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Let T be a finite set of “tail labels” and H a ﬁnm
“head labels”. Set
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“H-labeled lists of elements of the degree-completed free Lie
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(Tail Multiply tm{" is A = A J/ (u,v — w), satisfies “meta-

associativity”, tmiY J tmi = tmPY ) tmkv.

Head Multiply hmz” is A = (A\{z,y}) U (z = bch(Ag, \y)),

where
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satisfies bch(beh(a, ), ) = log(e®e®e) = beh(a, beh(3,7))
and hence meta-associativity, hmz” ) hm%* =

my” ) hmz?.
Tail by Head Action tha® is A +— X J RC)=, wherd

u

x

e § injects u-knots into K (likely u-tangles too).
e § maps v-tangles to C%; the kernel is as above, and conje-

Cy,"': FL — FL is the substitution u — e 7ue?, or more
precisely,

1
G0 u— e () = u—[y,u] + Sl byl =
Note that C,
/ C# and hence “meta u®™ = (u®)Y”,
hmZ¥ )| tha"® = tha"® || tha"¥ || hmZY,
and tm ) /"™ = /R O J#m® and hence “meta
(uv)® = u®v™”, tm% [ tha™™® = tha"® || tha'® || tml.
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and RC; is the inverse of that.
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If X is a space, 71 ( X K K // tmuy:
is a group, mwo(X
—fis an Abelian group,
and 7 acts on mo.
K ) hm?Y K [ tha*:

cturally, that’s all. Allowing punctures and Cuts ) is onto
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Wheels.  Let M(T;H) = M,;(T;H) x CW(T'), where
CW(T) is the (completed graded) vector space of cyclic words

on T', or equaly well, on FL(
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and tha"* by adding some .J-spice:
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Operations. On M(T; H), define tm!’ and hm2Y as before,. “(uv) = uT: i // tha“’m b g // that® |t
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where J,, ( ds div,(y/RC.) ) C %7, and
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Tangle concatenations — 71 X mo. With dm‘C‘ = tha //
ma | hma®
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Theorem Blue. All blue identities still hold.
()\1 @] )\2; w1 + UJQ).
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Merge Operation. (A1;wy)*(Ae;ws) 1=

Moral. To construct an M-valued invariant ¢ of (v-)tangles,
and nearly an invariant on K, it is enough to declare ¢ onf
the generators, and verify the relations that ¢ satisfies.
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Trees and Wheels and Balloons and Hoops: Why I Care
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(... and is the tip of an iceberg)
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othe 2D non-Abelian Lie alge- |
| Pbra. Let R = Q[{cy}uer] and !
{llL; .= R® T with central R and with [u,v] = c,v — ¢,u for
,v€T. Then FL — Lg and CW — R. Under this,

p— (Ae)iw) with Ap = > Ayguar, Aug,w € R,

The Invariant . Set (e;) = (x — 0;0), ¢(eu) = (();0), and [The 3 quotient is M divi-
ded by all relations that uni- b d
: ; ; ersally hold when when g is | = -
: ‘ [u,v] = v — cu
b x |
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beh(u,v) — C"+Cv1 <e u+ e v),

fy=>" 7w then with ¢y := > yycy,

e — 1\ e —1
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divyy = ey, and Jy(y) = log (1—1—
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See also weB/tenn, weB/bonn, lwef /swiss, weB /portfoligformula-computable to all orders! Can we simplify?
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G is computablel ¢ of the Borromean tangle, to degree 5:  Repackaging. Given ((z — Ayg);w), set ¢ = >, Codvad
replace \yz — Qugz := cu)\uxeCZ—_l and w — e¥, use t, = e
and write o, as a matrix. Get “f calculus”.
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3 Calculus. Let 5(T; H) be

That is, ¢ is a complete evaluation of the BF TQFT.

L “God created the knots, all else in
‘= topology is the work of mortals.”

; Leopold Kronecker (modified) www.katlas.org T/b:f’l%‘bﬁfl/;fﬁla;
lay class: wef/aarhus Class next year: wef3/1350
Paper in progress: (wef3/kbh
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[Tensorial Interpretation. Let g be a finite dimensional Lie 7 1y 0
algebra (any!). Then there’s 7 : FL(T) — Fun(®rg — g) wlz oy w | 2
and 7 : CW(T') — Fun(®rg). Together, 7 : M(T;H) — hmzY ‘ = ‘ )
Fun(®rg — ®xg), and hence a B v Plat Bt (s v

¢ - M(T; H) — Fun(®rg — U (g)). wle - wel z
( and BF Theory. (See Cattaneo-Rossi, tha'*: wia B u e+ (/e Bl+{/e ’
arXiv:math-ph/0210037) Let A denote a g- vy o9 v/e 6 — B¢
connection on S* with curvature Fy, and B a = &  |where e := 1+ a, (a) := 3, a, and (y) := > vty Yo, and lef
g*-valued 2-form on S%  For a hoop 7., let = - f\l 1 " 1 "
hol, (A) € U(g) be the holonomy of A along 7. ‘lCatitaneo R/, = 7’757—1 R, = YR
For a ball v,, let O, (B) € g* be (roughly) the On lone k S A .u'
integral of B (transported via A to 00) on . n long knots, w is the Alexander polynomial!
Loose Conjecture. For v € K(T; H), ‘Why happy? An ultimate Alexander inva-

riant:
/ DADBel B HEOW” (B) ®hol% (A) =e™(C(7)).  ke) extension of the (multivariable) Alexan-
u z der polynomial to tangles. Every step of thel
computation is the computation of the inva-"
riant of some topological thing (no fishy Gaus- @&
s sian elimination). If there should be an Alexander invarian
“lwith a computable algebraic categorification, it is this one!
See also wef/regina, wef/caen, weB/newton.
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