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Some New (v-)Braid-Group Representations

Pensieve header: Some new representations of the (v-)braid groups. Continues pensieve://2016-06/nb/-
TurboGassner.pdf.

SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Greece-1607"]

C:\drorbn\AcademicPensieve\Talks\Greece-1607

KS /: Kbis _ := KroneckerDelta[l, Length[Union[{is}]]]’

The Burau Representation

Burau

BurauR3

BurauR3

B: ; [£]:=¢/.vim (1-t)vittv;

Columne@ {lhs = {vi1, v2, v3} // B1,2 // B1,3 // B2,3,
rhs = {vi, v2, v3} // B2,3// B1,3// B1,2,
lhs - rhs // Expand}

{vy, (1-t)vi+tvy, (L-t)vi+t ((1-t)vpy+twvs)}
{vi, (1-t)vi+tvy, (1-t) ((L-t)vi+tvy)+t ((lL-t)vi+tvs)}
{0, 0, 0}

The Gassner Representation

Gassner

GassnerOC

GassnerOC

GassnerUC

GassnerUC

Gi ,j [£]:=&/.vim (l—ti) vi+tiv;

Columne@ {lhs = {vi1, v2, v3} // G1,2// G1,3 // G2,3,
Expand[lhs - ({vi, v2, v3} // G2,3// G1,3// G1,2)]1}

{(vi, (1-ty) vi+tivy, (L-t1) vi+ty ((1-ty) va+tyvs)}
{0, 0, 0}

Columne {lhs = {vi, v2, v3} // G1,2 // Ga,3,

Expand[lhs - ({vi, v2, v3} // G1,3// G1,2)]}

{(vi, (1-t1) vat+tivy, (1-t1) v+t vs}
{0, 0, 0}

Columne {lhs = {v1, v2, v3} // G1,3 // G2,3,

rhs = {v1, v2, v3} // G2,3// G1,3,

lhs - rhs // Expand}
{viy va, (L-t1) vi+ty ((L-ty) va+tyavs)}

{vi, vo, (1-tp) vo+ty ((1-ty) vi+tyvs)}
{O, O, Vl—tlvl—t2V1+t1tzvl—V2+t1V2+t2V2—tlt2V2}
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The Gassner-Plus Representation

GassnerPlus

GPR3I

GPR3I

GPR3

GPR3

GPOC

GPOC

GP; ,j [£] :=Expand[¢ /. {uj» (1-t:) ui+tiuy,
f_.Vj:-)f(l—tj_) vi+ftivi+ (ti—l) (ti O, £-tj0¢,f) us+ £ i1 }],
bas = {f[t1, t2, t3] v1, £[t1, t2, t3] v2, £[t1, t2, t3] v3, u1, uz, us};

Short[lhs =bas // GP1,2 // GP1,3 // GP2,3, 2]

{f[tu ta, t3] Vi,
flty, to, ts) toug + £{ty, to, t3] vi—£[ty, ty, t3] £ vy + «<6>> +tfu £00 [y, £, 5],
<<1l>> + <«<19>> + «<1>»>, <1>, up-tiu+ti1uy, U1 —tiup+t Uy -ty tru +t1 £ u3}

(bas // GP2,3 // GP1,3 // GP1,2) - 1hs

{0, 6, 0, 0, 0, O}

(bas // GP1,2 // GP1,3) - (bas // GP1,3 // GP1,2)
{0, 0, 0, 0, 0, O}

Question. Does GP factor through G? How?

The End(G) Representation

EGi_,j_[f_] 1= Expand[g," /. {uj - (1 —tj_) u; + ti Uuj, Wi Wi+ (1 —tj__l) Wi, Wj—> ti_l Wj}],'
EGchecks = Flatten@Table[u; wy, {i, 3}, {j, 3}]

{uiy wi, u; wy, up w3, Uz Wy, Uz Wy, Up W3, U3z Wi, U3 Wy, U3 W3}

Short[R31 = EGchecks // EG1,2 // EG1,3 // EGz,3, 10]

Ui Wp Up W3  Up Wp U W3 Up W3 Uj W3
{U1W1+U1W2— + Uy W3 — ’ + - ’ ’
t1 t1 t1 t1 tity tite
Uy Wo Uy W3
u1w17t1u1w1+t1u2w1+2u1w27 7t1u1w27u2w2+t1u2w2+2u1W37 *t1U1W3*
t1 t1
Ui Wp U W3 U W3 Ui W3 Uy W3
'Ll2W3+t1U2W3, —Uu; Wy + + Uy Wy —Uj W3 + + - + Uy W3 — 7
t t t2 ti to t

U W3 U W3 Uy W3
- + +

=) ti t2 =)

’ ulwl—t1u1w1+t1u2w1—t1t2u2w1+t1t2u3w1+2u1w2—

Ui Wp
*tlU1W27u2W2+t1U2W2+t2U2W2*tlt2U2W2*t2U3W2+t1tQU3W2+
t
Ui W3
2u1w3— —t1U1W3—UQW3+tIU2W3+t2U2W3—t1t2U2W3—t2U3W3+t1t2U3W3,
t
Ui Wy Up Wz Up W3 Uy W3
—-Ug Wy + + Uy Wy — £t Uy Wy + £ U3 Wy — Uy W3 + + - +2 Uy W3 —
t t t2 t1 £
Uz W3 U w3 U W3 Uz W3
-tyuy wz-uzwsz+tyuszws, - + - Uy W3+ +U3W3}
to t2 t1 &2 =)
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R3r = EGchecks // EG2,3 // EG1,3 // EG1,2; R31 -R3r
{6, ¢, 0, 0, 0, 0, 0, O, O}

(# - Collect[EGi,j[#], u w_, Simplify]) & /@ {ux wj, ux Wi, Uj Wk, Uj Wi}

Uk Wy 1
{ukwj > T, U Wy > up Wi+ [1-—|ugwy, uywp > (1-t;) u; we+tuywy,
i t
(—l+ti)2Uin
iji%(lfti)uiWithinWi*

+ (-1+ty) uy wj}
€y

The End(G)+c Representation

Is there topology behind this representation?

EGc: ,; [£] := Expand[¢& /. {
Cci > Cji- (1—ti—1) Ui Wi, Cj-Cj+ (1-1:1"1) uiw;,
uj = (1—ti) u; + tiuj,
Wi > Wi+ (1 —ti'l) Wi, Wi ti! Wj}],‘

EGcchecks = {c1, c2, €3, U1 W1, U1 W2, U1 W3, U2 W1, U2 W2, U2 W3, U3 W1, U3 W2, U3 W3}/

(#-> Collect[EGcy1,2[#], u_w_, Simplify]) & /@ EGcchecks

1 1
{clecl+ -1+ —|uwy, Co>Co+ |1- uq Wy,
t £t
1 u; Wy
C3 > C3, U] W; > U] Wy + 1 - U] Wy, U Wy — y U] W3 = Uq W3,
t1 t
<—l+t1)2U1W2 1
Uy wp > (1 -tq) up wy +tg up wy — +(-1l+ty)upwy, Upwy > | -1+ —| up wy + U, wy,
t1 t1
1 Uz Wy
u2W3%(1*t1) U1W3+t1u2W3, U3 W; - U3z Wy + 1- U3z Wp, U3z Wp - — ,U3W3%u3W3}
t1 t1

uiwz2+c2 // EGey,2

Cor +Up Wy

(#—) Simplify[EGey,2[#] /. {ui wi »1, ui wj /; 14 j» 0}]) & /@ EGcchecks
{c1>cy, co>cCcyp, c3>C3, Uy Wy >1, uyw, >0, uywy >0,

u,w; >0, upw, > 1, upwz3 >0, u3wy >0, ugwy, >0, ugwz - 1}
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Short[R31 = EGecchecks // EGci,2 // EGei,3 // EGez,3, 10]

u; Wy U] W3 u; Wy U] W3 Ui W3 U] W3 Uy W3
{cl—u1w2+ —U; W3 + y Cop + U1 Wy — +U; W3 — - + — Uy W3 + ’
t1 t t1 t t2 t t
U] W3 u; W3 Uy W3 u; Wy U] W3
Cy3+ —— - —— +Up W3 — y U] Wp +Up Wy — + U] W3 — ’
to t to t t
u; Wo U W3 u; W3 U] W3
+ - ’ y Uy W —tiugwi+tupywp +2ug wy -
t1 £, 1ty Tty
Uq Wy U] W3
—tlU1W2—U.2W2+tIU2W2+2LI1W3— —t1U.1W3—U2W3+tIU2W3,
t t
U Wy Uy W3 U3 W3 U W3 Uz W3 Up W3 Up W3 Up W3
—U] Wy + ——— + Uy Wy — U W3 + + - + Uy W3 — ;- + + ’
t t to t to to t ta
1 W2
UlwlftlullertlUZWl*tl t2u2w1+t1 t2u3w1+2u1w27 *t1U1W2*
t
Uy W3
U2W2+t1UZW2+t2U2W2—t1t2U2W2—t2'U.3W2+tl t2U.3W2+2U.1W3— -
t1
tiu;p w3y -—uywy+tyuywys+tyruywy—t) tyruywy-trusws+t) trusws,
u; Wy U] W3 U] W3 Uj W3
-Uup Wy + + Uy Wy — to Up Wy + o Uz Wy — U W3 + + - +2 Uy w3 —
t1 t t2 t
Uy W3 U] W3 U] W3 Uy W3
—t2U2W3—U3W3+t2U3W3,— + — Uy W3 + +U3W3}
t2 to t t

R3r = EGcchecks // EGecz,3 // EGe1,3 // EGei,2; R31 -R3r
{6, ¢, 0, 0, 0, 0, O, O, O, O, O, O}

The Turbo-Gassner Representation

TG
Kéi ,j :=KroneckerDeltali, j];

TG: ,; [£.]1 := Expand[f /. {
£ .V > Plus[ka /.vi- (1_ti) vit+tiv;,
(1-£3") (206 £-£50¢,6)  (ux /. wjo (1-t:) wistiuy) »usw,
Kék,: £ (uj -ui) uiwj],
uj - (1-£:) ui+ iy,
Wi Wi+ (1—t;1) w5, Wjﬂtgle}];

bas = {f[tll t2/ t3] vi, f[tll t2/ t3] vz, f[tll t2/ t3] v3, ui, uz, uz, wi, w2, W3},’
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Short[R31 =bas // TGi1,2 // TG1,3 // TG2,3, 10]

{£lt1, to, t3] vi-£[ty, to, t3] ufwa+ £ty, ty, ts]l Uy upwp - £t1, ty, ts] ufws+
tsufws £00.0. D [t,, €5, t3] tzugws £0:0 D [ty), ty, t3]
+

flt1, t2, t3] up uzws -

= t t2
tzugupws £00 0D (€, t,, t3]
tyugupwy £00°0 D [ty ty, t3] + ! -
=)
t2 u? Wo £(0,1,0) [tl t2 t3]
toudw, £0:10) £y, ty, t3] + —— — +ufwy £0:10 (£, ty, £3] -
t
2 (0,1,0) 2 (0,1,0)
ug w3 £ [ti, t2, t3] truf w3 f [t1, t2, E3]
—trufwy £O L0 [y, £y, t3] + -
t, t,

uyup wy £ 0 Ty, £y, t3] +tpupupwy £ L0 [y, £y, t3] —ufw, £ 00 [y, ty, t3] +

trufwy £000 [ty ty, t3] —ufws £00 0 (£, ty, t3] v trufws £000 [ty £y, t3],
flty, t2, B3] vi-£[t1, ta, t3] ta v+ £[ty, ta, B3] Ly v - £[ty, t2, t3] U Uz w3+
<«<55> + 2ty ufwy £(1:0:0) [£y, t,, t3] ~tfufwy £100) £y, t,, t3] -
trupupwy £00 0 (£, £y, t3] +tfurupws £00 [y, €5, t3],
W2 W3 W3 W3

<<99> + «<1>, uy, 1>, <1I>, Wi + <6>, — + - ,
ti bttty ti b

(bas // TG1,2 // TG1,3 // TG2,3) - (bas // TGz2,3 // TG1,3 // TG1,2)
{06, o, 0, 0, 0, 0, 0, O, O}

Short[OCl =bas // TGi,2 // TGi,3]

{£lt1, ta, ts]l vi-£ty, to, ta] ufwy+ <155 +tyufws £1:00 [£y, £, t3],

<1l>> w3
<«<39> +tf «3>» «<1>», «<l>, «<i4>, , —}
<<1>> tq

TGOC
(bas // TGi,2 // TGi1,3) - (bas // TG1,3 // TG1,2)

TGOC
{0, -f[ty, to, L3l ugupwz+f[ty, ty, t3] tyugupwz+ £[ty, ty, t3] uy ugws -

flt1, t2, B3] trurusws, —-£[ty, €2, tz3] urupwe+ £ ty, ty, t3] trur up wo +

flty, t2, t3] urugwy - £ty, tz, t3] tyu; ugwy, 0, 0, 0, 0, 0, 0}

A Finite-Rank Turbo-Gassner Representation

n/:nli_1*=0; n/:nli_1n[j_]1=0;
FTG: ,; [£] := Expand[& /. {
£ . vk »Plus[fvi /. vj-> (1-ti-n[i]) vi+ (ti+n[i]) vy,
(ti Coefficient[f, n[i]] - t; Coefficient[£f, n[j]])
(l-ti'l) (uk /. u; > (l-ti) u; + ti uj) u; Wy,
Kbk, i (f/. n- 0) (uj -u;) u; Wj] ,
uj; - (l-ti) u; + ti uy,

Wi = Wi+ (1 —ti_l) Wi, Wj- t:7? wj}];
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£f = fo+ £1n[1] + £21[2] + £3n[3];

FTGchecks = {ffvi, ££v2, ££v3, u1, uz, us, wi, w2, ws};

{vi, v2} // FTGi,2 // Column

V1 - uf Wy +Up Up Wy
vi-tivi+tive-vin[l] +vean[l]

Short[R31 = FTGchecks // FTG1,2 // FTG1,3 // FTG2,3, 10]

<1>

R3r = FTGchecks // FTG2,3 // FTG1,3 // FTIG1,2; R31-R3r
{6, ¢, 0, 0, 0, 0, 0, O, O}

Short[OCl = FTGchecks // FTGi,2 // FTGy,3]

<1l>

Short[OCr = FTGchecks // FTG1,3 // FTG1,2]

<1l>

OCl - OCr
{0, —foupuy w3+ fotyu;uyws+fou;ugws-foty uy usws,

—f0u1u2w2+fo tlulu2w2+f0u1u3w27f0t1u1u3w2, O, O, 0, O, O, 0}

The Turbo-Burau Representation

B
n/:nli1>=0; n/:nli_1n[j_1=0;
TB; ,j [<.] :=
Expand[_r," /. {
£ .vi »Plus[fvi /. vi> (L-t-n[i]) vi+ (£+n[i]) v,
(t-1) (Coefficient[f, n[i]] - Coefficient[f, n[j]]) *
(uk /.uj-> (l—t) ui+tuj)*uiwj,
Kbk, i (f/. _n—>0) (uj -u;i) u; Wj] ,
uj; - (l-t) u; + tuy,
Wi = Wi+ (1—t'1) Wi, wjat'le}];
£f=fo+ £f11n[1l] + £2n[2] + £3n[3];

2 2
bas = {f£vi, ££v2, ££vs, ufwi, ufwz, u1, uz, us, w1, w2, ws};

Short[R31 =bas // TB1,2 // TB1,3 // TB2,3, 2]
{fovl7f0u§w27f1u%w2+tf1u§w2+f2u%w27tf2u§w2+<<17>>+f3u1u2W3—tf3u1uZW3+
w
fouiusws+ £ vin[l] +f,vin[2] +£3vin[3], 75> +t 3>, 7>, «<l>, —z}
R3r =bas // TB2,3 // TB1,3 // TB1,2; R31 -R3r
{0, 6, 0, 0, 0, 0, 0, 0, 0, O, O}
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TBOC
(bas // TBi,2 // TBy,3) - (bas // TB1,3 // TB1,2)
TBOC
{O, —foUlU.2W3+tfoU1U2W3+fou1U.3W3—tf0U1U3W3,

-fouju,wy+t fouguywy+ foug uzw, -t £fguy uzw,, 0, 0, 0, 0, 0, 0, 0, 0O}

Exporting the above as PDF files

The below is adapted from pensieve://2016-04/GaussGassner/GaussGassnerDemo.nb.

ConditionalExport|[fname String, rest_ __] := Module[{temp, exists},
temp = "ConditionalExportTemporary" <> "." <> FileExtension[ fname];
exists = FileExistsQ[ fname];

Export[temp, rest];

If[exists && FileByteCount|[fname] === FileByteCount|[temp],
DeleteFile[temp],
(# else %) Print["Exporting " <> fname<>"..."];

If[exists, DeleteFile[fname]];
RenameFile[temp, fname]
17

fname

ExportButton = Button["Export",
SetOptions[$FrontEndSession, PrintingStyleEnvironment -» "Working"];
TagProperties[_] := {};
TagProperties["ct-def"] = {PageWidth - 6/0.65};
Options[CellExport] = {
PageWidth - 4/0.65, CellFilter - Identity,
ExportDirectory - "Snips", ExportBaseFilename - Automatic,
ExportFormat -» ".pdf", ExportOptions -» {}, Split -» False
}:
CellExport[tag String, opts___Rule] := CellExport][
NotebookGet [EvaluationNotebook[]],
tag, opts
1;
CellExport[nb Notebook, tag String] :=
CellExport[nb, tag, TagProperties[tag]]:
CellExport[nb Notebook, tag String, OptionsPattern[]] := Module[
{cells, cell, filename, format},
filename = FileNameJoin] {
OptionValue [ExportDirectory] /. Automatic - Directory][],

OptionValue [ExportBaseFilename] /. Automatic -» tag
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11
format = OptionValue[ExportFormat] ;
cells = OptionValue[CellFilter] [Cases|[
nb, c Cell /; FreeQ[List@@c, Cell] && ! FreeQ[c, CellTags - tag],
Infinity
11
If[! OptionValue[Split],
If[Length[cells] 21,
If[Length[cells] =1,
cells = Append[First[cells], PageWidth - 1.2 x 72 OptionValue[PageWidth]],
cells = Cell[CellGroup[cells], PageWidth - 72 OptionValue[PageWidth]]
1;
ConditionalExport|[
filename <> format, cells,
ImageResolution - 300,
OptionValue [ExportOptions]
1
1,

k=0;
Table[
++k;
ConditionalExport|[
filename <> "-" <> ToString[k] <> format,

Append[cell, PageWidth - 72 OptionValue[PageWidth]],
ImageResolution - 300,
OptionValue [ExportOptions]

1,
{cell, cells}

1
1;
nb = NotebookGet [EvaluationNotebook[]];
tags = Cases[nb, (CellTags -» tag ) :» tag, Infinity] // Union;
CellExport /@ tags;

Print["Done."]

Export

Exporting Snips\TBOC.pdf...

Done.
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