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NEWTON POLYHEDRA AND THE GENUS OF 

COMPLETE INTERSECTIONS 

A. G.  K h o v a n s k i i  UDC 513.015.7 

This  pape r  is a d i rec t  continuation of [1] and adopts its construct ions  and notation. Here  we continue the 
study of an a lgebra ic  va r ie ty  X defined in ( C \  0 )nby  a nondegenerate sys tem of polynomial equations fl = . . .  = 
fk = 0 with Newton polyhedra  ~ . . . . .  Ak. 

The space (C.\0)  n is compact i f ied by means of an imbedding into a compact  nonsingular tora l  var ie ty  
M n, ( C \ 0 )  n ~ M n. Using the polyhedra /x, a compact i f icat ion M n is chosen in [1] which is such that the c lo-  
su re  ~ of the var ie ty  X C M n is a compact  nonsingular va r ie ty  t r a n s v e r s e  to all  the orbi ts  of the var ie ty  M n. 
Such a compact i f icat ion will  be said to be sufficiently complete  for  the polyhedra 4. 

The var ie ty  ~ is a complete  in tersec t ion  in M n. In [1], resul t s  a r e  c i ted of a calculation of the cohomo-  
lo~y groups of M n with coefficients in ce r t a in  Tn- invar ian t  sheaves with the aid of an a lgor i thm in [2]. These  
resul ts  make it poss ib le  for  us to calculate  the a r i thmet ic  genus X(~) of .~ and (if the potyhedra ~ have a com-  
ple te  intersect ion)  descr ibe  all  the holomorphic differential  forms on .~. 

The calculat ion of the Chern c lasses  of M n c a r r i e d  out in [3] allows us to calculate  the Euler  c h a r a c t e r -  
istic E (~) of .~. 

The  va r ie ty  .~ is c losely re la ted  to the initial var ie ty  X. Consider ,  e.g. ,  the holomorphic differential  
forms on X which extend holomorphical ly  to some compactif icat ion on X. The set  of such forms does not de- 
pend on the choice of the compactif icat ion.  It t he re fo re  suffices to descr ibe  the holomorphic forms on the com-  
pact i f icat ion .~. Analogously, XC~) = ~(X). 

In Sec. 3 the Eu le r  cha rac t e r i s t i c  E(X) is calculated.  F o r  this purpose  the var ie ty  .~ is decomposed by 
the orbi ts  of M n into par t s  Xi, EC~) = 7.E (Xi). One of these  par ts  is the var ie ty  X, while the other  par ts  a re  
va r ie t i e s  of the same type as  X but of lower dimension. 
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In Sec. 4 we consider  the variety :~ defined in C a by a general  sys tem of polynomial equations f~ = . . .  = 
fk = 0 with Newton polyhedra A t . . . . .  A k. Conditions on the polyhedra /x a re  given under which a generic 
var ie ty  ~ is nonsingular and t ransverse  to the coordinate planes. The previous calculations a re  applied to the 
var ie t ies  ~. 

1. T h e  G e n u s  o f  C o m p l e t e  I n t e r s e c t i o n s  

1. Let M be a compact  analytic project ive var ie ty.  The number h p' °(M) is defined to be the dimension of 
the space of holomorphic differential forms on M of degree p. By the geometr ic  genus p(M) of the variety M 
we mean the number hn'°(M) for n = dimM. By the ar i thmetic  genus ×(M) we mean the number ×0]I) = Z(-1)P × 
hP,°(M}. The numbers hP,°(M) a re  birational invariants. There fo re ,  we can define the numbers  hP,0(y), p(y) ,  
and X(Y) for singular and noncompact algebraic var ie t ies  Y: it is only necessary  to put hP'°{Y) = hP,°(M), where 
M is a compact  analytic project ive var ie ty  birationally equivalent to Y. For  noncompact analytic var ie t ies  Y, 
the number hP'°(Y) is the dimension of the space of holomorphic forms of degree p on Y which extend to the 
compactif ication of Y. 

The equality hP'°(M) = dimHP(M, {0}) is valid, where {0} is the tr ivial  fibration on M (cf. [4]). 

Now let Mk be a complete intersect ion,  i .e. ,  Mk = D~ ~ . . . ~ Dk, where D~ . . . . .  D k a re  nonsinguIar 
t ransversa l ly  intersecting divisors on M. The genus XOVIk) and the numbers hP'°(Mk) can be calculated without 
dropping to the variety Mk provided the cohomology groups H(M, {-nlD~ - . . .  - nkDk}), n i = 0, ! of M are  
known. We recal l  how this is done. 

2. Extract  Sequences. As above, let I~ . . . .  , D k be t ransverse ly  intersect ing nonsingular divisors on 
M, and let M 0 = M, M~ = D1 . . . . .  Mk = D: (~ • . • ~I D k be a sequence of subvariet ies .  Assume that the divisor 
D consis ts  of hypersur faces  t r ansverse ly  intersect ing each other and the divisors  Di. Consider the exact se -  
quence of sheaves 

• . 

0 - .  -Q (M~_~, (-- D~ -- n}) Z> ~ (M~-I, {-- D}) ~, ~ (:ilk, {-- n}) -~ 0. (1) 

Here fl(Mk_ ~ , { - D  k - D}) is the sheaf of ge rms  of regular  functions on Mk-~ which vanish on the intersect ion 
with the divisor D k + D, ~(5~k_~,{-D}) the sheaf of germs of regular  functions on Mk_ ~ vanishing on the in ter -  
section with the divisor D, Cz (Mk, {-D}),  the trivial  extension on M k of the sheaf  of ge rms  of regular  functions 
on Mk vanishing on the intersect ion with D, i, the imbedding, and j, the homomorphism given by res t r ic t ing  
functions to the subvariety M. The associa ted  exact cohomology sequence has the form. 

0 -~ H ° (M~_~, {-- D~_~ -- D})--~ H ° (M~:=~, {-- D})-=. H ° (M~, {-- D}) . . . .  (2) . 

Here we have used the i somorphism between the cohomology groups of the sheaf gZ(Mk, {-D}) and its tr ivial  
extension ~ (Mk, {-D}). 

As in [1], we denote by )~(M, {D}) the Euler charac ter i s t ic  of the sheaf of sect ions of the one-dimensional  
fibration over M corresponding to the divisor D. 

Asser t ion.  The equality Z (M~,., {--D}) = 7 . ( . U , { - - D } ) - - ~ Z ( M , { D - - D ~ } ) + . ~ . x ( M , { - - D - - D ~ - - D ~ } ) - ~ . . .  + 
i ~ $  

(-- I):"Z(/~i, {-- D -- D1 -- . . .  -- D~}) is valid. In par t icu lar ,  taking D to be the tr ivial  divisor  D = 0, we obtain 
a formula for X(Mk). 

Proof.  The Euler  charac te r i s t i c  of a sheaf is equal to the sum of the Euler  cha rac te r i s t i c s  of a subsheaf 
and the corresponding quotient sheaf. There fore ,  by the exact sequence (2) we have 

X (M~, {-- D}) = Z (M~.~, (-- D)) -- X (M,_~, {-- D -- D~}). 

The asse r t ion  is now proved by induction on k. 

The calculation of the numbers hP'°Mk requires  a more  careful  study of the sequence (2). 

The following sequence [related to sequence (1) by Ser re  duality] will a lso be of use to us 
i 

0 --> ~ (M~_,, {D } (~ Ks_~) --~ f~ (M~.-x, {D q- D~} ® K~_~) ~-~ fi (M~, {.D} ® Ku) ---> 0. (1 ,) 

Here  ~2 (Mk_l, {D + Dk_} '@3 Kk_~) is the sheaf of ge rms  of meromorphic  forms of highest degree on Mk-~ having a 
f i r s t - o r d e r  pole on the intersect ion with the divisor D + D k, ~ (Mk_~, { D} ® Kk_l), the same sheaf for the divisor 
D, and ~ (Mk, { D} (~ Kk), the trivial  extension on M k of the sheaf of ge rms  of m eromorphic forms of highest 
degree having a pole on the intersect ion with D. Here i is the imbedding and j the Poincar~ residue. The c o r -  
responding exact cohomology sequence looks like: 
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0 --~ H ° (M~-i, {D } ~ K~-I) --, H ° (M~-I, {D + Dk} ® Kk-,) --~ H ° (M~, {D} @ K~) . . . .  (2 ') 

3. We  r e c a l l  s o m e o f  the  no ta t ion  a n d  r e s u l t s  of [1]. Nota t ion :  T (/x), the  n u m b e r  of  i n t e g r a l  po in t s  ly ing  
in  Z~; B+(A),  the  n u m b e r  of  i n t e g r a l  po in t s  i n t e r i o r  to  A (in the topology of  the  s m a l l e s t  l i n e a r  s p a c e  con ta in ing  
6) ;  B(A) ,  t he  n u m b e r  ( -1)d im/xB+(A) .  Le t  X be a v a r i e t y  de f ined  in  ( C \  0) n by a n o n d e g e n e r a t e  s y s t e m  of 
equa t i ons  f l =  • • • = fk = 0 wi th  Newton p o l y h e d r a  /x 1 . . . . .  A k. Let  M be a p r o j e c t i v e  t o r a l  c o m p a c t i f i c a t i o n  
of  (C \ 0 )  n which  is  su f f i c i en t ly  c o m p l e t e  fo r  the  p o [ y h e d r a  A. By the t h e o r e m  on r e s o l u t i o n  of s i n g u l a r i t i e s  

(cf. [1, Sec .  2]) the  c l o s u r e  X of t he  v a r i e t y  X C M is  n o n s i n g u l a r  and  t r a n s v e r s e  to the  o r b i t s  of M. Le t  Di 
b e  the  d i v i s o r s  c o r r e s p o n d i n g  to the  func t ions  fi wi th  r e s p e c t  to th is  c o m p a c t i f i c a t i o n  (cf. [1, Sec.  3]). T h e  
c o h o m o i o g y  g r o u p s  

H ( M ,  { - -  n i n l  . . . .  - -  n~D~.}) ~ H  (M, {-- nlAi . . . .  - -  n~h ~}), ni ~ 0 ,  

a r e  c a l c u l a t e d  in [1, Sec .  4]. In  p a r t i c u l a r ,  ×(M, { - n t A t  - . . .  - nkAk})  = H(nlA1 + .  • . + nkAk). Subs t i t u t ing  
t h e s e  v a l u e s  into the  f o r m u l a  fo r  the  genus  of an  i n t e r s e c t i o n ,  we  ob ta in  the  fo l lowing  t h e o r e m .  

T H E O R E M  1. T h e  a r i t h m e t i c  genus  x(X) of  the  v a r i e t y  X de f ined  in ( C \  0) n by a n o n d e g e n e r a t e  s y s t e m  
of  equa t ions  f l =  • • • = fk = 0 wi th  Newton p o l y h e d r a  A 1 . . . . .  A k can  be  c a l c u l a t e d  by the  f o r m u l a  

•(X) = l - -  ~ B ( A i )  q- ~ B(A~ + A S ) - - . . .  + ( - - I )~B(A:  q - . . .  Jr Ak) . 
i< j  

F o r  k = n, the  v a r i e t y  X c o n s i s t s  of i s o l a t e d  p o i n t s  and  x(X) is  equal  to  the n u m b e r  of t h e m ,  i . e . ,  to  the  
n u m b e r  of s o l u t i o n s  of the  g e n e r i c  s y s t e m  of equa t ions  f l =  . • - = fk = 0 in ( C \  0) n. 

T h e  f o r m u l a  fo r  the genus  i s  s o m e w h a t  c u m b e r s o m e ,  and  a l i t t l e  f o r m a l i s m  is  he lp fu l  h e r e .  

4. F o r m a l i s m .  L e t  A be  a c o m m u t a t i v e  s e m i g r o u p  wi th  z e r o  a n d  l e t  F be  a r e a l - v a l u e d  func t ion  on A. 
We a r e  i n t e r e s t e d  in the  subgroup  A n of convex  i n t e g r a l  p o l y h e d r a  on R n wi th  the o p e r a t i o n  of  add i t i on ,  a n d  
in the  func t ions  T (A) ,  B ( A ) ,  and  V(A),  w h e r e  V(A) i s  the  v o l u m e  of  A. F i x  an  e l e m e n t  hi ~ A. T h e  funct ion 
L h l F ( x  ) = F (x  + hi) - F (x)  is  c a l l e d  the  f i r s t  d i f f e r e n c e  of  F(x)  wi th  r e s p e c t  to hi .  The  func t ion  Lhl ,h2F(x)  = 
Lh2,hlF(x)  = F(x  + hi + h 2) - F (x  + hi) - F(x + h2) + F(x)  is  c a l l e d  the  s e c o n d  d i f f e r e n c e  of  F(x)  wi th  r e s p e c t  
to  h i ,  h2. Cont inu ing  in th is  w a y ,  we ob ta in  the  de f in i t ion  of the k - t h  d i f f e r e n c e  Lhl . . . . .  hkF(X) of  the  func t ion  
F(x)  wi th  r e s p e c t  to h i ,  h 2 . . . . .  h k. In  th i s  no ta t ion  the  f o r m u l a  fo r  the  genus  t akes  a s i m p l e  f o r m .  

T H E O R E M  1,. x(X) = ( -1 )kLAI  . . . . .  z~kB(. ). H e r e  ( . )  deno tes  the z e r o - d i m e n s i o n a l  p o l y h e d r o n .  

We r e m a r k  tha t  i t  is  conven i en t  to w r i t e  down the f o r m u l a  for  the  a r i t h m e t i c  genus  of the  c o m p l e t e  i n t e r -  
s e c t i o n  1)1 I~ • • • n D k in  th is  no ta t ion  fo r  the  g e n e r a l  c a s e  a l so .  H e r e  one m u s t  t ake  the s e m i g r o u p  A to be  
the  g roup  of d i v i s o r s  on the  v a r i e t y  M a n d  the  func t ion  F to  be  the  E u l e r  c h a r a c t e r i s t i c  F(D) = xOVI, { -D}) .  T h e n  

X(I~ N • • • ~ Dk) = ( - 1 ) k L e l  . . . . .  DkXOVI , {0}). 

A funct ion  F is  c a l l e d  a p o l y n o m i a l  (homogeneous  p o l y n o m i a l )  of d e g r e e  m i f  fo r  e v e r y  f i xed  xl . . . .  , 
Xk ~ A and  nonnega t ive  i n t e g e r s  nl . . . . .  nk the funct ion  F (nix1 + . . .  nkXk) is  a p o l y n o m i a l  (homogeneous  
p o l y n o m i a l )  of  d e g r e e  m in nl . . . . .  n k. The  func t ions  T(A) ,  B(A) a r e  p o l y n o m i a l s  of d e g r e e  n (cf. [1]), and  
V(A) iS a h o m o g e n e o u s  p o l y n o m i a l  of d e g r e e  n (cf. [5]). F o r  a p o l y n o m i a l  of d e g r e e  m,  F(px)  = p m F m ( x )  + . . .  + 
F0(x). I t  i s  not  h a r d  to s e e  tha t  the  c o e f f i c i e n t s  F i (x)  a r e  h o m o g e n e o u s  p o l y n o m i a l s  of d e g r e e  i. We c a l l  t h e m  
the  h o m o g e n e o u s  c o m p o n e n t s  of F.  T h e  h o m o g e n e o u s  c o m p o n e n t s  of l ead ing  d e g r e e  n of the  p o l y n o m i a l s  T(Lx) 
a n d  (-1)r iB (A) c o i n c i d e  wi th  V(A): fo r  p o t y h e d r a  of l a r g e r  d i m e n s i o n ,  t he  n u m b e r  of i n t e g r a l  po in t s  be long ing  
to the  p o l y h e d r o n  a n d  the  n u m b e r  which  l ie  i n s ide  the  p o l y h e d r o n  c o i n c i d e  in  the  f i r s t  a p p r o x i m a t i o n  wi th  the 

v o l u m e  of  the  p o l y h e d r o n .  

F o r  a p o l y n o m i a l  of d e g r e e  n,  the  k - t h  d i f f e r e n c e  is a p o l y n o m i a l  of d e g r e e  n - k. F o r  a h o m o g e n e o u s  
p o i y n o m i a  t F of d e g r e e  n ,  the  n u m b e r  ( 1 / n ! )  Lhl . . . . .  h n F  (0) i s  c a l l e d  the  m i x e d  va  rue of F a t  hi . . . . .  hn and  
i s  d e n o t e d  by F(h  1 . . . . .  hn).  I t  i s  e a s y  to s e e  tha t  F (h  . . . . .  h) = F(h) .  F o r  the  v o l u m e  func t ion  V,  t he  n u m b e r  
V(A 1 . . . . .  A n) i s  c a l l e d  the  m i x e d  v o l u m e  of the  p o l y h e d r a  A 1 . . . . .  A n (el. [5]). F o r  a p o l y n o m i a l  of d e -  
g r e e  n, the  n u m b e r  L h l , . .  . , h n F  depends  only on the  h o m o g e n e o u s  c o m p o n e n t  of d e g r e e  n. T h e r e f o r e ,  

L~ ...... ±,,(-- t )~B( . )  = La ...... _~, T (.) = i~[ V (h~ . . . . .  A,~). 

W e  c o m e  to the  next  t h e o r e m .  

T H E O R E M .  T h e  i n t e r s e c t i o n  index of the  n d i v i s o r s  D~ . . . .  , D n c o r r e s p o n d i n g  to the  Newton p o l y h e d r a  
S t ,  • • • ,  A n  on a su f f i c i en t l y  c o m p l e t e  t o r a l  v a r i e t y  M n  o r  the  n u m b e r  of  so lu t ions  in ( C ' . 0 )  n of a nondc -  
g e n e r a t e  s y s t e m  of equa t ions  f l =  - • - = fn = 0 wi th  p o l y h e d r a  A1, • • . , An ,  i s  equal  to  

( - -  I)'~L± ...... ± , B ( . )  = L_~ ...... _~T (.) -= n! |-(-~r . . . . .  A,~). 
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R e m a r k .  The  f o r m  of the  a n s w e r  n! V(A~. . . . .  , An) in th is  t h e o r e m  was  known to B e r n s h t e i n  [6], and  the  
equa l i t y  to L ~  . . . . .  AnT ( . )  w a s  known to K u s h a i r e n k o  [7]. I a  the  f o r m  (-1)kLA1 . . . . .  AkB( .  ),  the  a n s w e r  m a k e s  

s e n s e  even  fo r  k _< n - i t  i s  the  a r i t h m e t i c  genus  of a c o m p l e t e  i n t e r s e c t i o n . *  

5. S t a r t i n g  f r o m  the f o r m u l a  n! V(A 1 . . . . .  An)  fo r  the  n u m b e r  of so lu t i ons  of  a s y s t e m  of  n equa t ions ,  
B e r n s h t e i n  found cond i t i ons  o a k  of  the  p o l y h e d r a  A 1 . . . . .  A k unde r  which  the  v a r i e t y  X is  empty .  

Def in i t ion .  P o l y h e d r a  A t . . . .  , A k ly ing  in R n a r e  s a i d  to  be  dependen t  i f  t h e r e  e x i s t s  a n / - d i m e n s i o n a l  
p l a n e ,  0 -< l _~ n, which  c o n t a i n s  the  a f f ine  t r a n s l a t e s  of l + 1 of the  p o l y h e d r a  A i. 

A s s e r t i o n  (D. N. B e r n s h t e i n ) .  A n o n d e g e n e r a t e  s y s t e m  of equa t ions  fl = • • - = fk = 0 wi th  p o l y h e d r a  
A1 . . . . .  A k i s  i n c o n s i s t e n t  in (C \ 0) n i f  and  only i f  the  p o l y h e d r a  A i  a r e  dependent .  

T h e  fo l lowing  g e o m e t r i c  f ac t  is  u s e d  in the  p r o o f  of t h i s  a s s e r t i o n :  the  m i x e d  v o l u m e  of the  p o l y h e d r a  
i s  z e r o  if  a n d  only ff t he  p o l y h e d r a  a r e  dependent .  

2 .  T h e  N u m b e r s  h p ' °  f o r  C o m p l e t e  I n t e r s e c t i o n s  

1. In o r d e r  to c a l c u l a t e  the  n u m b e r s  hP,°(Mk) i t  i s  n e c e s s a r y  to s tudy the e x a c t  s e q u e n c e  (2) in Sec.  1 
m o r e  c a r e f u l l y .  Let  A1 . . . .  , A k ,  A be Newton  p o l y h e d r a ,  M a p r o j e c t i v e  c o m p a c t f f i c a t i o n  of (C \ 0) n which  
is su f f i c i en t l y  c o m p l e t e  wi th  r e s p e c t  t o t h e s e  p o l y h e d r a ,  and  l e t  D1 . . . . .  D k be  d i v i s o r s  in g e n e r a l  p o s i t i o n  
c o r r e s p o n d i n g  to A~ . . . . .  A k. Le t  the  d i v i s o r  D c o r r e s p o n d  to A a n d  c o n s i s t  of h y p e r s u r f a c e s  which  i n t e r -  
s e c t  each  o t h e r  and  the  d i v i s o r s  D i t r a n s v e r s e l y .  

LEMMA 1. i f  d im A = n then  the  s h e a f  12(Mk, { -D})  is  a c y c l i c  in a l l  d i m e n s i o n s  e x c e p t  the  l ead ing  d i -  
m e n s i o n n - k  fo r  a n y k _ < n .  

P r o o f .  F o r  k = 0 th is  a s s e r t i o n  is c o n t a i n e d  in  [1, Sec.  4]. We  c a r r y  out  the  p r o o f  by induc t ion  on k. 
S ince  d im A = n, w e  have  d im (A k + A) = n. T h e  p o l y h e d r o n  Ak + A c o r r e s p o n d s  to  the  d i v i s o r  Dk + D. By 
induc t ion  h y p o t h e s i s  we  may  a s s u m e  tha t  fo r  i < n - k 

H ~ (M~-,, {--  D~ - -  D}) = H ~ (M~_,, {-- D})---- H ~+t (M~_~, {-- D~ - -  D}) = 0. 

T h e  r e q u i r e d  r e s u l t  is  now o b t a i n e d  f r o m  the  e x a c t  s e q u e n c e  (2): Hi(Mk,  { -D})  = Hi (Mk_ 1 ,{ -D})  = 0 f o r  i < 
n - k .  

LEMMA 2. If  d im 5~ = . . .  = d im A k = n and  d i m / x =  l ,  the  s h e a f  12 (Mk, { -D})  is  a c y c l i c  in a l l  d i m e n -  
s ions  e x c e p t  the l - t h  a n d  the l ead ing  h i g h e s t  d i m e n s i o n  n - k f o r  any  k _< n. I f  l < n - k,  then  d i m H l ( M k ,  
{- D}) = B+(A). 

Proof. For k = 0 this assertion is contained in [I, Sec. 4]. We carry out the proof by induction on k. 

Since dimA k = n, we have dim (A k + A) = n. Hence by Lemma i, Hi(Mk_1, {-D k - D}) = Hi+l(Mk_l, {-D k - 

D} = 0 for i < n - k. For i < n- k, we get from the exact sequence (2) that Hi(NIk, {-D}) ~ Hi(lYlk_l, {-D}). 

This allows us to carry out the inductive step. 

Let the variety X be defined in (C\0) n by a nondegenerate system of equations fl = • . , = fk = 0 with 

polyhedra A~, . . . , Ak, and let dim Ai = n. Let ~ be the closure of X in a sufficiently complete projective 

total compactification. 

THEOREM. The variety .~ is connected, i.e., h°,°(~) = i, and it has no holomor~hlc forms of inter- 

media~-e ~ n ,  i.e., hP'°~) = 0 for 1 < p < n - k. The geometric genus p(X) = hn-~°(~) can be calculated 

by the formula 

~(~) = B + (a~ + ... + ~)-- ~ ~+ (a~ + ... ~ £~ +... + a~) +... + (-- i)~-*~,S +(a,). 

Proof. Substitute into Lemma 2 the trivial divisor D corresponding to the polyhedron (.) consisting of a 

single point. We get h%°(~) = 1 and hP,@~) = 0 for 0 < p < n - k. Taking i~Ito account ~he formula for the arith- 

metic genus X(X'-) and the preceding equalities, we obtain that the geometric genus p~) has the required form. 

2. Explicit Form of Forms of Highest Degree. The explicit form of forms of highest degree on ~ is 
obtained from the exact sequence (2,) in See. 1 and the explicit d~scription of the group HO(M, {-D}~ K) in 

[i, See. 4]. First consider the ease era hypersurface. Let X be a hypersurface in (C\0) n defined by a non- 
degenerate equation f = 0 with Newton polyhedron A and dim/x = n, n > i. Let ~ be the closure of X in a 

• It turns out that the answer in the form L~I ..... Z~k T (.) is also mea-~llgful for k < n; it is one of the genera 
of a (noncompact) complete intersection. 
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sufficiently complete projective compactification M. 

Asse r t ion .  The geometric genus p(~) is equal to B+(A). Moreove r ,  eve ry  holomorphic  f o r m  ~ on .~ 

is  the Po inca r~  res idue  - ~ - ~ / , . .  •/~ ~-~-, p ~ A " ~ of a f o r m  ~__ d ~ f  ~ ~ , . . . / ~ A  a~_~_, where  1 ~ is a Laurent  polynomial  and 
A(P) < A. . . . . . . . . . .  ~ 

P roof .  Cons ider  a p iece  of the exact  sequence (2~): 
• . 

0 -~ ~0 (~, ~) ~ #0 (~ ,  {n} ® ~) ~ 0  (~ ,  ~ _ ~  ~ ( i ,  ~ ) - ~ . . .  
. .  . 

By the t heo rem in [1, Sec. 4], H°(M, K) = H~(M, K) = 0 for  n > 1. T h e r e f o r e  al l  the holomorphic  f o r m s  on 
~ = M1 a r e  the Po inca r~  res idues  of f o r m s  in H°(M, {D} ®K).  We can now r e f e r  to the t heo rem in [1, Sec. 4]. 

R e m a r k .  The  fo rmula  p(X) = p(~) = B+(A) for  the geomet r i c  genus of a h y p e r s u r f a c e  X was d i scovered  
by Hodge [8]. However ,  the a rgumen t s  of Hodge do not suff ice  for  the proof  (he lacked an impor tan t  technical  
device,  the t h e o r e m  on resolut ion of s ingularRies  [1]). We obse rve  that the formula  for  p(X) can be obtained 
without cohomological  ca lcula t ion by manipulat ing the polyhedra.  

E x a m p l e . *  Let  .~ be a smooth  compact i f ica t ion  of the curve  X defined in (C \ 0) 2 by a nondegenerate  
equation P(x,  y) = 0 with Newton polyhedron A A s s u m e  that the polynomial  P is not divisible by x a n d y ,  and 
that A has d imension two. Then  .~ is a sphere  with handles ,  the number  of handles being equal to the number  

o f  in te r io r  points of.~.. All  the r egu l a r  different ia ls  on .~can. be wr i t ten  down explicit ly.  If  the integral  point 
x~.y t dx dy 

(k, l) l ies inside the Newton polyhedron A, then the fo rm de ¥ /'\ .~- is a r egu la r  different ial  on.~. These  

di f ferent ia ls  a r e  independent and their  l inear  combinat ions  span the s e t  of a l l  regula~ different ia ls  on the curve  
- -  

.~. The  equation p(~) = B+(A) in the ca se  of a genera l  polynomial  P(x,  y) of degree  n gives p(X) = (n - 1)(n - 2) / 
2, and  in the hypere l l ip t ic  c a s e  y2 = Pn(x) gives p ~ )  = (n - 1 ) / 2  for n odd and p (~) = (n - 2 ) / 2  for  n even. The  
ca se s  a r e  wel l  known. We r e m a r k  that the number  of in tegra l  points  on the boundary of/~ a lso  has  a s imp le  
g e o m e t r i c  meaning:  the cu rve  X is obtained f rom the compac t  cu rve  .~ by blowing down as many points as there  
a r e  in tegra l  points  lying on the boundary of the Newton polyhedron.  

An explici t  f o r m  for  the fo rms  of highest  degree  can a lso  be obtained for  comple te  in tersect ions .  We 
fo rmula te  the answer  for  k = 2 (assuming that n > 2). Let the va r i e ty  X be given in (C \ 0) n by a nondegenerate 
s y s t e m  of equations f~ = f2 = 0 with polyhedra  A1 and A2, with dim A~ = dim A 2 = n. Then fo rms  of the type 

P dz 1 / ~ . .  dzn 
df~/~df2 z~ • ~ -  a r e  r egu l a r  on the compact i f ica t ion .~  of X, p rov ided  A(p) < 5~ + /~2. The i r  "number"  is 

equal to B+(A~ + A2). However ,  these  f o r m s  a r e  dependent: if the polynomial  P is divisible by f~, i .e . ,  P = 
Qlf l ,A(Ql)  < A~, or  if  it is divis ible  by f2, i .e . ,  P = Q2f2, A(Q2) < ~ ,  then the cor responding  f o r m s  a re  equal 
to ze ro .  The  ~number ~ of such z e r o  f o r m s  is equal to B+(A~) + B+(A2). These  re la t ions  a r e  independent, and 

- -  

there  a r e  no o thers .  Al together ,  p(X) = B+(AI + A2) - B  + (A0--B+(A~), which ag ree s  with the genera l  fo rmula  
fo r  the g e o m e t r i c  genus.  

F o r  k > 2, one wr i t e s  out the f o r m s  expl ici t ly ,  then the re la t ions  among them,  then the re la t ions  among 
the re la t ions ,  etc.  

3 .  T h e  E u l e r  C h a r a c t e r i s t i c  

A s s u m e  N t r a n s v e r s e l y  in te rsec t ing  h y p e r s u r f a c e s  V1 . . . . .  V N a r e  given on an analytic va r ie ty  Y. A 
s t ra t i f ica t ion  of Y is a s soc i a t ed  with these  hype r su r f ace s :  the s t r a tum Y0 of g r ea t e s t  dimension in this s t r a t i f i -  
ca t ion  i s Y  \ (J Vi., the s t r a t a  Yi of the next d imension a r e  given by V~ \ .(J.V#, etc. Each s t r a t um of this 

~ 

s t ra t i f i ca t ion  is the in te rsec t ion  of s e v e r a l  su r faces  V i f rom which all s m a l l e r  in tersec t ions  of the Vi have 
been thrown out, Y = (J YI, YI N YL = @ for  I ~ L. 

LEMMA (on the A dditivi.ty of the Eu le r  Charac te r i s t i c ) .  E (Y) = ZE (Yi). 

We give a deta i led p roof  for  the c a s e  of a single h y p e r s u r f a c e  V (N = 1). In this case  we a r e  dealing with 
the s t ra t i f i ca t ion  Y = V.U Y_~V and a r e  i n t e re s t ed  in the equality E(Y) = EC¢) + E C £ \ V ) .  Let Vu denote a 
tubular  neighborhood of v , _ y  u i ts  c losu re ,  and ~Vu its boundary.  The va r ie ty  Y has  the fo rm of a sum of the 
c losed  subse t s  ~u  and Y \ V  u which in t e r sec t  along 0V u. T h e r e f o r e ,  E (Y) = E (V u) + E (Y \ Vu) - E (3Vu). Fur ther ,  

*This example  apparen t ly  f o r m s  the content of an inaccess ib le  pape r  of H. F. Bake r ,  "Examples  of applicat ion 
of Newton 's  polygon appl ied to the theory of s ingular  points of a lgebra ic  functions,"  T rans .  Cambr idge  Phil.  
Soc., 1_~5, 403-450 (1893). 
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E(Vu) = E(V) and E ( Y \ V u )  = E ( Y \  V). We now o b s e r v e  that  the va r i e t y  0Vu is f i be r e d  ove r  V with f iber  St s o  
that  E(SVu) = E(V) -E(S  1) = 0. T he  gene ra l  ca se  {N > 1) r educes  to the one c o n s i d e r e d  by induct ion on the n u m -  

b e r  of h y p e r s u r f a c e s .  

THEOREM 1. Let  D1 . . . . .  Dk be ana ly t i c  h y p e r s u r f a c e s  of a t o t a l  v a r i e t y  M n which a r e  t r a n s v e r s e  to 

one ano ther  and  to all  the o rb i t s  of M n. T h e n  

E (Dx N . . . -  N D~ N T ~ ) =  1-ID~ (1 ÷ D~) -l. 

The  r i g h t - h a n d  s ide of the equali ty m u s t  be unde r s tood  as  fol lows:  in the T a y l o r  s e r i e s  at  the point 0 of 
the attalytic funct ion F ( x l , . . . ,  x k) = l]xi(1 + xi) -1 take  the homogeneous  componen t  Fn  of degree  n. The  n u m -  
be r  F(D1 . . . . .  Dk) is defined as follows.  F o r  a m o n o m i a l  x~ nl . . . x~ k of deg ree  n, nl + • • . + nk = n, it is 
equal to the i n t e r s ec t i on  index of the d iv i sorsDx . . . . .  D1, • • . ,  D~ . . . . .  D $ .  F o r  a homogeneous  function Fn  of 

• ~ -times" % -times 

deg ree  n, F(D~ . . . . .  Dk) is defined by extending l inear ly ,  and for  a funct ion F ,  the n u m b e r  F(D1 . . . . .  Dk) = 

Fn03~ . . . . .  DR). 

The  p roof  r e s t s  on a t h e o r e m  of E h l e r s  (el. [3]). 

THEOREM fEhlers) .  T he  C h e r n  c l a s s  cm(M n) ~ H~m(M n) of a smooth  t o t a l  va r i e t y  M n is P o i n c a r ~  dual 
to the s u m  ~ r ~ - m  of a l l  orbi ts  T ~  - m  of d i m e n s i o n  n - m in Mn. Crhe orbi t  T ~  - m  is  not a c l o s e d  v a r i e t y  , but 
neve r the l e s s  the dual cohomotogy  c l a s s  is wel l  defined,  s i nce  ~.~-m is a smooth  c o m p a c t  v a r i e t y  and  the bound-  
a r y  -n-mT~ \ T ~ n - m  has  s m a l l e r  d imension. )  

If  the C h e r n  c l a s s e s  of M n a r e  known, the Che rn  c l a s s e s  of a comple te  i n t e r s e c t i on  ean  be ca l cu la t ed  

[4]. We give the a n s w e r  for  the Eu le r  c l a s s :  

. . .  = r i o , ( ,  + [II , + 

T h e  r i g h t - h a n d  s ide  of this fo rmula  mus t  be unde r s tood  as fol iows:  take the homogeneous  component  F n - m  of 
deg ree  n - m in the ana ly t ic  funct ion F and  r ep l ac e  xl . . . . .  x k in Fn_ m by the v a r i e t i e s  I~ . . . . .  D k. H e r e  
the p roduc t  of the v a r i a b l e s  mus t  be  i n t e r p r e t e d  as  i n t e r sec t ion  of v a r i e t i e s  (brought if n e c e s s a r y  into gene ra l  
posi t ion)•  The  n u m b e r  em[[IDi(1 + Di)-~]n-m is the va lue  of  the C h e r n  c l a s s  Cm on the cyc le  [IIDi(1 + Di)-~ln_m . 

In the c a s e  of a t o t a l  va r i e ty  M n, we  obtain upon applying E h i e r s '  t h e o r e m  

E(D~ n . . .  n ok)= I I ~ , 0  + ~,)-' + Y, Y,r: -~ [IIo,  (l ÷ Di)-x]~_,,, (l) 
r n > 0  a 

w h e r e  the inner  su m  is c a r r i e d  out over  all  (n - m ) - d i m e n s i o n a t  o rb i t s  T ~  -m.  Let  D~ denote the i n t e r sec t ion  
• v a r m t y  T a , the c l o s u r e  of  the T~  - m  d iv i so r s  D~ . . . . .  D~ in the  t o t a l  . - - n - m  of the d iv i sor  D i with the orb i t  The  

orbi t  Tan - m ,  a r e  t r a n s v e r s e  to one ano ther  and to the o rb i t s  of the va r i e t y  ~na-m. It is c l e a r  that  

r~ -~ t II  D, (~ + D,)-'I . . . .  = 1-[ D~ 0 + D~)-'. 

We s t ra t i fy  the v a r i e t y  D~ n • • • Q Dk by the  i n t e r s ec t i ons  with the o rb i t s  Tan - m  of al l  d imens ions ,  m = 0, 

i t  • ° ° I 

D~ ~ . . .  N D~ = (D, Q . . .  ~ Dk Q r") U ~ U D~ N . . .  N D~ n r~-'~. 
~n>0 ~t 

From the additivity of the Euler characteristic, we obtain 

E (D~ ~]... ~ U~) = E (m~ ~... n m~ Q T ~) ÷ ~, Z E (DI N ... ~ D~ n rt'). 
m>O a 

By induct ion,  we may a s s u m e  that  fo r  m > 0 

• D ~ D ~ ) - '  rZ"tIID, 0 ÷ D , ) - ' I . _ . .  E(D,N...NDkNFI-'~)=[I ~ ( t +  = 

FinaLLy, 

ECD, Q... QDk) =ECD, Q... n Dk Q T")-5~, ~T~ ~[I~D~Ci+D,)-q-~" 
~ > 0  a 

C o m p a r i n g  Eqs.  ~ )  and (2), we  get  that  E ( ~  ~ • . ~ Dk ~ T n) = ~Di(1 + ~ ) - ~ .  T h e o r e m  1 is p r o v e ~  

It  is not c r u c i a l  in T h e o r e m  1 that M ~ be  a to ra l  va r i eW.  ~ t  M n be  a c o m p a c t  a ~ l y t i c  v a r i e ~  and  
O ~ , . . . ,  O N, t r a n s v e r s e l y  i n t e r s e c t i ~  ~ v i s o r s .  A s s u m e  that  the reagent  bundle TM n has the s a m e  Che rn  

(2) 
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c l a s s e s  a s  t he  f i b r a t i o n  {O1} + • • • + {ON}. By EhLer s '  t h e o r e m ,  th i s  is  the  c a s e  i f  M n i s  a t o r a i  v a r i e t y  and  
the  Ot . . . . .  O N a r e  the  c l o s u r e s  of (n - 1 ) - d i m e n s i o n a l  o r b i t s  of M n. Le t  D i . . . . .  D k be  s m o o t h  d i v i s o r s  
w h i c h  a r e  t r a n s v e r s e  to  one a n o t h e r  a n d  to the  d i v i s o r s  01 . . . . .  O1~. Le t  X denote  the  p a r t  of  the  i n t e r s e c t i o n  
Dt f'l • • • f~ Dk ly ing  in  t he  " f in i t e  p a r t ~  of  M n,  i . e . ,  X = DI -~ • • • ~ Dk \ U ocv. T h e n  the  EuLer c h a r a c t e r -  
i s t i6  of  X c a n  b e  e x p r e s s e d  in t e r m s  of the  i n t e r s e c t i o n  i n d i c e s  of  the d i v i s o r s  D i a lone .  

THEOREM I,. E(X) = [IDi(1 + Di) -~. 

T h e  p r o o f  of T h e o r e m  1, i s  an  a l m o s t  v e r b a t i m  r e p e t i t i o n  of the  p r o o f  of T h e o r e m  1. 

W e  w i l l  need  a b i t  a f o r m a l i s m .  L e t  A1 . . . . .  An be n - p o l y h e d r a  in an  n - d i m e n s i o n a L  s p a c e .  T h e  m i x e d  
v o l u m e  of  t h e s e  p o l y h e d r a  is  deno t ed  by V(A1 . . . . .  An) a s  b e f o r e .  Now le t  F (x  1 . . . . .  xP0 be  the  T a y l o r  s e r i e s  
of  an  a n a l y t i c  func t ion  of the  k v a r i a b l e s  xt . . . .  , x k a t  t he  p o i n t  0. We  w i s h  to  d e t e r m i n e  the  n u m b e r  Y(At . . . . .  
Ak). I f  F is  a m o n o m i a l  of  d e g r e e  n,  x = x [  t l . . . x ~ k ,  n 1 + . . . + n k  = n ,  then  we  put  

~ , ( ~  . . . . .  ~x~} = ,~! v ( , ~  . . . . .  ~ . . . . .  ~ ~ } .  
~ ¼ime~ ~ times 

F o r  h o m o g e n e o u s  func t ions  F n  of  d e g r e e  n,  we  c o m p l e t e  t he  def in i t ion  of F(At  . . . . .  Ak) by ex t end ing  i t  Lin- 
e a r l y ,  a n d  f o r  a r b i t r a r y  F ,  w e  put  F(At  . . . . .  Ak) = F n ( ~ ,  . . . .  Ak),  w h e r e  F n i s  the  h o m o g e n e o u s  componen t  
of  F of  d e g r e e  n. 

T H E O R E M  2. L e t  X be  a v a r i e t y  de f ined  in (C \ 0 )  n by  a n o n d e g e n e r a t e  s y s t e m  of  equa t ions  fl = • • • = 
fk  = 0 wi th  Newton p o l y h e d r a  A t . . . . .  Ak. Then  E (X) = IIAi(1 + Ai) - t .  F o r  e x a m p l e ,  f o r  a h y p e r s u r f a c e  (k = 1), 
E{X) = ( - -1)n- tn!V{At) ,  and  fo r  a c u r v e  (k = n - 1 ) ,  E(X) = - n !  V(At . . . . .  A n - l ,  At + • • • + An- t ) .  

P r o o f .  T h e  t h e o r e m  on the  r e s o l u t i o n  of  s i n g u l a r i t i e s  (cf. [1]) r e d u c e s  T h e o r e m  2 to T h e o r e m  1, s i n c e  
the  i n t e r s e c t i o n  index  of  d i v i s o r s  in our  c a s e  can  be  e x p r e s s e d  in the  r e q u i r e d  way in t e r m s  of the  m i x e d  M i n -  
kowsk i  v o l u m e  (cf. Sec .  1 ,  P a r a g r a p h  4). 

R e m a r k .  T h e o r e m  9. i s  not  new. It  w a s  r e c e n t l y  a n n o u n c e d  by B e r n s h t e i n  (cf. [9], w h e r e  the  h i s t o r y  of 
t he  p r o b l e m  is  a l s o  d i s c u s s e d ) .  His  p r o o f  is  b a s e d  on M o r s e  t h e o r y .  I t  i s  m o r e  e l e m e n t a r y ,  but  o u r  p r o o f  
g i v e s  a b e t t e r  e x p l a n a t i o n  of  the  f o r m  of  the  f o r m u l a  fo r  E (X). 

4. Complete Intersections in C n 

I. Consider a variety ~ defined in C n by a nondegenerate system of polynomial equations fl = • • • = fk = 0 
with Newton polyhedra At ..... Ak. We first assume that all the polynomials fi have zero constant term, or, 
in other words, that all the polyhedra A i contain the point zero. We introduce some notation. Let I~ I denote 
the coordinate planes in the space B n, R~ = R n. Let )x~ denote the intersection RI f~ Ai, At~ = 'Xi. The number 
IIAi ~ (i + A{) -i is defined as the result of substituting the polyhedra A~ into the analytic function lqxi(l + xi) -i. 
i 

Here we take into account only monomials of degree dimRi. They are interpreted with the aid of the mixed 
volumes of the corresponding polyhedra A~ in Rn (cf. Sec. 3). 

THEOREM. Let the system of polynomials fl ..... fk be nondegenerate (cf. [1]) for the Newton polyhedra 
,x t ..... Ak, and let all the fi have zero constant term. Then: 

1) The variety ~ is smooth and transverse to all the coordinate planes of the space C n. 

2) The variety ~ is birationaLly equivalent to the part X lying in (C\ 0) n. In particular, hP,°~) = hP,°(X) 

a n d  X(~) = X(X) = ( -1 )  k .  LAt . . . . .  AkB( • ). 

3) E (x) = P, II ~,' (i + A~)-I. 
I i 

Proof. Part I) follows at once from the nondegeneracy condition of the system fi (cf. [i]). The imbedding 
(C\ 0) n --C n is a birational isomorphism. The imbedding X --~ is also a birationaL isomorphism, since by 
part i) the variety ,~ contains no irreducible components in the coordinate planes. Further, ~ is stratified by 
its intersections with the coordinate planes. According to part i), this stratification satisfies the hypotheses 
of the Lemma on the additivity of the EuLer characteristic. It remains to use Theorem 2 of Sec. 3 and sum the 
Euler characteristics II(Ai(1 + ~.))-I of all the strata. The theorem is proved. 

2. We now weaken the condition on the Newton polyhedra Ai. It is not possible to remove this condition 
entirely: if all the polyhedra A i are Located far from the zero point, then all the functions fi will vanish at the 
point 0 of C n with a Large multiplicity, and the point 0 will be very singular for ~ (but if at Least one of the 
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polynomials  fi has  a nonzero  constant  t e r m ,  the point 0 does not Lie in :~ and the high mult ipl ici ty of the ze ro  

of the remaining  functions a t 0  plays  no role).  

We introduce some  definitions. We say that the coordinate  plane R I is a t tached to the poLyhedra A i _if 
not all  the poLyhedra A~ = R I N Ai a r e  empty;  an a t tached plane is ca l led  weakly a t tached if some  of the ~ a r e  
empty ,  and s t rongly a t tached otherwise .  We say that  the s y s t e m  of poLyhedra A~ . . . . .  A k is regular ly  a t -  
tached to the coordinate  c r o s s  if al l  the coordinate  planes a r e  a t tached to the polyhedra Ai and for  each weakly 
a t tached plane R I the poLyhedra A~ a r e  dependent. 

Asse r t i on  1. If  a gener ic  va r i e ty  ~ with poLyhedra A 1 . . . . . .  Ak is t r a n s v e r s e  to all  the coordinate pLanes , 
then the polyhedra  A i a r e  regular ly  a t tached to the coordinate  c ro s s  in 1~ n. 

Indeed,  if at  Least one of the functions fi becomes  identically ze ro  on a coordinate  plane CI, the t rams-  
versaLity of :~ with C I means  that there  a r e  no points of intersect ion.  By Bernsh te in ' s  condition (Sec. 1, l~ara-  
graph 5), this means  in the genera l  case  that the poLyhedra among the ~. which a r e  nonempty a r e  dependent. 

Asse r t i on  2. Let the poLyhedra A 1 , . . . ,  Ak be regular ly  a t tached to the coordinate  c ro s s .  Assume  in 
additionthat:  0) the functions fi a r e  nondegenerate  for  the Ai (cf. [1]); 1) for  weakly a t tached planes RI,  the 
nonzero functions among the f~ = f i l c I  a r e  nondegenerate  for  the poLyhedra among the ~ which a re  nonempty. 

Then the va r i e ty  ~; is nonsinguLar and t r a n s v e r s e  to all  the coordinate  planes .  
0 

l~roof. Let CI denote the coordinate  plane C I f rom which all s m a l l e r  coordinate  planes have been r e -  
0 

moved. If R I is a s t rongly a t tached plane,  condition 0) guarantees  t ransversaLi ty  of :~ to C I. If R I is a weakly 
0 

a t tached plane,  condition 1) guarantees  that  there  a r e  no points of in tersec t ion  of ~ with C I. 

All the a s se r t i ons  of T h e o r e m  1 c a r r y  over  v e r b a t i m  to s y s t e m s  fl = . . .  = fk = 0 for  which the poLyhedra 
A~ . . . . .  Ak a r e  regular ly  a t tached to the coordinate  c r o s s  and for  which the functions fl . . . . .  fk sat isfy the 

hypotheses  of Asse r t i on  2. [We r e m a r k  that in the formula  for  the EuLer cha r ac t e r i s t i c  E (X) = ~,l-~h~(i -b h{) -~, 
I i 

the summat ion  mus t  be p e r f o r m e d  only over  the s t rongly at tached planes RI.] 

5. R e m a r k s  

1. A pa r t  of the calculat ions of this pape r  can be c a r r i e d  over  to the local case .  Fo r  example ,  the f o r -  
muta for  the a r i thmet ic  genus of a hype r su r f ace  takes the s a m e  fo rm here .  

THEOREM. The  genus of s ingular i ty  for a nondegenerate  function f with a favorable  Newton d iagram 
(cf. [10]) is equal to {-1)n t imes the number  of in tegral  points with pos i t ive  coordinates  lying on and below the 
Newton diagram.  

2. The following p rob lem s e e m s  to be v e r y  a t t rac t ive :  descr ibe  the mixed Hodge s t ruc tu re  on a va r ie ty  
X defined in (C \ 0) n by a nondegenerate  s y s t e m  of equations fl = - • • = fk = 0 with Newton polyhedra  A 1 . . . . .  
Ak- The  s a m e  p r o b l e m  can  be posed  for  a var ie ty  :~ defined by an analogous s y s t e m  in C n. He re  it is natural  
to l imit  oneself  to the case  when the polynomials  fi have a constant  t e r m  [or to the ca se  when the polyhedra  ~i 
a r e  regular ly  a t tached to the coordinate  c r o s s  (cf. Sec. 4)]. These  p rob l ems  a r e  r e l a t ed  to the descr ipt ion of 
comple te  in te rsec t ions  in smooth compact  to ta l  va r i e t i e s .  In p ro jec t ive  spaces ,  comple te  in tersec t ions  have 
been thoroughly studied [4]. In the p ro jec t ive  case ,  one in fact deals with genera l  s y s t e m s  of equations with 
specia l  Newton polyhedra  (simplexes defined in R n by inequali t ies x i _> 0, r.xi _ m). In the tora l  ca se ,  no r e -  
s t r i c t ions  a r e  made on the fo rm of the polyhedra.  

Recent ly ,  V. I. DaniLov and I so lved all the above p rob l ems  under ce r ta in  (insignificant) r e s t r i c t i ons  on 
the polyhedra  A1 . . . . .  Ak- The  solution will  be d i scussed  in a joint pape r  p resen t ly  being p r e p a r e d  for  pub-  
l ication. 
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