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Algebm:'c aspects of the Gotdman— Tuvaey Lie bialgebra

Na viya Kawazumi (Um'veysfry of lokyo )
]‘om+ work with Yusuke Kuna (Tsuda Co llege)
suvvey poper: arXiv i |30, |8&5 l+a appeav in : Hand book of %;‘Lhmﬁleg Theovy)
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@ Qutline of this +alk
[I Goldman bracket -~ intevsectronsof Z cuvves on a Surface
I Turaev cobracker —= se/(,{_-—mfzvsebhbmaf a single mvve
1. Gotdman bracket
* Fensorial description of the (zotdman Lie algebra

# positive genus with conneded boum]ﬂx .
sympleuhic devivation algebra

Kmfse neh's ”Assouah\re”wo Hl)4
- Moritg's Lie algelora
= Kontsevich's "Lre" worl2) d
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spewak derivahion algebm of {frze assouanve algebra

free Lie algebya



— a natural embedding T of the Torells* group
into a completion of the Grotdman Lie algebra
]I. Tuvaev cobracket Y
- Tmage T < Ker &
tensovial descviption of the Tumev cobvacket ?
"7 partiak vesults
- (Massotyztm“ Tumev, Kuno’K,) Lowest degvee term = Schedler's cobracket
B (K:) Lowest degvee team of a vequlav homaf—opy wasion of the Tuaev cobradect
—>  Enomoto- Saton +vace ( positive gemus with conn, 3 )
— divergence cocydle in the Kaswiwa~ ~Vevgne problem [3euus 0 )
(Fukuham Kuno- K) a4 velation with the Bemoulh numbevrS



I Goldman bracket

S ! compa.ct connected oviented Ce‘.)surface with 98 # ¢

53 FAnzo S = Zg,nﬂ =

¥ €25
Cl_?_bs"sf{-rkair'on <
eovem T :=77,(S,*) fa¥® F'zam
fvee group of vank 2g+n
m(S) & 7, Dy (S, Lgna$)

= { ¢:S— S : (ou-pres) diffeomorphicm , @[, =1 ¢ >/f$o'rory'f""’.f"333
mapping chass group poimtwis ¢

2 S =,£—L %S . Choose %, €S, 0<ken, *=% €3,S
E = {*k,k:a C 38
(TT S Vkekg) = 7S, e, dg ) =14 02 (C0.13,0.1)-> (S, % ) ; CObioios ¥ /v 0 3
TTSIE ! Yestrichion of the fundamental groupoid TIS 1o the set E
k object h €E, oskct . wmopwisms TTS keke), 0% k.lé’n}
Den - Nielsen +ype Theovem
( DN : MIS) — Aut (WSIE), = P, s mjective




7? = ';\f ‘S) = n/coujugode. = { ‘}V‘-&L Zoops on S & /-Fr.a_ L‘omo-h:p)/
reS. | 1:mlS,p)—> T =FIS) fovgetful wap of the basepoint P

Gotdman bracketr
X, p € 7T (Choose theiv vepresentatives ) in geneval position

T4

(v,03 2 L &ol0p) || € 22
o

uherg i[ﬂ["(, F) — i-" i 44

P*x B Local intersedion numbey
t K
«p [anp. gp) € T[S, p) Based Loop along X (rtap, R )
Golaman

(1N .1 : weld —dufined
(2) lZﬁ, L, ]) : Lie algebra (’“—9 the Goldman Lie algebra of S )

Backgvouwls
(1) (Wolpert) Wil - Petersson geomeiny
(2) (Atiyah-Bott - Gotdman ) Poisson structwe on the moduls’ of fat bumdlea
Generalization +o Wigher dimensions
(Chas - Sullivan ) String Topology




.ﬂ.‘=li|€7/l\' constant loop lé(en{zr{ZT?)

Zﬁ"h’—‘ z /Z[_ zua-h'euf Lie algebva
1 Zzn > 7 2etent, 7% /24 = 277

Ach'on of Zﬁ"on the groupoid ]TSIE
E ="{*|=7::o <3S, ¥k égkg, 0< k<sm,
X ETIS) free Loop
Y& [TS(*c¥g | poth from % toky , 0<k, psm }
M
ol (¥) = %Axs’l“'“ ¥ p Xp Yo, € ZT18 [hiexe)

Kuno-K
() 6 well-defined
(2) i) : devivahon of ZTI'SI E
ol ¥ ¥2) = eV (X)) ¥, + ¥ o) (), )
13) ¢ Zn’' —> Devr| ZTS| )
Lie algebra homomorphism

i geneml position




(Om_pleﬁ'oms_ /Q 'f\b ean be veplaced by any field of char. 0 )

xém
I7I = KM\ QTI—‘;@! amgmemtation idead
@7[ P= %”_‘N QTZ/ (Ir)? completed group ring
(w)v'xen, 3_L(£oyx\26 (Q/7\r )
p20, Q"/\r(p) = @4+ [(@T#)f] < 02;1\ | inear subspace
Yzt ol @i (60 7) < K0P | e TS )

A A A ’ Y(énSl*l,t,)
[Q”(Pﬂ Qm leIJ C Qn(p+p-2)

@ﬁ I/VM QTL /@ﬁlf) COW-P'&"ZA Gobldman Lfc dgebm
[ 2 ch—n (fog el ) = | 4 Uy x| € Q)
(@ﬁ\SIE )i k) 1= F';;, QITS [*e, %, )/‘Yk (ITI)Plfe-l (Mdep.mdeu'l’of the choue)

SI@T[‘—? @ Z O X —> ZQx augmentation map

Of Y omd §p

2 ~
o Qr — Der(@nglg) (contimons) Lie algebra lwmnmarphnkm



Per | QT IE ) = { D e Derl@MIE) : (“hovrasion ) . 0*ksm, D(2,S)=0]
> ol Gh )
M(Kuno—h ) $: compart connedted oriented Cbiuv-faw with 3S =+ 4’
= o ij}—\g) = Derg(@%\ﬂ E ) +opological isomovphism of Lie algebras
(-~ an immediate conseguence of a tensorial descriphion of the Grotdman Lie algebw‘)
| 2x) Voo e 1(S), Ve TIS (b, ke | TLog ) (¥) =(fod-£x]\2()
BN miS) — Aut (TS 1) , ¢ >t
MI(S)? := {peml(S) ; Log DNIp):= Z#ﬂ(s’\*’““"“m converges ]
subset of M(S)
(2 Dotmtoist €MISI° o ot g € M(S)° )
Dog o DN : M) —> D, QT 1& ) impective
T:= d'—‘vlog 0 D/Rl : M(S)°— @,'l\"‘rlg) Geometvic ]OMSOW homomovplwsm
— Za general
L hQOVM( RW‘IO'K:'J

| K Kuno-K., qusuyem-'mmev\ YCc S Simple closed cuvve.
1qhT - hand A\
T(ﬁéhn-fwl':ialcng C) = ’il'(ﬂog C]z e @7(S)

(Rak (tog €1 % (2og C )50g ) )



) S = z_g,j, 93,, $= KCV‘(M‘Z-Q.;)—?AWHHIIEI;Z”) Tovelli gvoup

-5199'1 . eguivalent to Massuyeau's Jolmson map
3Y[‘5139-l) : tlassicadl  Jolmson homomorp hisim

ehson'a, descriphion

T =1 (S, %) free group of finite rank
H:i=("/y ,ﬂ\@ Q =HIS: Q) | ver+> (¥):=(¥med(mml)01L € H

T T(H) _M—o H o complefzd temson algebrs
A
pzl, Tap = =TT H® < T two-sided ideak - fopology of T
A T"’T‘g’ﬁL coprouct X ¢H > X&1+18X
(: T_"T anﬁpode L‘Y: Xz “Xm) = E"” Xm— XzX,, Xj' &H
A
T ¢ complete Hopt algebra
N /N A
of ,‘?lH) :-—={ueT: AM=M@1+’16M} Lie-like 2lement
Pree Lre algebro oven H



cvelic symmetuzey

N ' "ll —-7'/1\' contimiona | inear map
NlHoo =0
NIX = Xm) 1= Ai;, Xo = Yo Xi - %y leéH )
== A
Nﬁ:) = ﬂ, lHQM)WM < T_z_l cyelic invanants
'Dd'im‘hbn f: 7 —7_? 9w>up-h'ke £Xpansion
& 1) (multiplicative) Yy, ¥Semr Bly§) = Ble) §1S)
2) ¥yem Blx) = 1+0¥] mod '?‘gz
3) (gvoup-Like) Yyem Ably)y= Fix&dix)
O ST 2 0 Flx)
0: @r =T, Zoxxv—> Z 0:0x)
isom.of complete Hopg algebvas
ND: @F 2> NI, Ivled — NBix)

isom, of Hoyofogrcal ) ®-vethor syaces
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2g.1

H=Hil%,:Q) =t le,, Q) =H*
D% \r—-——> lY l—r)( Y) ) X-Y ¢ @ intersechon viumbey
W= é A:B;—B:A, € H* < T Sywplechc form
Independent of the choice of a sympledhic basic { As, &),-i, <H
D-eyrl') Vashiichion HOIM (H,-’I\-) = H*@f 'P=d H&‘?’ = -Il;_z.l
v o H ) (7
Dav,, \T): :={D: ooaton o{T Dw=0) = N(T)
Dxrw (T) = N lT) > NIT;Z) ! degrex wal&h'on of kon-}sevroh 's Yassocative "warll)a[
v o, ) .
Dey\Z) =4 DeDer)\T): A-D=\DE1+16D)eAY = N[H@ZL)
V deqree complehion of Kontsevieh's YLce "worlt)d

N (Ho[s,)) : degree completion of Morita's Lre algebrn Ty
Movita's tanget of the Jowmson homomarphicimg
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FQegﬁmha_n_ (Massuyzwu)

f:m=m (Zg.0, %) —> J’\— = -I':(Hllzg.. !Ql) Symplechic 2xpansion
ded A

& ) B —> T gvoup-Like expansion
| 2) (sympleshie)  Ble) = ¥ (=2 m7wn) €T

Uxamples 1) lK,] anafy'h’c constammcehon /rK
2) (Massuyean ) L& -

Muvakaw: —=Ohtsuks fFuncror /@
3) \Kunol combimakvial constmmehion /@)

l heow,m (Kuno'k’ ) S zgl , & symplechc expansion

== ) -N@ : QTT N{T) Devwl-ll\') (Ts'o:u of Lre algelvas

O\ N\
D@ = on
(-NB)x 6 LluA 6) nsw

| Dl T T Forion

[



I 4enevol case Zg,m-c ., g.hZo,

. Mass'uyem-Tumev t tensovial descriphion of the homotopy intersechion form

Kuwno=K. S:=g Y (twn)diss) = Ty =
Fix a sedhon S of 'tlw inclusion homom, tudy' H1S @) = HIS: @)
( Yemark Tf S =235, o0 Zone , Then & is maigue )
N(-ﬁg = “\“!ﬂ, C.];) : Lie Algebm shructure on Nﬁ\') Mduced by the sedion S

TheDV&M \Kuno'K,,' can be dedu ced 'FVDVM Mas;uym-rumev|t dGSLVl‘Phbw )
Vg Vu=zo S —Zg N+l y S: a sechon of el H, 1S:@)-»H,(5:Q)

9 . SyIMPl&oHc .Mtl,nnslon o-f TTS IE (,ompwhble with §

= N QFIS) Z NIT): Wdmof Lie algebras

=P Thm: o Gg‘r[S) = Derb\QﬂSlE) )

PP Ilsympluh‘c wpamsn‘an” compahible with (the Wg/"‘e) S
7,

= 1 . .
= speuak oxpansion



Tr:ﬂ"&.nﬂl*)'
=<5, YD ‘fwcaf/\a«k'n
A =[¥]) éH =H,(Z!.ml'~@)
{<k=m

Xp = _Z Xk ;faogl ¢H

D etinition
B: =T Zomm, %) "’-?'= -',\-lHIlZO.m{ZQ)) Speual 2xpansion
gg N G:mr— "l\' gvovup -Like expansion
2) Vowgoutisl) 12¥ken . 39, € T st Age=9.83x , BlG)=9,€ 9"
3) Ispeuak ) BlYY, - ¥p) = g0 = pEx

.
Inample s B (Habegger’MMbmm) Kontsevrch Mmbegva |
2) i analyh‘c constmchon /m (K}

Combingtovral wnshfuch‘on / @ (Kuno)_

Ac_ﬁon ofN(TVom T
u=F v, eNF cHeT
o) € Do [F), olmin) = [upmed €T g<ksn,

/3
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bracket on N(T)

U, v= Z 2 Ve € NIT) <H®T
.1 := -Nl,,_, T Lug, vid ) = Z Tie v =gt vdiue) -Cue v ) () uv eNIF) )

Theavem (kuno—K., MMSMyecm'_mmev s
S = Zoms, 9 speuaf gxpansion
= () =N9 : (Dv’f NlT) A om, of Lie algebvas
(2] Q/% @n’ =5 @Tf
“NBYxB {5 () L

NFIxT —= T
o= | D122 + e 13 Doy 23, Dle-Fora)eo)

speciaf dvrivation Lie algebra
N [H@Q\ <N l!]}) Lre subalgebr amihilaton of the coproduct A

M
0 —> @ (Qxf —> N(HQQ) —> Sdev, =20 centaal extemsion of Lie aljebvas

-N8 (right-handed ) (sphit )
— X < Tl Dehn 4wist a[onz QKS)

N{HeZ) == lluf(Dﬂ'(Zomn) I Aoalu)= mumumam)oz\ﬁ— (@ﬁ(z,,.,.l)

o> & @rlwmmraemj %8) — \@ﬁtzw)) > sdey, >0 ST contact



1IT. Tumev cobracket

16 ?I‘:ﬁ"g) COns‘l'an'f',eoof , Z.,’.,‘-/:. ZT?'/ZJ_ %uah'en’f Lie a(qebm
| 1 Zm1S,p) > 27 2L ZR/24 = 277, peS

_ .
Uvaev cobracket
Xt
XER in gene/wb( posiTion o
4Lt
R ={ltt) €S'x S tixt,, aiti}=ectts) } ,
2

WS clam,am) o, @, |7 € 7270 70
8(“) = (‘h.tz)épg( I 41, O(fz‘tl

where < dit), Xit)) & $i| & Local tntevsechion numbey

~De®; - oD

Tuvaev |
[ (1) & weld-depmed
(Z) lZﬁ{ (a ]/ 6-) ‘ Ll‘e bl\algebm I‘YI "'hESeHSe D‘f DVIV{'&(’A.

Chas : Pnyelutive

/\
3‘8 . @/_} — @% § 7 conHunuous extension



Theovewm | Kune-K.)
\ SoT=06: MIS)P° = @v 2 @‘"é (D"'
( & Yo em(s) preserves the self-intersedions of-an/ wves o S )

A
Vﬁ t— | 5rwp-£¢‘ke expansion @ﬁ- —-> Qﬁ'@ @W

Noys (0 ns) engE?
¢, y viphon o
57 tansonal descriphion of § NIF) 5= NiF)8NIT)

59=Z_°°gug )

K=

5 N (HE) < N [HE™9) (Vpnz) )

24,

M (Masmyea.u - Tuyaev, Kuno“()
S =24,. B:symplechc axpansion
& 8 8
= st = Ojz) t &g T Sy
XHB; = Cchudlerls eobracket e, VX eH
%f) N(Xl xz"Xm) = JZAZ (Xt )SN(XﬂI "X]-g)QN‘Y[ﬁ X Xi-- Yiq)

| = N Yo X~ X2 ) 8 NUXow X34 ) |
(é“ Massuyean - Tuvaey 's +eusovial descyiphion of the homotopy intevsethion forn ‘

(6
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IVI *helr -fJMSomJ desmphbm , Massuyea,u Tuwaey mtroduced The Confmd'ton opemhon”

Tz[ ><Tz. “9?
detined 8y (X, Y; €H, nomz1)
le" gt X = Y1 V2 -~ Yow = X" Y] )X X Yz You
e W = - z(At'Bz'—BI'A[) ! Umt #ok the opeyahon ’\.9

1 assowative

~ ,?zz ""l\'sz
(oyollagl [ I<uno- K. |

The Monita traces (= the Movita obstructions of the suvjedivity of the ]ohusan homomuﬂalrnj)

ave mcluded (n the Tuwvaev cobvacket ( axcept Tl'r- )
N o0 A A A

o{ =,E Ofm, ofm‘=£/\ Ham, xzm:.—_ Zn T_Z_m, mz |
Movita tvaces . M2l

m em ‘QiHOIn om "
! NIHeLwn ) < HOH®H®" — H®" — Sy H
Xo® X X2 Xmtt > (Ype Xj) %2~ Xupsy

Morh‘g W= st

M mi even = T, (N(HBL,,)) =0 (3) T,. homo{i)::l:::u )% o0

m= 3 dd
0w oodd = TN HOLwl) = Su'H o )= 0
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vefinement
Enomo-l'o Satoh tvace (Xo X ) NIYz X )

NlH@aezz) c HeHeT — ——>NlT)

C ¢
Xo Xs Yo Xoney > (XX, Yoy Y
1 AZ2° /] 1 “ﬂe—r/(@1+[_?'_?-])

(Enomdo

The Enomoto —Satoh 4race are not included in Schedler's cobrackel g&)
A

Reqular homofopy version of the Gotdman = Tuvaev Lie bralgebrg
7T = WT(S ) = { C tmmepsion S — S )/wgwlar homﬁ‘op)/

'F!f\ramllnge;fTS wg(@}:i m§l9)=0

vot, : TTt— 7 rotation number w.ato f
'111\"t = 'ﬁ x<ry &> (o, Y"’t‘“), ¥ : formal parameter <r>=7Z
2Tt =R vy | Ty =20n "] Lowent potymomials
Z(v>-module stwctwre om ZT" is independent of the choice of
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C,1" Z ® Z‘rr —> Z‘IT reqular homotopy veasion of the Goldman bracket

St 77t — ZTT+% >Z7T vegular homatopy \revsion of the “Tuvaey cobrackel

9 T —7_?- ; 5rou.p-h'lee Lxpansjon
‘F ‘fYam('m_g o:f TS

by ¢ [opriets” ) Zs N'IRIS QU]

-“-’hm p=togr, Qo> = @Upil]
N*: T =T contimuons linear map
N+1Hga 1= 1H"° H—’ N| oo )
N¥yem :=N|pom for mz|
N*[T)= @1 e NIT)
$H% . NT(T)8 Qpl — NYITIEN'T) @ @p1]

tensonial deseviphion of &%
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~ Theovem (Ki) S =2,

G : sympletic expansion , f: fmm«'nj of T2y,
=> The lowest degree term of SHOF given by (X eH)

Sht (NH(Xi- X))
= Z DX ) N X3 18 N X Xy Xer) = N XKoot )8 N[~ X5 ) |

iAz

A +
In parhiculay , the N*T)& NTl1) - - component a:ﬁ 3{4?1?uals the Enomatn-Satoh +Hace.

Zo,n-rl @ O Cappinj 211 on each Ok Za,m—) / 1=ksm,
4o ebtfam

’a,ia,..ﬂ ’a,,ionﬂ a,,z,m, A A Zo,fm-‘ > Z;\«,,a
2:°T="T[H{Zomy @) =T [H,[Z0.1:@))

M :)2:*0 ’ X ———=> A, B, — By Ax
- back assu m-‘Tumev s njective homomoyphsm (1= kshn )
Con'bm:ffon opevation ~»> by 1 of complete HDP.{. algebyvas
’.\?,' Tg, x—?_z_l —> -?;_)
i Ty NG, Gy B = = Sy XKy Gy T (1€ 112 i S, AwE 1)

M
x,,=—§'xk ! umt fon ~
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T heovem (K, ($=Z0m ) \
91 Speu'af Lxpansijon , -,c.' -fmrm‘ng o-} TZo,m. coming from -rhtemlmld:hg C;ﬂi
A®k =k

= The value at p=0 of the lowect degvee tevm of 5% 45 given by
. B
EL)‘.(N”Y'”.XM\)IP:D .
= ngs '{ N* lX,':’YJ‘ X,~+,‘" X;..Yf" X ) @ N+lX1'-H '"Xj-l }
*NFIX 5 X X X ) & NG X Xy == X )
= N Xan X1 ) & N* XX Yo Xon Xy -~ Xat4 )
- NﬂX,m“Xm Xl"‘ X4 ) @ N*‘Xf';’xf Xon - xj" ) }
In partiwlar, he N1 @ N"'("l\'] - component
= the divergence cocycle am the Kashiwara -Vevgne problem
* Iuthe formulation by Alekseev - Tovossian ; any sofution fo the L/ashl'wavq'\/ergne problewm

Ccan be Vegavduf as a Spe wol ’xpansion -for Zo,s with an exha condit’on nvolved

with the diverjenwe coeyele and the Besmoullc numbersS

E xpe ctation (# '

V' B : sobution to the Kashiwara —Vergne problem
58 @ S‘_?) , The Lowest degree team of sb

/
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Morggengm[[¥ S= 29 ,lgn20), E <3S

QMes-hoM W’#) Does theve 2xist a 'Symplp.d—rc £xpansion ”o'[' TTS[E s.t
( 58 = the lowest degree term of s¢ 2

!’SMVID

(1) 36 sympledHic expansion —fw Zgi s,t. 5 ¥ S,,.z,
(2) (Zi1) 3 @:symplechic expansion for 211, st. §¢ =_=_£-£z) moaalo degree 27

I-{: the expectation Bt) is affivmative , then the guestiom E#) may be vegjonded as
a pesirive genus analogue of the Ka:w:wam‘Vzrgne problem

I-f ) omd (##) ave neqgative , we obtarn tandidates for new obstruchions
for the suvjechivity of the Jolmson homomorphisms.

ﬁemouui numbers
o0

2z -
3lz):=ei-—| =MB°TTZM=1 zz-i'

% .
= 231 7 . B"':B""W”l'numbcv B 34 3-1-

The Bevmoulli numbevs appear in
d \Mo\ssuym'Tumev) tensoviad deseviphion of the ﬁomo-fopy mter sechon foym

[ Pukuhara - KMMO‘K-) shf-ivbeysedion of ,Qog | simple losed MMW)



Coac‘h'on 0'[‘ Zﬁ'lg)ﬂ Zﬂ,‘g) (l‘n.s'pfved By —rumev's ® \

x, ¥t €28 3¢g, <

y744 — /-as
=Tt
Y eTIS(%,%1) = Tl',lS,’k)/l‘n genemf position > + Q
l"( Pe= f sd,f,-:‘nfeysech’on Pon‘n‘f of X} ES
Vo, 0<ter et xih)=xigf)y=p  F ¥ AN

o4 » v /
F(X) 4——- ""Pézrxglxlﬁf), (H'z?\] lxo.hf sz?i)®lxtl?fzr\ € Z/"T&Z';T\l

Foll’=attelli’@d)ep: Zn — 270 Zn’
alt: ZH'eZ#’EH usvi>uev-veu
Kune - K.
(1) p:well~defrned
(2) (Zn,d‘,f&) Is a (Zﬁ{f.],g)‘bimoa\ule

ENIS APNS
B QT[ - @Tf@ @‘ﬁ conhvmana oxtemsion




simpl not simple 24
“[heovem l Fukuhavq = Kuno- K, ) @ g
Y ¢TIS (%, !k"'J simple pafh

hlleg¥) =7 121 log” - z=| (Zgll = (zz) (=10 (og ¥)F & |10y 137 |7

_E_Ei me Z mi-) m=3
Z ke IK'H‘I M m>o0
HX"‘} i - o , A m=p cesl
+ 2 ¥ ®|X"‘""I i} m<?d -
@[[Z].] formal powey series kT;m""Q“ I’=0

z:=¢% ¢ QIl2]] , Q7] <@Qlfz1] , Laurent polynowr'als
ﬁ: Q2711 — QUz.2]e @Q[z27]

—z_l Zhg z"t , 4 m>0

Fl?"‘] det 0 '44 m=o

m=l
* Z"‘@i"*“ A m<o

= (2“'0i—1),4(zm1= —lez+"o1
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V42) e Q2.2
(2'®2— )i itiz1) = ~ @4z +H2e 1

=> 3. QUZI] —> QNzDE QUZI  comtiumons extension
In partivalar, o) +12) = fog 2 = Z , then

A A _ -I§Z+Z61 _ “(‘2611'162\ - P A
pllegz) = plZ) = 87— | gBNBI_| = 9(-261+18Z]

//Thm

2N
'T=T(Zoun, %) —> T = ?(H,lﬂ-nﬁ,’@))
Yk —> e"“ standand group-Like expansion (”_Q_'_" Sp.euhf )
Q Cow«ple;l’g tensovial descriphon o]“ ,40”4 omd Xﬁsﬁ (--- Hoo complicated ”)

—-___—> GSH

A
Another application of the map K
[Tldeorem (Fukuham" kuno"K.) Oﬁkaﬁms.m, mz2, :‘n+.¢jers
n+ Jet) o . M-A
= Bm = (—1)2 kZ__:' %—l ('";') 425, 12 (k-1
In pavtunlay 54 a=m=n, ml k-
' 1% - ™
Covv"av’y (Kronecker ) Ymz2 | B,, —"-‘-E,, %’ ( ke },é, 1 -




