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§1. Introduction

We can add subsets of a commutative semigroup: the sum A + B of two subsets A and B of a
commutative semigroup is the set of points z representable in the form z = a + b, where @ € A and
b€ B. Denote by N x A the sum of N copies of the set A.

In [1} we proved the following

Theorem. For any finite subsets A and B in a commutative semigroup G, the number of points of
the set B+ N % A 15 a polynomial in N for sufficiently large positive integers N. The degree of this
polynomial is less than the number of points of the set A.

This polynomial is the Hilbert function of a finitely generated graded module over the ring of polynomials
in several variables [1], and this proves the theorem.

This algebraic argument implies two natural questions:

(1) what is the relationship between the ring of polynomials in several variables and the calculation of
the number of points in a set, and

(2) is it possible to avoid the application of the Hilbert theorem (see §8) in the proof of the above-
mentioned combinatorial fact?

The present paper gives an answer to these two problems. We start with the second problem. Here we
can do without the Hilbert theorem. Combinatorial arguments can give some more. Let us fix an arbitrary
multiplicative character x: G — C, x(a +b) = x(a) - x(b).

Denote by f(N) the sum of values of the character x over all points of the set B+ N * A.

Theorem 5. For sufficiently large N, the function f(N) 1is a quasipolynomial in N of the form
F(N) =3 ¢NPi(N). The numbers g; in this formula are the values of the character x on the set A, and
the functions P; are polynomials of degree less than the number of points of the set A at which the values
of this character are equal to ¢;.

For y = 1 the function f calculates the number of points of the set B + A * N, and Theorem 5
coincides with the above-mentioned combinatorial fact. Generally speaking, the function f is not the
Hilbert function of a graded module (the values f(N) of this function are complex numbers that are not
necessarily integers), and Theorem 5 cannot follow from the Hilbert theorem. o

Theorem 5 is a manifestation of general properties of orbits of the semigroup Z7 that are described
in this paper. Under the action of a group a set is decomposed into orbits, and each orbit has a simple
description in group terms. For the case of a semigroup an orbit has no equally simple description.
Moreover, the orbits of distinct points can intersect. How can we cut the set on which the semigroup acts
into simple disjoint pieces? In §2 we give a partial answer to this question for well ordered semigroups.

For the semigroup Z7 this answer can be refined (see §4). The point is that the semigroup ZY} 1s
Noetherian (see [2, 7]). This classical result plays the central role in the present paper. We present 1t
in §3 together with an addition we need: the complement of a Z% -ideal is representable in the form of the
unton of a finite number of disjoint shifted coordinate semigroups. ;

The orbits of the action of the semigroup Z7% are sufficiently regular: they decompose into disjoint
unions of finite sets of orbits of coordinate semigroups (see §4). Theorem 5 is a manifestation of this
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regularity. In the proof of Theorem 5 we also use some properties of the sum of values of an ezponential
function over all integral points of the standard simplez. These properties are presented in §5.

Now let us come back to the first problem: what is the relationship between the ring of polynomials
in several variables and the calculation of the number of points in a set? The calculation of the number
of points in the set B 4+ N * A is based on some properties of the semigroup Z% . However, the ring of
polynomials in n variables over a field K is just the semigroup algebra for Z% over the field K. (As the
remarkable construction of Grobner bases shows, the Noetherian property of the semigroup Z% implies
the Noetherian property of the polynomial ring.)

A module over the ring of polynomials in n variables is a direct generalization of the action of the
semigroup Z7 on a set. The existence theorem for a special linear basis in a module over the ring
of polynomials in n variables (see §8) is a direct generalization of the theorem on the decomposition
of orbits of the semigroup Z% into orbits of coordinate semigroups. The theorem on the structure of
orbits of a well ordered semigroup G (see §2) is a consequence of the theorem on the existence of a
special linear basis in a module over the semigroup algebra of G (see §7). The special linear basis in
a module over the polynomial ring permits us to characterize the Hilbert functions of graded modules.
Let us fix a homomorphism «v: Z} — I', where T' is a commutative semigroup. A module M over
the polynomial ring K[zj,...,z,] is sald to be y-graded if M as a linear space is representable as the
direct sum M = ), My of linear subspaces indexed by the elements of the semigroup I' and if the
following homogeneity condition holds: the monomial z%, a € Z7 , maps the homogeneous space My into
the homogeneous space My, (). The function on the semigroup I' that assigns the dimension of the
homogeneous component My to the element 8 is called the Hilbert function of the vy-graded module M.
In §8 we give a complete description of the Hilbert function for finitely generated v-graded modules in
terms of the homomorphism . For classical y-gradations (which occur in homogeneous coordinate rings
of algebraic subvarieties in the products of projective spaces) this description can easily be translated into
analytical language and implies the fact that for large values of the arguments the Hilbert functions are
polynomials.

For the case of a general gradation v: Z} — ZT the analytical nature of the Hilbert function turns out
to be more complicated: there exists a finite stratification of the semigroup ZT such that the restriction
of the Hilbert function to each stratum is a polynomial with periodic coefficients (see §10). Note that
a similar description of the Hilbert functions (and their asymptotic behavior) for these gradations was
obtained in [6] in a different way. Our description is based on some properties (see §9) of the number of
integral points in convex polytopes with rational vertices.

The present paper is an immediate continuation of [1]. The results of this paper were presented in 1991 at
the seminars of V. I. Arnold and I. M. Gelfand in Moscow and in 1992 at the seminar of D. Kazhdan at
Harvard.

§2. Action of Ordered Semigroups on Sets

In this section we show how a set X on which a well ordered semigroup G acts can be decomposed
into sufficiently simple disjoint pieces.

By an action of a semigroup G on a set X we mean a homomorphism 7: G — S(X), where S(X) is
the semigroup of mappings of X into itself. The semigroup G is said to be well ordered if on G a well
ordering is introduced (i.e., every nonempty subset has the least element) that admits left multiplication
(i.e., g1 > g2 implies gg1 > gg2).

A subset J C G is called a G-ideal if it is invariant under the left multiplication, i.e., if the relations
he€J and g € G imply gh €.

A set J C G is called a G-coudeal if its complement G\ J is a G-ideal.

Let a set U C X be invariant under the action of the semigroup G. The problem to be considered is
to cut the set X \ U into the simplest possible parts.

Example. Let R be a set of indices, let X be the union of disjoint copies G, a € R, of the semigroup

G, X = UaGN Gy, and let U = UaEN Ja, where Jo, C G4 is a G-ideal. The set X \ U is decomposed
into the union of disjoint G-coideals J, = G, \ Ju.
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Let us show that a similar decomposition of the set X \ U into G-coideals exists for each action of a

well ordered semigroup G. Suppose that the set X \ U is contained in the union of orbits O, of some
elements z, € X, a € R.

Theorem 1. The set X\U is representable in the form of the union of disjoint sets X, |JXo = X\U,
XaNXpg =@ for a# [, with the following property: for each index a the set X, belongs to Oy and
there ezists a G-coideal Jo such that the mapping g — m(g)(zs) determines a one-to-one correspondence
between J, and the set X,.

Proof. We fix a well ordering of the indices a € R of the elements z,. For each index a let us define
an invariant set U, as the union of the set U and the orbits Og of all elements zg with indices 3 less
than &, Us = (Ugcq Op) UU . Let us define X, as the set of points of the orbit O, that do not belong
to the invariant set Uy, Xo = Oy \ Uy. Cleatly, |JXo = X \U and X, N X5 =@ for a # 5.

For each point z belonging to X, we consider the subset G(z) C G with the following property:
g € G(z) if and only if 7(g)(za) = z. Let g(z) be a minimal element of the set G(z). (Such an
element exists because the semigroup G is well ordered.) Define J, as the set of elements g(z) for all
points z € X, . By definition, the natural mapping g — 7(g)(z«) is a one-to-one mapping of the set
Jo onto X,. Let us show that the complement J, = G\ Jo is a G-ideal. Note that the complement
Jo is representable in the form of the union of the following sets J. and J2: ¢ € J if and only if the
point 7(g)(z,) belongs to the invariant set Uy, and g € J% if and only if there exists an element a € G
such that ¢ < ¢ and 7(a)(za) = 7(g)(za). We will show that J2 is a G-ideal. Let ¢ € G be an
arbitrary element of the semigroup, let g € 72, a < g, and let n(a)(za) = 7(g9)(za). Then ca < cg and
7(ca)(za) = 7(cg)zo. Therefore, cg € J%, and this proves the required assertion. Clearly, the set J}, is
an G-ideal. Thus, J, = J. UJ? is also a G-ideal. The theorem is proved.

§3. Semigroup Z}

Theorem 1 can be strengthened for the semigroup Z% . The point is that the semigroup Z} possesses
a kind of Noetherian property (e.g., see [2]). This property was discovered before the Hilbert theorem on
the Noetherian property of the polynomial ring. Let us describe this classical result in the form we will
need in the sequel.

By the octant O™(a) with vertex at a point a € Z%}, a = (a, ..., an), we mean the subset of integral
points b= (by,...,b,) of Z% that satisfy the inequalities by > a1, ..., by 2 an. Clearly, an octant is a
77 -ideal.

Theorem (on the Noetherian property of the semigroup Z?%). Each Z%-ideal is the union of a finite
number of octants (in other words, the union of an infinite family of octants is in fact the union of a finite
number of octants).

Proof. Induction on the dimension n. Let us isolate out the last coordinate z, in Z7}, i.e., put
7y = Zi‘l + Z4 . Tt is clear that

(1) the intersection of an octant by a horizontal plane z, = ¢, ¢ € Z+, is an octant in the semigroup
Z7%~" (after the last coordinate z, = ¢ is deleted);

(2) the projection of an octant belonging to Z% is an octant in YA

We now proceed to induction. Take the projection of the union of an infinite family of octants J C Z}
onto the coordinate plane Zi—l . By the induction assumption, the resulting union of (n — 1)-dimensional
octants coincides with the union of a finite number of octants. Let these be the octants with vertices
bl,...,b% (o' = (bi,...,b,_,)). By construction, the octants are the projections of n-dimensional octants
with some vertices b¢ (8° = (bi,...,b%_,,b)). Let the maximal value of the last coordinates b of these

n

vertices be ¢ € Z% . All points of the Z7-ideal J for which the last coordinate is no less than ¢ belong to
the union of the octants O"(gi). The remaining points of the Z%-ideal J belong to the finite number of
sections ¢, =0, 2n =1, ..., n = c— 1. By the induction assumption, each of these sections is covered
by a finite number of (n — 1)-dimensional octants. Now we see that the Z7%-ideal J consists of a finite
number of octants O™(b*) and a finite number of n-dimensional octants whose vertices belong to a finite
set of sections.
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The semigroup Z7 has 2" coordinate semigroups: for each subset I of the segment {1,...,n} of
positive integers there is a subsemigroup Z.(I) consisting of integral points a = (ay, ..., a,) such that
a; = 0 for i € I and a; > 0 for ¢ ¢ I. The semigroups Z4(I) include the zero semigroup (for
I={1,...,n}) and the semigroup Z%} (for I = ).

A subset of Z% will be called a shifted coordinate semigroup if it has the form a + Z4.(I), where a is
an element of Z7 . '

Theorem 2. The complement of a Z% -ideal can be represented as the union of a finite number of
disjoint shifted coordinate semigroups.

Proof. 1) We first assume that the Z7}-ideal is an octant O™(a) with vertex a. Let us represent the
complement Z% \ O"(a) as the union of shifted coordinate semigroups. For each nonzero point a of Z%
we define the point w(a) by the following rule: if @ = (a1,...,a,) and ay = --- = a;—; = 0, a; > 0,
then m(a) = (a1,...,ai—1,a; — 1, @it1,...,a,). Obviously, the octant with vertex m(a) contains the
octant with vertex a, and their difference O™(w(a)) \ O™(a) is a shifted coordinate semigroup. For the
integral point a = (a1, ..., an) we have n'(a) = 0, where | = ||a]| = 3_ |a;|. Thus, we obtain the required
decomposition '

lall

Zi\ 0™a) = | J O"(x'(a) \ O"(x'"*(a)).
=1

2) Each Z%-ideal is the union of a finite number of octants. Assume that the theorem holds when the
Z7%-ideal J is the union of k octants. Let us prove the theorem for k+1 octants. We have J = JoU0™(a),
where Jo is the union of k octants. By induction, the complement of Jy in Z7 is the union of shifted
coordinate semigroups. In turn, in each shifted coordinate semigroup £ the complement of its intersection

“with the octant L \ (£ N O™(a)) can be decomposed into the union of shifted coordinate semigroups
(see step 1 in the proof of this theorem). The theorem is proved.

§4. Action of the Semigroup Z} on a Set

Suppose that on the set X an action 7: Z} — S(X) of the semigroup Z7 is defined; let U C X be
a subset invariant with respect to this action. Let the set X \ U belong to the union of orbits of some
elements z, € X .

Theorem 3. There ezists a decomposition of the set X \ U into the union of disjoint sets Xo,i,
1 <@ < l(a), where I is an integer-valued function of the indez o, with the following property: for
each pair of indices (a,1) there exists a point a € Z} and a coordinate semigroup Z(I) such that the
mapping g — 7(g+a)(zs) determines a one-to-one correspondence between this coordinate semigroup and
the set Xo ;.

Proof. In the semigroup Z% there is a well ordering (e.g., lexicographical). Therefore we can apply
Theorem 1 to the action of this semigroup. To complete the proof, the Z%-coideals J, in this theorem
must be cut into shifted coordinate semigroups.

§5. Exponential Sums

Denote by A(m) the standard simplex {z = (z1,...,2,); 1+ -+ 2Zn=m; 21 >0, ..., 2, > 0}
in the space R". We define the function F(m,p) depending on a positive integer m and a covector
p € (R™)* by the formula

F(m,p) = Z eP”.
zEA(m)NZ"
Let e; denote the basis vectors of the space R™. Foreach i =1,..., n we set

uilp) = [[1/(1 = exp (ples — ¢,))),

where the multiplication extends over all j such that j # ¢, 1 < j < n. The function wi(p) is meromorphic
on the complexification of the space (R™)*.
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Proposition. For each m > 0 and each covector p such that p(e; —e;) #0 forany 1 <i<j<n
we have

F(m,p)= ) e™®.ui(p).
1<i<n

This proposition is a special case of a general result [3, 4] in which an arbitrary integral polytope
is considered instead of the standard simplex A(m). It completely determines the function F(m, p) if
ple;i—e;j) #0 forany 1 <1< j<n.

Let us pass to the general case. We fix a covector p = py. Let the sequence (poe1), ..., (poes) contain
exactly [ distinct numbers ¢, ..., ¢ and let the number ¢; occur k(7) times.

Theorem 4. For each m > 0 the relation F(p,m) =Y q™Pi(m) holds, where P;(m) is a polynomial
in m of degree < k(i).

Theorem 4 follows from the above proposition for p = pg + Ap;, where p; is a sufficiently generic
covector and A € R, under the passage to the limit as A — 0.

§6. Sum of Values of a Character Over the Set B4+ N* A

We can add subsets of a commutative semigroup: the sum A + B of two subsets A and B of a
commutative semigroup G is the set of points z representable in the form z = a 4+ b, where a € A and
b € B. Let us fix some finite subsets A, B C G. Choose an arbitrary character x of the semigroup G, i.e.,
a homomorphism x: G — C of the semigroup G into the multiplicative semigroup of complex numbers,
x(a +b) = x(a) - x(b). Let q1,...,q € C\0 be the set of nonzero values of the character x on the set
A and let k() be the number of points in the set A at which the character x is equal to g;.

We denote by N * A the sum of N copies of the set A.

Theorem 5. For sufficiently large positive integers N the sum of values of the character x over all
points of the set B+ N x A 1is equal to 2221 gV Pi(N), where P; is a polynomial in N of degree < k(i).

Proof. 1) Let us index the elements of the set A, ie., let A = {a;;¢ = 1,...,n}. Consider the
semigroup Z% and the homomorphism 7y: Z} — G that maps the standard generators ey, ..., e, into
the elements ay,...,a, € A. Denote by my: Z} — Z4 the standard homomorphism defined by the
relation mp(z1,...,%n) =21+ -+ Tn, z; € Zy.

We denote by G the direct sum of the semigroups G and Z4, G = G® Zy, and by 7: Z7 — G the
direct sum of the homomorphisms 7 and 7. Let B and A be the following subsets of the semigroup
G: B =(B,0), A= (A,1). The semigroup Z% acts on G according to the following rule: an element
¢ € Z} maps apoint g € G into the point g+ 7(c). Denote by X the union of the orbits for the points of
the set B with respect to this action and by Xy the subset of X consisting of the points whose second
coordinate is N. Clearly, Xy coincides with the set (B + N *x A, N).

2) Let us extend the character x: G — C to a character X¥: G — C by the formula X(g, m) = X(g).
Denote by U the set of points at which the character y vanishes. The set U is invariant under the
action of the semigroup G and, consequently, under the action of Z% . We are interested in the sum
S ceB+nea X(@). It is clear that this sum is equal to 3, x \u X(2)-

3) We can apply Theorem 3 to the set X \ U. By this theorem, the set X \ U is the disjoint union of
some sets Xy ;, where b € B,1<i< I(b), and I: B — Z is an integer-valued function on B. Moreover,
there exist ¢ € Z7 and a coordinate semigroup Z4(I) (that depend on the indices (b, ¢)) for which the
mapping q: Z4(I) — Xj,; determined by the formula ¢(z) = 7(z + ¢)(b) is an isomorphism.

The preimage of the set X; ; v = Xp,iN(XN\U) in Z4(I) is the standard simplex {z = (z1,...,Zn);
Sz = N —mac), zx > 0 for k ¢ I and zx = 0 for k € I}. By Theorem 4, for N > m3(c) the sum
of values of the character x over the set X3 ; n is equal to Eq;.v””(c) - Pj 3,i(N), where {g;} is the set
of values of the character x on the elements ax € A for k ¢ I and Pj s ; are polynomials of degree less
than the number of points ar € A with k € I for which the character x is equal to ¢;. Thus, the theorem
is proved if “sufficiently large” numbers N are understood as the numbers N > maxm;(c), where the
maximum is taken over a finite set of points ¢.
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§7. Modules Over the Semigroup Algebra of a Well Ordered Semigroup

The notion of a module over a semigroup algebra is a straightforward generalization of the notion of
action of a semigroup on a set. In this section we describe the Grébner construction for the semigroup
algebra of a well ordered semigroup and the special linear bases in modules over such semigroups. We will
also explain why the existence of these special linear bases proves Theorem 1 on the decomposition of an
orbit of a well ordered semigroup into simple pieces.

With a semigroup G and afield K the semigroup algebra K(G) consisting of formal linear combinations
of elements of the semigroup G with coefficients belonging to the field K is associated. The multiplication
in G is extended to the multiplication in K(G) by linearity.

For an ordered semigroup G there exists the remarkable Grébner mapping Grb from K(G)\ 0 into
G that assigns to each nonzero linear combination a = 3~ A(g)g the greatest element g € G that enters
a with a nonzero coefficient A(g). Because the ordering in G is preserved under left multiplication, for
g € G and a € K(G) we have Grb(g-a) = g - Grb(a). With a left ideal J of the algebra K(G) the
following objects are associated:

(1) its Grobner G-ideal, which is the image of the set of nonzero elements of the ideal J under the
Groébner mapping,

(2) its Grobner G-coideal, which is the complement in G of the Grobner ideal of J,

(3) its Grobner coideal in K(G), which is the linear subspace of K(G) spanned by the elements of the
Grobner G-coideal.

The following assertion is well known.

Proposition. The algebra K(G) as a linear space is the direct sum of the ideal J and its Grobner
coideal.

Proof. By definition, the ideal J and its Grobner coideal L intersect only at the point 0. Let us show
that each element a € K(G) belongs to the sum L + J. For every element a = Y A(g)g not belonging
to L we denote by Grbr(a) the greatest of the elements g € Grb(J\ 0) that enter a with nonzero
coefficients A(g). By subtracting from a an element A\;b; of the ideal J for which Grb(X1b1) = Grby(a),
where )\; is an appropriate coefficient, we can obtain either a—A1b; € L or Grby(a—A1by) < Grbyp(a). If
the element a; = a — A1b; does not belong to L, then the process can be iterated. Since in a well-ordered
set any descending chain terminates, after a finite number of steps we obtain the relation a — > \;b; € L,
where b; € J. The proposition is proved.

Corollary 1. Let J; and Iy be ideals of the algebra K(G) such that 3, C Iy and the Grobner G-ideals
for 3y and Jy coincide. Then J; =J5.

Indeed, the Grébner G-coideals for the ideals J; and J; coincide. Therefore, J; = J, by the proposition.

Corollary 2. The elements go € J generate the ideal J if and only if their images under the Grobner
mapping generate the Grobner G-ideal for J.

Corollary 2 follows from Corollary 1.

Consider a K(G)-module M and its submodule M;. Let aset B = {mq} of vectors my € M, a € R,
generate the quotient module M /M, .

Theorem 6. There ezists a set of G-coideals Jo C G such that the elements h(mgy), a € R, h € J,,
Mo € B, form a basis in the linear quotient space M /M, .

Proof. Let us choose an arbitrary well ordering of the set X of indices. For each index o € R we
define the submodules MS and MS generated by the submodule M; and all elements mg € B such
that § < o and 8 < «a, respectively. Consider the ideal J, that consists of elements a € K (G) such that
for each vector m belonging to the module Mg the vector a(m) belongs to the module M<. By the
foregoing proposition, the elements g(m,), g € Jo, where J, is the Grobner G-coideal of the ideal T,
span the quotient space MX/MS . This implies the theorem.

Let us show that Theorem 1 in §2 is in fact a consequence of Theorem 6. The action of the semigroup
G on X is extended by linearity to the action of the semigroup algebra K (G) on the K-linear space
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Co(X, K), where Co(X, K) is the space of zero-dimensional chains in the set X with coefficients belonging
to the field K.

In the invariant subset U the zero-dimensional chains Co(U, K) form a K(G)-submodule of the module
Co(X, K). If the set X \ U belongs to the union of the orbits O of elements z, € X, then the
quotient module of Co(X, K) by Co(U, K) is generated by the vectors mgy, where m, is the zero-
dimensional chain that consists of the point x, with coeflicient 1. Applying Theorem 6 to the modules
Co(X, K) D Co(U, K) and the vector set {mq}, we obtain Theorem 1.

§8. Modules Over Polynomial Rings and Their Hilbert Functions

The foregoing combinatorial considerations give some information about modules over polynomial rings.
To each point a € Z%, a = (a1, ..., axs), there corresponds a monomial z* = z7* - -- 24" . The semigroup
algebra K(Z%) is the ring K[z1,...,zs] of polynomials in n variables over the field K. Since the
semigroup Z7% is Noetherian, the polynomial ring is also Noetherian (see §3 and Corollary 2 §7).

Let M be a finitely generated module over the polynomial ring in n variables, let M; be submodule
of M, and let {m,} be the set of elements determining a basis in the quotient module M/M; . For each
subset I in the set of the variables z1,...,z, we denote by =; the set of monomials that do not depend
on the variables belonging to the subset I.

Theorem 7. For each pair of indices (a,1), 1 <1 <lI(a), where I is an integer-valued function of the
indez o, there is a point a € Z% and a subset I of the set of the variables z1, ..., zn such that the set of
all vectors of the form z®-z#(mq), where z#* € Zy, generates a basis in the linear quotient space M /M, .

Proof. Because the semigroup Z7} can be well ordered, we can apply Theorem 2 to the modules
M; C M over the polynomial ring. To complete the proof we must cut the Z%-coideals J, in this
theorem into shifted coordinate semigroups.

Note that Theorem 3 can be derived from Theorem 7 in just the same way as Theorem 1 is derived
from Theorem 6 (see §7).

Denote by N the set of positive integers supplemented with the number 0 and the symbol +occ. In N
a natural operation of addition is defined not only for a finite but also for an infinite set of elements. The
dimensions of linear spaces take on the values belonging to N . Moreover, the dimension of the direct sum
of any set of linear spaces is equal to the sum of their dimensions.

Let us choose a homomorphism v: Z} — I', where T’ is a commutative semigroup.

Definition. A module M over the polynomial ring K[z1,..., z,] is sald to be y-graded if M as a
linear space can be represented in the form of the direct sum of linear subspaces, M = ) 4. My, indexed
by the elements of the semigroup I' and the following homogeneity condition holds: the monomial z°,
a € Z7 , maps the homogeneous space My into the homogeneous space My, (). The function H: ' = N
that assigns the dimension of the homogeneous component My to the element 8 is called the Hilbert
function of the y-graded module M .

What functions H: I' — N can be Hilbert functions of finitely generated v-graded modules M? Below
we give a complete answer to this question, but first we state some definitions.
In the space of functions on the semigroup I" with values in N the convolution operation can be defined:

Frg®) = D f(61)-9(62).
614 8>=9

With a homomorphism v: Z} — I' we associate 2" functions on I', which will play the key role in
our study. With each subset I C (1,...,n) we associate a coordinate semigroup Z.(I) C Z% and the

function fr: ' — N that assigns the number of points of the set v~1(6) N Z4(I) to the element § € T.
Theorem 8. The Hilbert function H: T — N of a finitely generated v-graded Klzy, ..., z,]-module

18 representable in the form

H=fo*g17 (1)
I
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where gr is a nonnegative integer-valued function on I' that vanishes everywhere ezcept for a finite number
of points. Conversely, each function H of the form (1) is the Hilbert function of a «y-graded module.

Proof. 1) Let us choose a finite number of homogeneous generators m, in the module M. By
Theorem 7, the graded linear space M is the direct sum of a finite number of graded subspaces M(a, 1)
generated by the vectors z* - z#(mg), where p € Zy(I). Denote by b the element of the semigroup I'
which is equal to y(a) + g(ma), where g(myq) is the gradation of the element m,. The dimension of the
homogeneous component of the space M(e, i) with gradation 6 is equal to fr * §;(8), where d is the
function that is equal to 1 at the point b and vanishes at the other points. This implies the first assertion
of the theorem.

2) To prove the other assertion of the theorem, consider the following example of a v-graded module
over the ring K[z,, ..., z,]. We take the quotient ring of the polynomial ring K[z1, ..., z,] by the ideal
generated by the variables z;, i € I. Let us endow this module with v-gradation by the following rule:
the gradation of the equivalence class of the monomial «#, y € Z(I), is equal to b+ (i), where b is a
fixed element of the semigroup I'. The Hilbert function H of this module is equal to f; * &3 ; therefore
each function of the form (1) is the Hilbert function of the direct sum of modules of this type.

Corollary. If the semigroup I' can be embedded into a group, then the Hilbert function of each ~y-graded
module s a linear combination of a finite number of functions fr(6 —b) with positive integral coefficients.

Example 1. The simplest and, of course, the most important example is the K[z1, ..., z,]-modules
with ordinary integer-valued gradation ~: Z™ — Z, where y(a1,...,an) = a1 + -+ + a, . This gradation
occurs in homogeneous coordinate rings of projective varieties. In this case the functions fr(N) have a
simple geometric meaning: they are the numbers of integral points in the simplex {a = (a1,...,a,);

aj++-+a, =N, a; >0, aj =0 for j € I'}. Simple calculation shows that if the number p = n — ||
of nonzero variables is positive, then fi(N) = C'ﬁ,;lpﬂl. If p=20, then f;(0) =1 and f(N) =0 for
N > 0. Therefore the number f;(N) is a polynomial for N > 0. The shifted functions fr(N — b) are
polynomials for N > b. ,

This implies the following remarkable

Hilbert Theorem. Beginning with some positive integer, the Hilbert function H of a finitely generated
module with ordinary gradation is a polynomaal.

Now we present a complete description of the function H. Let us define the function C¥%; of two integral
variables by the following formula:

(1)if 0 <k < N, then Ck = CE,

(2) if k= N = —1, then the function C%, is equal to 1,

(3) for the other values of k£ and N the function C%; is equal to zero.

Theorem 8 shows that the Hilbert function H of a finitely generated K[zq,..., z,]-module with the
gradation in Example 1 has the following form:

_—
H(N) = ax iChioy
where [, k, and a;; are nonnegative integers and k <n.

Example 2. A somewhat more complicated example is the gradation v: Z} — Z7* that depends on
the parameters i1, ..., t,, related by the condition 41 +---+ i, =n. Let ¢g =0, ¢; =41, ¢ =11 + 19,
y Cm =11+ +im =n, and let y(ay,...,a,) = (Nyg,...,Ny), where N; = Y e <j<e 8- This
gradation occurs in homogeneous coordinate rings of subvarieties in the product of projective spaces
CPu~! x ... x CPm~!. The function fi(N), N = (Ny,...,Np), has a simple geometric meaning: it

is the number of integral points in the product of simplexes {(ac,_;+1s---,aq); Ec[n1<]~<q a; = Ny,
a; > 0, aj =0 for j € I'l. This number f;(N) is equal to 5’11\};1],1_1 ---aijvt‘n;lpm_l, where p; is the

number of indices 7, ¢;—1 < j < ¢, such that j ¢ I.
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Theorem 8 shows that the Hilbert function H of a finitely generated K[z, ..., z,}-module with the
gradation in Example 2 has the following form:

H(Nl,... ZaleCN._i_k —1;~1°

where k = (k1,...,km), I = (l1,...,1lm); all numbers kj, I, ax,; are nonnegative integers and ki <lj.
In particular, the function H(Ni,..., Ny) is a polynomial if all coordmates N; are sufficiently large

§9. Integral Points in Rational Polytopes

To each face I' of a convex bounded polytope A C R™ there corresponds a convex cone Kr in the
dual space (R™)*. Namely, a covector ¢ belongs to Kt if and only if the set of points of maximum for
the restriction of the linear function (¢, z) on the polytope A coincides with the face I'. The cones
Kr corresponding to different faces I' are disjoint, and their union determines a decomposition AL of
the dual space (R")*. Two polytopes A; and A, are said to be analogous if the corresponding dual
decompositions coincide. A polytope A, is said to be subordinated to a polytope A; if the decomposition
At is finer than the decomposition A7 (i.e., if each cone Kr, of the first decomposition is contained in
some cone Kr, of the other decomposmon). The support function fa: (R™)* — R of the polytope A
defined by the relation fa({) = maxzea(€, z) possesses the following properties:

(1) fa is continuous and positive linearly homogeneous (fa(A) = Afa(€) for X > 0);

(2) fa is linear on each cone Kr of the dual decomposition;

(3) fa is convex, ie., f(& + &) < fa(&) + fa(éa).

The set L1 of functions with properties (1) and (2) with respect to the decomposition AL forms a
linear space. The subset LZ . of convex functions in L1 is a convex cone. A function g belongs to the
cone LZ . if and only if it is the support function of a convex polytope subordinated to the polytope A.

A polytope A C R™ will be called a polytope with rational normals if all cones Kt of the dual
decomposition At are rational. (Note that the vertices of a polytope A with rational normals are not
necessarily rational.) In the space of functions L. there is a lattice Axr determined by the following
condition: a piecewise linear function f € L. belongs to the lattice Ap: if and only if for each cone
Kr C At there exists an integral vector z € Z™ C R™ such that f(¢) = (¢, z) for £ € K.

Let fi,..., fr be the generators of the lattice AL .

Theorem 9. There exists a polynomial Q) of degree < n in r integral variables ky,..., k, such that
if the function fa =kifi +--- =+ krfr is the support function of a convez polytope Ay, then the number
of integral points in this polytope is equal to Q(k).

Proof. This theorem readily follows from results in [5]. Indeed, denote by P(Z") the space of linear
combinations of the characteristic functions of convex integral polytopes Define a functional ,u on P(Z™)

by the following formula:
=Y prxalz),

TEL™

where ¢ € P(Z"), xa is the characteristic function of the polytope A and * is the convolution with
respect to the integral over the Euler characteristic. The functional p is invariant with respect to the
shifts by integral vectors, i.e., u(o(-)) = p(p(a + +)) for a € Z™. The value of the functional x on a
virtual polytope with support function kyfi + - + k- fr is a polynomial in k = (ky,..., k) (see [5, §7,
Corollary 4]). Denote this polynomial as Q(k). Let the function fa = ki fi + -+ + k. fr be the support
function of the polytope Ak, fa € LZ . - In this case the value of the functional y on the characteristic
function of the polytope Ay is equal to the number of integral points in this polytope. The theorem is
proved.

‘Let A: R® — R™ be a linear mapping with the following nonnegativity property: A~*(0) NR% = 0.
We are interested in the bounded convex polytope A(z) = A™!(z) NR% as a function of the parameter
z € R™.

Let e1, ..., e, be the standard basisin R™ and let a; € R™ be the images of the vectors e;, a; = A(e;),
i =1,...,n. A subset J of the segment J C {1,...,n} of positive integers is said to be essential if
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the vectors a; = A(e;), 1 € J, are linearly independent. For each essential subset J denote by K; the
relative interior of the cone spanned by these vectors, 1.e., r € Ky if z = ZiEJ Aia;, A > 0. With the
mapping A: R™ — R™ we associate the following stratification S(A) of the space R™: two points z and
y are said to belong to the same stratum if and only if for each set K ; we have either z € Ky and y € K
orz ¢ Ky and y ¢ K. It is easy to show that the following assertion holds.

Proposition. (1) If a point z belongs to the set Ky, then the polytope A(z) has the vertez O; =
A z) N Ry, where Ry is the coordinate subspace generated by the vectors e;, 1 € J. Conversely, each
vertes of the polytope A(z) coincides with the point Oy for some set Kj containing z.

(2) If two points = and y belong to the same stratum, then the polytopes A(z) and A(y) are analogous.

(3) If a point y belongs to the closure of a stratum containing a point z, then the polytope A(y) is
subordinated to the polytope A(x).

Below we assume that the matrix of the mapping A is integral, i.e., A(e;) = a;, ai € Z™. For the
set of independent integral vectors {a;; i € J}, we denote by ¢(J) the greatest common divisor of the
maximal minors of the matrix composed of these vectors.

Corollary. Let a point x belong to the set Kj. Then the vertez O of A(x) corresponding to this

. 1 n
set belongs to the lattice q—(—J—)Z .

Indeed, the corresponding vertex O; has the form A~'(z) N"R;. Let ¢, be a nonzero minor of
maximum rank composed of the vectors a;, : € J. Applying this minor for solving the system of linear
equations, we see that the point O; belongs to the lattice EIJZ”. We have a similar relation for any other

minor ¢;. Combining all these relations we obtain O; € E(IT)Zn'

Definition. For an integral nonnegative matrix A the number k(A) is the least common multiple of
the numbers ¢(J) for all subsets J of the set of columns of the matrix A.

Definition. Let a semialgebraic stratification of the space R™ and a positive integer k be given.
A function f:ZT — R is said to be piecewise polynomial with respect to the given stratification with
coefficients periodic modulo k if the following condition holds: for each stratum X of the stratification
and for each equivalence class a € Z™/k-Z™ there exists a polynomial Px , such that if an integral point
z € ZT belongs to the closure of the stratum X, z € X , and under their factorization x: Z™ — Zmk-Z™
this point goes into the point a, i.e., 7(z) = a, then f(z) = Px .(z).

Let A: R" — R™ be a linear mapping with an integral matrix and let A™(0) N RY = 0. Let
fa: ZT — Z4 be the function that associates the number of integral points in the polytope A(z) =
A~'(z) NR% with each integral point z € Z7.

Theorem 10. The function fa is piecewise polynomial with respect to the stratification S4 with
coefficients periodic modulo k(A). The degrees of the corresponding polynomials Py , do not ezceed the
dimension of the kernel of the matriz A.

Proof. Let us choose a stratum X of the stratification S4. If a point y belongs to the closure
of the stratum X and a point z belongs to the stratum X, then the polytope A(y) is subordinated
to the polytope A(z). If, in addition, the point y is equivalent to the point z modulo k(A), i.e.,
y =z +kk(A)p1 + -+ + kmk(A)pm , where p; are the generators of the semigroup Z7 and k; € Z are
integers, then the vertices of the polytope A(y) differ from the corresponding vertices of the polytope
A(z) by integral vectors. Therefore, by Theorem 9, the number of points in the polytope A(y) is a
polynomial in ky,..., km.

§10. Hilbert Function and Integral Points in Rational Polytopes

In this section we deal with finitely generated A-graded Kz, ..., z,]-comodules, where A is a ho-
momorphism of the semigroup Z% into the semigroup ZT . Below we always assume that A™(0) = 0.
This condition guarantees that each homogeneous component of the module is finite-dimensional. The
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homomorphism A: Z} — ZT' can be extended to a linear mapping of R® into R™, which will be denoted
by the same letter A. '

For each segment I of the natural scale denote by R4 (I) the set of points (z1,...,z,), z; = 0 for
i€l and z; >0 for ¢ ¢ I. Denote by Ty4,; the function that associates the number of integral points in
the polytope As ;= A™(z)NR4(I) with each point = € Z7 . The functions fr introduced in §8 have a
simple geometric meaning for A-graded modules: fr =T4 ;.

Theorem 8 has the following version for A-graded modules.

Theorem 11. A function H: Z' — Zy is the Hilbert function of a finitely generated A-graded module
over the ring K{zy,...,z,] if and only if it is representable in the form of the following finite sum:

H($)=Za1,bTA,1(w—b), beZY and I C{1,...,n},
whose coefficients are nonnegative integers.

We will need a generalization of the stratification S(A) of the space R™ described in §9.

For each subset J C {1,...,n} and each point b € Z7* denote by K} the set of points representable
in the form ¢ =b+ ) A\;A(e;), where \; >0 for i€ J and \; =0 for 5 ¢ J.

Consider the following construction.

(1) Let us choose a finite number of sets K 5.

(2) With the help of the sets in (1) we define the stratification as follows: two vectors z and y belong
to the same stratum if and only if they belong to the same sets in (1).

Definition. The above stratifications are called stratifications compatible with the mapping A.
Combining the theorems from in §§8 and 9 we obtain the following result.

Theorem 12 (cf. [6]). The Hilbert function of a finitely generated A-graded module over K{zq,..., z,)
is piecewise polynomaal with respect to some stratification of the space R compatible with the mapping A,
with coefficients periodic modulo k(A). The degrees of the corresponding polynomials Px , do not exceed
the dimension of the kernel of the matriz A.
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