacy | Ce@Xxcy | QG@YQU | QG@aQU | QG@XQU | A]D@yQU | A]D@aQU | A]D@XQU | S]D@yQU | S]D@aQU | SD

@Xqu | S@Ycy | S@acy | S@Xcy | S@RYqu | S@agy | S@Xqu | A@Y(y | A@acy | A@Xcy | A@Yqu | A@Agy | A@Xqy"
"1 /. s_String »

{s, NormaleSimplify@Series[ToExpression[s] /. CU| QU - Times, {e, 0, $k}1}]]

Oult[~ J//TableForm=

y
a

X

Ce@ycu
Co@acy
CG@XCU

Qe@yw
QG@aQU
QQ@XQU

ADeyq
AD@agy
AD@Xxqy
SDh@yq
SD@agy
SD@Xqy

S@ycy
S@acy
S@XCU

S@yQU
S@aQU
S@XQU

A@Ycy
A@acy
A@Xcy

A@yQU
A@agy
A@XQU

y
a
X
-X
-a
-y
__x_axeh a*xe’n?
VTNT 2T
-a
Y y(asyeh y (a-y)2e?n?
VT NG 2T
2 .2 2 32 1 2 32 1
;atyeln +6y(6+3th+t n?) +12yeh(xy7(h—4a (3+2tn))
a
X
y+ -tlyn?+ -y (-2at+xyy)en?+ =atye?n?
48 24 12
a
lazxe2h2+x(1+m+m)+Lxeh(xyyh—2a<12+7th))
12 2 48 24
-y
-a
- X
_Y ,y(amen yl(axy?ein?
T T 2T
-a

—x—axeh—iazxezhz

Y1+Y2
d; + djz
X1 + Xz
y1+T1y2—eha1T1y2+iezfzza%lez
dy + dp

x1+x2—eha1x2+%ezh2a%x2
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1= TimingeBlock [ {$p = 4, $k = 2}, {

s =5S;[QU[y1]] /. QU > Times,
exps = Expqu,,sx [N, S1, (% Warning: wrong unless $p=$k+1! *)

HL@Simp[Sl@OQU[{yl}l) Ss[ehnyl]] - Ol{y1, @1, X1}1, (exps /. n —’ﬁﬂ)]]

H

ehn e?n? 1 eh 2252 c2 72 32
Out[+ ]= {4.67188, {al - + ¥ ] Y1+ [__+ Y _ ¥ y1 - lyl’
LK T1 T1 T1 2T, 2T,
nyi (2)(777’1T1y1—2r]ha1T1y1—y772hy%>e
E[0, - , 1+ +
T 212

- - +

¥inhty, +mfzza1y1 nh®aiys . 7¥*n*hty: 2yn?h?aryi
2T, T1 2T, 4712 T2

2h2a22 YZ 3h23 y3h2a 3 YZ 4ﬁ24
n 1Y1 n y1+ n 1y1+ n Y1 €2+O[€}3},0}}

2T T3 2T3 8 T4

1= TimingeBlock [ {$p = 4, $k = 2}, {
s =5;[QU[ai]] /. QU - Times,
exps = Expgu,,sc [, S1, (% Warning: wrong unless $p2$k+1! «)
HL@Simp[S;@0qu[{a1}1, SS[e*™]] - Oqu[{y1, 315 X1}1, €xps /. a > hal]

H

our - {2.20313, {-a1, E[-aa;, 0, 1+0[e]?|, 8}}

1= Timinge@Block [ {$p = 4, $k = 2}, {
s =S1[QU[X1]] /. QU - Times,
exps = Expqu,,sk[€, S1, (* Warning: wrong unless $pz$k+1! =)

HL@Simp [S1@0qy[{X1}1, SS[€"¢*]] - Oqul{Y1, a1, X1}1, (eXps /. E> B E)]]
}

1
our- )= {1.51563, {-x1-€hayx; - —€*h?af xq,
2

1 1
€+ —*§h2a§x1+Zyzgzhzxf—y§2h2a1x§+

1 2 2
E[0, -£xq, 1+ —§ha1x1—5y§ hx3

1 1 1 1
£§2h2a§x%—;y2§3ﬁ2xi+;y§3hzalxi+gyzé“ﬁzx‘l‘ e?+0[e]’], o}}
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S(e" e*? &%)

1= TimingeBlock[{$p = 3, $k = 1}, {
(sexp = m3,2,1,1 [EXPou,, sk [15 S1[QUIY1]] /. QU - Times] Expqu,,sk [&, S2[QU[a2]] /. QU - Times]
EXPou,, sk [€5 S3[QU[X3]1] /. QU > Times]]) /. u_4 = u,
HL@SimpT[OQU[{yl, a1, X1}1, sexp /. U21 /. {n->&an, an»ha, £E->hE}] -
51@‘DQU[{Y1, a1, Xi1}1, 55[‘eh (nYrrads+sx) ] ]]
}
our - {1.95313, {E[-aa, ﬂné_Tﬂng_Ty:”ﬁ_T”gh,

1+

; (3R Yy E+4TA Y P -TP ARy n* P +8aTANEN-4TAYnEN+AT Ay nEh+
4T2n

6y A YN ER-2TYy Ry En+6TXAYyNnE2n-2T>xAyn&>h-4aTyAnh?>+4TyAy
nh? -2y’ A yn’h’-4aTxAEN* -4Txy A ynEn® -2T2 X2 # y &2 h?) e +0[e]?], @} }

Al_)l,z(@nyl e a1 efxl)

1= Timinge@Block [ {$p = 4, $k = 2}, {

sexp = My,3,551@My 4,6,2@Times [ (» Warning: wrong unless $p=$k+1! «)
ReplacePart[1 -» 0] @Expqu,,sk [, A151,2[QU[Y1]] /. QU - Times],
ReplacePart[2 » 0] @EXpqu,,sk [, A3,3,4[QU[a3]] /. QU —» Times],
ReplacePart[1 -» 0] @Expqu,, sk [§, As,s5,6[QU[Xs]] /. QU -» Times]

1 /7. {n->an, a-ha, £->0¢},
HL@SimpT |
Oqul{y1, @1, X1}1, {y2, @2, X2}2, sexp] - A1->1,2@‘DQU[{Y1; a1, X1}1, 55[‘3ﬁ (ny1+aal+§xl)]]]

H

our- - {15.3125, {E[ahay+ahay, Ehxg+Ehxa+nhyr+nhTiys,

1
1+ — (—2§h2a1x2+y§2h3xlxz—2nh2a1T1y2+yn2h3T1y1y2) € +
2

— (12§h3 aZx, +6¥2 &2t Xy xa - 12y E2 At a1 Xy xp + 4 Y2 E3 AP X3 xp + 12 E2 nY a2 X3 +

24

4y 8P xax3-12v &R arxy X3 +3y? &t xdx3+12nnaiTyy, +

24néEntalTixoy, - 12y n &2 hPar Tixa X Y2+ 62 > W Tyyry, - 12y h*ar Ty ys -
12y EnarTiXey1 Y2 +6 Y2 N 208 TixiXay1 Y2+ 42 P 0 Tyyly, + 1202wt ai Tiyd +
AP Tiyiy3-12y P nPar Tiy 1y + 392 n* nP Tiyiy3) €2+ 0[e]?], 0} }

Zip and Bind

QZip implements the “Q-level zips” on E(L, Q, P) = Pet*?. Such zips regard the L variables as scalars.

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/ #MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: SL2PortfolioTesting.nb 2019-06-17 20:59:53

m-j= Timing@ {E@ = E [0, Sum[ajei.j Xi &5, {1, 3}, {J, 3}1,
1+eSum[f;[X1, X2, X3] §i, {1, 3}] +€ Sum[flahj [X1, X2, X3] €i &5, {i, 3}, {3, 3311,
lhs = QZip(§1,§z),Simplify@E9:
HL[1hs == QZip ¢,},simp1ify @QZiP ¢,},simp1ify @EO] }

{35.0625,
[E[0, a1 X1 &1+ @ Xa E1+ @31 X3 E1+ @12 Xa E2+ 822 Xp £ + @32 X3 2 + 13 X1 €3 + A3 Xp E3 +
a3 X3 &3, L+€ (E1f1lxa, X2, X3] + &2 Falxa, Xo, X3] + &3 F3[Xa, Xp, X3]) +
€ (&3 Fialx1, Xo, X3] + &1 &2 Fra[Xa, Xo5 X3] + &1 &3 F13[Xa, X2, X3] +
outf+ J= E1 & Far[X1, X2, X3] + &3 F22[X1, X2, X3] + &2 E3 Fa3[X1, X2, X3] +
€1 &3 Fa (X1, Xo, X3] + &2 &3 Faa [Xa,s X2, X3] + &3 Fa3[X1, X2 X31) |,

E[e, s et |, True}}

-1+ +az ( ) 3

large output show less show more show all set size limit...

Infe]= Timing@{
Eh=E[0, hsum[alaz‘uj Xi §j) {i, 3}, {j.v 311,
1+eSum[f;[X1, X2, X3] §i, {1, 3}] +eSum[figi.j[X1, X2, X3] &1 &5, {1, 3}, {3, 3}11,
lhs = Normal[Eh /. E[L_, Q_, P_] » Series[Pe"*?, {h, @, 2}]] // Zip(e,,
HLe@
Simplify[lhs == Normal[QZipe,},simprify [EN] /. E[L_, O_, P_] = Series[Pe"*?, {h, @, 2}]]]}

{25.3125, {E[e,
h (211 X1 £1 + 321 X2 1 + @31 X3 §1 + Q12 X1 €2 + A2 X2 €2 + @32 X3 §2 +A13 X1 £3 + A3 X2 £3 + 333 X3 €3) ,
1+e (&1filxa, Xay X3] + & Fa[Xa, Xa, X3] + E3 F3[X1, Xa, X3 ) +
€ (&3 f1a (X1, Xa5 X3] + &1 &2 Fra[X1, X, X3] + &1 &3 F13[Xa, X2, X3] +
Outle}= &1 &2 Far[Xa, Xay X3] + &5 F2[Xa, X2, X3] + &2 &3 Fa3[X1, Xa, X3] +
€1 &3 Fa1 (X1, Xo, X3] + &2 &3 F3a[Xa, Xa, X3] + €3 Fa3[X1, X2, X3]) |,
1+hagp + + % h? e a%; X3 1, 4%9 [0, xa, x3], True}}

large output show less show more show all set size limit...

LZip implements the “L-level zips” on E(L, Q, P) = Pe**2. Such zips regard all of Pe? as a single”P”. Here
theZ’saretand aand the {’sare Tand a.

Infe]:= Bind{Z} [E[O, § (X1+X2), 1], E[O, & (X2+X3), 1]]

Out[«]= IE[O, §X1+§X2+§X3, 1}

Infe]:= Bind{Z} [E[O, (&2 +&3) X2, 1], E[O, (&1 + &2) X, 1]]

ouf-]= E[@, X {1 + X Ex + X E3, 1]

In[]:= Bind{l,Z) [E[O, (§2+83) X2+ E1X1, 1], E[O, (&1 +&2) X, 1]]

ouf-]= E[@, X {1 + X Ex + X E3, 1]

An xay = axy = ayx —> yax = xay - xya - yxa - yax test:
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1= Bind [E [ag @3 + T ty, @ % §1 X1 + M1y, 1], {1}, Eltati+agar, §1X +M1ys+ §1m1te, 1]]

our-- Bind[E[ag oz +t1 t1, yani + @ xqg &1, 1], {1}, E[agag +t1 T1, Yan1 + X1 €1+ tang €1, 17 ]

no- {rxa=E[titi+ara, @™ 1 x1+n1Y1, 1]
rxy =E[titi+aia1, §1 X3 +7M1y1-E1m1t1, 1]5
ray =E[titi+aga;, e niy; + €1 %1, 1]
lhs = Expand /@ rxa~B;~rxy~B;~ray,
HL[1lhs == Expand /@ ray~B;~rxy~B;~rxa]}

X t
our-- {E[agay +ty 11, yim | 161 tim 51) 1], True)

Aq Ar Aq

Tensorial Representations

Associativity of tm.

imn-j= Table[Block[{$U = U, $k = kk},
{1lhs = tmy 5,5 ~By~tmy,3.1;
{$U, $k} -> HL[1lhs = tmy 3,5 ~By~tmy 5,11}
1, {U, {CU, QU}}, {kk, @, 1}]
our - {{{{CU, @} - True}, {{CU, 1} - True}}, {{{QU, @} - True}, {{QU, 1} - True}}}

1= Block[{$U = CU, $k = 2}, Timinge@ {1hs = tmy, >, ~By~1tmy,3,1;
HL[1lhs = tm; 3,5 ~By~1tmy 5,1]}]

our-= {1.54688, {True}}

tSis an anti-homomorphism for tm.
1= HL[ (€S1tS;) ~By,a~tmy, 5,1 = tiy, 1,1~ By ~tSs]
ouf-]= True

Testing co-associativity.
inf-1= HL[tA1,1,2~Ba~tAz,2,3 = tA1,1,3~B1~tA1,1,5]
outf-]= True

Testing S is an anti-co-homomorphism
Infe]:= HL [tSl~Bl~tA1_,1,2 ] tAl_,2’1~B;|_)2~ (tS]_ t52)]
ouf-]= True

Testing convolution inverse:

1= {HL[tA1,1,2~B1~tS1~By,2~tmy 5,1 = tn~Byy ~t1],
HL[tA1,1,2~By~tSy~By,2~tmy 5,1 = tn~Byy ~t1]}

ouf-]= {True, True}

Testing R2
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Inf+]:=

Outf]=

Inf]:=

Outf]=

Inf]:=

Outf]=

Inf+]:=

Outf]=

Inf+]:=

Outf]=

HL [ (ﬁLz tR3,4) ~B1,2,3,4~ (tm1,3->1 tm2,4-»z) == tll]

True

Testing quasi-triangular axioms

HL[ (tA1-51,2 tR3,4) ~B1,2,3,4~ (tM1,3,1 tMy,4,2) = (tA152,1 tR3,4) ~B1,2,3,4~ (tMs,1,1 tms,2.2) |

True

HL [tR1,3 ~Byi~tA1,1,2 = (tR1,4 tRZ,B) ~B3’4~tm3,4_,3]

True

Testing R3

HL [ (tRz,s tR1,4 tRs,s) ~BRrangees ~ (tm1,5->1 tmy, 652 ts, a3 ) =
(tR1,2 tRs,3 tRe,a) ~Brangees ~ (tMa,s5.1 Ty, 6.2 tM3 4,3 ) |

True

tC is the counterclockwise spinner; tC is its inverse:
Block [ {$k =1}, HL [ (tC1 Ez) ~B]__‘2 ~tm1,2_,1 = tll] ]

True

The 180419 blackboard :

2019-06-17 20:59:53

4F (
a,
(’\‘1‘; ~
C ? 2
|
R <’ |
J {A} '{_’ ’/‘\
N \.{ — / | A
\ — |
sl Mt ,// P D)
4| 3\ L3 /
f S
| 2 \\// lz
K B
RN @ e, —
zl ST = C1 ,n

Cyclic R2 as on the 180419 blackboard:
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Inf-]:= BlOCk[{$k =2}, HL [ (tR1,4 tRs,, E3) ~B(1,3,2,4) ~ (tm1,3-»1 tm2,4->2) ~By,5~tmy 5,1 = El] ] // Timing

ouf-]= {31.4688, True}

Swirl relation as on the 180419 blackboard:

Infe]= Block[{$k =1},
HL [tR1,2 = (tC1 tC, tR3,4 tCs Es) ~B1,2,3,4~ (tm1,3->1 tm2,4->z) ~B1,2,5,6~ (tm1,5->1 tmz,s-»z) ] ] // Timing

ou-}= {1.42188, True}

The Four Kinks as on the 180419 blackboard:

TimingeBlock [ {$k = 2, K1, K2, K3, K4},
Column@{Kl = (tR1,3 t_cz) ~B1,2~tmy 5,1 ~By,3~tmy 3,1, K2 = (tR3,1 tcz) ~B1,2~tmy 5,1 ~By,3~tmg 3,1,

K3 = (ﬁ3,1 t_cz) ~By,2~tmy 5,1 ~By 3~tmy 3,1, Ki = (ﬁ1,3 tcz) ~By,2~tmy 5,1 ~By 3~tmy 3,1,

HL /e {
K1 = tKink,, K3 = TKinks,
K1 = K2, K3 = K4,
(Kl (K3~B1,2~tm1,z-»2)) ~By,2~tmy,5,; = t1,
K1~By~tS; = K1, K3~B; ~tS; = k3}

}]

E[*hayt > le1)/1:

1, (4vyhnaj+4nal-y?n3x}yd) e .

1
Nar 4y+/Ty 28824/ Ty
72v*n*aixdy?+32vA n°x3y: + 9 vt nfxtyt) €2+ 0[e]?]

E[_hayt > hlel.v

(144 y?h? ai + 288y h?aj + 144 n? af - 72y h* a1 X yi -

. 2.2 32,2
L laxhacanaiime 1 (14442 n2a2 1288y n?al+ 144028t - 723 htay G yE -
NaE 4y+/Ty 288y2 4/ Ty
72v*n*aixdy?+32v* n°x3yi + 9 vt nextyt) €2+ 0[e]?]
halt 7 4yha;Ti-4nha3Ti-8yh?ai Tix y1-3y2 13 x3 y? 1
IE[ a;],_ lelyjlﬁJr( yhai T3 11: 3/;111 vrixivi)e | s
¥y 17 288 ¥y Ty
(1442 n?a3 11+ 288y n?aj Tf+ 144 n2af T1 + 576 y h* ai T3 xy y1 + 144 y* ¥ TS X3 y3 - 648y h' a; T2
x%y%+792y2ﬁ4a%T§x%y§—3207{4h5T1xiyi+432y3ﬁ5a1T1xiy§+817(4h6x‘1‘y‘1‘) 62+O[e]3]

na;ty B X1V (-4yhai;Ti-4naiTi-8yh2a Tixay1-3y2 P xiyi) e 1
E[ B Ty + +
1

Y a4y TY? 288 42 17/2

(1442 1% af 71+ 288y h2aj T + 144 1% af T + 576 y h2 a3 T xy y1 + 1444 h* T3 X} y? - 648 y> h* a, T
X2y2+792v2h*al T2x3y?-320v*nP Tix3ys +432y3nPa; T x3y3 +81y* mb x‘l‘y‘l‘) e? +0[e]3]
{True, True, True, True, True, True, True}

out]+ J=

Trefoil as on the 180419 blackboard:
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Infe]:= Timing[
Z = tRy,s tRe,> tR3,7 tC4 tKinkg tKinkg tKinkse;
Do[Z; Z = Z~By,~tmy 1,1, {k, 2, 10}];
Z]

Outf+]= {113.813,

T1
1-T,+T2
2y M Tyxay1-2vh?Tixays)e) / (1-3T1+6T3-7T3+6T1-3T;+T5) +0[e]?|}

]E[@, 0, + ((—ZhalTl—yhTf+2ha1T%+2yhT3—3yhT4—2ha1T‘1‘+2yhT§+2ha1Ti—

1= Timinge@Block [ {$k = 2},
Z = tRy,s tRe,; tR3,7 tC,4 TKinkg tKinky tKinkse;
Do[Z; Z = Z~By,k~tmy 1, {k, 2, 10}];
Z]

out- = $Aborted

1= TimingeBlock [ {$k = 2},
Z-= tR1:5 tRs)z tR3J7 E4 tKinkg tKinkg tKinklg /. T_ - Ty
Do[Z =Z~Byk~tmy k1 /. T ->T1, {k, 2, 10}];
Z]

ou - {160.547,

L
1-T,+ T3
2yh2T1x1y1—2yh2T‘1‘x1y1) e)/(1-3T1+6T§-7Ti+6T‘1‘-3T§+T§) +
((4n?afTy+y*n®Ti+8yh®a  Ti-4n*ai T3 -2y* T3 -28yh®a; T3 -20h%ai T} +

4y2n2Tt+60yh?a; Ti+56h%a2Ti-2y2h?T;-80yh%a; T;-80h2a2T; +52vh%a; TS +
561n%aiTS+6v2h?T]-12yh*a;T]-20h%a3 T, -11y*r? T8 - 16y h?a, TS -
4n2a2T8+4yv?R?Ti+8yh? a1 Ti+4n2alT) -4y P Taxy1+8yhdar Ty Xy +
8?3 T2x y1+8vha1T2xyy1-48y AP a1 Tix y1 +4v2 3 T Xy, + 88y A2 ay Tf x1 ys +
423 Tix1y1-80 v ar Tixgy1 +24v A2 ar Texay1 + 8?3 TIxay1 +8v A2 a1 T Xq Y1 -
42318 x iy -16y Rl ar T8xpy1+ 62t Ta X2 y2+ 620 23 y2 - 122 T3 X3 y2 +
30’ n* TIXy - 122 n* T Xy + 62 n* TS xfyi + 62 1 T xi yi) €?) /
(2-107,+30T;-60T3+90T1-102T; + 90 T; - 60 T; +30T5 -10T; + 2 T1°) + 0[e]?]}

E[e, 0, + ((—ZhalTl—yhT§+2ha1T§+2yhTi—3yhT‘1‘—2ha1T‘1‘+2yhT§+2ha1Ti—

Inf+]:= Timing@Block[{$k = 3},
Z = tRy,s tRe,, tR3,7 tC, tKinkg tKinks tKinkye /. T - Ty;
DO[Z = Z~By,k~tmy o1 /. T - T1, {k, 2, 10}];
z]

outf+ J= {2340.17,

Ty
1-T,+ T2
2y n?Tixgy:1 -2y h? T Xy y1) e)/(1—3T1+6T§—7Ti+6T‘{—3T§+T§) +
((4n?afTy+y*n®Ti+8yh*a  Ti-4n*af T3 -2y* n* T3 - 28y h®a; T3 -20h%ai T} +
4y2n2Tt+60yhn%a  Ti+56h%a2T1-2y2h?T;-80yvh%a; T3 -80h%asT; +52vh%a TS +
56 %al TS +6v2h?T{-12yh*a;T{-20h% a3 T, -11y*n? T8 - 16y h?a, TS -
4n2a2T8+4 P2 Ti+8yh? a1 Ti+4n%aiT) -4y R Tax y1+8yhlar Ty xgyg +
8y i Texyy1 +8vh a1 T2x1y1-48 v ar Taxyy1 +4 2 A3 Tix1y1 + 88y hdas TH Xy ya +
4y 3 Tix1y;1-80ynla; Tixay1 +24vh a1 T8 Xy  +8¥? A3 T xay1 + 8y h a1 TI Xy y1 -

E[e, o, +((-2hayTy-yhTi+2ha  T3+2yhTi-3yhTi-2ha; T{+2yhTi+2ha T3 -
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Ay R T8xy;-16 v a  TExy1 + 6 Y2 R Ty x3y2 + 62 T2x3 y2 - 12 R4 T3 x3 y? +
30’ n* TIXg Yy - 122 n* T Xy + 62 n* TS xfyi + 642 1 T xi yi) €?) /
(2-10T,+30T{-60T7+90T] -102 T3 + 90T - 60 T; + 30T - 10 T3 + 2 T7°) +

((-32n°a3T1-4 0’ T3 -48y? A’ a T3 - 192y af T3 - 3217 a3 T3 + 120y° P ay TE +
912y h*al T8 +896n3al T8+ 123 A3 1] - 216 y?* A3 ay T] - 2352 y A® a2 T] - 2656 h° a3 T] -
88y n318-24y2na, T8 +3888ynazT8+4224n% a3 18 +172 V3 n2 1) +672v* R a1 T) -
2592 yn3a2T)-3360n%a3T)-304 > n3Ti® - 2016 y? nda; T - 2016 y A3 a2 T1% +
268 y2 13 T1 + 42242 03 a; Tt + 7488 y h3 a2 T1! + 3360 13 a3 T1! — 400 > 13 T1? -
4872v* 2 a; T2 -8784 vy n® a3 112 - 42242 a3 11245323 03113 4 34802 n3 a, T +
5616 y h® a2 T3 + 2656 h2 a3 Ti® -104 3 n3 T1* - 9842 h? a; TI* - 1776 y h3 a2 T3 -
896nalTi* - 1163 R T - 2402 PP a, T - 96 v n* a2 T + 323 a3 T + 323 A3 118 +
96y?nda T +96yndaiTié+32n2adTi®+ 120 T3 x y1 -32V3 R T Xy y1 +
96y*hta; Ty x1y1 -96 vy h* a2 Tixay1 -72h* al T x y1 + 80 Y3 A T3 x1 y1 -
962 h*a T3 X1 y1-480 vy A% a2 T3 Xy y1 + 252 A% a3 T3 xp y1 + 184> A T xq yq -
13442 n*a; TO X, y1 + 2784y h* a2 T8 x;y; - 600 h* a3 T8 x1 y1 - 336 Y3 A T X1y +
2592y? h*a; T] x1y1 - 5184y h* a2 T] xq y1 + 1080 h* a3 T] x1 y1 - 24> 0 T8 xy y; -
31682 n*a s T8xyy1 +4320 v h* a2 T8 x; y, - 1512 % a3 T8 xy y1 - 1203 A T Xy yp +
23042 h*ay T xq y1 + 2592 y h* a2 T3 xq y1 + 1692 h* a3 T3 x1 y1 - 120> A TP x1 yq -
2016 y2 h*a; T1Px1y1 - 10080 y h* a3 T1 X1 y1 - 1512 7% a3 T19 xy y1 - 243 A T xq yq +
25922 nta; T xpy1 +12672 vy h* a2 T x; y, + 1080 7% a3 T1l xy y1 - 336 V2 1 T3 xq s -
1728 v h*a; T2 X, y1 - 8352y h* a2 T2 x1 y1 - 600 h* a3 T2 X3 y1 + 1843 At T Xy yq +
6722t a1 T x1y1 +2784 v At a2 T xyy1 + 252 A% @l T X y1 + 80 V> A TH* Xy yq +
480 v2 hta; TI* xpy1 + 96 v A% a2 T xyy1 - 720% a2 T xy y1 - 32 V3 A TP xy y; -
1922 % a; TP x1y1 - 384y h*al TP xpy: +127% @ TP xpy; -6 3 B2 T2 x2 y2 +
18y2n° a1 Tax2y? - 18y n* a2 T2 x3y? +36 v AP Tix3y? -108v? h° a; T3 x3 y2 +
108y h*ai T3 x3y: +18 > n° Tix3ys +234y? n° a; Tix3y? - 378 yh® a3 T x3 y3 +
588y R TEx3y2-1620y2 A a; T3 X2 y2 + 900 v h° a2 T3 x3 y2 - 2340 > n® TS x2 y3 +
4068 y?> n° a; TS x2y2 -1620y n° a2 T8 x2y2 + 31323 n° 1] x3 y2 - 6012 y? n® a1 T] X2 y2 +
2268y h* a3 T x3y? - 25743 n° T8 x3y2 + 4122 y?* n° a; T8 x2y2 - 2538y n° a2 T8 x2 y2 -
900 Y3 nP T x2y2 +1332v2 nP a1 TE x3y2 + 2268 y h® a2 T x3 y2 + 2052 ¥> 1° T1P x2 y2 -
5436 ¥ h° a; T1°x3 y? - 1620y h° a2 T2 x2 y2 - 2508 > 1° Ti* x3 y3 + 57242 h° a; Tit x? y? +
900 y h® a2 Tii x2 y3 + 666 y> n° T32 x3y2 - 2358 y? n®a; T12 x2y3 - 378 yA® a2 T12 x2 y3? -
2523 P T3 y2 4324y R a T X2 y2 4108y n° a2 TE X2 y2 150> n® TH* X2 y2 +
450y’ n°a; T x3y2 - 18y a3 Ti* x3y? - 122 Ty x3yd + 1242 nfa; Ty X3 y3 +
723 R0 13yl 72y P nP a T3 x5yl - 2523 n8 T3 x3 y3 + 2522 nf ar T3 X3 y3 +
5043 n® Tix3y2 -600y2n®a; T X3yl -1368 3 A8 T x3y3 + 1080 y? nb a; T3 X2 y3 +
2088 > MO TS X3 y3 - 1512y? b a; TS x3 y3 - 28443 T x3 y3 + 16922 he a; T1 X3 y3 +
1800y 8 T8 x3y3 - 15122 1% a; T8 X3 y3 - 7923 08 T3 x3 y3 + 1080 y2 R a  TI X3 y3 -
5523 8 T19x3y3 - 6002 n®ay TI9x3y3 + 3243 R T X3 y3 + 252y nfa; T1E X3 y3 -
216 3 T2x3y3 - 722 nf a T3 y3 - 108 V¥ R T3 X3 y3 + 122 P a TP X3 y3 -
33 xdyl+18y3 A" Taxdyl-63 3" T2xdyt+ 1503 0’ T3 x yt - 2703 A7 T x§ yg +
3783 R Ty xFyt - 4233 07 TS xfyt + 378 3 07 T] xf yi - 270 > 07 T8 x} yi +
156 07 T3 xiy1 - 63> 0/ T xiy1 + 183 0/ Ti' xfyt - 33 0/ T2 Xt yi) €3) /

(2473 - 168 T7 + 672 T; - 1848 T§ + 3864 T; - 6384 T; + 8568 T3 - 9432 T1° + 8568 T1" -
6384 T + 3864 T1> - 1848 T1* + 672 T1° - 168 T1° + 24 T{/) +0[e]*] }
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Alternative Algorithms

m-7= Block [ {$U = CU, $k = 2}, {
Aalt,$k [$U] k]
HL@Simplify [Normal@X,1¢,¢ [$U] == Normal@Last [tSWyy,1,151] /. V_q = V]
]

1
our-;= {1+ [2377'5—)/7(772§—XY77§2+gtYTl2§2 €+

1 1 2 1
N [[Zanéyrnzéxyn§2+;tyn2é‘2) +2 {ayn2€2+yyzn3§2+xyzn2§3;ty2n3§3”

€?+0[e]?, True}

Genus Computations

Inf+]:= Block[{$k =0},
(tA141,2 tA2,3,4) ~Bz,a~ (tS2tSa) // Myany /7 My 50

]

Outf+ = E[—a1a2+a3a2—t1 Ty + t3 Ty,
—— eV (e Ty m-e Y2 ATy -2 ATy v M hTiysn, - M hTyxg & +
hTq
ZYOfl‘rYOthT 27(0(11- _ 27a1+7rorz-|- _ ZyalTZ 2ya1+ya2-|-2 B
e 1X1é1+e 1méi-e 1méi-e iméi+e 1M &1
@Iy, £+ @ TR T Ty, §1 - R T X £+ @ T ATy X3 6 +
2V Ty £ - @2V MR T e YR Ty, £ - e YR T Tyn, &), 1+0[e]?]

Inf]:= Block[{$k =0},
(tA141,2 tA2,3,8) ~Ba,a~ (tS2tSa) 7/ Myan1 /7 Myo01 /7 My 35

]

1
ou-j- E [@, Ze vy (eYO(l*YO(Z Ay1nL - @vu+2voe e @Y% p Y112+ @vou+2v o p e e2YM X, E1 +
h

2y a 2y o 2yoa+2y o 2y o 2you+2ya

VI AXy £ + @ TRy £y - eT VNN £ - eV R T g £+ @ VIR Ty &y -
2y« a a+2ya 2yoa+2yo 2y« a a1+2y a

@YYy £~ @ T My G+ @Iy S+ @t VTR Ty £+ @ IR T &g -

(EZYO(1+2‘[O(2 Tl N2 §1+eya1+ya2hxl §2_621a1+ya2hxl §2+627{a1+27a2 N1 52_62)/0(1447/0(2 Tl N1 §2+
ap+2ya 2yon+2y o a+2ya 2yon+2ya 1

@YY, £ — @2 VM2V ) £y L @V MY Ty &5 4 @2Y IV T 1, £5), 1+ 0[e]?]

-yai-ya a1+y a a1+2 y a; 2ya; a1+2 y a;
n-- Expand [@ TNV (VYR gy g - @¥ M2V R py - 2T hy s ¥ Y Ry, N, -
2ya 2yai+ya 2ya1+ya 2ya+2ya 2yai+ya
@ YN AX; E1+@ TR X E1+@° TNV £y - VNV £ -V RT ) &+
2yo+2ya 2yai+y a a+2ya 2ya1+2ya; 2ya+ya
@ YUY RT g § - ¥R TRy & - @¥ VR, L1 + @V ) £+ @ TR Ty &1 +
e7a1+27a2 T1T]2 §1_e21a1+27{a2 T1772 §1+e7{u1+yuzﬁx1 §2_e27{u1+7{a1hx1 §2+e27{u1+27a2 M §2_
2ya+2ya a+2ya 2ya1+2ya a1+2ya. 2ya1+2ya:
@2VIVNT ) £+ @ WV £y - VNV £y — ¥ UV RT 1y £+ 2TV T 1, &) |
. a =Y a a a o1-y o
ouf-]- hyim-e"®hyin+e’@hyim-e " @2 hpy; m+e’@hxg §1-e" V2 axg &1+
a a1+y A (0§ o1+Y O a: a
@M E1 -V & e AT E1+e Y RTy N &1 -e My &1-e" 2, 1+
o1+Y O a a. oq1+y o a
@Ry E1 + @M T N E1+e 2Ty 1 -e 2T E1+hx1 & -’ hxg &+
o1 +Y O o1+Y O Qa: o1+ O a o1 +Y O
@V ) & — @ YR T N Er+ @y - MY, E - eV T Ny S+ eV R T, &,
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