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NEWTON POLYHEDRA AND AN ALGORITHM FOR COMPUTING
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V. 1. DANILOV AND A. G. KHOVANSKII

ABSTRACT. An algorithm is given for computing the mixed Hodge structure (more precisely,
the Hodge-Deligne numbers) for cohomology of complete intersections in toric varieties in
terms of Newton polyhedra specifying the complete intersection. In some particular cases
the algorithm leads to explicit formulas.

Bibliography: 8§ titles.

Homology and cohomology yield one of the most natural topological invariants of an
arbitrary variety. It had been known since Hodge’s work that the cohomology of
projective complex manifolds admits a natural Hodge decomposition. Deligne (see [1] and
[2]) generalized Hodge theory to arbitrary complex algebraic varieties by endowing their
cohomology with a so-called mixed Hodge structure. In particular, for an arbitrary
algebraic variety X and a Hodge structure H*( X) he defined the Hodge-Deligne numbers
hP9(HM(X)).

The present paper is devoted to a computation of these invariants for varieties X
defined in (C\ 0)” by a system of polynomial equations f, = --- = f, = 0, where the
polynomials are nondegenerate with respect to their Newton polyhedra A,,...,A,. We
recall that the Newton polyhedron of a polynomial f = Y a,,x™, whete m = (m,...,m,)
and x = (x,,..., x,), is the convex hull of those points m € R" for which a,, # 0. The
Newton polyhedron of a polynomial generalizes the notion of degree and plays a similar
role. A system of equations with fixed Newton polyhedra is nondegenerate for almost all
values of the coefficients.

Throughout this paper the space (C\ 0)” is called the n-dimensional torus and is
denoted by T".

It might seem somewhat artificial that we study complete intersections in the torus T”
and not in the affine space C”. We suggest two reasons to justify our choice. First, cutting
C” by coordinate hyperplanes into tori of various dimensions, we can apply the results on
complete intersections in tori to complete intersections in C”. This principle can be
applied not only to the space C”, but to arbitrary toric varieties, to wit algebraic varieties
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that split naturally into a union of disjoint tori. Thus the case of a torus plays a key role in
the computation of Hodge-Deligne numbers for complete intersections in toric varieties.
Second, the case of a torus is the simplest one. This is because the torus T” = (C\ 0)" is a
commutative algebraic group (with respect to the operation of coordinatewise multiplica-
tion). The invariant sheaves on this group decompose with respect to characters. Cohomol-
ogy with coefficients in such sheaves can be computed separately for each character of the
group, which considerably simplifies all computations.

It will be more comvenient to consider cohomology with compact support instead of
ordinary cohomology. Like the usual cohomology, cohomology with compact support has
a natural (mixed) Hodge structure. The Poincaré duality between cohomology with
compact support and the usual cohomology on smooth algebraic varieties is compatible
with the Hodge structures. Therefore, in passing to cohomology with compact support we
do not lose anything. The convenience achieved thereby consists in the following. For a
variety X we consider the numbers

ert = T(=1) ke (HA(X)).

Then, if X =U,X, is a decomposition of X into a union of a finite number of locally
closed subvarieties, we have e?%( X) = X e”'%( X, ). Thus the e”? behave in a very simple
way under decomposition of varieties into pieces, which is a very natural operation when
working with toric varieties.

An important role is also played by the numbers e”( X) defined by e?(X) = L _e”( X).

We list the main results of the paper. First, for a nondegenerate complete intersection X
either in a torus or in an arbitrary toric variety we compute the numbers e”( X) in terms
of the Newton polyhedra of the equations defining the complete intersection. Second, for
a nondegenerate complete intersection X either in a torus or in an arbitrary toric variety
we give a finite algorithm for computing the numbers e?”%( X) in terms of the Newton
polyhedra. In the important special case of a hypersurface with prime Newton polyhedron
(a polyhedron in R” is called prime if the number of faces coming together at every vertex
is equal to n) we give explicit formulas for the numbers e?-9( X). Third, for a nondegener-
ate complete intersection X in a compact toric variety we give an algorithm for computing
the Hodge numbers #7:9( X) (this result is a consequence of the preceding one, since for
compact varieties h7-¢ is equal to e”? modulo sign). Fourth, for a noncompact complete
intersection X we give an algorithm for computing the Hodge numbers in the following
cases: a) X is a complete intersection in a torus, and the Newton polyhedra of the
equations defining X have maximal dimension; b) X is a complete intersection in C”, and
the Newton polyhedra of the equations defining X contain the origin and intersect all
coordinate axes (this result follows from the computation of the numbers e”-9( X') and an
analogue of the Lefschetz theorem).

A few words about the division of labor. The computation of toric cohomology
(Proposition 2.10) and generalization of some known results on Hodge structures to the
case of cohomology with compact support (the use of forms with “logarithmic poles”;
Proposition 1.12) are due to the first author. The introduction of the additive invariant
eP 4 of algebraic varieties and the applications of this invariant (Corollary 2.5; the
algorithm in §5) are due to the second author.
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The present paper had been written in 1978, but was not submitted for publication. Its
results are used in the first author’s paper [5] and in a paper by the second author (in
preparation) in which the algorithms from the present paper are carried as far as explicit
formulas.

§1. Hodge-Deligne theory

In this section we recall the Hodge-Deligne theory of algebraic varieties over the field of
complex numbers C with special regard to cohomology with compact support. The central
role here is played by the characteristic e”-9( X) of an algebraic variety X.

1.1. Let H be a finite-dimensional vector space over the field Q of rational numbers. A
pure Hodge structure of weight r on H is a decomposition of the complex vector space

H-=H®C= P Hr¢
prg=r
such that H?9= H%? (here the bar denotes the complex conjugation in H). The
introduction of this notion is motivated by the classical Hodge theory according to which
the r-dimensional cohomology H'( X, Q) of a compact Kahler manifold X has a natural
Hodge structure of weight ». The dimension of the vector C-space H?'9 is called the
Hodge number of type ( p, q) of the structure H and is denoted by h7-9( H ).
A Hodge structure of weight r on H gives rise to the so-called Hodge filtration F on
H, where
Fr= @ H>" .
s=p
This is a descending filtration, and for each integer p
Ho=Fre Frrl
Conversely, if F is a descending filtration on H satisfying the above relation, then
putting H”¢ = F? N F7 we obtain a pure Hodge structure of weight r on H.

1.2. Let H be a vector space over Q. A (mixed) Hodge structure on H consists of a) an
ascending weight filtration W on H and b) a descending Hodge filtration F on H, that
are connected by the following relation: the filtration F induces a pure Hodge structure of
weight r on the complexification of Gt H = W /W, _ .

In particular, for each r there is a decomposition

(Gt¥H)e= @ H"™.
pryg=r
The dimension of the C-space H#”-9 is called the Hodge number of type ( p, q) of the Hodge
structure H and is denoted by 27-9(H).

1.3. Let H and H’ be Q-spaces endowed with Hodge structures. A Q-linear homomor-
phism f: H — H’ is called compatible with Hodge structures (or a morphism of Hodge
structures) if f is compatible with filtrations W and F, ie., if f(W,) < W, and f-(F?)C
F7,

The morphisms of Hodge structures are strictly compatible with filtrations W and F
(see [1]). From this it follows that the functor H”'? is exact. In other words, if
H' — H - H” is an exact sequence of Hodge structures, then for every (p,q) the
sequence H'?9 —» H?% — H"P9 ig also exact.

1.4. Deligne has shown [2] that for each complex algebraic variety X the cohomology
H*(X,Q) carries a natural Hodge structure which coincides with the classical (pure)
Hodge structure in the case of smooth projective varieties. However we find it more
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convenient to use cohomology with compact support H*( X, Q). They also carry a natural
Hodge structure. We list some basic properties of the Hodge theory of cohomology with
compact support of smooth noncompact algebraic varieties:

a) If f: X — Y is a proper morphism, then the homomorphism f*: H¥(Y) —» HX(X) is
compatible with the Hodge structures.

b) The Kinneth isomorphism H*(X)® H¥*(Y) —» HX¥(X X Y) is compatible with the
Hodge structures, where the left-hand term is the tensor product of Hodge structures.

¢) If Y is a closed subvariety in X, then the exact sequence

- > HY(X\Y) - HA(X) > HA(Y) » HEP(X\Y) - -
is a sequence of Hodge structures.

d) The Hodge numbers h?9(H*( X)) are equal to 0 for p + q > k (and also for p < 0 or
qg < 0).

These four properties hold for all algebraic varieties, but it is easier to prove them for
nonsingular varieties and they will be used only in this case. On the other hand,
smoothness is essential for the other two properties.

e) If X is a smooth projective variety, then the Hodge structure on H¥(X) = H*(X)
coincides with the classical one.

f) Let X be a smooth irreducible n-dimensional variety. Then the Poincaré pairing

HYNX)® H>" *(X) - H>(X) = Q[ ~n]
is compatible with the Hodge structures in ordinary cohomology and cohomology with compact
support.

Property e) actually remains true if we assume that the variety x is quasismooth instead
of smooth (see [3]). In particular,

g) For a compact quasismooth algebraic variety X, the Hodge structure on H*(X) is a
pure structure of weight k.

1.5. Generalizing the notion of Euler characteristic, for each pair of integers ( p, g¢) we
introduce the following invariant of algebraic variety X:

e”(X) = Z(—l)khl’~q(Hf(X)).
k
We observe that e”9( X) = ¢??( X). For a compact smooth (or quasismooth) variety X
we have
e?9(X) = (=1)"""hP9(X),

where the h79( X) are the Hodge numbers of X. So in this case to know the numbers
e?9( X) is the same as to know the Hodge numbers, and in particular, this knowledge
allows one to compute the Betti numbers of X.

It is convenient to consider the numbers e”'9( X') as coefficients of a single polynomial

¢( X) in the variables x and X:
e(X;x,x)= Y e 9 X)xPx9.
P.q
Our main reason for introducing the characteristic e is the following additivity property.

1.6. PROPOSITION. Suppose that X is a disjoint union of a finite number of locally closed
subvarieties X;, i € I. Then e(X) = ¥, o ;e(X)).

We give a proof only for the case when X and all the X, are smooth varieties. Moreover,
we assume that (X;), ., satisfy the following condition: the closure X; of an arbitrary
stratum X, is a union of some X,. In this case there exists an integer i € I such that X; is
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closed in X. Using 1.4c) and the fact that H?>9 is exact (see 1.3), for each pair ( p, q) we
obtain the equality

eP9(X) = P9 X\ X,) + e”9(X,).

It remains to pass from X to X\ X,. The general case can be reduced to this one by a
suitable refinement of the partition (X)), o ;.

1.7. COROLLARY. Let ( X;) be a finite covering of X by locally closed subvarieties. Then

e(x)= ¥ (-Dfe(x, N -+ NX,).

fp< -+ <y

Another convenient property of our characteristic e is its multiplicativity, which follows
from 1.4b).

1.8. PROPOSITION. e( X X Y) = e(X) X e(Y).

1.9. COROLLARY. Let f: X — Y be a bundle with fiber F which is locally trivial in the
Zariski topology. Then e( X) = e(Y) X e(F).

In fact, let (Y;) be an open covering of Y which trivializes f. To prove the corollary it
suffices to apply 1.7 to the covering (f '(Y;) of the variety X, then apply 1.8 to
YN - 0f (Y, )=(Y, N NY,)xF, and finally apply 1.7 to the covering
(Y).

1.10. We consider some elementary examples showing how to use our characteristic e.
To begin with,

a) If X consists of a single point, then e( X) = 1.

b) Let X = P! be the Riemann sphere. Then e¢(P') = 1 + xXx.

c) Since P! is a union of C and the point oo, we see that e¢(C) = xX. In general,
e(C"y = (xx)".

d) Considering P” as a union of C" and the hyperplane at infinity P" !, we see that
e(PYy=1+4 xx+ - - +(xX)".

e) For the one-dimensional torus T! = C\ 0 we have e(T') = xX — 1. In general, for
the n-dimensional torus T” = (T!)” we have e(T") = (xx — 1)".

As a matter of fact, it is easy to compute all Hodge-Deligne numbers for a torus; all of
them are equal to zero with the exception of h”?(H!"*?(T")) = C?, where C’ is the
number of combinations of p elements from a given set of » elements.

f) We give a less elementary example. Let Y be a smooth subvariety of codimension
r + 1 in a smooth variety X. Let p: X — X be the blowing up of the subvariety ¥ in X.
Then p !(Y) is a bundle over Y with fiber P’, and so

e(X)=e(X)+e(V)|xx+ - +(xx)].
In particular, we have the following formula for the Betti numbers b*:
(X)) =bK(X)+ b HY) + -+ b4 2(Y).

1.11. The additivity and multiplicativity properties discussed above lead to computation
of e( X) only for very simple varieties X; in more complex cases one has to use less trivial
techniques. In our case the ultimate success is due to the fact that for a hypersurface in a
torus one can compute the sums X e ( X) by interpreting them as cohomology of certain
coherent sheaves. We discuss this in more detail.
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Let X be a smooth algebraic variety, and X a smooth compactification of X such that
the divisor D = X\ X has transversal intersections in X. We denote by Q¥ p) the sheaf
of germs of regular differential p-forms on X vanishing on D. More precisely, if
D,,..., D, are the irreducible components of D, then Q(‘DZ py is the kernel of the
restriction homomorphism Q% — & Q5.

We have the following

1.12. PROPOSITION. There exists a spectral sequence
EPY=HY(X,Q% ) = H'*(X,C),
degenerating at the term E| and converging to the Hodge filtration on H*( X).

In the case when X is compact this spectral sequence coincides with the Hodge-
de Rham spectral sequence. In the general case we see that the space H* 7(X, Q% py) is
isomorphic to the space FPH*(X)/FP*'HY(X) whose dimension is equal to
L, h?9(H X(X)). Denoting by x(X, &%) the Euler-Poincaré characteristic of a sheaf & on
X, which by definition is equal to &, (— 1)*dim H*( X, &), we obtain the following

1.13. COROLLARY. In the above notation and under the above assumptions
e?(X) =X (X) = (-1)"x(X. Q% p))-
q
§2. Toric varieties

Here we briefly recall the structure of toric varieties which are the main objects
considered in the present paper. We already mentioned that toric varieties are special
partial compactifications of tori. We begin with recalling some properties of tori.

2.1. A torus (more precisely, an n-dimensional torus) is an algebraic variety T”
isomorphic to (C\ 0)". If x, is the coordinate on the ith factor C\ 0, then for each
m = (my,...,m,) € Z" the monomial x™ = x{™ --- x;"» is a regular function on T”"
(and even a group homomorphism T" — T!). Moreover, each regular function f on T"
can be uniquely written in the form of a finite linear combination of the monomials
x™ m € Z". In other words, the ring C[T"] of regular functions on T" is isomorphic to
the group algebra C[Z"] of the abelian group Z”, and T" = Spec C[Z"] is the spectrum of
this algebra. Since there is no natural basis in the group of characters of the torus T”, we
shall use the more neutral symbol M in place of Z".

A function f on the torus T" = Spec C[ M ] considered as an element of C{ M ] is called a
Laurent polynomial. If f=1X . a,x™ then the set Supp(f)={m e M, a, + 0} is
called the support of f. The convex hull of Supp( f) in the real vector space My = M @ R
is called the Newton polyhedron of f and is denoted by A( f).

Each point ¢ of the torus T defines a group homomorphism ¢ M — T! according to
the formula ¢,(m) = x™(z). It is easy to see that this allows us to identify the set of all
complex-valued points of T” with the set Hom(M, T') of group homomorphisms of M to
T

2.2. A detailed definition of toric varieties is given in [3] and [8]. Here we only use the
fact that a toric variety can be covered by affine toric varieties (charts) of the form
X, = Spec C[o N M), where o is a convex polyhedral cone in My. The points of the
variety X, are identified with the semigroup homomorphisms ¢ N M — T! (where T! is
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C\ 0 and the composition law coincides with multiplication). This description shows how
to identify points of T" with points of X,.

We shall be mainly interested in the toric varieties P, corresponding to a polyhedron A
in Mg. Let A be a bounded convex polyhedron in My whose vertices lie in M (in what
follows we shall consider only such polyhedra). To each face T of the polyhedron A (for
short, we write I' < A) we associate the cone Con(A, ') =U o7 - (A — Q), where Q is
an arbitrary point lying strictly inside I'. The variety P, is covered by the charts

Xcona.r) = Spec C[Con(A,T) N M|,
where I runs through the set of faces of A. Actually, it suffices to consider only the
vertices P; the chart corresponding to a vertex P will be denoted by U,. The variety P, is
the compactification of the torus Ty = Xcoua 4> the dimension of this projective variety is
equal to dim A. We observe that if dim A # n, then the torus T, is not isomorphic to T".

To each face I of the polyhedron A there corresponds a closed subvariety in P, which is
isomorphic to P and is denoted by the same symbol. The corresponding “big torus” in
P will be denoted by Tr.. If T and I'” are two faces, then P N Py, = P this shows
that the variety P, is very similar to the polyhedron A. We will not elaborate on this
observation. We only remark that the symbol P is used in order to emphasize the analogy
with projective spaces, which are special cases of toric varieties.

2.3. The variety P, may have singularities lying on subvarieties P, I' < A. This is due
to the fact that A is not prime at the corresponding faces. We give the necessary
definition, restricting ourselves to the case of vertices.

Let P be a vertex of A. The polyhedron A is called prime at P ( prime at P with respect
to M) if the cone Con(A, P) is generated by a basis of My (by a basis of the lattice M). A
polyhedron is prime ( prime with respect to M) if it is prime at all vertices.

2.4. PROPOSITION. If A is prime ( prime with respect to M), then P, is a quasismooth
(smooth) variety.

In fact, suppose that A is prime at P with respect to M. Choosing a suitable
isomorphism M = Z", we may assume that the semigroup Con(A, P) N\ M is isomorphic
to N” and the semigroup ring C[Con(A, P) N M] is isomorphic to the ring of polynomials
C[x,, ..., x,]. But that means that the chart U, is isomorphic to the affine space C”. Since
the charts U, cover P,, P, is a smooth variety. One can use similar arguments in the case
when A is prime.

Moreover, the same arguments show that if A is prime with respect to M, then the
divisor D = P, \ 'T" has transversal intersections on P,.

2.5. COROLLARY. If A is a prime polyhedron, then the Hodge numbers h?-9(P,) are equal

to 0 forp # qand
ho 2 (By) = (=1)" ¥ (=1 Cr-
I'sA

PROOF. Since P, is a union of the tori T, I' < A, we sce that e(Py) = I _a(xx — 1)@™T
(see 1.6 and 1.10e)). On the other hand, P, is compact, and by the above proposition it is
quasismooth; hence h7-4(P,) = (—1)7"9e?9(P,) (cf. 1.5).

2.6. Let A and A’ be polyhedra in My. We say that A" majorizes A if there exists a map
a: som(A') — som(A) of the set of vertices of A" to the set of vertices of A such that
Con(A, a(P’)) € Con(A, P'). If such a map a does exist, then it is unique. This map
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extends to the set of all faces if we define a(I'") to be the face of A with vertices a(P’),
P’ & som(I').

If A" majorizes A, then there is a natural morphism of algebraic varieties p = py :
P, — P,. This morphism maps the chart Uy to the chart U, p, and for these affine
charts it is contragredient to the natural homomorphism of semigroup algebras
ClCon(A,a(P )N M] - ClCon(4&, Py N M].

Morphisms of the above type can be used to resolve the singularities of P,. In fact, for
each A there exists a prime polyhedron A" which majorizes A.

2.7. If A’ majorizes A and A majorizes A’ (in this case A and A’ can be called similar),
then the spaces P, and P, are canonically isomorphic. Thus each element of a class of
similar polyhedra defines one and the same toric variety. The question then arises: what
corresponds to the polyhedron A itself? It turns out that this polyhedron defines a
polarization of P = P,, i.e., an ample invertible sheaf ¢ p(A) on P,. More precisely, Op(A)
is the subsheaf of the sheaf of rational functions on P whose sections over the affine chart
U, (P € som(A)) have the form x”f(x), where f(x) is an arbitrary regular function on
Up, 1.e., f(x) is an element of C[Con(A, P) N M]. From [8], Theorem 13, it follows that
the invertible sheaf (p(A) is ample, i.e., some multiplicity of this sheaf defines a
projective embedding of P.

The preceding construction can be slightly generalized. Namely, suppose that A" is a
polyhedron majorizing A. Consider the invertible sheaf (of fractional ideals) 0p(A) =
pX a(Op(A)) on P = Py Its local description is essentially the same as above: over the
affine chart Up. the sections of 0p(A) have the form x**7f(x), where a( P’) is the vertex
of A corresponding to P’ under the majorization map and f(x) is an arbitrary Laurent
polynomial from C[Con(&', P'y N M].

Such a description of the sheaves @p(A) yields a simple characterization of its
cohomological properties. First of all, for each m € A N M the function x™ is a global
section of O(A). We denote by L(A) the space of all Laurent polynomials with support
in A.

2.8. PROPOSITION. a) HO(P,,, O(A)) = L(A);
b) H'(Py.. O(A)) = 0 fori > 0.

The proof can be found in [6].

29. Along with the description of the invertible sheaves p(A) we shall need a
description of the sheaves of differential forms on the space P = P,. Here we shall assume
that P is a smooth variety, i.e., that A is a prime polyhedron with respect to M, although
this assumption is not esssential. As we explained in 1.11, we are especially interested in
the structure of the sheaves Qf 5,,, where D = P\ T. We recall that Q4 j, is the kernel
of the restriction homomorphism

Q8 - Qra Q.
where T' runs through the set of faces of codimension 1 in A. All further results on these
sheaves are based on the existence of a canonical isomorphism
AP(M)®,0,(~D) > Q% p.

Here, as usual, @p(— D) denotes the sheaf of ideals of D, i.e., the sheaf of germs of
functions vanishingon D = P\ T.
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We give an explicit construction of this isomorphism. It transforms the tensor m,

Ao Am,® f,wherem,...,m, € M and f is a local section of O(— D), to the p-form
dx™ dx"r
[ —
X X"

It is easy to verify that this yields a homomorphism of sheaves A?(M) ® O(—D) — Qf ,,.
It remains to check that this is an isomorphism. It suffices to do that over each chart U,.
Each such chart is isomorphic to C”, and under this isomorphism D becomes a union of
coordinate hyperplanes; after this the verification presents no more difficulties.

For p = n the above isomorphism shows that the sheaf ¢(— D) is isomorphic to the
canonical sheaf Qfp 5, = Q5.

We denote by L*(A) the space of Laurent polynomials whose support lies strictly in the
interior of the polyhedron A. It is easy to see (compare with 2.8a)) that for dim A = # the
space L*(A) is identified with the space of global sections of the invertible sheaf
Op(— D) ® Op(A). This proves the first part of the following assertion.

2.10. PROPOSITION. Let A be an n-dimensional polyhedron in My, and let N be a
polyhedron majorizing A and prime with respect to M. Then for P = P,,

_ [AP(M)® L*(A), i=0,

Hi(P’Q(pP'D)(A)) 0 i>0

ProOOF. We need to show that % p,,(A) is acyclic, and to do this we may assume that
p = n. But in this case Qfp p, = {Ip is the canonical sheaf on P, and the acyclicity of
QL(A) = K ® 0(A) follows from the assertion in §4 of [6].

In particular, under the assumptions of 2.10 we obtain the following formula for the
Euler-Poincaré characteristic of the sheaf Q% ,(4):

X(P’ Q(I)PD)(A)) = Cnpl*(A)’

where /*(A) = dim L*(A) is the number of integral points in the interior of A. It is also
clear that x(P,Q% p,) = (- 1D"C!.

§3. Lefschetz-type theorems for toric varieties

In this section we present some comparison theorems for properties of the toric variety
P, and of its hyperplane sections.

3.1. Each regular function f on the torus T” = Spec C[M] (or, which is the same, each
Laurent polynomial f & C[M]) defines a hypersurface in T". This hypersurface is given
by the equation f(x) = 0; we denote it by Z, or simply by Z. Each hypersurface in T”
can be represented in this form.

3.2. Now let A be a polyhedron in My containing supp(f). Then f & L(A) and, in
view of 2.7, f can be viewed as a global section of the invertible sheaf ¢ p(A) on the toric
variety P,. Being a section of @(A), f defines a hypersurface in Py; this hypersurface
consists of the points where this section vanishes. The resulting hypersurface will be
denoted by Z(A_f) or Z. In the local chart U, (where P is a vertex of A; see 2.2) the
subvariety Z is given by the equation x 7f(x) = 0. Assuming that dim A = n, we see that
Z NT" = Z, so that in this case Z is a compactification of Z (although not necessarily the
closure of Z in P,). We also observe that in view of the ampleness of @(A) the variety
P, \ Z is affine.
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In what follows we shall need a slightly more general construction. Suppose again that
& majorizes A; considering f as a section of the invertible sheaf ¢(A) on P,,, we obtain a
hypersurface in P,, which will be denoted by Z( aa,p- It is clear that Z( AAs =
Par A(Z( a.sy)- This is again a compactification of Z, and in the affine chart U,. (P’ €
som(A)) this hypersurface is given by the equation x *7f(x) =0, where a is the
majorization map (see 2.6).

From this it is easy to understand the structure of the intersection of Z( aa,py With the
torus T, where I'" is a face of A". Let «(I'”) be the corresponding face of A. Shifting A
and 4, we may assume that I'" and «(I'’) contain 0; let M. be the sublattice in M cut
out by the subspace in My spanned by I'". Finally, let f, , be the trace of the Laurent
polynomial f on the face a(I'"). Then Z 4, N Tp is the hypersurface in the torus
Tr. = Spec C[ Mr] given by the equation f, ., = 0

3.3. In the following two assertions we compare the fundamental group m; and the
Picard group Pic of the hypersurface Z with the corresponding groups of P, (the structure
of these last groups is described in [3]). Since we will not use these results, we give only
very general statements. The proofs of the propositions below easily follow from the
Lefschetz-Grothendieck theory, but the details would lead us astray.

So, let f € L(A), where A is an n-dimensional polyhedron, and let Z = Z A, be the
corresponding hypersurface in P = P,.

3.4. PROPOSITION. a) If n > 2, then Z is connected.
b) Ifn > 3, then m(Z) is a finite cyclic group.
¢) If n = 3 and A is prime with respect to M, then m(Z) = 0

Examples show that if A is not prime with respect to M, then Z is not necessarily
simply connected even if A is a simplex of dimension > 3. Perhaps this is the most
interesting aspect in which hypersurfaces in our situation differ from hypersurfaces in
projective spaces.

3.5. PROPOSITION. a) If n > 3, then Pic Z is a group of finite type and PicP — PicZ is a
monomorphism.

b) If n = 4 and A is a prime polyhedron, then PicP is a subgroup of finite index in Pic Z.

¢) If n > 4 and A is prime with respect to M, then PicP = Pic Z.

3.6. The above two facts concern an arbitrary Laurent polynomial f; from now on we
shall assume that f is nondegenerate. We say that a Laurent polynomial f € L(A) is
nondegenerate with respect to A if the hypersurface Z = Z, ,, transversally intersects all

strata of P. In other words, for each face I' < A the variety Z N'Ty must be smooth and
have codimension 1 in Tr. In particular, Z must not pass through the “ vertices” of P (i.e.,
points of the form P,, where P € som(A)), and so A must coincide with the Newton
polyhedron of f. This allows us to speak simply about nondegeneracy of f.

If f is nondegenerate with respect to A and A’ majorizes A, then Z’ = Z(A A,y also
transversally intersects the strata of P,. In particular, if in addition A’ is prime with
respect to M, then Z’ is a smooth variety and D, = D N Z’ is a divisor with transversal
crossings (see 2.4). Finally we observe that from Bertini’s theorem it follows that a
“generic” element from L(A) is nondegenerate with respect to A (see [6]).
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The following Lefschetz type theorem compares the cohomology of a toric variety
P = P, and its nondegenerate hyperplane section Z = Z , ,,. Here and up to the end of
this section A denotes a polyhedron of dimension n = rk M.

3.7. THEOREM. The Gysin homomorphism H'(Z,C) — H'**(P,C) is an isomorphism for
i >n— 1= dim Z and is a surjection fori = n — 1.

PrOOF. The Gysin homomorphism fits into the exact sequence
H*YP\Z)-> H(Z)-> H"*P)-> H"}(P\ Z)
of hypercohomology of the exact sequence of complexes
0-Qp— Qp(logD) > Q7' > 0.

Here the complexes and the sheaves © and ©(log) on the toroidal varieties P and Z are
understood in the sense of [3], §§13 and 15. The left-hand homomorphism corresponds to
the Poincaré residue. Since P\ Z is an affine toroidal variety, its cohomology groups
H'(P\ Z,C) vanish for i > n (see [3], §§13 and 6). This completes the proof.

3.8. COROLLARY. For each open toric subvariety U C P the homomorphism H, Z(Z NU)
— H!*2(U) is bijective for i > n — 1 and surjective fori = n — 1.

PRrOOE. Since U is obtained from P by throwing out several strata, it suffices to verify
that the assertion remains true if we throw out from U a closed irreducible T-invariant
subvariety F. We denote U\ F by V and consider the following commutative diagram
with exact rows (see 1.4c)):

- HI"YWZnNF) - H{(ZnV) - H{(ZnU) - H(ZnF) -
lYl*l l’al lﬁl l’Yl
-  HIY(F) - HM(V) - H™U) - H'(F) -

Since F (the closure of F in P) is a toric variety of smaller dimension and Z NF is an
ample nondegenerate hypersurface in F, the assertion of the corollary holds for F in view
of the inductive assumption. The proof is now completed by a routine diagram search.

In particular, for U = T” we obtain the following

3.9. PROPOSITION. The Gysin homomorphism H(Z,C) —» H!**(T", C) is an isomorphism
fori>n—1=dimZ.

3.10. ReEMARK. The dual statement to the effect that ““the natural homomorphism
H'(T) - H'(Z) is bijective for i < n — 1” was first proved by D. N. Bernshtein. His very
transparent proof based on Morse theory is not yet published. The first author has given a
purely algebraic proof of this fact. The above proof is the third one known to the authors.
We remark that the above results also carry over to complete intersections (see §6).

3.11. Since the cohomologies of the torus T and the Hodge structure on them are well
known (see 1.10e)), Proposition 3.9 gives complete information about the Hodge structure
on H!(Z) for i > dim Z. In fact, for such i there is an isomorphism of Hodge structures
H/(Z)= H!**(T)[1]. On the other hand, if i < dim Z, then H/(Z) = 0; this is a general
fact about smooth affine varieties. Therefore the “middle-dimension” cohomology groups
H!" Y(Z) are of main interest. It is also seen that the Hodge-Deligne numbers
h?-9(H" '(Z)) can be easily recovered from e”'9( Z).
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These remarks and the fact that h79(H Y(Z))=0 for p+ q¢>n— 1 (see 1.4d))
allow us to derive from 3.9 the following formula: for p + g > n — 1

P#*4q,
( 1)n+p+1cp+1 p=q.

§4. Computation of the x  -characteristic

ep q(Z) — ep+1 q+1(T) —

In this section we compute the x -characteristic of a hypersurface Z in the torus T, i.e.,
the sum ¥ e?-9(Z). Along with the Lefschetz type theorems, this is the second important
ingredient of our computation of e?9(Z). In what follows it will be assumed that the
Newton polyhedron A has dimension #n = dim M.

4.1. Let fe L(A) be a nondegenerate Laurent polynomial. We denote by Z the
hypersurface Z( aay P =P Z is a smooth compactification of Z = Zf whose divisor
at infinity D, = D N Z, D =P\T, is a divisor with transversal crossings. In view of
1.13, X e modulo sign coincides with the Euler-Poincaré characteristic of the sheaf
Qfz p,,on Z. The computation of this last characteristic (see [4]) can be carried over to P
in a fairly standard way. We briefly recall how to do that, since Hirzebruch considers the
sheaves 22 and proceeds somewhat differently.

To begin with, we observe that there is the following exact sequence of coherent sheaves
on P:

> 1 1
0- Q% )8, O0p(=Z) > Qb'p, ®0, 07 > Q5 1, — 0.

This sequence is analogous to the corresponding sequence of usual sheaves of differentials
(see [4], §16.3) and is easily obtained from it by passing to the kernels of the correspond-
ing restriction homomorphisms. Recalling that Z is defined by a section of the invertible
sheaf Op(A), we see that Op(Z) = Op(A). Taking the tensor product of the preceding
exact sequence with the invertible sheaves ¢p((k + 1)A) and passing to the Euler-Poin-
caré characteristics, we obtain

x(Z.9.0,) = T (-D'x(P.9§5 ((k + 1)4) &, 07).
k=0

Using the exact sequence
0 0p(—A)—> 0p—> 050,

we see that
X(zﬂf’zoz)) = ¥ (—D*[x(P. 27 ((k + 1)A)) — x(P, Q!4 (kA))].
k=0

All this is commonplace; special features of the toric situation manifest themselves in
that by Proposition 2.10 the summands of the above sum can be expressed in terms of the
number of points in the polyhedra kA. Performing a series of elementary transformations,
we obtain the final result:

x(Z.90.0,)) = (=1)""'Cr = X (mD) CrF (k).
k=1

We recall that /*(kA) is the number of integral points lying in the interior of the
polyhedron kA.
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4.2. ReMARK. Here and in what follows we are interested only in the dimension of the
space of sections of the sheaves Qf ;) (kA). However Proposition 2.10 yields a finer
structure of a grading of type M on these spaces. Sometimes it is very important to
consider this finer structure (see [5]).

4.3. In order to represent the result obtained in 4.1 in a more compact form, we
introduce some functions associated to polyhedra. Let A be a polyhedron in My,
(replacing M by a sublattice if necessary, we may assume that A spans My ); we consider
the Poincaré series of the interior of A:

0u(1) = X 1*(kA)H,
k>0
where /* denotes the number of interior lattice points of a polyedron. We shall soon see
that the function

Dy(1) = Q,(2)(1 - l)dimAH
is a polynomial of ¢ of degree dim A + 1. We denote the coefficients of ®,(7) by ¢,(A);
thus

0,(1) = X o, (A)r"
20
It is clear that @,(A) = 0, ¢,(A) = I*(A), and, in general,
@(8) = (~1)" X (= 1)/ Ciidaal *(A).
Jz1

Comparing this expression (for i = n — p) with the final formula of 4.1, we obtain the
following formula (for an n-dimensional A):
44.

(-1D)" L eri(z) = (—1)Crt + g, (B).

In particular, it follows that ¢,(A)y=0fori > n + 1and ¢,,,(A) = 1.
4.5. REMARK. Summing up the formulas 4.4 for all p, we obtain the following formula
for the Euler characteristic:

E(Z) = Z(—l)kdime(Z) = %(—l)kdimH"(Z),

which, modulo sign, coincides with X, ¢,(A) = ®,(1). Since ®,(1) = n!V(A), where V(A)
is the n-dimensional volume of A, we again get (see [7])
E(Z)=(-1)""'aw(A).

4.6. REMARK. Occasionally instead of the functions ¢,(A) associated with the interior of
the polyhedron it is more convenient to use similar functions associated with the
polyhedron itself. To do this we consider the Poincaré series for A

Py(1) = X I(kA)*

k=0

and the polynomial (of degree at most dim A)

Ya(t) = Py(1)(1 - ’)dimAH =Y ¢, (M),
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From the Serre duality for the sheaves #(kA) on the variety P, it can be deduced that
@,(A) = Ygima+1-:(A). Therefore 4.4 can be rewritten in the following form:

(=) Eer(Z) = (-1 +4,,,(8).

q
This formula is convenient for small p, while 4.4 is more convenient when p is close to n.
§5. The Hodge-Deligne numbers of a hypersurface in a torus

This section is the central one in our paper. In it we show how the knowledge of
L, e7%Z) allows us to recover all the numbers e”*?(Z) for a nondegenerate hypersurface
Z in a torus and hence all Hodge-Deligne numbers for Z. In many cases we are able to
give explicit formulas for these numbers.

5.1. Let A be a polyhedron in My, and let f € C{M] be a Laurent polynomial which is
nondegenerate with respect to A. We shall give an algorithm for computing the numbers
e?9(Z) for the hypersurface Z = Z; in the torus T" = Spec C[ M].

To begin with, we observe that it suffices to consider the case when dimA = n = rk M.
In fact, in general Z is a product of the hypersurface Z’ with the same equation in a torus
of dimension dim A and the torus T’ of the complementary dimension: Z = Z’ X T".
From the multiplicativity of e (Propositon 1.8) it follows that

e(Z)=e(Z')-e(T’) = e(Z')(xx — 1)*™T".

5.2. So, in addition to the assumptions of 5.1, we shall assume that dim A = n. Let A be
a prime (or prime with respect to M) polyhedron majorizing A, let P = P, and let
Z = Zy ay For a face I'” < A’ we denote by Z;. the hypersurface Z NTy. in the torus
Tr (see 2.2 and 3.2; the Newton polyhedron of Z . coincides with a(I'")); then
Z =Up s Zp Hence

ePHZ)=ePUZy)+ Y e"(Zp).
"<
We observe that Z,, = Z and for I'" < A’ the hypersurface Z. has smaller dimension, so
that arguing by induction we may assume that the numbers e?°9(Z..) are known.

By 3.11, the numbers e?9(Z) for p + ¢ > n — 1 are also known; hence the same is true
for the numbers e?%(Z) for p + ¢ > n — 1. By Poincaré duality for the smooth (or
quasismooth) variety Z, the numbers e?9(Z) =" ' 77" 179 Z) are also known for
p + g < n — 1. Using the formula establishing the relationship between e(Z) and e(Z),
we obtain all numbers e”9(Z)forp + g <n — 1.

Since the sums ¥ _e?9(Z) are also known (see 4.1 or 4.4), we obtain the last missing
number e?"~177(Z),

5.3. REMARK. The above method for computing the numbers e”%(Z) is quite trans-
parent and constructive, and without doubt it is an algorithm. It is clear that the numbers
e”9(Z) are determined by the polyhedron A; more precisely, they depend on combina-
torial properties of A (i.e., on the contiguity scheme of the faces) and on the numbers
[*(kA) or I(kA) for all faces T' and all integral k£ (incidentally, it suffices to consider only
k in the interval 0 < &k < dimT).

In some special cases which will be discussed below the above arguments are sufficient
for deriving explicit formulas for the numbers e?-9(Z). Explicit formulas in the general
case have recently been obtained by the second author.
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5.4. REMARK. As we explained in 3.11, starting from e?%(Z) one can compute all
Hodge-Deligne numbers A79 H*(Z)). Thus, starting from the one-parameter family of
numbers L e”%(A), we obtain a three-parameter family of numbers.

5.5. The most important special case when the numbers ¢?9(Z) can be explicitly
computed is the case when the polyhedron A is prime. However we begin with the
compact case, i.e., with the computation of the Hodge numbers for Z = Z,, ,,, which is
the canonical compactification of Z.

Decomposing Z into a union of Z. (where I runs through the set of faces of A) as in
5.2 and using the additivity of -9, we obtain

Yerd(Z)= ). Yeri(Zr)

'sd ¢

dim T dim T’
(- Y (- - X (D)™™ gmr,(T).
T'<A T'<A

We observe that the first summand of the last expression is nothing else but A7 12+ 1(P)
(see 2.5). _

Now we apply the Lefschetz Theorem 3.7, which shows that e?9(Z) = e? 19" }(P) for
p + g > n — 1. In view of the Poincaré¢ duality for Z (here is the place where we use the
assumption that A is prime), e”%(Z) is not equal to zero only if p =gorp + g=n — 1.
Thusif p + ¢ =n — 1and p # ¢, then

= dimT
erZ) = — Z (-1) ‘Pdimr—p(r)-
T'sA
If p+g=n—1and p = g, then
= dimT 1
er?(Z)= ¥ ()" [(=1)"""Chit = Rumr, (D).
<A
The remaining e? 9(Z) either vanish or can be computed via symmetry. In particular, for
n>1
WZ) = 07 HZ) = gi(8) = 17(4).

Continuing to assume that A is prime, we give formulas for e#:9(Z). Understandably,
we shall restrict ourselves to the case when p > g.

5.6. THEOREM. Suppose that A is a prime n-dimensional Newton polyhedron. Then for
Pp>4q
n dim I
e AZ) = ()T F [ B ()" g, (1)

dimT=p+¢+1 I"<T

PrROOF. We shall use the following formula (which is a consequence of 1.7):
er(Z)= ¥ (=) " Terd(Z),
<A

where Z. = Z NPy.. By the results of the preceding section, for p > g all the e”%(Z}) are
zero with the exception of the case p + g = dimI' — 1, when

= dim T ,
ep'q(zr) =- 2 (-1 q)dimT‘—p(F ).
I'sr
This proves the theorem.
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In particular, for ¢ = 0 and p > 0 we have

RPO(HINZ)) = (-1)""er?(2) = Y Ix(T).
dimTI'=p+1
As we shall see below, this formula holds for an arbitrary A.
5.7. REMARK. The formula from 5.6 can be rewritten in the form

n dimT p—~p—g—
ep'q(z) = (—1) o Z (—1) " Cnflc,limql" 1(pdim1"7p(r)-
I'<a

5.8. PROPOSITION. For an arbitrary polyhedron A in My and arbitrary p > 0

er’(z)=(-1)"" ¥ (D),

dimT=p+1
where I runs through the set of (p + 1)-dimensional faces of A.

PRrROOF. First of all, we may assume that dim A = ». In fact, in the general case Z is
multiplied by the torus of dimension n — dim A and e? by (—1)" 4™ Assuming that
A is n-dimensional, we now use the argument from 5.2. Let A’ be a prime polyhedron
majorizing A, let P = P,, and let Z = Z,., ;). Let T be a face of & which does not
coincide with A’; since dim Zy. < n — 1, it is clear that e"~!~7""1(Z) = 0. Moreover,
the numbers e” ! 7"~ Z) are also equal to 0 for 0 < p <n — 1 (see 3.11). In what
follows we shall assume that 0 < p < »n — 1; for p = n — 1 the proposition immediately
follows from 4.3,

In view of the Poincaré duality for Z, e”°(Z) = 0. On the other hand,

e?Z)= Y. e”(Zp).

"<&’
If T’ # A, then the hypersurface Z., = Z N'Ty. has smaller dimension and we can use
the inductive assumption. Hence to prove the proposition it remains to verify that

r(-p*™t ¥ x1)=o
['<d T<a(I)

dimI=p+1
where a(I'’) is the face of A corresponding to I'’ under the majorization map 2.6. The
expression on the left can be rewritten as follows:

dim I
- X 1*(F){ X (=™ }
<A I'sd’
dimI=p+1 T'<a(T)
Hence it suffices to verify that for each face I' of the polyhedron A which is different from
A we have

X (-n*T o
reait)
To do this, it is convenient to pass to the fans =, and =, dual to the polyhedra A and A"
More precisely, to each face I" of the polyhedron A we associate the cone op dual to
Con(A, T); similarly, to T/ < A" we associate the cone o.. The condition I' < «(I"")
becomes then the condition 6. C 6. The collection of cones o, where I' < a(I'"), forms
a conic polyhedral decomposition of the cone or. Since dim ['" = n — dimor, the above
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equality turns into
Z (_ l)dim"r' — 0,
op’ Cop
which is almost obvious. This completes the proof of Proposition 5.8.

5.9. COROLLARY. FordimA =n > 4

e 2(Z) = ()" g (8) = T e(T)

dimT=n-1

(we recall that @,(A) = I*(2A) — (n + D)I*(A) and ¢ (I') = I*(I)).

5.10. COROLLARY. €%0(Z) = (= 1)" Y(II — 1), where Il is the number of integral points
lying in the 1-skeleton of A.

In fact, arguing as in the beginning of the proof of 5.8 we may reduce the problem to
the case when dim A = n. Since e%?(Z) = ¢?°(Z), we have
(=1)"(e™(Z) + -+ 4”7 (2Z))= XL IX(T).
dimT>2
On the other hand, according to 4.6

(=1)" ' Le™(Z) =n + ().

q
Since Y,(A) + n + 1= [(A) = Zp 2 1%(T),

(-1)" 1e®%(Z)= Y I¥T)-1=I-1.
dimI'<1

5.11. The formulas obtained in 5.8-5.10 allow us to give explicit computations of Hodge
numbers for arbitrary Newton polyhedra of dimension at most 4. Here we restrict
ourselves to the Hodge-Deligne numbers for the most interesting *“middle-dimension”
cohomology groups H"~1(Z).

a) n = 1. In this case A is an interval of length /, and Z consists of / = /*(A)+ 1 =
{(A) — 1 points.

b) n = 2. In this case Z is a smooth curve of genus /*(A), II of whose points are
known out. From now on II denotes the number of integral points in the 1-skeleton of A.
The table of Hodge numbers for H!(Z) has the form

1*(A) 0
-1 I*(A)

¢) n = 3. Here Z is a noncomplete surface; the table of Hodge numbers for H2( Z) has
the form

1*(A) 0 0
Y 1x(I) At 0
T

m-1 Y 1x(T) [*(A)
T
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where h'! = @,(A) — L /*(T). Here the sum is taken over the two-dimensional faces of
A. We also recall that ¢,(A) = [*(2A) — 41*(A).
Incidentally, the canonical compactification Z = Z a.zy 18 @ quasismooth surface whose
Hodge numbers are as follows:
hONZ)=n**(Z) =1,
B20(Z) = hO(Z) = 1%(d),
WNZ) = 9y(8) =3 =L (1%(T) - 1),
r
WOl = pl0 = p21 = pl2 = 0,
d) n = 4. In what follows I' runs through the set of 3-dimensional faces of A and F
runs through the set of 2-dimensional faces of A. The Hodge table for H3( F) has the form

*(A) 0 0 0
Y 1%(T) h'? 0 0
r
Y IX(F) it R 0
F
-1 LI*(F) 2I%(T) I*(A)

F r

where

B2 = 12 = g (A) - ;1*(r),
B =g3(8) — 9y (A) + ;1*(F) = 2I*(F).

Incidentally, @,(A) = [*(2A) — 5I*(A) and ¢,(A) = ,(A) = 1(2A) — 5I(A) + 10.

5.12. Knowing the numbers e?'¢ for the hypersurfaces in tori, we thereby know them
for hypersurfaces in arbitrary toric varieties. We consider in more detail the case of
hypersurfaces in the n-dimensional affine space A = C”. In this case the lattice M has a
natural basis and can justifiably be denoted by Z". The Newton polyhedron of a
polynomial f(x,,...,x,) lies in the positive orthant R" . As above, we assume that the
polynomial f is nondegenerate; the corresponding hypersurface f(x)= 0 in A will be
denoted by Z¢,

Our approach to the study of Z“ is the same: we represent A" as a union of tori and
sum up the corresponding e? 9. More precisely, for each I C {1,...,n} we denote by Z,
the hypersurface defined by the equation f; = 0 in the torus (C\ 0)!’l. The Newton
polyhedron of f; coincides with A; = A N R/; clearly, if A does not intersect R’, then
Z, = (C\ 0)!"". Summing over I, we see that

er(Z) = leep'q(Z,).

This again yields the Euler characteristic of Z¢ (see [7], §4):
E(z*) =X (-1)" 11w, (4)),
!

but still gives little information about the cohomology of Z¢.



NEWTON POLYHEDRA AND HODGE-DELIGNE NUMBERS 297

A more complete answer can be given if, in addition, we assume that the Newton
polyhedron A is “convenient”, i.e., coincides with R” in some neighborhood of 0. First, in
this case H*(Z¢)=0 for k <n—1 (since Z“ is affine and toroidal), and second,
HX(Z“y= H}F"*(A)[1] for k > n — 1 (Corollary 3.8). In other words, all H*(Z*) vanish
with the exception of H? }(Z¢) and H?" *(Z“) = C[1 — n]. Thus the only nontrivial
Hodge structure is that on H~}(Z*) for which

(_ 1);1—1hp,q(H:71(Za)) _ {62’3(20)7 (P, 4) #* (}’l -1,n- 1)’
e?(z*) -1, (p.g)=(n-1n-1).
§6. Complete intersections

In this section we show how the above results can be applied to the computation of
Hodge structures for complete intersections in tori.

6.1. Let T" again be the n-dimensional torus with lattices of characters M, and let
fis---»/, € C[M] be r Laurent polynomials defining r hypersurfaces Z, = Z, (i =
1,...,r)in T". Let A, be the Newton polyhedron of f;. In what follows we assume that
the system fi, ..., f, is nondegenerate (see [7] for a definition of this notion).

For a nondegenerate system f,,..., f,, the hypersurfaces Z,..., Z, intersect transver-
sally and define a complete intersection Y = Z; N --- NZ, . Moreover, if A is an arbitrary
n-dimensional polyhedron majorizing A, ..., A,, then the hypersurfaces Z,, ..., Z, in P,
intersect transversally (and are transversal to the divisor D = P, \ T"); this constitutes a
geometric definition of nondegeneracy of the system f,,..., f,.

6.2. To compute e?9(Y) we add auxiliary variables A,,..., A, (Lagrange multipliers),
and in the toric variety C” X T we consider the hypersurface Z; with the equation

F(A x) =AMfi(x) + - +X,f(x) =1=0.

The Newton polyhedron A of the polynomial F is the convex hull (in the space
R" X My) of the following (r + 1) polyhedra: {0}, {e;} X A,,...,{e,} X A,, where
e,,...,e, 1s the natural basis of Z”. It is easy to verify that F is nondegenerate with
respect to A.

Restricting the projection C" X T" — T" to Z,, we obtain a map m: Zp — T". It is
easy to see that for a point x from Y the fiber 7~ }(x) is empty. If x & Y, then the fiber
7~ Y(x) is a linear affine subspace in C”. Moreover, Z is a locally trivial (in the Zariski
topology) bundle over T"\ Y with fiber C” 1. Therefore by 1.9

e(Z) = (xx)" Te(T"\ Y)
or
ep‘q(y) - ep.q(Tn) _ ep+r71.q+r71(ZF).
This formula reduces the study of the complete intersection Y to the study of the
hypersurface Z.. We observe, however, that Z, is a hypersurface not in a torus, but in
C" < T"

6.3. The complete intersection ¥ € T” is a smooth affine variety, dimY =n — r.
Therefore H(Y) = 0 for i < n — r. Moreover, as in the case of hypersurfaces, we have
the following Lefschetz-type theorem for Y (D. N. Bernshtein).

6.4. THEOREM. Suppose that all Newton polyhedra A, ..., A, have dimension n = rk M.
Then the Gysin homomorphism

HAY) - H"(T")
is an isomorphism fori > n — r.
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Thus the Hodge structure on HX(Y) is also well known for k > n — r. Together with
the formula for the numbers e”9(Y) from 6.2, this also allows us to recover the Hodge
numbers A7 9(H" ().

6.5. REMARK. The assumption that the polyhedra A,,...,A, in the statement of
Theorem 6.4 are n-dimensional may be somewhat weakened (but not totally discarded).
Namely, it suffices to require that for each nonempty I C {1,...,r} the dimension of the
polyhedron ¥, _,A; be not less than n + |I| — r. In that case we can also compute all
Hodge-Deligne numbers of Y.

6.6. REMARK. Without any conditions on A,, summing the formulas from 6.2 for all p
and ¢, we see that E(Y)= —E(Z.). Applying the formula from 4.5 for the Euler
characteristic of a hypersurface in a torus, we see that

E(Z;) = Z(_l)nﬂIIVI(” + |1|)!I/n+|[|(A])‘
1
Here I runs through the subsets of {1,...,r}, A, = AN (R’ X My) and Veen(Ap)
denotes the (n + |I{)-dimensional volume of A ,.

We denote by A, * --- A the convex hull of the polyhedra {e,} X A,,...,{e,} XA,
in the space R” X My. Then A is a pyramid with vertex {0} and base A, * --- *A . In
general, for 1 C {1,...,r} we denote by A*/ the polyhedron * Aj; then A, is a
pyramid over A*’. Since

iel

(" +|1|) : Vn+[1|(A1) = Vn+|/|~1(A*I),
the formula for E(Y') can be rewritten as follows:
E(Y)=YX(-1)""(n+1|= 1)W,, ;1(8").
!
Comparing this with the formula from [7], Theorem 2, we obtain

(n+r—l)!Yn+r71(A1* e *Ar)zn! Z I/n(A;)

k., |ki=n
Here, for a multi-index k = (kys... k), V,,(A") denotes the mixed volume
V,,(Al,...,AI,..., A,,...,A,).
—_— ————
k, times k, times
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