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BY S U P E R P O S I T I O N S  O F  A N A L Y T I C  F U N C T I O N S  

A N D  A L G E B R O I D A L  F U N C T I O N S  O F  O N E  V A R I A B L E  

A .  G.  K h o v a n s k i i  

In this  note we give a n e c e s s a r y  condit ion for  the r ep re sen t ab i l i t y  of an a lgebro ida!  function in the 
fo rm of supe rpos i t ions  of ana ly t ic  functions and a lgebro ida l  functions of one va r i ab l e .  In p a r t i c u l a r ,  we 
show that  an a lgebro ida l  function of two v a r i a b l e s ,  z(a,  b), defined by the equation 

: -~- az ~- b := O, 

cannot be r e p r e s e n t e d  in the fo rm of such superpos i t ions  in any neighborhood of the o r i g i n .  

Definit ion 1. An ana ly t ic  ge rm f a ,  defined at  a point a of a neighborhood U ~ C n, is  ca l led  a lgebro ida l  
in this  neighborhood if it  s a t i s f i e s  some i r r e d u c i b l e  equation 

fn ~_ pt fn- ,  ' - . . .  ~_ P,, = O, (1) 

where  Pi, i = 1 . . . . .  n, a r e  functions which a r e  analyt ic  in the neighborhood U. 

Denote the se t  of a l l  solut ions  of Eq. (1) in a neighborhood V ~ U b y f ( V ) .  

Definit ion 2. Two analy t ic  g e r m s f a  and gb, defined at  the points a and b, r e s p e c t i v e l y ,  of a ne ighbor -  
hood U ~ C n, a r e  ca l led  equivalent  in this  neighborhood,  f a  U gb, if the ge rm gb can be obtained f rom the 
g e r m f  a by continuation along some curve lying in U. 

Denote the value of the g e r m  f a  at  the point  a by f ( a ) .  

Denote the c lo su re  of the s e t  of values  a s sumed  at points of a reg ion  V ~ U by g e r m s  gb which a r e  
equivalent  t O ] a  in the neighborhood U b y f ( V ) .  

We give another  def in i t ion  of an a lgeb ro ida l  g e r m .  

Definit ion 3. An ana ly t ic  g e r m  fa  defined at  a point a of a neighborhood U ~ C n, is ca l led  a lgeb ro ida l  
in the neighborhood U if the following conditions a r e  sa t i s f ied :  1) there  ex i s t s  an analy t ic  se t  M ~ U such 
that  the g e r m  f a can be ana ly t i ca l ly  continued along any curve lying in U, beginning at  the point a ,  which 
i n t e r s ec t s  the se t  M, if a t  a l l ,  only at  the ini t ia l  point; 2) at  every  point b ~ U there  ex i s t  only a finite num- 
b e r  of g e r m s  which a r e  equivalent  to the ge rm Ja;  3) for e v e r y  compact  W ~ U, the se t  f ( w )  is compact .  

Any se t  M which s a t i s f i e s  the f i r s t  condit ion is ca l led  a prohibi ted  se t  for  the g e r m J a .  

We will  show that  Definit ions 3 and 1 a r e  equivalent .  Suppose that  a g e r m  f a  sa t i s f i e s  Definition 1, 
and let  D be the d i s c r i m i n a n t  se t  of Eq. (1). It is ea sy  to see  that  the g e r m  f a  sa t i s f i e s  Definit ion 3 with 
prohib i ted  se t  M. 

F i r s t  cons ide r  the case  a t ¢ M. L e t f i a ,  i = 1 . . . . .  n, f l a  =fa ,  be the se t  of a l l  g e r m s  which a r e  
equivalent  on U to the g e r m  f a  at  the point a .  Using Riemann ' s  theorem on removab le  s i ngu l a r i t i e s ,  it is  
e a sy  to see  that the s y m m e t r i c  functions of the g e r m s  f ia, 
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a r e  g e r m s  of  func t ions  which  a r e  a n a l y t i c  in the ne ighborhood  U. The g e r m f a  s a t i s f i e s  the  equa t ion  

f~ plfn-I . . .  : p~ =0, 

Now c o n s i d e r  the  c a s e  a E M. We t ake ,  t o g e t h e r  wi th  the  g e r m  fa  a g e r m  gb which  is e q u i v a l e n t  to the 
g e r m  fa on the ne ighbo rhood  U a t  a point  b ~ M. It  is  c l e a r  tha t  the g e r m  fa s a t i s f i e s  the s a m e  equa t ion  
a s  the g e r m  gb- 

Def in i t ion  4. L e t  f a  be  a n o n - c o n s t a n t  a l g e b r o i d a l  g e r m  s a t i s f y i n g  Eq. (1). Denote  the  s e t  of r o o t s  
of  the equa t ion  

l;" PL(x) b n-L . . .  p , , (x )  : 0  

b y f - l ( b ) .  

Def in i t ion  5. A po in t  a i s  e a l l e d  r e g u l a r  fo r  the i r r e d u c i b l e  equa t ion  

y,l pLyn--~ Pn -: O. 

w h e r e  the Pi a r e  func t ions  which a r e  a n a l y t i c  in the n e i g h b o r h o o d  U, i f  a t  t h i s  po in t  t h e r e  e x i s t  e x a c t l y  n 
d i s t i n c t  g e r m s  which s a t i s f y  th i s  equa t ion .  A po in t  a i s  c a l l e d  r e g u l a r  for  the a I g e b r o i d a l  g e r m  f a  in a 
ne ighborhood  U if t h e r e  e x i s t s  a p r o h i b i t e d  s e t  M c U which does  not con ta in  the po in t  a .  

Def in i t ion  6 .  A s e t  Of k a n a l y t i c  g e r m s  at  the  po in t  a ,  g iven  in a de f in i t e  o r d e r  f~ (f, . . . . . .  [j~). 
i s  c a l l e d  a v e c t o r - g e r m  of d i m e n s i o n  k a t  the  po in t  a .  A l l  of  the  p r e c e d i n g  de f in i t i ons  can  be  g e n e r a l i z e d  
to v e c t o r - g e r m s  in a un ique  way .  

LEMMA 1. L e t  fa be  an  a l g e b r o i d a l  k - d i m e n s i o n a l  v e c t o r - g e r m  in a n e i g h b o r h o o d  U ; C n,  and  l e t  g 
b e  an a n a l y t i c  funct ion in a r e g i o n  V ¢:- C k such  tha t  V = f(U).  Then  1) the  g e r m  g o f a  i s  a l g e b r o i d a l  in the 
n e i g h b o r h o o d  U; 2) t h e r e  e x i s t s  an  a n a l y t i c  s e t  M c  U such tha t  i f  the  g e r m  Pb ~ g ° fa and  the poin t  b l i e s  
in  U \ M ,  then  Pb = g o ~ b ,  w h e r e  q0 b is  a g e r m  which  is  e q u i v a l e n t  to fa on the n e i g h b o r h o o d  U. 

P r o o f .  As  the  p r o h i b i t e d  s e t  M f o r  the g e r m  g o fa i t  su f f i ce s  to t ake  any  p r o h i b i t e d  s e t  of fla. I t  
w i l l  s a t i s f y  the cond i t ion  of  the s e c o n d  a s s e r t i o n  in the l e m m a  as  we l l .  

LEMMA 2. Letfa b e . a n  a l g e b r o i d a l  g e r m  in a n e i g h b o r h o o d  U ~ C  n which  i s  not equal  to a c o n s t a n t ,  
and le t  gc be  an  a i g e b r o i d a l  g e r m  in a n e i g h b o r h o o d  V ~ C 1 such  tha t  V ~ J ( U )  and c =f(a). Then  1) the  
g e r m  gc °fa is  a l g e b r o i d a l  in the  ne ighbo rhood  U; 2) t h e r e  e x i s t s  an  a n a l y t i c  s e t  M ~ U such tha t  i f  the 
g e r m  Pb ~ gc °fa and the po in t  b l i e s  in U \ M ,  then  Pb = qd ° ~ b ,  w h e r e  d = rp (b), ¢ b  i s  a g e r m  which  is 
e q u i v a l e n t  to fa on the  ne ighbo rhood  U, and qd i s  a g e r m  which  is e q u i v a l e n t  to gc on the ne ighbo rhood  V. 

P r o o f .  Le t  D(x) be  the  d i s c r i m i n a n t  of the i r r e d u c i b l e  equa t ion  s a t i s f i e d  by gc .  By L e m m a  1, the 
g e r m  D °fa is  a l g e b r o i d a l  in the ne ighbo rhood  U. It is  e a s y  to v e r i f y  tha t  D °In is  not  i d e n t i c a l l y  equal  to 
a c o n s t a n t .  L e t  M 1 deno te  the s e t  (D o f ) - l ( 0 )  ( see  Def in i t ion  4) and M 2 s o m e  p r o h i b i t e d  s e t  of the  g e r m  fa. 
As a p r o h i b i t e d  s e t  M fo r  the  g e r m  gc °fa we can  take  the  s e t  M1 U M 2. I t  w i l l  a l s o  s a t i s f y  the  cond i t ion  
con ta ined  in the  s e c o n d  a s s e r t i o n  of  the l e m m a .  

We i n t r o d u c e  s o m e  m o r e  no ta t ion .  

Denote  the  r i ng  of a n a l y t i c  g e r m s  on a l i n e a r l y  connec t ed  s e t  X ~- c n  by H n x  . Th is  r i n g  is  an  i n t e -  
g r a l  d o m a i n .  Denote  the  c o r r e s p o n d i n g  f ie ld  of quo t i en t s  by L n x  . 

Le t  fa = f f l a  . . . . .  f k a )  be a v e c t o r - g e r m  which is a l g e b r o i d a l  in a n e i g h b o r h o o d  U ;. c n ,  and  l e t  
P i ( f i ,  Hnu ) = 0, i = 1 . . . .  , k,  be the i r r e d u c i b l e  equa t ions  of  i t s  c o m p o n e n t s .  The expanded  f i e ld  of the 
p o l y n o m i a l s  P i  o v e r  Ln X wi l l  be deno ted  by L n x ( f ) ,  and  the G a l o i s  g roup  o f  L n x ( f )  o v e r  L n x  by F n x ( f ) .  
Le t  Hnx(f  ) denote  the  s u b r i n g  of the f ie ld  L n x ( f )  spanned  by Hn X and the  r o o t s  of  a l l  of  the  p o l y n o m i a l s  
P i ( f i ,  Hnu) = 0. If  the  po in t  a l i e s  in X, then  we can  de f ine  a r i n g  H n x < f a >  which  i s  the  s u b r i n g o f  H n 
spanned  by  the r i n g  Hn X and the g e r m s  f i n  . . . . .  f k a .  

I t  is  e a s y t o  s e e  tha t  if  a i s  a r e g u l a r  po in t  of  the  germ]b '] la  . . . . .  fka i s  the  s e t  of  a l l  g e r m s  a t  
the  po in t  a which  a r e  e q u i v a l e n t  t o f  b on the  ne ighbo rhood  U, and X is  a l i n e a r l y  connec t ed  s e t  con ta in ing  
the po in t  a ,  then  
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Before  fo rmu la t i ng  L e m m a  3, we note that  if the equation yk + p iyk - !  + . . .  + Pk = 0, whe re  the Pi a r e  
ana ly t ic  functions in a ne ighborhood  V containing the point  a is i r r educ ib le  over  the r ing  H n,  then all  k 
roo t s  of  this equat ion coinc ide  at the point  a .  

LEMMA 3.  Le t  Pi(Yi, Ha n) = 0, i = 1 . . . . .  k, be in tegra l  i r r educ ib le  equat ions  over  the r ing  Hn; let  
bi = yi(a) be the va lues  of the funct ions Yi at  a;  let b = (b 1 . . . .  , b k) be a point  in the space  ck ;  and let 
g E - k be an analy t ic  g e r m  at  b E c k .  Then  the point  a has a neighborhood V such that  ri b 

1) the equat ions  Pi(Yi, Hart) = 0 can be extended to equat ions Pi(Yi, H~/) = 0 in this ne ighborhood,  and 
the function g can be defined in a ne ighborhood U containing y(V); 

2) for  e v e r y  point  d in V and e v e r y  v e c t o r - g e r m  Yd sa t i s fy ing  the equat ions  Pi(Yid, H~/) = 0, the r ing  
H~r<g Oyd > is conta ined in H~. yd >. 

Hn+ K Proof .  Take the point  (a,  b) in the space  c n  x C k. In the r ing  (a, b ) c o n s i d e r  the g e r m s  Pi(Yi, Hn) 
and the g e r m  g* obtained f r o m  g under  the p ro j ec t ion  v : C n × C k -~ C k. Choose a ne ighborhood V of a in 
in the space  c n  which is s m a l l  enough for  s u c c e s s i v e  appl icat ion of W e i e r s t r a s s '  t h e o r e m  on the pa r t i t ion  
of  g e r m s .  Applying this t h e o r e m ,  we get  

l i t ~ m  

• tk whe re  i : ( i  t . . . . .  ik), liI =il  : . . . - i l k ;  y'd :y i l~ . . . y~;  piEH~; and m is s o m e  in t ege r .  T h e r e f o r e  H ~ < g o y d  > 
H ~ < y d > .  

LEMMA 4. Le t  PI(Y, Hn) = 0 and P2(z, H~) = 0 be in tegra l  i r r educ ib l e  equat ions  ove r  the c o r r e s p o n d -  
ing r ings ,  where  y(a) = b and y is not cons tan t .  Then  the point a has a ne ighborhood V and an analy t ic  se t  
M c V such  that  

1) the equat ion PI(Y, Hn) = 0 can  be extended to the equation Pl(y,  H~) = 0 in the ne ighborhood V, and 
the equat ion P2(z, H~) = 0 to the equat ion P2(z, H~) = 0 in a ne ighborhood U conta in ing y(V); 

2) Every  point  c which l ies in the se t  V \ M  is r e g u l a r  for  the equat ion PI(Y, H~) --- 0, and for  e v e r y  
g e r m  Yc which sa t i s f i e s  the equa t ion  Pl(Y, H~) = 0, the point  y(c) is r e gu l a r  fo r  the equat ion P2(z, H~) = 0; 

3) fo r  e v e r y  point  in the se t  V \ M ,  the r ing  H ~ < z p  o y c > i s  conta ined in the r ing  H~<  yc ,  tc >, where  
Yc sa t i s f ies  the equat ion PI(Y, H~) = 0, p =y(c) ,  and Zp sa t i s f ies  the equat ion P2(z, H~) = 0, and tc is an 
ana ly t ic  g e r m  at the point c,  s o m e  power  of which l ies in the r ing  H~<Yc >, i .e . ,  t m E H~  < Yc >. 

m 

P roof .  We will  a s s u m e  that  y(a) = 0. Since the equat ion P2(z, H~) = 0, it is known that  z = ~(~x) ,  
where  the funct ion ~o is ana ly t i c  in a ne ighborhood o f 0 .  Let  Pl(Y, Hn) = yk + piyk-1 + . . .  + Pk. Cons ide r  

l 

the polynomia l  Q(t, H n) = t mk + pit  m(k-1) + . . .  + Pk. Suppose that Q(t, Ha n)  = IIQ,(t, H~) is a d e c o m p o s i -  

l 

t ion of  this po lynomia l  into i r r educ ib l e  f a c t o r s .  Set V ~ (-1 V, whe re  Vi is the neighborhood in which 

the condit ions of L e m m a  3 hold fo r  the equation Qi(t, Ha n) = 0 and the function ~P. Le t  M1 be a prohibi ted  
se t  for  the equat ion Pl(Y, Ha n) = 0 and M 2 the se t  of z e r o s  of  the function Pk(X). Set  M = M 1 U M 2. Then the 
ne ighborhood V and the se t  M sa t i s fy  the condi t ions  of the l emma .  We will go into the p roo f  of the third  
a s s e r t i o n  only. 

Le t  c E V \ M .  Then 1) the point  c is r egu l a r  for  the equat ion Pl(y,  H~) = 0, s ince  c E V \ M  l, and 2) for  
e v e r y  g e r m  Yc which sa t i s f ies  the equat ion Pi(Y, Hn) = 0, y(c) ~ 0 s ince  c E V \ M  2. Since y(c) ~ 0, the 

m rn 

equal i ty  z o Yc = (P(]/-Y-~,) makes  sense .  The g e r m  tc = ~ f~  sa t i s f ies  the equat ion Q(t, Ha n) = 0 and t h e r e -  
fore  one of  i ts  i r r educ ib l e  equat ions  Qi(t, H~) = 0. Applying L e m m a  3 to the g e r m  t c and the funct ion (P, 
we find that  the r ing  H ~ < z p o y c >  is conta ined in H ~ < y c ,  tc>. 

THEOREM 1. I f f  a is a g e r m  which is a lgebro ida l  in a ne ighborhood U ~ c n ,  gc is an a lgebro ida l  
g e r m  in a ne ighborhood V ~ C i which co n t a i n s f ( u ) ,  and e =j(a), then the g e r m  gc °fa is a lgebro ida l  in U, 
and fo r  any  point  b E U the r ing  H~) (g o f )  is conta ined in the r ing  RH~(f),  where  RH~0 e) is s o m e  r ad i ca l  
ex tens ion  of  H~(f).  

P roo f .  The f i r s t  a s s e r t i o n  of the t h e o r e m  is conta ined in L e m m a  2. Le t  P ( f ,  H~T) = 0 denote  the 
1 

equat ion,  i r r educ ib l e  in H~,  which is sa t i s f ied  by  the g e r m  f a .  Le t  H P~(rl, H~) be i ts  d e c o m p o s i t i o n  in 
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the r ing H~ n andf i (b )  = c  i. Let  ~G~i(g~i, /'/~) be the decomposi t ions  ot~ the g e r m s  gc into i r reduc ib le  f ac -  
i 

t o r s  in the r ings  Hlci . Set V - A Vii, where  the Vij a r e  neighborhoods sa t is fying the condition of L e m m a  4 
l , l  

for  the equations Pi{fi,  H~) = 0 and Gij(gij,  Hl-)ci = 0. Then it follows f rom the second a s s e r t i o n  of L e m m a 2  
and f rom L e m m a  4 that the r ing H~(f  o g) is contained in the ring RH~(f) ,  where  RH~{f) is some radica l  
extension of H~(f) .  The re fo re  H~(g of)  ¢ aH~(f) .  

THEOREM 2. If ;fa is a v e c t o r , g e r m  which is a lgebroida!  in a neighborhood U and g is an analyt ic  
function:in a neighborhood V containing f(U), then the g e r m  g ° fa is a lgebroidal  in U, and for any point 
b E U the ring H~(g ° f) is contained in H~(f). 

T h e o r e m  2 is p roved  using L e m m a s  1 and 3, s i m i l a r  to the p roof  of T h e o r e m  1 us ing  L e m m a s  2 and4 .  

We will need the following t heo rem  of Galois theory:  a finite extension of a field of cha rac t e r i s t i c  
zero  is radica l  if and only if the Galois group of the s m a l l e s t  Galois extension containing this finite exten-  
sion is solvable .  

F r o m  this t heo rem  and T h e o r e m s  1 and 2, some  co ro l l a r i e s  follow immedia te ly .  

COROLLARY 1. In o r d e r  that a func t ion f  which is a lgebroidal  in a neighborhood U be rep resen tab le  
in the fo rm of superpos i t ions  of analyt ic  functions and a lgebroidal  functions of one va r i ab le ,  it is n e c e s s a r y  
that  the group F n (f) be solvable  at  e v e r y  point a in U. 

COROLLARY 2, Let  the in tegra l  i r reducib le  equation 

y~  @ p l y  ~ - I  @ • • • -',- p~ ~ O, 

where  Pi E Ha n, be given in the ring Hn:. A n e c e s s a r y  and sufficient  condition for  the exis tence  of a ne ighbor-  
hood U of the point 6, in which an a lgebroidal  function y sa t is fying this equation can be r ep resen ted  in the 
fo rm of superpos i t ions  of  analyt ic  functions and a lgebroidal  functions of one va r iab le ,  is the solvabi l i ty  of 
the group rn(y). 

We now go into the geomet r i c  sense  of the group F ~ ( f ) .  

Let  f a  b e  an a lgebroidal  g e r m  in the neighborhood U, M its prohibi ted se t ,  V a neighborhood which 
l ies  in U, c EV\M a r egu la r  point of the g e r m  Ja ,  and Qc = (f~e . . . . .  f k c )  the comple te  se t  of g e r m s  which 
a r e  equivalent  t o f a  on the neighborhood U at  the point c. Take a closed a r e  3t(t), lying in V\M whose ini-  
t ial  point is c. 

Continuing the g e r m s f i c  along ~/(t), we get some permuta t ion  of the se t  Qc. It  is easy  to see that the 
indicated cor respondence  gives us a h o m o m o r p h i s m  T of the fundamental  group ~rl(V\M) into the group S(k) 
of pe rmuta t ions  of k e l emen t s ,  T: 7rI(V\M ) ~ S(k). 

Definition 7. The image of the fundamental  group under  the h o m o m o r p h i s m  desc r ibed  above is called 
the monodromy group of the g e r m f a  on V, and is denoted by the symbol  M~(f) .  

The monodrorny group M~(f) acts  na tura l ly  on the field L~(f)  = L ~ < f l c  . . . . .  f k c  >. L~ is the invar i -  
ant field with r e spec t  to this act ion.  Thus M~0 e) coincides with the group F~0e).  

If  W ~ U~ then M~v(f) ~ M~(f) .  Now let X be an a r b i t r a r y  l inear ly  connected subset  of U, and let  
U 1 ~ U 2 ~ . .  . ~ U m ~ .  • .~X,.N1 Ui = X ' w h e r e t h e  U i a r e  connected neighborhoods i n U .  T h e n M ~ !  

M~2 ~ . . . .  The re fo re  the groups M~i s tabi l ize .  

Definition 8. The monodromy group of a g e r m  f a  on a l inear ly  connected set  X ~ C n is its monodromy 
group on a suff ic ient ly  sma l l  connected neighborhood V of the se t  X. This group is denoted by the symbol  

It  is not difficult to show that  M~O r) is i somorphic  to F~{f ) .  

LEMMA 5. Consider  the i r reduc ib le  equation 

y~ p~(x) y~-'  . . . + p ~ ( x ) = o  
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in a s i m p l y c o n n e c t e d  region U of the complex plane. Suppose that the function y(x) does not have multiple 
branch points ,  i .e . ,  at  eve ry  point b E U there  exis t  not fewer than n - 2  dist inct  analytic g e r m s  Yib which 
sa t i s fy  this equation. Then F~(y)  = S(n). 

Proof .  Let  D = (zi} denote the d i sc r iminant  se t .  Let  c be some point in U\D and let 7i be a closed 
curve in U\D with initiai point c which does not pass  through the point a i. The curves  Yi fo rm a bas is  in 
the group 7rl(U\D). By the hypothes is ,  e i t he r  identity permuta t ions  or  t ranspos i t ions  cor respond  to these 
curves  in the monodromy group M~T(y). The monodromy group is t rans i t ive ,  s ince  the equation is i r r e d u -  
cible .  The unique t r ans i t ive  group of permuta t ions  spanned by the t r anspos i t i ons  is the group of all  p e r m u -  
tat ions;  

Consider  the equation z 5 + az  + b = 0 over  the ring HI. We will compute the group F](z),  where  
z(a,b) is the a lgebra ic  function defined by this equation. F](z) is i somorphic  to the group M~(z), where U 
is a suff icient ly sma l l  neighborhood of the origin.  Consider  the a lgebra ic  function z(a0,b) of the var iab le  b 
for  a0,~ 0. I ts  d i sc r iminan t  s e t  cons is t s  of the four solutions of the equation 55b 4 = 44a0 s. It is e a s y  to 
ver i fy  that at  each point of the d i sc r iminan t  se t  exact ly  two roots coincide. The re fo re ,  by L e m m a  5, the 
monodromy group of the function z(a0, b) for  a 0 ~ 0 is S(5). We can choose a~ so smal l  in absolute value 
that  all  four points of  the d i se r iminan t  se t  lie in the neighborhood U. Hence it  follows that the group F20(z) 
is S(5). Since S(5) is not so lvable ,  by Coro l l a ry  2 the a lgebra ic  function of two va r i ab l e s ,  z(a 0) b), defined 
by the equat ion z 5 + az  + b = 0, cannot be r ep resen ted  in the fo rm of superposi t ions  of analyt ic  functions 
and a lgebroidal  functions of one va r i ab le  in any neighborhood of the origin.  

We note that  the function z(a,  b) can eas i ly  be r ep resen ted  in the fo rm of superpos i t ions  of a lgebra ic  
functions of one va r i ab le  and a r i thmet i c  opera t ions  (addition, mult ipl icat ion,  division) on them.  In pa r t i -  
cu la r ,  we have proved  that  the operat ion of divis ion mus t  be involved in any such represen ta t ion .  

The author  thanks V. I .Arno l ' d  for  posing the p rob lem and for  useful d i scuss ions .  
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