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ABSTRACT. We develop a quasisymmetric analogue of the combinatorial theory of Schubert poly-
nomials and the associated divided difference operators. Our counterparts are “forest polynomials”,
and a new family of linear operators, whose theory of compositions is governed by forests and the
“Thompson monoid”. Our approach extends naturally to m-colored quasisymmetric functions.

We then give several applications of our theory to fundamental quasisymmetric functions, the
study of quasisymmetric coinvariant rings and their associated harmonics, and positivity results for
various expansions. In particular we resolve a conjecture of Aval-Bergeron-Li regarding quasisym-

metric harmonics.
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1. INTRODUCTION

The ring of quasisymmetric functions QSym, first introduced in Stanley’s thesis [47] and further
developed by Gessel [24], is ubiquitous throughout combinatorics; see [1] for a high-level explana-
tion and [25] for thorough exposition. Truncating to finitely many variables {x1,..., x,} gives the
ring of quasisymmetric polynomials QSym, . The quasisymmetric polynomials are characterized
by a weaker form of variable symmetry, and so contain the ring of symmetric polynomials Sym,,.

Letting Sym," denote the ideal in Pol, := Z|x,.. ., x,] generated by positive degree homoge-
nous symmetric polynomials, the coinvariant algebra Coinv,, := Pol,, / Sym;r has been a central
object of study for the past several decades. An important reason for this is its distinguished
basis of Schubert polynomials [31] and the divided difference operators [12] that interact nicely
with this family- see [10, 13, 15, 22, 23, 27, 30, 33] for a sampling of the combinatorics underlying
this story. In fact Schubert polynomials lift to a basis of Pol,. The close relationship between the
combinatorics of symmetric and quasisymmetric polynomials leads to the natural question, first
posed in [4], of what can be said about the analogous quotient QSCoinv,, := Pol, /QSym ", where
QSym is the ideal generated by positive degree homogenous quasisymmetric polynomials?

In this paper we develop a quasisymmetric analogue of the combinatorial theory of Schubert
polynomials &, and the divided differences d; which recursively generate them. The reader well-
versed with the classical story should refer to Table 1 for a comparison. The role of Schubert poly-
nomials &, is played by the forest polynomials 3. of [38], and the role of the d; operators are played
by certain new trimming operators T;. Just as Schubert polynomials generalize Schur polynomials,
the forest polynomials generalize fundamental quasisymmetric polynomials, a distinguished ba-
sis of QSym,,. The duality between compositions of trimming operators and forest polynomials
allows us to expand any polynomial in the basis of forest polynomials. In fact, a special case of our
framework gives a remarkably simple method for directly extracting the coefficients of the expan-
sion of a quasisymmetric polynomial in the basis of fundamental quasisymmetric polynomials.

The interaction between forest polynomials and trimming operators descends nicely to quo-
tients by QSym,’, and we thus obtain a basis comprising certain forest polynomials for QSCoinv,,
as well. Our techniques are robust enough to gain a complete understanding even in the case one
quotients by homogenous quasisymmetric polynomials of degree at least k for any k > 1. By con-
sidering the adjoint operator to trimming under a natural pairing on the polynomial ring, we are
able to easily construct QSym, -harmonics, which turn out to have a basis given by the volume
polynomials of certain polytopes, answering a question of Aval-Bergeron-Li [5].

In upcoming work [36, 37] we will tie this new combinatorics back to Schubert polynomials by
casting new light on known expansions, as well as investigating the underlying geometry. We
now proceed to a more detailed description of background as well as results.
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Background and results. Let us briefly recall the classical theory of symmetric and Schubert poly-
nomials. Let Se be the permutations of N = {1,2,...} fixing all but finitely many elements,
generated by the adjacent transpositions s; = (i,i + 1), and identify S,, the permutations of
[n] = {1,...,n}, with the subgroup (s1,...,s,1) fixing all i > n+ 1. Let Pol, = Z[x1,...,x,],
and denote by Pol := |J,, Pol, = Z[x1, x2, ...] for the ring of polynomials in infinitely many vari-
ables. S, acts on Pol,, by permuting variable subscripts, and we denote by Sym, C Pol, for the
invariant subring of symmetric polynomials. Two of the most important tools for understanding
Pol,; as a Sym, -module are the Z-basis of Pol given by the Schubert polynomials &, of Lascoux—
Schiitzenberger [31], and the divided difference operators 0; : Pol — Pol given by

f—sif
1.1 0i(f) = ——
) ==k
where s; swaps x;, xj+1. They are related by the fact that Schubert polynomials are the unique
family of homogenous polynomials indexed by w € S, such that G;3 = 1, and denoting Des(w) =
{i:w(i) > w(i+ 1)} for the descent set of w we have

2,6, — Gus, ifi € Des(w),
0 otherwise.

The divided differences satisfy the relations 812 = 0, 9i0;419; = 0;110;d;11 and d;d; = 9;0; for
li — j| > 2. The monoid defined by this presentation is the nilCoxeter monoid. These relations imply
that 9; ---0; = 0ifs; ---s; is not a reduced word, and we may define 9y, := 9;, - - - 9;, where
Si, - - - 5, is any reduced word for w. The operators {d, | w € S} are the nonzero composites
of the 9;, and if we let evg f = f(0,0,...) denote the constant term map, then 9, and &, satisfy
the duality

(SAY] awGw/ = 5w,w’-

The following are a representative sampling of classical results concerning the relationship be-
tween Sym, and Pol,, which are solved by Schubert polynomials and divided differences.

(Fact 1) (cf. [12, 31]) The Schubert polynomials
o {Sy | Des(w) C [n]} are a Z-basis of Pol,,
o {&y | w ¢S, and Des(w) C [n]} are a Z-basis for Sym C Pol,,, the ideal generated
by positive degree homogenous symmetric polynomials, and
e {&Sy,:w € S,} are a Z-basis for the coinvariant algebra Coinv,, := Pol,, / Sym;
(Fact 2) (cf. [35])) The nil-Hecke algebra Endsym_ (Pol,) of endomorphisms ¢ : Pol,, — Pol, such
that ¢(fg) = f¢(g) whenever f € Sym , is generated as a noncommutative algebra by
the divided differences 04, ..., 0,1 and (multiplication by) x1, ..., x,.



4 PHILIPPE NADEAU, HUNTER SPINK, AND VASU TEWARI

(Fact 3) (cf. [12,49]) The S,-harmonics HSym,, defined as the set of polynomials f € Q[A,...,A,]
such that g(d%l, cee diM) f = 0 whenever ¢ € Sym,, is homogenous of positive degree, has
a basis given by the “degree polynomials” Gw(%, ceey %ﬂ) [Ti<j(Ai — Aj) forw € S,
A research program [4, 9, 40, 41] that has garnered attention in recent years revolves around
answering the following question, which is the focus of this article.

Question 1.1. How do such results generalize to the quasisymmetric polynomials QSym, C Pol,?

Recall that f € QSym, if for any sequence ay,...,a; > 1, the coefficients of xfll x -x?k" and

a ay -« . . . .
jll . jkk in f are equal whenever 1 <i; < --- < i <mand1l <j; < --- < jp < n. Concretely,

just as the ring of symmetric polynomials Sym, C Pol, are invariant under the natural action of

Xl x
the symmetric group S,, permuting variable indices, the quasisymmetric polynomials QSym, are
the ring of invariants under the quasisymmetrizing action of S, on Pol,, due to Hivert [28] where
the transposition (i,i + 1) acts on monomials x := x' - - - x3* by

C

S;i X ifCl'IOOI'Ci_H:O,

(12) o x¢ =

C

X otherwise.

Under this action, the orbit of x° is the set of x° where the ordered sequence of nonzero entries of
c’ is the same as for ¢, so e.g. x:fxz + x%xg + ng3 € QSymj,.

Pursuing this parallel further, Aval-Bergeron-Bergeron [4] studied the quasisymmetric coinvari-
ants QSCoinv, = Z[x1,...,x,]/QSym; and produced a basis of monomials indexed by Dyck
paths which in particular implies that the dimension of this space is given by the nth Catalan
number Cat,. Subsequent work of Aval [3] and Aval-Chapoton [6] generalized these results to
a variant of quasisymmetric polynomials "QSym, in several sets of equisized variables called

m-quasisymmetric polynomials. On the other hand, in [28] an isobaric quasisymmetric divided
X f—xioif
-:Ci+1*xi

baric divided difference

difference was studied, which was obtained by replacing s; with ¢; in the usual iso-

Xip1f—xisif

Xit1—Xi
operators obtained by replacing s; with o; in the definition of d; do not appear to behave well
under composition, nor do they descend to QSCoinv,, (unlike dy,...,0,-1 € Endgymn (Pol,, ) which
descend to endomorphisms of Coinv,,).

used to define Grothendieck polynomials. Unfortunately, the

We introduce a “quasisymmetric divided difference formalism”’ built around linear operators
T; : Pol — Pol satisfying the relations

TZT] = T]‘TZ‘+1 fori > ]

of the (positive) Thompson monoid [50], implying that composite operators Tr are indexed by binary
indexed forests F [38, §3.1] (see also [8]). Just as ker(d1|po1,) N - - - Nker(d,—1|poi,) = Sym,,, we have

Unrelated to the similarly named “quasisymmetric Schubert calculus” of [41].
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ker(T1|poy,) N -+~ Nker(T,—1|pol,) = QSym,,, justifying the name, and they descend to operators
T1,...,Tho1 1 QSCoinv, — QSCoinv, ;. We will see that they interact with the family of forest
polynomials 3, [38] analogously to how 9; interacts with &, with the role of ws; being played by a
certain “trimmed forest” F /i, allowing us to tightly follow the classical theory to obtain analogues
of all of the above results. In particular, we resolve the following long-standing question.

Question 1.2 (Aval-Bergeron-Li [5]). For HQSym,, the analogously defined “quasisymmetric har-
monics”, find a combinatorially defined basis and show that every element of HQSym,, is in the
span of the partial derivatives of the degree n — 1 quasisymmetric harmonics.

In fact, we will show "QSym -analogues of all of the above results. For each m we will define
m-quasisymmetric divided differences T3" satisfying the relations

TETE = TATE fori >

of the m-Thompson monoid ThMon™, whose compositions T are indexed by (m + 1)-ary indexed
forests F € For™. They interact analogously with a new family of “m-forest polynomials” {3 :
F € For"} which when m = 1 specialize to the aforementioned forest polynomials of [38], and
when m — oo become the monomial basis.

Outline of article. We refer the reader to Table 1 for a quick overview of where the analogous
constructions and results in the theory of symmetric functions appear in this paper. In Section 2 we
describe a single-alphabet approach to m-quasisymmetric polynomials and introduce operators R;
and T;* which can be used to characterize m-quasisymmetry. In Section 3 we describe in depth the
combinatorics of certain (m + 1)-ary forests For™.

In Section 4 we show that the compositional structure on For™ is given by the “m-Thompson
monoid” which has a simple presentation by generators and relations. In Section 5 we define
the m-forest polynomials B for F € For™ and show that the T?* operators give a representation
of the m-Thompson monoid, implying their composites T are also indexed by F € For™. In
Section 6 we show that T} interacts with the m-forest polynomials B in an analogous way to
how 0; interacts with the Schubert polynomials &,. This key fact implies a number of spanning
and independence properties for the m-forest polynomials. In particular, we show how to extract
individual coefficients in m-forest polynomial expansions. In Section 7 we show a number of
positivity results concerning these expansions. In Section 8 we show that the fundamental m-
quasisymmetric polynomials are a subset of the m-forest polynomials, and use this to derive a
simple formula for the fundamental m-quasisymmetric expansion of an arbitrary f € "QSym,.
In Section 9 we show how the quasisymmetric divided difference formalism implies analogues
of (Fact 1) and (Fact 2) above. In Section 10 we show the m-quasisymmetric analogue of (Fact 3),
and resolve Question 1.2. Finally, in Appendix A we prove the interaction between T;* and By by
using the explicit combinatorial description of BF.
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Table 1: Comparing the symmetric and m-quasisymmetric stories

"QSym,, Sym,
Divided differences T 0,
3 | Indexing combinatorics F € For™ W € Seo
Fully supported forests For}; Sn
Forest code c(F) Lehmer code lcode(w)
Left terminal set LTer (F) Descent set Des(w)
F/ifori € LTer(F) ws; for i € Des(w)
Trimming sequences Trim(F) Reduced words Red (w)
Zigzag forests Z € ZigZag,, Grassmannian permutations A
4 Monoid m-Thompson monoid nilCoxeter monoid
5 Pol-basis Forest polynomials 3. Schuberts &,
Composites Ty =T, T, fori € Tim(F) | 9, =0; ---9;, fori € Red(w)
6 Pol,-basis {PBp | LTer(F) C [n]} {&y | Des(w) C [n]}
Duality evy T%‘,BG =I0rG ev 0w Sy = dyu
7 | Positive expansions PPy = Lef yPBs, cEy >0 GuSw =1 S0, ¢4, >0
8 Invariant basis Fundamental m-qsyms 33, Schur polynomials s,
9 Coinvariant basis {PBp | F € Fory'} {Gw | we S}
Coinvariant action T : "QSCoinv, — "QSCoinv,, 9; : Coinv,, — Coinv,
10 Harmonic basis Forest volume polynomials Degree polynomials

Acknowledgements. We would like to thank Dave Anderson, Nantel Bergeron, Lucas Gagnon,
Darij Grinberg, Allen Knutson, Cristian Lenart, Oliver Pechenik, and Frank Sottile for several
stimulating conversations/correspondence.

2. m-QUASISYMMETRIC POLYNOMIALS

The ring QSym,, of quasisymmetric polynomials was recalled in the introduction. Given an
integer m > 1, we will work in the more general context of m-quasisymmetric polynomials. Classi-
cally, these are defined as certain polynomials in the polynomial ring Z [{zgj ). H1<j<m] where
ZY ), zéj ) ... are considered the j’'th colored variables [3, 6, 7, 42]. Most of these works are in the set-
ting of formal power series instead of polynomials, but we can pass to the finite variable setting by

truncating the variable sets. The m-quasisymmetric polynomials are usually defined as the linear
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span of a basis of “fundamental” m-quasisymmetric polynomials [29, §3.2]; these will ultimately
play an important role as the analogue of Schur polynomials in our theory later on (Section 8).

We adopt a slightly different perspective on "QSym, which we have not seen in the existing
literature despite its naturality. By arranging the variables in order

(1) _(2) (m) (1) (2)

270,202y 2y 2y
and relabeling them x1, x2, ..., X, Xm+1, Xm+2, - . . We obtain the following description.

Definition 2.1. The m-quasisymmetric polynomials "QSym, C Pol, are those polynomials such that

3

for any sequence ay,...,a; > 1, the coefficients of xfll - -xfk" and x;lll Soe X are equal whenever

1<ii< - <ip<nand1<j; < ---<jr<nandi; =j,modmforalll < /¢ <k

When m = 1 we recover the quasisymmetric polynomials QSym, recalled in the introduction.
For arbitrary m the equivalence with the description given in [29, §3.2] is straightforward, and we
will not comment on this further. Beyond the convenience of having only a single alphabet, the
definition also highlights a behavior with respect to translation which is difficult to see in terms of
colored alphabets.

Example 2.2. The following polynomials in Poly are 1-quasisymmetric, 2-quasisymmetric, and
3-quasisymmetric respectively:

x§x4 + x%x4 + x%x4 + X%X3 + X%X3 + x%xz,

x§x4 + X%X4 + x%xz,
X§X4.
Let Codes denote the set of all sequences (c¢;);en of nonnegative integers with finite support, i.e.
there are only finitely many nonzero c;. Given c € Codes we let
(2.1) €= [ «f.
i>1

Now note that in Definition 2.1 the condition on the monomials whose coefficients must be equal
can be rephrased as saying that the coefficients of x° and x° are equal if ¢’ can be obtained from c
by adding or removing consecutive strings of m zeros into c. We now set up an analogous theory
of Hivert’s quasisymmetrizing action (1.2) for m-quasisymmetry.

Definition 2.3. Lets(;;, ) swap x; with x;,,. Then we define
(2.2) m_c ) SGivm) X ifci=--=Cigmo =00rcip = Cipm =0

o Xt =
x¢ otherwise.

Note that while the s(; ;. ,,) generate a product of symmetric groups on the residue classes mod
min {1,...,n}, we do not claim anything about the group generated by the ¢;" operators.
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Lemma 2.4 ([28, Proposition 3.15] when m = 1). f(xy,...,x,) € Pol, is m-quasisymmetric if and
onlyif f =07 f =" =0, ,.f

Proof. If f is m-quasisymmetric then the coefficients of x? e x;f and o'imx;1 e x;{" are equal, which
guarantees the string of equalities.

Conversely, suppose we have the string of equalities. It suffices to show that we can get from x°
to x° by applying the 0" operators whenever c and ¢’ differ by inserting or removing consecutive
strings of m zeros. To see this, first note that iteratively applying o;* whenever the exponents of
Xi, ..., Xiym—1 are zero but the exponent of x;,, is nonzero, we eventually terminate at a monomial
x4 with d uniquely determined as follows. The sequence d has the same nonzero entries as c in
the same order with the same residue classes mod m of the indices of the nonzero entries (since
each ;" preserves these properties), and furthermore there is no consecutive strings of m or more
zeros before the last nonzero d;. But ¢’ has the same nonzero entries as c in the same order with
the same residue classes mod m of the indices of the nonzero entries, so we can also reach x9 from

C

¢ in the same way. ]

2.1. m-quasisymmetry via the Bergeron-Sottile map R;. It should be noted that o;* does not re-
spect multiplication even for m = 1, so for example this fixed point property does not immediately
imply that "QSym, is a ring. The following result is at the heart of our understanding of qua-
sisymmetric and m-quasisymmetric functions, which fixes this deficit of ¢* by using the equality
of certain ring homomorphisms R to characterize m-quasisymmetry. Even for m = 1 this charac-
terization does not seem to be widely known, although it was implicitly used in the study of the
connection between quasisymmetric functions and James spaces by Pechenik—Satriano [41]. We
call this the Bergeron—Sottile map as they were the first to introduce this [10], somewhat surprisingly,
in the context of Schubert calculus (see also [11, 32]).

Definition 2.5. For f € Pol we define
(23) Rl(f) :f(xl,...,x,-,l,O,x,-,...).

In other words, R;(f) sets x; = 0 and shifts x; > x;_; for all j > i + 1. In particular, for f € Pol,
and i < n we have R;(f) € Pol,,_; is given by

(24) Rl(f) :f(x1,...,xi_l,O,xi,...,xn,l).

Theorem 2.6. f € Pol, has f € "QSym, ifand only if RY'f =--- =R} f.

Proof. We write 0™ for a list of m zeros, so that R (f) = f(x1,...,xi-1,0",%;,...,Xy—). For 1 <
i<n—m,and c = (c1,...,Cn—m), the x°-coefficient in (R;-“+1 — R")f is the difference of the coeffi-

. / "
cients of x© and x® wherec = (cy,...,¢i1,¢;,0™,¢ix1, ..., cn—m)and c” = (c1,...,¢ci1,0™,¢i, Civ1, -+ ) C—m)-
This difference is 0 if f € "QSym, and therefore R, ; f — R!"f = 0 in that case.
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Conversely, the vanishing of (R, — R}")f implies by the above computation that for all c as
above we have the difference of the x¢ and x<" coefficients in f is 0. Noting that for each d =
(dy,...,d,) we have either x¢ = (Timxd or {xd,o'imxd} = {xcl,xcﬁ} for some ¢ = (¢1,...,Cn—m), We
deduce (id —o") - f = 0. Since this is true for 1 <i < n —m, by Lemma 2.4 f € "QSym,,. O

Corollary 2.7. "QSym,, is a ring.
Proof. 1f f, g € ™QSym, then RY"(fg) = R*(f)R"(g) = R, (f)RE.(8) = R, (fg) for 1 < i <
n—m,so fg € "QSym,,. O

The case m = 1 of the preceding result is classical; see [25, Proposition 5.1.3] for a proof in the
setting of quasisymmetric functions. The typical proof that QSym  is closed under multiplication
involves identifying an explicit basis whose multiplication can be explicitly computed. In contrast
our algebraic proof only uses that R}" respects multiplication.

2.2. m-quasisymmetric divided differences T;". For f € Pol consider the long range divided
difference

my o f = f X X Xig -+ X -1, Xiy Xifmg 1 - - )
(2‘5) ai (f) — 7 7 7 7 7 7 7 7 7

4

Xi = Xitm
specializing to 0; for m = 1. For i in a fixed residue class mod m these operators are just divided
difference operators on the x; variables in this residue class, and in particular the 9;* with i in
different residue classes commute with each other.
The quasisymmetric analogues of 0™ we now define do not have this degenerate feature.

Definition 2.8. We define the ith m-quasisymmetric divided difference T;* : Pol — Pol by any of the
equivalent expressions

R f—RI'f
X; !

1

(2.6) T f =Rl"07f =R, f =
and when m = 1 we write T; := T%.

For f € Pol, we have explicitly for 1 <i < n — m that szf € Pol,—, is given by

(27) Tlm(f) _ f(xll e, Xio1, X4, Oml Xit1s--- /xn—m) ;f(xl/ e Xi1, Oml XiyXit1se-- ;xn—m) )
i

Remark 2.9. We can express T;" in terms of T; and R; via the identity

m_ -1
O =TRIT.
Theorem 2.10. f € Pol, is m-quasisymmetric if and only if T{"f = --- = T," . f = 0.

Proof. This is a rephrasing of Theorem 2.6 since we have T;*(f) = 0 <= R, (f) = RI"(f). O
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Example 2.11. Let f = x3x4 + x2x4 + x2x,. Then we can verify by inspection that f € 2QSym,.
Alternatively, we can compute
1

T%(f) = ;(f(xl,O,O,XZ) —f(O,O,x1,x2)) = —x1x20+x1%0+0=0

1
T3(f) = o (f(x1,32,0,0) = f(x1,0,0,x2)) = 0 — ¥ + 28 =0,
which by Theorem 2.10 implies f € 2QSym,.
The twisted Leibniz rule for 97" is

(2.8) 0 (f8) = 97 ()8 + (S(isiem) - £ (8)-
We describe an analogous rule for T;".
Lemma 2.12 (Twisted Leibniz rule). For f, g € Pol we have
T(f8) = TH (IR (8) + R (HTHE)
Indeed The equality follows by dividing both sides of the following equality by x;.
(29)  Riia(fg) —Ri(f8) = REL(/IRE(8) — RI(/IRE(8) + R (IR () — RI(FRY(8)-
3. INDEXED FORESTS

We now discuss our primary data structure: m-indexed forests. For m = 1 these forests, along
with several combinatorial properties, already appear in [38]. We shall throughout compare our
notions with their classical Seo—counterparts, to which we refer the reader to [34, 35, 48].

The collection of m-indexed forests For™ plays for T;* the analogous role of S, for 9;. In Section 4
we will describe a natural monoid product F - G on For™ and in Section 5 it will be shown that
composites of the T;" are indexed by F € For™ in such a way that TF T5 = Tr.

3.1. (m+1)-ary trees and m-indexed forests. A rooted plane tree is a rooted tree where the children
of a node v are ordered vy, ..., vy with vy the leftmost child and vy called the rightmost child. An
(m + 1)-ary rooted plane tree T is a rooted plane tree where each node has either m + 1 children
o, - .., Um or 0 children. In the former case the node is called internal and we write IN(T) for the
set of internal nodes. Otherwise we say that the node is a leaf. We write |T| = |IN(T)|, and refer
to this as the size of T.

We write * for the trivial singleton (m + 1)-ary rooted tree with | x | = 0, and all other trees we
call nontrivial. Note IN(*) = @, and the unique node of * is both a root node and a leaf.

We are now ready to introduce our main combinatorial object.

Definition 3.1. An m-indexed forest is an infinite sequence Ty, T, ... of (m + 1)-ary trees where all
but finitely many of the trees are *. We write For™ for the set of all m-indexed forests. When m = 1
(i.e. the forests are binary) we write For := For'.
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As an example, Figure 1 depicts an F € For?. Note that by labeling leaves of each tree succes-
sively, we identify the leaves of F with IN, associating the i’th leaf to i € IN.

Notions that apply to trees are now inherited by indexed forests. We write IN(F) = 72 IN(T;),
and |F| = |IN(F)|. In this way, the totality of nodes in F is identified with IN(F) LU IN. For
v € IN(F) we always write

vo, -, 0m € IN(F) UN

for the children of v from leftmost to rightmost.

We say that a node v € IN(F) is terminal if all of its children are leaves. The forest all of whose
trees are trivial is called the empty forest and denoted by &. Finally, for F € For™ we define its
support supp(F) to be the set of leaves in IN associated to the nontrivial trees in F, and for fixed
n > 1 we define the class of forests

For)! = {F € For™ | supp(F) C [n]}.
This class of forests plays the role in our theory of S, C S for fixed n.

T

X

6 7T 8 9 10 11 12 13 14 15 16 17

T,
T /I\ T, T, T, Ty
1 2 3 4 5 6

FIGURE 1. A 2-indexed forest in For%

In Figure 1, T, and Ts are the only nontrivial trees. The bottom labels in red are the leaves,
represented by crosses, identified with IN. The size |F| of F equals 5 as there are five internal
nodes. Furthermore there are three terminal nodes. Finally the support supp(F) equals {2,3,4} L
{7,8,...,14,15}, and it follows that F belongs to For? for any 1 > 15.

Remark 3.2. In the case m = 1, indexed forests were introduced in [38] with a slightly different
notion of support, defined as follows. Given a finite set S of positive integers, an indexed forest
with support S is the data of a plane binary tree with leaves {4, ...,b} for each maximal interval
I ={aa+1,...,b—1}in S. By ordering these binary trees from left to right, and interspersing
trivial trees given by those leaf labels that are not part of any nontrivial tree, we obtain objects
clearly equivalent to the 1-indexed forests of Definition 3.1. This notion of support from [38]
was adapted to a “parking function” interpretation, and our notion of support is computed by
replacing S with SU {x : x — 1 € S}. Although this is a slightly coarser notion, it is more suited to
the perspective of the current work and extends more naturally to m > 1.
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The cardinality of For}; is given by Raney numbers [44], a well known generalization of the Cata-
lan numbers. This follows from an application of the Cycle Lemma (cf. [20, §2.1]) when we note the
following result.

Fact 3.3. F € For]! if and only if the leaves of the first n — m|F| trees of F are {1,...,n} and these
contain all nontrivial trees.

Lemma 3.4. Write n = mq +r where 0 <r < m — 1. Then we have

(3.1) |Form|_r+1<n+q>_ r+1 <(m+1)q+r+1>
' on4+1\ g (m+1)g+r+1 q '
Observe that when r = 0, i.e. n is divisible by m, the right-hand side above becomes the Fuss—

1 +1
Catalan number m((’” . )9

know to be the dimension of QSCoinv,, by [4], a fact that will be reproved in Section 9.

). This at m = 1 recovers the usual Catalan number Cat,, which we

3.2. The code c(F). We now discuss an encoding of m-indexed forests by sequences of nonnega-
tive numbers, playing the role of the Lehmer code on Se.. Recall that the Lehmer code of w € S, is
the sequence lcode(w) := (¢;)ien € Codes where ¢; = #{j > i | w(i) > w(j)}.

Let F € For™. We define the flag pr : IN(F) — IN by setting pr(v) to be the label of the leaf
obtained by going down left edges starting from v.

Definition 3.5. The code c(F) is defined as
c(F) = (¢i)ien where ¢; = [{v € IN(F) | pr(v) = i}|.
Theorem 3.6. The map c : For” — Codes is a bijection.

Proof. There is a well-known encoding (see for example [21]) of (m + 1)-ary trees with n internal
nodes (equivalently having mn + 1 leaves) and “m-Dyck paths”, paths taking steps U = (1,m)
and D = (1, —1) which start at (0,0) and end at (2mn,0) while always staying weakly above the
x-axis. Writing the path as U“*DU®D - - - U, under this encoding the analogously defined code
of the treeis (c1, . .., Cmn, Cun+1 = 0), where ¢; counts the number of internal nodes whose leftmost
leaf descendant is i. Given an m-indexed forest T7, T5, ..., concatenating the tree codes gives the
code of the associated forest in For™.

Now given a code (cy,¢2,...), define the path P = U“DU%D ---. Then for any k > 1, the
section of P from the first time it touches y = —k to the last time it stays weakly above y = —k is
an m-Dyck path, corresponding to a tree Tj via the encoding above. Since P ends with an infinite
sequence of D’s, Ty is trivial for k large enough. Thus F = Ty, T», ... is an m-indexed forest, and
(c1,¢2,...) — Fis the inverse of F — c(F). O

In particular any mathematical object indexed by For™ can be indexed by Codes.
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3.3. The left terminal set LTer(F). We now proceed to define a set of indices attached to an m-
indexed forest that shall play a role analogous to the descent set Des(w) for a permutation w € S.
For F € For™, let

(3.2) LTer(F) := {pr(v) | v a terminal node in F}.

These are precisely the leaves arising as the leftmost children of terminal nodes. For F in Figure 1
we have LTer(F) = {2,7,12}. In terms of c¢(F) = (c;)ien, the following criterion is an immediate
consequence of the prefix traversal aspect of our bijection:

(3.3) i€ LTer(P) < >0andcj 1= =cjipy =0.
In particular,

(3.4) i,j€LTer(F) = |i—j|>m+1.

3.4. Left and right terminally supported forests. The following class of left-terminally supported
forests plays the role of the set of permutations w € S. with Des(w) C [n] or equivalently
lcode(w) = (c1,...,¢n,0,...).

LTFor)! := {F € For™ | LTer(F) C [n]}
={F e For'" | ¢(F) = (¢1,...,¢1,0,...)}
= {F € For" | pp(v) <nforallv € IN(F)}

where the second equality follows from (3.3). LTFor;’ thus consists of those F € For" whose leaves
arising as leftmost children of internal nodes are supported on [n], or equivalently such that the
leftmost leaf descendant of any internal node lies in [1]. This latter identification implies

For)! C LTForj.

For the forest F in Figure 1, we have F € LTFor% foralln > 12.
More generally for any subset A C IN, an analogue of the set of permutations w € S, with
Des(w) C Ais

LTFor} = {F € For" | LTer(F) C A},

and for A = [n] we recover LTFor]} = LTFor’y.

The following class of right-terminally supported forests play the role of the set of permutations
w € Se with Des(w) N [n—1] = @.

For a givenn > 1 and F € For™, say that an internal node v € IN(F) is supported on [n] if all
leaves that are descendants of v lie in [n]. In particular F € For]; if and only if all its internal nodes
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are supported on [n]. In contrast, let
RTFor”, :={F € For™ | no v € IN(F) is supported on [n]}.
={F € For" | v,, > n for all terminal v € IN(F)}
_ m
_LTFor{n—m+1,n—m+2,...}'
To reorient the reader, in terms of leaves we note the following characterizations: F € RTFor”,

(resp. LTFor,, resp. Fory') if and only if all rightmost leaves of F are > n (resp. all leftmost leaves
are < n, resp. all rightmost leaves are < n).

3.5. Zigzag forests. The final class of forests we consider are the “zigzag forests”, which will play
an analogous role to the n-Grassmannian permutations Grass, := {w € S | Des(w) C {n}}.

ZigZag,' = LTFor;' NRTForZ, = LTForTn—m—i-l,n—m-i-Z,...,n}
= {F € For" | #LTer(F) <1land LTer(F) C {n —m+1,...,n}}.

An element of ZigZag? is shown in Figure 2. Note that it also belongs to ZigZag?.

1 2 3 4 5 6 7 8 9 10 11 12 13
FIGURE 2. A forest F € For? in ZigZag? and ZigZag? with LTer(F) = {6}

By (3.4) the condition that #LTer(F) < 1 is redundant in light of the containment LTer(F) C
{n—m+1,...,n}. We refer to these as zigzag forests, since they consist of at most one nontrivial
tree whose internal nodes form a chain. From the definition it is clear that we have

ZigZag!" C LTFor!".

When m = 1 we write ZigZag,,, which are those forests F € For that are empty or have LTer (F) =
{n}. These were previously considered under the name linear tree in [38].

3.6. Trimming and blossoming. We introduce two elementary operations of “blossoming” and
“trimming” on forests, which play the role of the transformations w +— ws; for w € S. when
i ¢ Des(w) and i € Des(w) respectively.

Definition 3.7. For F € For™ and any i, the blossomed forest F - i is obtained by making the ith leaf
of F into a terminal node by giving it m + 1 leaf children. If i € LTer(F), we define the trimmed
forest F /i € For™ by removing the terminal node v with pr(v) = i.
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Clearly we always have (F -i)/i = F, and if i € LTer(F) we have (F/i)-i = F. The reader
curious about our choice of notation will find a satisfactory explanation in Section 4.
These operations are easily reflected in terms of codes. If ¢(F) = (c¢;);en then for i € IN we have

(35) C(F : 1) = (Cll e, Cim1,6 1/ Oml Cit1,Cit2,- - )

In other words we increment the ith part of c¢(F) and insert a string of m zeros immediately after.
If i € LTer(F) thenc(F) = (¢1,...,¢;,0™, Citmi1, Citms2, - --) with ¢; > 0 and

(36) C(F/Z) = (Cl, e, Ci1,Ci — 1, Citm+1,Citma2, .- - )

In words we decrement the ith part of ¢(F) and delete the string of m zeros that follows immedi-
ately. See Figure 3 depicting the twin operations for m = 1. Make note of the shift in the indices
comprising the support stemming from the addition/deletion of strings of Os.

/\F
/\
1 2 3 4 5 6 7

5 7 8

/<\\F '4
A aN o aN
1 2 3 4 5 6 7 6 7 8 9

4
s¢
] 8 1 2 3 4 5

FIGURE 3. An F € For with ¢(F) = (2,1,0,1,0,0,1,0,...), and the corresponding
F/2 and F-4. We have c¢(F/2) = (2,0,1,0,0,1,0,...), and c(F -4) =
(2,1,0,2,0,0,0,1,0,...).

Iterating the notion of trimming, we obtain the notion of trimming sequences Trim(F):

Definition 3.8. For F € For" with |F| = k, we define Trim(F) recursively by setting Trim (&) =
{2}, and for F # & we define

Trim(F) = {(i1,..., i) | (i1,...,ix_1) € Trim(F/ix) and iy € LTer(F)}.

This plays the role of the set of reduced words Red(w) for w € Se. Note that the elements of
Trim(F) are in obvious bijection with standard decreasing labelings of F, i.e. bijective labelings of
IN(F) with numbers drawn from {1, ..., |F|} so that the labels decrease going down from root to
terminal nodes.
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4. FORESTS AND THE THOMPSON MONOIDS

We now develop the combinatorics of the m-Thompson monoid ThMon™, which we will show in
Section 5 governs the composites of the T* operators. By identifying this monoid with a monoid
structure on For”, we will be able to index compositions of T;" operators as T;"- - - T;" = Ti where
F € For™ and (iy, ..., i) € Trim(F). This is analogous to how we can index compositions of usual
divided differences 9;, - - - 9;, = 9, with w € S for (iy, ..., i) a reduced word.

4.1. A monoid structure on Forests.

Definition 4.1. We define a monoid structure on For” by taking for F, G € For™ the composition
F - G € For™ to be obtained by identifying the ith leaf of F with the ith root node of G. The empty
forest @ € For™ is the identity element.

F G 3
1 3 5 6 1 2 A 5
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
2 3
-G G- F
' A ! A
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

FIGURE 4. The products F - G and G - F for F, G € For, with both roots and leaves labeled

If H € For™, then factorizations H = F - G are in one-to-one correspondence with partitions
IN(H) = AU B where A is closed under taking parents and B is closed under taking children, and
then we may identify A = IN(F) and B = IN(G). An example of this is depicted in Figure 4.

Let h be the unique (m + 1)-ary plane rooted tree with | M | = 1, and define i € For™ by

N——
i-1
We note that F - i agrees with the blossoming F - i defined previously. With this notation, it is clear
that for F € For™ with |F| = k that

Trim(F) = {(il,...,ik) F:”Lk}

The following shows that the i forests play an important role in the monoid For™.

Proposition 4.2. Every F € For™ has a unique expression F = 17 - 22 - . .. The exponents are given

by c¢(F) = (c1,¢2,...).
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Proof. The code map is a bijection by Theorem 3.6, thus it suffices to show that c(1 -2%...) =
(¢i)ien. We induct on Y ¢;. The result is trivial if }_c; = 0, so suppose that }_c; > 0. We have

(4.2) c(1-2% . .n) = (1922 - n 1 n) = c(F - n)

where by the inductive hypothesis c(F') = (c1,...,¢4s-1,¢x — 1,0,...). Hence by (3.5) we have
c(F'-n)=1(c1,...,n,0,...) as desired. O

The following says that the monoid For™ is right-cancellable.
Proposition 4.3. For fixed G € For™, the map H +— H - G is an injection on For™.

Indeed, by writing G = iy - - - i, we can recover H from H-Gby H = (((H-G/ix)/ix_1) - - ) /i1.
We can thus define the following.

Definition 4.4. For F,G € For",say F > Gif F = H - G for some H € For". If F > G then we
write F/G € For™ to be the unique indexed forest with F = (F/G) - G.

The following is true in any right-cancellable monoid:

Corollary 4.5. If F > H, then G > F if and only if both G > H and G/H > F/H. Under either
supposition we have G/F = (G/H)/(F/H).

4.2. The Thompson monoid. We consider the following monoid given by generators and rela-
tions presentation (see Remark 4.8 for an explanation of the name).

Definition 4.6. The m-Thompson monoid ThMon™ is the quotient of the free monoid {1,2,...}*
by the relationsi-j=j- (i+m) fori > j.

It turns out to describe exactly our monoid structure on For™.
Theorem 4.7. The map ThMon™ — For”™ given by i — i is a monoid isomorphism.

Proof. The monoid structure on For”™ satisfies

43 Pei=kee- o= h >,

(4.3) Pej=gccxh ok Mkx j i+ mwheneveri > j
j—1 i—j+m—1

It follows that the map is a well-defined monoid morphism. It is surjective since the indexed
forests i generate For” by Proposition 4.2. Using the rulesi-j = j- (i +m) fori > j, every element
i1 -+ -ix € ThMon™ can be written as 1° - 22 - - - for some cy, ¢y, . . . by moving the smallest ij to the
front and recursing on the remainder of the word. But each 1°2% - .. maps to a unique indexed
forest 1°! - 22 - . - by Proposition 4.2, which establishes injectivity of the map. O

From now on we will tacitly identify elements iy - - - iy € ThMon™ of the Thompson monoid and
the associated forest i; - - - i in For™, and so omit the underlines from now on.
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Remark 4.8. By formally adding inverses to the elements of ThMon™ we obtain the Higman-
Thompson group

G = ({ritien | rivj = 1i7ipm fori > j),

the group of piecewise-linear homeomorphisms f : [0,1] — [0, 1], all of whose nonsmooth points
liein Z [%ﬂ] and whose slopes are powers of m + 1 [14, §4]. The elements of ThMon™ correspond

to those maps whose nonsmooth points have x-coordinates of the form 1 — m, and every
element of G, 11 is uniquely of the form FG~! where Des(F) N Des(G) = &, see [8, 17] for the
case m = 1, and for a discussion of the higher m > 1 case see [16, 18]. For further combinatorial

considerations of Thompson monoids see [19, 50].

4.3. A monoid factorization. We will need an analogue for LTFor) of the following canonical
decomposition for permutations w € S with Des(w) C [n], which index the n-variable Schubert
polynomials &, (x1, ..., xy,).

Observation 4.9. Fix n > 1. Every w € Se can be uniquely written as w = uv where Des(u) N
[n—1] =g and v € S,,. Here v € S, is the unique permutation so that w(v=1(1)) < w(v"1(2)) <
- <w(v Y (n)) and u = wo L.

Moreover Des(w) C [n] if and only if Des(u) C {n}, i.e. u is an n-Grassmannian permutation.

Let us give an analogue of this factorization for forests, which will be of particular importance
when studying quasisymmetric coinvariants in Section 9. To state it, we need the map 7 : For” —
For™ defined by 7(F) = %, F, which shifts the forest one unit to the right. For G € For™ of the form
G = %, F we also write T~ (G) = F, which shifts the forest one unit to the left.

Theorem 4.10. Let n > 1, and F € For™. Let H < F be the forest induced by all internal nodes of
F that are supported on [1]. Then F — (t"l(F/H), H) is a bijection:

©®, : For — {(R,H) € RTFor”, x Forl! | R = & or minsupp R > m|H|}.
It restricts to a bijection
@), : LTFor)! — {(G, H) € ZigZag)! x For) | G = @ or minsupp G > m|H|}.
We give an example of @), in Figure 5.

Proof. Let us first show that ©, is well-defined. By construction H is clearly a subforest of F that
belongs to Fory'. By Fact 3.3 its first n — m|H| trees Ty, ..., T,_,, | have [n] as the union of their
leaves, and the other trees are trivial. As F = (F/H) - H, we see that F is obtained by grafting T}
through T,,_,, | to the first n — m[H| leaves of F/H. None of these first n — m|H| leaves can be
the rightmost leaf of a node of F/H, as then the corresponding node in F would be supported on
[n]. Tt follows that F/H € RTFor”  and thus "HI(F/H) € RTFor™,. So ©, is well-defined.

>n—m|H
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F m
1 23 45 6 7 8 91011121314 1516 1718

o/ N\
AN A

123456 789 10111213 1415161718 123456 7 89 10111213

FIGURE 5. Example of the map @), for n = 13. White and black vertices contribute
to G and H respectively.

Clearly O, is injective, as if ®,(F) = (R, H) then F = (T"”'H |R) - H. Let us show surjectivity.
Fix (R, H) € RTFor”Z, x For}! with minsupp R > m|H|. By definition of the monoid product, all
nodes in (t—"HIR) - H coming from H are supported on [1] since H € For™. Now fix a node v in
t-mHIR, Since T ™HIR € RTFor’gnfm| H|’ the tree rooted at v has a rightmost leaf descendant >
n — m|H|. Now the first n — m|H| trees in H have leaf set [n], so in (t~™HIR) - H the tree rooted at
the node coming from v will have a rightmost leaf descendant > 7. Thus nonode in (t~""/R) - H
coming from "I R is supported on [n]. It follows that ®,((t~™HIR) - H) = (R, H).

Assume now F € LTFor)!, so that all leftmost leaves are < n, and let ®},(F) = (G,H). If v is
a terminal node of TG, then it has a leaf > n — m|H| since rmHIG e RTFor’gnfm|H|. The
corresponding node vr in F = (t~"HG) - H has a leaf descendant < n which implies that v has
also a leaf < n — m|H|. This implies p, wus(v) € {n —m|H| —m+1,...,n — m|H|}. Since this
holds for all terminal nodes of T~ "!IG we have T"HIG ¢ ZigZagf_m“ﬂ, ie. G € ZigZag,'. By
the same reasoning in reverse we have that rmHIG e ZigZag,' mlH]| implies that F € LTFor},, and
thus @), is a bijection. O

5. FOREST POLYNOMIALS P AND TRIMMING OPERATORS T

We now introduce a new family of polynomials B, indexed by F € For” which we call m-
forest polynomials that specialize to the forest polynomials of the first and third authors [38] when
m =1, as well as composites T of the operators T} indexed by the same set. These will play the
roles of {Sy : w € Seo} and {9y, : w € Soo } respectively.

5.1. Forest polynomials ‘3.
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Definition 5.1. For F € For™, define C(F) to be the set of all x : IN(F) — IN such that for all
v € IN(F) with children vy, ..., v, € IN(F) UIN we have

e k(v) < pr(v)

o If v; € IN(F) then x(v) < x(v;) — i

e «(v) = p(v) mod m.

The m-forest polynomial B is the generating function for C(F):

Pe= Y I %o

x€C(F) veIN(F)
When we need to disambiguate m, we will write the m-forest polynomial as B

For m = 1 we recover the definition of forest polynomials as defined in [38, Definition 3.1].
The following fact plays the analogous role that for a Schubert polynomial with Lehmer code c
we have

Sp =x"+ Y bax

d<c

where the ordering in the sum is the revlex (reverse lexicographic) ordering.

Proposition 5.2. For F € For™ with code c¢(F) = (cy,¢2,...), we have

('BF — XC(F) + Z ﬂdXd
d<c(F)

where the revlex ordering is used. Furthermore, if ¢; = 0 for all i > m then P, = x<(F).
Proof. The first part follows because the filling «(v) = pr(v) is always valid, and every other filling
gives a monomial which is smaller in the revlex ordering. If ¢; = 0 for all i > m, this is the only
valid filling since 1 < x(v) < pr(v) < m and x(v) = pp(v) mod m, which implies P, = x<F). O
An immediate corollary is that {F : F € For™} is a basis of Pol; even more, {B} : F € LTFor)'}
is a basis of Pol, for any n > 1. We will show this again in Proposition 6.11 using the new divided
difference formalism we will introduce shortly.
For F € For? in Figure 6 we have

2 2
Pr = X2X3X5 + X2X3X4X6 + X2X3X].

Note that ¢(F) = (0,1,1,0,0,2,0,...) and x<(F) = xzxgxg is indeed the revlex leading term.
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2 2 2

12 3 4 5 6 78 9 101 1 2 3 4 5 6 7 8 9 1011 1 2 3 4 5 6 7 8 9 1011

FIGURE 6. An F € For? with the three fillings in C(F)

Nested forests. The content will only be used in Section 10, in the case m > 1. An indexed forest
F € For™ naturally gives rise to an m-colored nested binary forest F, as follows. We define the
coloring of F € For™ as the map p, : IN(F) UIN — Z/mZ by

(5.1) Pr(v) = (0r(v) mod m).
For v € IN(F) with children vy, ..., v, € IN(F) LUIN we have
(5.2) pr(vi) = pp(v) +imod m,

since the number of leaves in the subtree supported by v; is 1 mod m for j =0,...,i — 1.

We define F to be the nested binary plane forest obtained by deleting all edges connecting
v € IN(F) to one of its internal children vy,...,v,_1, and when referring to v € IN(F) as an
internal node of F, we write v; := vy and vg = v,, for the left and right children of v. From (5.2)
it is clear that the connected components of F are monochromatic binary trees, which we can then
color with the common color of their vertices, as in Figure 7.

N N

=

) ’)78‘)1()11]21’%11]' 9 )1112]21115

FIGURE 7. A forest F € For? and its associated colored F

Given x : IN(F) — NN, let ¥ : IN(F) UIN — IN be obtained by extending « to IN by setting
%(i) = i. One checks that in terms of the colored forest F, we have x € C(F) if and only if:
e For v € IN(F) we have k(vr) > ¥(v) < k(vR).
e If v, € IN(F) are roots of connected components of F with the tree supported by w nested

in the tree supported by v, then x(v) > x(w).
e ¥(v) = pp(v) mod m for all v € IN(F)
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7, ™

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 8. Inequalities defining ‘1312; from the F perspective for the F in Figure 7

5.2. Trimming operators T%. Let T™ : Pol,,+1 — Polj be the operator

£x,0m) = £(0",x).

X

(5.3) TH(f) =

Then viewing Pol = Pol;"* we have T}* = id?1 @T™ @ id¥>. Because of this, it turns out that
composites T% e T% are naturally encoded by the structure of an m-indexed forest. For example,
we can write T%T%T%T%T%T%3 as

T2(T2(id%) @ T2(T2(id*?) ® T2(id®®) ®id) ® id) ® id ®@T2(1id*®) @ id**

and this latter expression is nested via the parenthesization in a way that is encoded by F =
1-1-4-4-7-13 € For?, the forest in Figure 7 (left).

In this way F can be thought of as encoding a composite T operator taking inputs in the leaves
and producing an output in the roots, which explains why the compositional structure of the T;*
is reflected in the monoid composition on For™.

Using the m-Thompson monoid gives us a quick way to prove this identification.

Proposition 5.3. T;'T;* = T/T7  fori > j. In particular i — T;* induces a representation of

ThMon™ via compositions of the Tim operators.
Proof. We verity

mom __ - 3®j—1 s 3i—j—1 s qRo0 _ pmym
(5.4) TTT]’.”_ldJ RTrid™/ @T" ®id _T;."Tﬁm. O

Definition 5.4. For F € ThMon™, define Ty := T;'- - T;" for any expression F = iy - - - .

I

In the next section we develop the divided difference formalism relating m-forest polynomials
{By : F € For™} to the trimming operators TF.
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6. CHARACTERIZING m-FOREST POLYNOMIALS VIA TRIMMING OPERATORS

This section forms the core of this work, the main result being Theorem 6.5. Every result is
exactly analogous to a corresponding result for divided differences d,, and Schubert polynomials.

The following theorem forms the bedrock for everything that comes after, and is directly anal-
ogous to the interaction in (1.1) between d; and Schubert polynomials.

Theorem 6.1. For F € For™ and i > 1 we have

B, ifieLTer(F)
(6.1) TR, = THI '
0 otherwise.

We defer the proof by explicit computation to Appendix A.

Example 6.2. In Figure 9 we depict successive applications of the trimming operators T; to a
forest polynomial B, with F € For, which by Theorem 6.1 produces further forest polynomials
associated to trimmed forests. If T; does not appear then its application gives 0.

2 3 4 1
L%Lg + L%Ls T 1
Tl />\ TQ
1 2 3 4

T1T2

FIGURE 9. Sequences of T; applied to B, with F=1-1-3 € For

Remark 6.3. The actual definition of m-forest polynomials will play no role in all subsequent
proofs. As we will shortly see in Theorem 6.5, the polynomials P} are in fact determined by
the condition in Theorem 6.1, homogeneity, and the normalization condition P, = 1. We will
use this characterization in proofs, signaling however when a simple alternative proof using the
combinatorial definition can be given.

The classical proof that Schubert polynomials exist (i.e. that a homogenous family of poly-
nomials exists satisfying the divided difference relations for 9;) is by taking the ansatz &, =
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Xy Lo x,_4 for wo,, the longest permutation in S,;, showing that o, o5

on_190, GWOH = 6wOn 1 by di-
rect computation, and then defining &, = 9,1, S, for n suff1c1ently large so that u € S,,. The
m-forest polynomials do not seem to have sufficiently elementary descriptions for some particu-
larly well-chosen sequence of forests F, such that every other G € For™ has F, > G, so it does not

seem possible to proceed in a similar manner.
Lemma 6.4. ;5,1 ker(T;*) = Pol,. In particular, ;> ker(T}") = Z.

Proof. Clearly Pol, C (>, 1 ker(T). Conversely, ifk >n+1and f(xq,...,x) is a polynomial
depending nontrivially on k, then T} f = m L(f = fly—0) # 050 f & ker(TP). O

Theorem 6.5. The family of m-forest polynomials {3, : F € For™} is uniquely characterized by
the properties B, = 1, P is homogenous, and T;"By = Gicrrer(r) B -

Proof. It follows from the definition of m-forest polynomials and Theorem 6.1 that they satisfy
these properties. Suppose there were another such family of polynomials {Hr : F € For™}. From
Time = dierter(r)Hr/i and Hg = 1 we see by induction that Hr has degree |F|. By induction,
assume that we know that Hr = 9B, for |F| < k. Then given some F € For™ with |F| = k we
have T (P — Hr) = Sicrter(F)(Br/; — Hpyi) = 0 for all i, and therefore by Lemma 6.4 we have
P — Hr € Z. But P, and Hr are homogenous of degree |F| > 1 so therefore they must be
equal. O

Corollary 6.6. For F, G € For™ we have

Po,p ifG>F

0 otherwise.

(6.2) TEBG = {

In particular, evy T%‘I}'G =0rG-

Proof. We induct on |F|. Let i € LTer(F), and write TeP; = T, T/P;, which is equal to
‘B'(G/Z) J(E/) if both G > i and (G/i) > (F/i), and 0 otherwise. But by Corollary 4.5, both G > i
and G/i > F/iif and only if G > F, in which case G/F = (G/i)/(F/i). The first part of the result
follows.

Now, note that when G > F, B /F is homogenous of degree |G/F|, so the only way that
ev P ,p does not vanish is if |G/F| = 0, implying G = F. Conversely if G = F then G/F = @ so

m

evo Tfmc — eV ‘B'@ = eVvy 1=1. ]

Corollary 6.7. The T} operators give a faithful representation of the monoid algebra Z[ThMon™].

Proof. We know by Proposition 5.3 that they give a representation, so it suffices to show that if
Y arTy = 0 then all ar = 0. By applying the linear combination to B for any G, and then
applying evy, we obtain indeed

(63) 0= Eap evo T%m'c = Ea}" 5F,G = 4agG. ]
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Proposition 6.8. The m-forest polynomials {3, : F € For} form a Z-basis for Pol, and we can
write any f € Pol in this basis as

(6.4) f=Y (evoTEf) By

Proof. If we can write f € Pol as f = Y ar*B;, then by Corollary 6.6 we have ar = evy Tg Py
Therefore to conclude it suffices to establish the identity f = Y (evo T¢ f)%B. We do so by induc-
tion on d := deg(f).

For d = 0 the result follows by writing f as a multiple of ‘B, = 1. Assume now d > 0 and that
the result holds for all smaller degree polynomials. As deg(T f) < d for all i, we have

(6.5) TY (evoTEf)Br = Y _(evo TES) By, = Y (evo TETf) B = T f.
F>i G
Hence by Lemma 6.4 we have
(6.6) f=Y (evoTEf) By € [ ker(TH) = Z.
i>1

So f and Y (evo Tgf) By can only differ in their constant term. But in fact both have the same
constant term evy f, so they are equal. O

Proposition 6.9. A Z-basis for ker(TF) is given by {B. : G # F}. In particular if S C For" is a
tamily of m-forests, then

(6.7) () ker(TF) = Z{P, | G # Fforall F € S}.
FeS

Proof. By Proposition 6.8 we know that {3 : G #? F} C ker(T¥) so it suffices to show that they
span. Given f € ker(TF), we can write it as f = Y a¢B, and we want to show that ag = 0 for all
G such that G > F. Applying T we see that
(6.8) 0=TFf =) ac B, r-

G>F

The forests G/F are all distinct by Proposition 4.3. Since m-forest polynomials are linearly inde-
pendent we deduce that (6.8) holds if and only if ac = 0 for all G such that G > F. 0

Corollary 6.10. For A C IN, a Z-basis for the subring

() ker(T) C Pol
igA

is given by {B; : G € LTFor} }.

Proof. This is a subring since for each i ¢ A we have ker(T") = ker(xll_ (R ; — RI")) is the subalge-
bra of polynomials on which the two ring maps R ;, R" : Pol — Pol agree. The basis fact follows

from Proposition 6.9 and the definition of LTFor’}. O
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Proposition 6.11. {3 | F € LTFor,'} is a Z-basis for Pol,,.

By Lemma 6.4, this is the case A = {1,...,n} of Corollary 6.10. As noted before it also follows
from Proposition 5.2.

We conclude with a proposition concerning the interaction between m-forest polynomials and
R1 which will be useful in our study of quasisymmetric coinvariants.

Proposition 6.12. We have TERE = R{T% _ and

6.9) RI{‘BF _ By if 77kF exists (i.e. k < minsupp(F))
0 otherwise.

Proof. First, it is direct to check that T;"R; = R;T;;;. Therefore for any G € For" with code
(c1,¢2,...) we have

(6.10) TERY = (T1)(T3) - - Rf = RY(TY,

07T,

2+k)c2 = Rll(Tm

T*G
since ¢(7°G) = (0, ¢1,¢a,. . .). Therefore evo TERIP, = evo TH By = S.g p, Which by Proposi-
tion 6.8 means that RIPBE = 6;tr exists B, 15+ O

Compare the preceding result with its well-known classical analogue: R§&,, for w € S equals
O unless w(i) = ifor1 <i <k, ie. lcode(w) = (Ok, Ck+1, - - -), and if this holds then R’wa = &y
with w'(i) = w(i + k) — k, i.e. lcode(w’) = (cxi1,...).

7. POSITIVE EXPANSIONS

We say that f € Pol is m-forest positive if the coefficients ar in the expansion

(7.1) f= Y arP;

FeFor™
are nonnegative integers. If, in addition, ar € {0,1} then we say that f is multiplicity-free m-forest
positive.

Lemma 7.1. f is m-forest positive if and only if T f is m-forest positive for all i. f is multiplicity
free m-forest positive if and only if T} is multiplicity free m-forest positive for all i.

Proof. If f = Y rarPBy, then T*f = YictTer(r) 4FPr ; which immediately shows both forward
directions. Conversely, for any F we have ar is the coefficient of B;. ; in Tif for any i € LTer(F)
which shows the reverse direction. O
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In the remainder of this section our computations will be almost entirely formal consequences

of the twisted Leibniz rule T/*(fg) = T; ()R ,(g) + R"(f)T;(g) from Lemma 2.12, together

with the following identities which may be verified by direct computation:

R, T ifj<i—-m-—1
(7.2) TR = SR THHRITY,, ifi-m<j<i—1
RIT,, ifj > i.

Proposition 7.2. For F € For" we have R 3, is multiplicity-free m-forest positive.

Proof. Induct on |F|. By Lemma 7.1 it suffices to show that ij R Py is multiplicity-free m-forest
positive for all j. If j < i —m — 1 then by (7.2) we have

(7.3) T R"Pr =R, T i ‘Bp = eLTer(F)Rzm—m sBF/j‘

which is multiplicity-free forest positive by induction.
If j > i then we have by (7.2)

(7.4) T Rm ‘BF = Rm ]+m 5131—" - +m€LTer(F) R;n (‘BF/(]er)

which is multiplicity-free m-forest positive by induction.
Finally if i —m < j < i —1 then we have by (7.2) that

(7.5) T R Br = R]+1T' Pr+ RmTﬂ_m Pr = ]eLTer( Rﬁlmj:/]‘ + 5j+meLTer(F) R}n mr/(jer)'

Noting that we cannot have both j,j + m € LTer(F) by (3.4), this is multiplicity-free m-forest
positive by induction. O

The next theorem states that the basis (Py)rcpom 0f Pol has positive structure constants. The
case m = 1 was first proved in [38] with a combinatorial interpretation.

Theorem 7.3. For F, G € For" we have BB is m-forest positive.

Proof. Induct on deg(PB;) = |F| + |G|. By Lemma 7.1 it suffices to show that T;*(PPB.) is
m-forest positive for all i. By Lemma 2.12 we have

(7.6) TH(PBeBs) = (TH BRI P + (RFPP) T B

So it suffices to show that each term on the right-hand side is forest positive. We do the first, the
second is similar.

Note that Tm Pr is either 0 (in which case we are done) or equals B ,; which is homogenous of
degree |F| — 1, and R} ;
follows by applying the inductive hypothesis. O

B is m-forest positive and homogenous of degree |G|, so the result now
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Note that the proof above is combinatorial, while the corresponding statement for Schubert
polynomials is only known to hold for geometric reasons, as was recalled in the introduction.

Schubert polynomials are known to satisty Monk’s rule, which shows that the Schubert expan-
sion of 6,6,, = Sy (x1 + - - - + x;) is multiplicity-free. The same holds for m-forest polynomials.

Theorem 7.4 (m-forest polynomial “Monk’s Rule”). For F € For™ we have ‘,]31.m Br= (X +xim+
Xi—om + ** + + Ximod m) B is multiplicity-free m-forest positive. (Here i mod m is the representative
of imodulomin{1,...,m}.)

Proof. We induct on |F|. For |F| = 0 the result is trivial, so assume that |F| > 1. Given G € For™
with |G| = [F| +1 > 2, we want to show that T (B B;) € {0,1}. If there exists j € LTer(G)
with j # i then by Lemma 2.12 we can write

(7.7) T%(‘B?‘Bp)= G/j ](‘B PBr) = G/](RT(C'BAM)T]&(&BP))

Now note from direct computation that

i<
(7.8) RY(P;") = R (xi + Xi—m + Xiom +* + Ximodm) = § " ] ,
) P ifj=i+l
and T?(%P) = Jjerter ()P, j- S0 we are done by induction.
Otherwise, we have LTer(G) = {i}. As TG(P;] Br) = T¢,; (T (B ¥p)), it remains to show
that T (T{ (B Br)) is multiplicity-free.
We claim that LTer(G/i) = {j} for some i —m < j < i. Indeed, any k € LTer(G/i) must have
k > i — m since otherwise k € LTer(G) as well, and now since LTer(G/i) C {i —m,...,i} we
conclude | LTer(G/i)| = 1 by (3.4).
If LTer (G /i) = {i} then by Lemma 2.12 and (7.2) we can write TG/Z( ﬂ(‘l?ﬂ%)) as

(7.9) TG (R (Be) + BT (Be) = Tigs0 i (RITE (Be)) + T, (B T (Br))-

At most one of the terms is nonzero since we cannot have both i,i + m € LTer(F) by (3.4). If
the first term is nonzero then we conclude since R, J(i4+m) is multiplicity-free, and if the second

term is nonzero then we conclude by induction that B 3, /; is multiplicity-free.
If LTer(G/i) = {j} withi—m+1 < j < i—1 then by Lemma 2.12 and (7.2) we can write

Te(Ti (B Pp)) as
(7.10)  T&, (RIBE + B T (Br)) = Tig i (REATH B+ R T2, Be) + T (B T (Br))-

At most one of j,j+ m,i € LTer(F) and so we conclude similarly.
Finally, if LTer (G /i) = {i — m} then by Lemma 2.12 and (7.2), we can write T ,,(T;"(B,%;)) as

(711)  Tos(REARr + BT (Be)) = Tiriys-m (R TieyBe) + Tosi (B T (BE))-

At most one of i —m, i € LTer(F) and so we conclude similarly. O
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Theorem 7.5. For any k > 1, m-forest polynomials are km-forest positive. In particular, forest
polynomials are m-forest positive.

Proof. We induct on |F| to show that 3, is km-forest positive. Note that we can write TTJ‘BP as

Brlooo, X1, %, 0™, x001,.00) = PBr(onn, xim1, 0™, x4, x141, .. )
X

_kil ml—"( .. ,xi,l,O’”f', Xi, Om(k_j),xi+1, .. ) — SBF( .. ,xi,l,O’”(Hl),xi, Om(k_j_l),xi+1, .. )

j=0 Xi
k—1

(712) =Y RMRETUmTI o

: — i ijm+1 i+jm T F/
]:

which is m-forest positive since Ti% i R!", and R i1 all preserve m-forest positivity (the latter
two by Proposition 7.2), and by the inductive hypothesis they are therefore km-forest positive as

well. The result follows from Lemma 7.1. O

Recall that Schubert polynomials enjoy multiplicity-free Pieri rules [46] more generally. These
correspond to multiplication by elementary symmetric polynomials ey (x1, ..., x,) or homogenous
symmetric polynomials /i (x1, ..., x,). When m = 1 these polynomials are also forest polynomials
for the forests with codes (0P, 1%) and (07~1, k) respectively. In view of this it is natural to inquire
if Py - ex(x1,...,xp) or Py - he(xq, ..., xp) admits a multiplicity-free expansion in terms of forest
polynomials. This is not the case in general, as it is easy to find multiplicities in low degree already.

Remark 7.6. Note that while all of the above positivity proofs unwind to give combinatorially
nonnegative algorithms, it would be interesting to obtain the final coefficients directly as the an-
swer to enumerative questions. We leave this to the interested reader.

8. FUNDAMENTAL m-QUASISYMMETRICS AND ZigZagn’”

The n-Grassmannian permutations Grass, = {w € S | Des(w) C {n}} parametrize the special
subclass of Schubert polynomials &, known as the n-variable Schur polynomials, which form a
basis of Sym, .

In our story ZigZag,' will play an analogous role to Grass,. We will show that the associated
m-forest polynomials {3 : F € ZigZag);} lie in "QSym, and turn out to form the known basis
of "QSym, comprising fundamental m-quasisymmetric polynomials, giving the well-studied basis of
fundamental quasisymmetric polynomials [24, 47] at m = 1. One consequence of this is that we can
write down a formula (Corollary 8.7) directly computing the coefficients of an m-quasisymmetric
polynomial in its m-fundamental expansion, and even for m = 1 this is new. The only other
direct formula for these coefficients in the literature is in the special case that f € Sym,: Gessel
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[24, Theorem 3] showed that these coefficients when m = 1 can be computed via the Hall inner
product of f with a ribbon skew-Schur polynomial.

We first translate the definition of m-fundamental quasisymmetric polynomials [6, 7] to our
single alphabet setting. For an integer sequence a = (ay, ..., a;) with a; > 1 we define the set of
m-compatible sequences

(8.1) Cm(a) = {(il,. . .,ik) : Z] =4 mod m, aj > l] > ij+1, and if aj > i1 then Z] > 1']'+1}.

Given a sequence i = (iy,..., i) we denote x; := x;, - - - x;,. Then we define the m-slide polynomial
to be the generating function

(8.2) =) x.
ieCm(a)

The notion of an m-compatible sequence is a straightforward generalization of compatible se-
quences appearing in the Billey—Jockusch-Stanley formula for Schubert polynomials [13] which
correspond to m = 1. The definition of an m-slide polynomial is then a straightforward gener-
alization of the notion of (ordinary) slide polynomials [2]. Our indexing conventions agree with
[39] and differ from [2] as we use sequences instead of weak compositions. We drop m from our
notation of m-slides when m = 1, choosing to simply write §,.

Example 8.1. Consider a = 422 wherein we have omitted commas and parentheses in writing the
sequence for readability. For m = 1 and m = 2 respectively we have

0,2,0,1 2,0,0,1 0,2,1,0 2,0,1,0 2,1,0,0 1,101 1,1,1,0

3422_)(( )+X( )_|_X( )+X( )_|_X( )+X( )_|_X( )’
2 (0,2,0,1)

55, = x\020

The corresponding C™(a) are {422,411,322,311,211,421,321} and {422} respectively.

Like with forest polynomials, it is easy to check that the revlex leading monomial of ot is x©
where ¢ = (c;)ien € Codes is determined by ¢; = #{a; = i | 1 < j < k}. Furthermore for large m
we have the equality §; = x°.

Just as the ordinary fundamental quasisymmetric polynomials constitute a subfamily of slide
polynomials [2, Lemma 3.8], so too do the m-fundamental quasisymmetric polynomials constitute
a subfamily of the m-slides.

Definition 8.2. We write "QSeq,, for the set of sequences (a3, . .., ax) satisfying
i a>-->a>1
@n>a>n—m—+1
(iii) a; —aj; <mfor1 <i<k-—1.

If (a1,...,ar) € "QSeq, then ;" € Pol, is called an m-fundamental quasisymmetric polynomial.
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Up to the change of m alphabets to a single one, as explained in Section 2, this notion cor-
responds indeed to the one from the literature: see for instance [29, §3.2] for a straightforward
comparison. At m = 1 the set "QSeq, contains sequences (ay,...,a) satisfying a; = n and
a;—a;1 €{0,1} for1 <i<k-—1.

Theorem 8.3. The mapping (ai,...,ax) — F = ai - - - ay is a bijection "QSeq,, — ZigZag). Under
this bijection we have 37" = Pr.

Proof. We dispense with the case that () — @ and assume that all sequences and forests in what
follows are nonempty.

First, we show that the map is well-defined. Condition (i) guarantees by Proposition 4.2 that
c(F) = (c1,¢2,...) with ¢; = #{j : a; = i}. Condition (iii) implies that the only ¢; # 0 which has
m zeros in front of it in ¢(F) is c,,. But this means by (3.3) that LTer(F) = {a;}, and Condition (ii)
then forces F € ZigZag)'.

This map is injective because c(F) determines the sequence of a;. To show the map is surjective,
we show that when we write F € ZigZag)' asF = ay - - -a; withay > -+ > a; > 1that (ay,...,a;) €
"QSeq,,. To see this, note that ¢(F) = (c;)ien has the property that i such that c; # 0 are precisely
i = aj for some j. Because |LTer(F)| = 1 we conclude by (3.3) that LTer(F) = {ai}, and as
LTer,,(F) € {n—m+1,...,n} we have n —m +1 < a; < n verifying Condition (ii). Next,
by (3.3) since LTer(F) = {a;} we must have that when i > 1 and a;;1 # a; that there are at most
m — 1 consecutive zeros in front of ¢,,,, in ¢(F). This implies a; — a;1 < m verifying Condition (iii).
We conclude that (a3, ...,a;) € "QSeq,,.

Finally, to show that §;" = B, we claim that it suffices to show that

(83) T = 60,3

where ' = (ay,...,ax). Indeed, this implies that TF Sz = Tg,..0;8a = 1, and for G # F € For™
with G = by - - - by we have T §q = Tbmk . Tbml&zm = 6, = 0 so we conclude by Proposition 6.8.
Clearly T]m&lm = 0forj > a; + 1 as §; only uses variables x1, ..., x,,. Next, for j = a; we note

Xﬂl

that every element i € C"(a) has iy maximal and i; < a3, so T%xi = —0;, a,%i- Therefore

1
(8.4) Tada=— ) xi= Y x=3%,.
W1 jeC(a) ieCm(a’)
i1:ll1
For n —m+1 < j < a; we note that every element of C"(a) either contains an a; or every entry
is at most n — m, so ijxi = 0 for alli € C"(a), implying T]m&,m = 0. Finally, because ;" is
m-quasisymmetric we have by Theorem 2.10 that T;*§z" = 0 for 1 < j < n —m. O

Remark 8.4. The identity ;" = B when F € ZigZag, also follows directly from the combinatorial
definition of the m-forest polynomial: indeed the nodes in IN(F) form a path with c; = #{j : a; =
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1} nodes with pp(v) = 1, followed by c¢; = #{j : a; = 2} nodes with pr(v) = 2, etc. Then the
conditions for a sequence to be in C"™(a) are easily seen to correspond bijectively to colorings x of
zigzag forest polynomials. We leave the easy verification to the reader.

Example 8.5. Consider the element of ZigZagZ from Figure 2. The corresponding element of
2QSeq is a = (6,5,3,3), and the corresponding 2-slide polynomial equals

2
Sesns = X3X5X6 + X1X3X5X6 + X3 X5X6 + XTX3X6 + X1X3X4.
Note that T% 5%533 = x3x5 + X1X3X5 + X3x5 + X3x3 = 3%33 as predicted by Theorem 8.3.
We are now in position to identify a distinguished basis for "QSym,,.

Theorem 8.6. "QSym, has a Z-basis {P; | G € ZigZag;'} of fundamental m-quasisymmetric
polynomials.

Proof. Theorem 8.3 establishes that {3 | G € ZigZag)'} is the set of fundamental m-quasisymmetric
polynomials. We have by Theorem 2.10 and Lemma 6.4 that

n—m
(8.5) "QSym,, = Pol, N (] ker(T%) = (N ker(T).
i=1 i¢{n—m+1,..n}
By Proposition 6.9 this equals Z{P; : G € LTFor?nme’__vn}} = Z{P; : G € ZigZag)}. O

In particular, using the T¢ operators, for f(x1,...,x,) € ™QSym, we can directly extract the
coefficients of the fundamental m-quasisymmetric expansion.

Corollary 8.7. If f(xq,...,x,) € "QSym, is homogenous of degree k then

(8.6) flxn,.xa) =), (T35

ac™QSeq,,
where we have denoted the reverse composition T3 = Tﬂmk e Tam1 fora = (ay,...,a).

Proof. This follows from the formula in Proposition 6.8 and Theorem 8.3, since we have just shown
that f(x1,...,x,) is in the Z-span of {P¢ : G € ZigZag); }. O

Example 8.8. Suppose we want to decompose the quasisymmetric polynomial f(x1,xp,x3) =
Zx%xz + 2x%x3 + 2x§X3 + xlx% + xlxg + xzxg € QSym, into fundamental quasisymmetrics. We
track in Figure 10 the nonzero applications T;,T;,T; f where (i1,iy,i3) € QSeq,, and read off

f = 8332 + 28322 — 33321
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T/vxl—i-ZEQ—Q» 1

T.
f—= 222 + 222 + 2123 + To23

™~ et

—r1 + 21’2

N_g

FIGURE 10. Trimming f € QSym,

9. COINVARIANTS AND A QUASISYMMETRIC NIL-HECKE ALGEBRA

9.1. m-quasisymmetric coinvariants. One of the fundamental properties of the divided differ-
ence operators is that the operators d,, : Pol, — Pol,, for w € S, descend to the symmetric coin-
variants d,, : Coinv,, — Coinv,. To show that d,, descends, one shows thatd; for1 <i <n —1
stabilizes Sym,, a corollary of the fact that for ¢ € Sym, and f € Pol,, that

(9-1) 9(8f) = g9u(f)-

Although usually proved by an appeal to algebraic geometry, directly from these facts one
can use the usual divided difference formalism to show that the images of Schubert polynomi-
als {&, | w € S,} form a basis of Coinv, and the images of Schubert polynomials {&,, | w ¢
Sy and Des(w) C [n]} forms a basis of Sym . Unable to find such a proof in extant literature we
include it here, if only to emphasize the parallel picture for "QSCoinv,, and m-forest polynomials.

Observation 9.1. {S,, : w € S, } forms a basis of Coinv, and {&,, | w € S, and Des(w) C [n]}
forms a basis of Sym .

Proof. Because {S&,, : Des(w) C [n]} forms a basis of Pol, it suffices to show the basis statement
for Sym;. Consider the factorization w = uv into v € S, and u € Grass, with £(w) = ¢(u) + {(v)
from Observation 4.9. The key identity is that

9.2) 6,6, =6y + Zav’eu/v’
with a, € Z where the sum is over pairs (u/,v) with u’ € Grass, and ¢’ € S, such that £(1') >
l(u) and ((u'0") = L(u') + €(v") = ¢(w). This follows from noting that if ¢(u’) < ¢(u) then
£(v") > ¢(v) and we have
(93) au/v/(GMGz)) - au/av’(6u60) - au’(Guav’Gv) - au/Gufsv,v’ = 511,u/(5v,v’
where in the second equality we used that &,, € Sym, and v’ € §,,.

The identity (9.2) shows upper-triangularity between {&,&, : v # id} C Sym! and {&, : w =
uv withv # id} = {Sy : w ¢ S,,Des(w) C [n]} which implies {S, : w ¢ S, and Des(w) C
[n]} C Sym.
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It remains to show that Sym! C Z{&, : w ¢ S, and Des(w) C [n]}. The identity (9.2) also es-
tablishes upper-triangularity between the set {5,656, | u € Grass, and v € S, } and {S&,, | Des(w) C
[n]}, which shows that Pol, is generated by {&, | v € S,,} as a Sym -module. Because we also
know that {S,, : id # u € Grass, } span the positive degree homogenous symmetric polynomials,
we have reduced to showing that 6,6, C Z{S, : w ¢ S,, and Des(w) C [n]} whenever u # id
and v € S,,. But this follows from (9.2). O

We further note that our argument is reminiscent of computations in the proofs of [45, Lemma
2.2 and Lemma 2.3]. Indeed the argument ibid. relies on a generalization of the factorization of a
permutation used below to show that the corresponding Schubert polynomial lands in a certain
ideal of Pol,,.

Using the quasisymmetric divided difference formalism, we can follow a similar route. We
fix n > 1 for the rest of the section. Recall that "QSym,' is the ideal in Pol, generated by all
polynomials f € "QSym, with evy f = 0. We define the m-quasisymmetric coinvariants to be

(9.4) "QSCoinv,, = Pol, /"QSym’.

We first establish the appropriate analogue of d; € Endsyn, (Pol,) for our purposes.

Proposition 9.2. If H € For}) and ¢ € "QSym,,, then T} (gh) = Rm‘H‘ (g)TH(h) forall h € Pol.

Proof. We proceed by induction on |H|. If |H| = 0 then there is nothing to prove, so suppose now
the result is true for all smaller |H|. Leti € LTer(H). As H € For)) we have1 <i < n —m, so
Theorem 2.6 implies R (g) = R*(g). Together with Lemma 2.12 and Theorem 2.10 this implies

95 Tr(gh) = Tp, T (8h) = Ty, (R ()T (h) + R (M) THH)) = Ty 5 (RY'(8) Ti(h)).-

We know that H/i € For]' . Indeed, if there were a leaf > n — m + 1 then as i < n — m this

would become a leaf > n+1in (H/i)-i = H. From the definition of "QSym, we see that

R"(g) € "QSym,,_,, and so by induction

06) Thi(gh) = Ry RY ()T (T ) = R () T (k). O

Corollary 9.3. For F € For]) we have TF("QSym,") C "QSym mlE) and so T descends to a map
TF : "QSCoinv,, — "QSCoinv,, -

In particular, T}, ..., T}, descend to maps

7T n—m

T4, ..., Th - "QSCoinv,, — ™QSCoinv,, .

Proof. We have lelF\ ("QSym, ) C "QSym,,_,,p from the definition of "QSym,, and RT'FI pre-
serves the property of being a positive degree homogenous polynomial, so we conclude by Propo-
sition 9.2 that TF("QSym,") C "QSym_ | O
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To state our key result Theorem 9.7, it is useful to introduce the partial map * taking a pair

(G, H) and returning the forest (®,)~!(G, H), where @/, is from Theorem 4.10:

Definition 9.4. Let G € ZigZag)! and H € For]!. Then we define

(9.7)

(t~™HIG)-H if minsupp G > m|H|or G = &
GxH :=
does not exist otherwise.

The second part of Theorem 4.10 can be then stated in the following equivalent form:

Corollary 9.5. Let F € For™ and n > 1. Then F € LTFor;; if and only if we can write F = Gx H
with G € ZigZag;’ and H € For);. In that case the decomposition F = G x H is unique: H < F
is determined by having its set of internal nodes IN(H) C IN(F) consist of all fully supported
internal nodes of F, and G = "/H!(F/H).

Rather than just describe a basis for ’”QSym:, we also describe bases of the ideals generated by
homogenous elements of "QSym, of degree > k, which will be important in the next subsection.

Definition 9.6. Let 7", C Pol, be the ideal generated by all homogenous polynomials f €
"QSym,, with deg(f) > k.

We also define a subspace Z;',* C Pol, by

(9.8) I = D Z{¥¢.y | G € ZigZag)!, H € For}}, G x H exists and |G| > k}

(9.9) =@ Z{P; | F € LTFor), and if (G, H) = O),(F) then |G| > k}.
Note that by Proposition 6.11 and Corollary 9.5 we have

(9.10) Iy = @ Z{PB; | F € LTFor)} = Pol, = Iy,.

Directly from the definitions we also note

(9.11) 1" ="QSym;, and

(9.12) IV = P Z{B; | F € LTFor); \ For}'}.

Theorem 9.7. We have I,’(’fn = I,:Z’q* for all k, m, n. In particular for k = 1, we get
(1) "QSym,’ has a Z-basis given by {3y : F € LTFor] \ Forj'}.
(2) "QSCoinv, has a Z-basis given by {3, : For};'}. In particular its dimension is given by the
Raney number in Lemma 3.4.

For the particular case k = 1, we note that when m = 1 the result was shown in [38, Corollary
4.3] via a more computational approach, while the dimension statement recovers [3, Theorem 5.1]
by taking n = pm.
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Lemma 9.8. If G € ZigZag,' and H € For; then

(9.13) meH OG«H ex1stsq3@*H € I|G|+1 n

Proof. Since PP, is in Pol, and has degree |G| + |H|, its m-forest expansion only contains terms
B where F € LTFor} and |F| = |G| 4 |H|. Given such F, use Corollary 9.5 to write

(9.14) F=G «H = (r"HIg") . H

with H' € For! and G’ € ZigZag!!'.
Then B, € "QSym,, by Theorem 9.7, so Proposition 9.2 yields

(9.15) (‘BG‘BH) T—m\H’\G/ H/(‘B@‘BH) Tim\mc,( m‘Hl(mc) H/(‘BH))

By Proposition 6.12 this vanishes unless 7~"1#'IG exists and in that case R}’ | (Bs) = B
We thus get by Corollary 6.6

(9.16) (‘BG‘BH) T m‘H/‘G/(g'p;rfln‘HllcmH/H/>
if T—"H'|G exists and H' > H, and is 0 otherwise. If H' = H then necessarily |G’| = |G|, and so
(9.17) Trﬂ—m\H/\G/ (‘B;L_f;n\H/\GmH/H/) = T%muﬂc/ (m%*m\H’IG) = 0G/,G- O

Proof of Theorem 9.7. Lemma 9.8 implies that for each fixed degree d, the Z-linear transformation
between the degree d homogenous component of Z,"* to

(9.18) Z{P:PBy : G € ZigZag), H € For}!, G x H exists, |G| > k, and |G| + |H| = d}
taking P, ;y to PPy is strictly upper triangular and hence invertible. Therefore
(9.19) I = Z{¥;Py : G H exists and |G| > k}

and thus Z;)" C I} . As Iy = Pol, by (9.10), this shows that Pol, is spanned as a "QSym, -
module by {B,; : H € For};}.

Now by Theorem 8.6 we also have {8, : G € ZigZag; and |G| > k} span the degree > k
homogenous components of "QSym,, as a Z-module. Thus to show the inclusion Z}\ C Z," it
suffices to show that B P, € I,:';;* whenever |G| > kand H € For). This final statement follows
from Lemma 9.8. O

9.2. Endomorphisms of polynomials R;-commuting with quasisymmetrics. Recall (cf. [35]) that
the ring Endsym, (Poly) is generated by the operations of (multiplication by) x; and 9;, and in fact

(9.20) Endsym (Pol,) = €D Pol, dy.
wEeSy,

Taking the limit of these algebras we obtain the subalgebra of End(Pol) generated by all x; and 9;,
which decomposes as ¢, Pol,; . This may be informally thought of as those endomorphisms
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of Pol which modify only finitely many coordinates and commute (in an appropriate sense) with
symmetric power series.
For quasisymmetrics we have in stark contrast the following observation.

Observation 9.9. Endngsym (Pol,) = Pol,,.

Proof. If ® € Endugsym (Poly) then because (x1---x,)f is quasisymmetric for all f € Pol, we
have

(9.21) X1 X0 ®@(f) = P((x1- - x0) f) = x1- - X0 fP(1),

implying that (f) = fO(1). O
To find the correct analogue we have to consider Hommqgym | (Pol,, Pol,,_) where Pol,, _j is con-

sidered as a "QSym, -module by the map Rlﬂszymn : "QSym, — ™QSym, _,, which is well-

defined directly from the definition of "QSym, . We note that if k is a multiple of m then Rf| mQSym, =

R’r‘l_k 41 |’”Q5ymn by Theorem 2.6 which is the map setting x, = - - - = x,_¢11 = 0.

Theorem 9.10. We have
(9.22) Homugsym, (Poly, Pol, k) = @ Pol,,_ R]f_m‘h” Th.
HeFor)) with m|H|<k
Remark 9.11. The limiting object
(9.23) P lim Homugsym, (Pol,, Pol,_) = €5 PolR{TF
k FeFor™

is the subalgebra of End(Pol,,) generated by all x;, Ry, and T}". This may be informally thought of
as those endomorphisms of Pol which act on all but finitely many coordinates as x; — x;_; and
commute (in an appropriate sense) with m-quasisymmetric power series.

Proof of Theorem 9.10. First, we show that lem‘H‘T% € Homugsym (Poly, Pol, k). By Proposi-
tion 9.2 we have T% € Homunqsym, (Pol,, Poln_m‘ H|) for any H € For}'. Then, we have lem‘H‘ lies
i) (POLy_ 111, POl ) because for f € "QSym, and g € Pol, we have lemm‘ (fg) =
k—m|H k—m|H
R AR ).
We now show that there are functions {¥ : H € For, and m|H| < k} C Homunggsym, (Poly,Pol, )
such that ¥y (P,;,) = 0p, for all H' € Fory with |H'| > |H|, and

in Homm stmn

k—
(9.24) ¥y = R y b (21, X)) Wi e
|H'|>|H|, H'€For,
We do this by backwards induction on |H|. For |H| = |k/m| we take Yy = Rllc_mIHI T} Other-
wise, Rll(fm‘mT%(‘IjH) =1and Rllcfm‘H|T%(‘q3'H,) = 0when H # H' € For}} and |H'| < |H|, so we
can take by i = Rllcf‘H‘T%f,BH,.
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As the Pol,,_j-linear transformation expressing {lem|H|T n : H € For)! and m|H| < k} in terms
of {¥Yy : H € For, and m|H| < k} is invertible by upper-triangularity, it suffices to show that
{Yn : H € Fory and |H| < k} is a Pol,,_-basis for Homugsym (Pol,, Pol, ). The Yy are Pol, -
linearly independent because if }_ fy(x1,...,x,_x)¥y = 0 then for all H applying the left hand
side to By, shows that frr = 0. It remains to show that the ¥ span.

Let ® € Homuggym (Poly, Pol, ). Define
(9.25) ' =P—- ) OH) ¥y

HeFor)}
We want to show &' = 0. Already &' () = 0forall H € For}/ with m|H| < k by the properties of
the endomorphisms ¥ . It remains to show @' () = 0 for those H € For); with |H| > |k/m]:
this is enough since the 3, for H € For;’ generate Pol, as an "QSym,-module by Theorem 9.7.

We induct on |H|. We assume that |H| > |k/m|. Because H € For)' we know that |H| < |n/m|
so we may assume that k < n. Choose any G € ZigZag,’ with minsupp G = k + 1: these always
exist as is readily checked. Since minsupp G < m|H| we have that G x H does not exist and thus

by Lemma 9.8 BRy, € I, ,- By Theorem 9.7 we know that I"Z"*H,n = Z{§|41,, SO We may write
(9.26) PPy = YL &i(xr, .. xn)hi(x, ..., %)

with gi(x1,...,x,) € QSym, with degg; > |G|+ 1 and therefore with degh; = |G| + |H| —
deggi < |H|.

Since {B, : H € Fory/'} is a Z-basis of "QSCoinv, by Theorem 9.7 we may further assume that
each h; = P, for some Hj € For}/, and |H;| = degP,,, < |H|. We therefore have

927)  (RiBe) ¥ (Py) = @' (P Pyy) = L @'(8i Byy) = YRI(81) @ (Pyy) = 0.

Because minsupp G = k 41 we have R’l‘ PBe = B¢ # 0 by Proposition 6.12, so ®' () = 0 as
desired. 0

9.3. Quasisymmetric nil-Hecke Algebra. The nil-Hecke algebra is the noncommutative algebra
with generators denoted x1, x2, ... and 91, 0, . . ., modulo the relations

e (Comm.) x;x; = x;x; for all i, j, 9;0; = 9;0; for |i — j| > 2, and x;0; = 9;x; for j & {i —1,i}.

e (Braid) 0;0;19; = 9;110;9;11

e (Nil-Hecke) 81-2 =0.

e (Leibniz) d;x; = x;10; +id and 9;x;,1 = x;9; — id.
Using these relations it is easy to straighten any combination of x; and 9; into a Pol-linear com-
bination of operators d;, for w € Se, and this can be used to show that the nil-Hecke algebra is
isomorphic to Endsym (Poly,).

This also affords a “diagrammatic presentation”, encoded by the additional relations needed

to specify the presentation beyond the formal commutation relations coming from the fact that
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for Z € {9,x} (x : Pol; — Pol; representing the “multiplication by x” map), we have Z; =
id® 1 ®Z ®1id®™ : Pol — Pol, where we view Pol = Pol{’®. This is given by

e (Braid) (0 ®id)(id ®9)(d ® id) = (id ®9) (0 ® id) (id ®9)
e (nil-Hecke) 9> = 0
e (Leibniz) 9(x ®id) = (id ®x)d 4 id®? and 9(id ®x) = (x ® id)d — id?.
If we represent x and d by the following diagrams and representing F o G by=s stacking the dia-

1 2 3 1—1 i 141
wz* xz: ‘ ‘ ‘... ‘ *

1 2 3 1—1 i 141

1 2 3 1 —1 i i+ 1

1 2 3 i —1 7 i+ 1

FIGURE 11. Diagram generators for the nil-Hecke algebra

gram for F on top of the diagram for G, the relations can be depicted as follows.

E}%%{j Q0 s ol M-

Braid nil-Hecke Leibniz

FIGURE 12. Diagram relations for the nil-Hecke algebra

As noted in Remark 9.11 the algebra in End(Pol) generated by Ry, T;" and x; may be thought of
as the m-quasisymmetric analogue of the nil-Hecke algebra.

Theorem 9.12. The algebra in End(Pol) generated by Ry, Ti* and x; has relations generated by

(i) (Comm) Tile = Rsz‘m.Hr fori > 1, Rlxi = xi,1R1 fori > 1, x,-x]- = x]-xi for all l,]
Tixj = x T if j <iand Ti'wj = xj_, T if j > i+ m
m-m m-m . .
TTT]-* = TTTijrm fori > j,
(i) Ryxy = 0and Tix;y; =0for1 <j<m—1

(iil) T¥x; =RI + 01T+ + T and Ti Xy = — (R + 0T + -+ + x4 T77 )

Proof. All of these relations are easy to verify directly. For (iii), we note by Lemma 2.12 that

T/ (xif) = R, f and T;"(xi3mf) = —R!"f, and then the expressions are obtained by telescop-

ing the identity x;T;" = R, — RY".
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Using these relations one can straighten any composition of Ry, Ti* and x; into a Pol-linear com-
bination of R{TF. It follows from Theorem 9.10 that there are no further relations. U

As the proof shows, the relations in 9.12(iii) could be simplified if we included redundant gen-
erators R} in the presentation.

Let us now focus on the case m = 1. The quasisymmetric nil-Hecke algebra also admits a
diagrammatic presentation. Note that for Z € {T,R} we again have Z; = id“ ' ®Z ® id®>
where T : Pol, — Pol; is the operator introduced in Equation (5.3) and R : Pol; — Poly is the

operator R(f) = f(0).

////AAA\ //// \\

1 1+1 v o1+ 1

FIGURE 13. Diagram generators for the quasisymmetric nil-Hecke algebra

Corollary 9.13. The diagrammatic presentation of the quasisymmetric nil-Hecke algebra (for m =
1) is given by the following.
(i) Rx=0
(i) T(x®id) =id®R and T(id®x) = —R®id
(iii) xT =id®R —R®id

-0 N=/. (- A=/-0

Rz =0 T(z ®id) = id®R T(id®z) = -R®id 2T =id®R —R®id

FIGURE 14. Diagram relations for the quasisymmetric nil-Hecke algebra

Proof. 1t is easy to verify (i)-(iii) are satisfied. Conversely, the relations in Theorem 9.12(i) are
trivially satisfied, and (i) implies Rix; = 0. It remains to show the relations in Theorem 9.12(iii).
Using (ii) these amount to showing the relations R;;1 = Ry +x;T; +--- +x;T; and R; = Ry +
x1T1+ -+ x1T; 1. But (iii) implies x;T; = R; 11 — R; so both equalities now follow. ]



QUASISYMMETRIC DIVIDED DIFFERENCES 41
Example 9.14. The relation T;R; ;1 = R; 1 T; + R;T; 1, writtenas T((d®R ®id) = T®R+R® T,
follows from the chain of equalities
Tid®R®id) =T(xT ®id) + T(R®id ®id)
=Tx®id)(T®id)+R®T
—(id®R)(T®id) +R®T=T®R+R&T

where in the second equality we used the commutation relation T(R ®id ®id) =R ® T.

10. HARMONICS

In this section we compute a basis for the m-quasisymmetric harmonics in terms of the vol-
ume polynomials V(M) of certain “forest polytopes” Cr  associated to a fully supported forest
F € For)' and a decreasing sequence A; > --- > A,. We also show that the m-quasisymmetric
harmonics are spanned by the derivatives of the top degree m-quasisymmetric harmonics. The
special case m = 1 answers a question of Aval-Bergeron-Li [5].

Definition 10.1. The D-pairing (, )p : Q[x1,...,x,] ® Q[A1,...,A,] — Q is the bilinear pairing

(10.1) (f,9)p = evo f(D1, ..., D) (A1, ..., An),

where D; := %.
1

This pairing may be described alternatively as having (x°,A4) = §_;c! where ¢ = (cy,...,cy)
and d = (dy,...,d,) are sequences of nonnegative integers, and c! := ¢! - - - ¢, !.

Definition 10.2. The m-quasisymmetric harmonics are defined to be

HQSym} :={f € Q[A1,...,A4] | (g, f)p =0forallg € mQSymf:}
={f € Q[M,..., Ay] | §(D1,...,Dy)f =0forall g € "QSym, with evgg = 0}.

The key insight is that we can translate the duality T%‘B% = Jrc into a D-pairing duality
(VE(1),BE)p = 6r,c, where Vi is the D-pairing adjoint of TF.
There are two main steps that we will carry out.
(1) We determine the adjoint V;* of individual T;" as an integration operator.
(2) We interpret composites of these Vi* applied to 1 as recursively computing Vr(A) in terms
of VF /i (}\) .
For technical reasons we will have to carry out these steps using the D-pairing between polyno-
mials rings Q[x1, X2, ...] and Q[Aq, A, ... ] in infinitely many variables, and then return to finitely
many variables case by truncating appropriately.
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10.1. The adjoint to trimming under the D-pairing. All mentions of adjoints in what follows are
meant to be with respect to the D-pairing. Note that if X € End(Q[x1, x2,...]) then the adjoint
XY € End(Q[A1, Az, . . .]) might not exist, but if it does then it is unique since (f,¢)p = 0 for all f
implies ¢ = 0.

Definition 10.3. For f € Q[A4, Ay, ...] we define

(10.2) RYf=f(A1, .., Aii1, Aiga, - -)
A
(10.3) Vif = /A FAyee ) M1 2 A, . )dz
i+1
A
(10.4) VIS = /A FA - M1, Ay, - )z = (RY, )"V, f
i+m

Proposition 10.4. The operators R;, T;, and Tim are adjoint to Riv, V;, and VZ-m respectively. In
symbols, for ¢ € Q[x1,xp,...] and f € Q[A1, Ay, ... ] we have

(10.5) (&R fip=(Rig flo,  (&Vifio=(Tig, fip,  (&Viflo = (Ti'g flp.
Consequently, for F € For” we have a well-defined operator VF adjoint to TF defined by
(10.6) Vi =V, -V, forany (iy,...,i) € Trim(F).

Proof. We prove the adjointness claims as the well-definedness of VF follows by taking the adjoint
of the equality Ty = T;'--- T;. We verify adjointness by checking them on monomials f = A°
and g = x4 for ¢,d € Codes.

For the adjointness of R; and RY we have (R; x4, A°)p = (x4, RYA°)p = 0if ¢; # Oand if ¢; = 0
then both are equal to d! 64 » where ¢’ = (¢, ...,¢i—1,Cit+1, - . .). For the adjointness of T; and V; we

have on the one hand that (x4, V; A°)p equals
?H’l_)\?H‘l c! ifd= (Clr---/Ci—lrci+1/0/Ci+1/---)
(10.7) (x4, A - 'Af’jﬁ)\fﬁ o )p =1 —c! ifd=(c1,...,ci-1,0,¢; +1,¢i1,...)
0 otherwise.
On the other hand, T;(x?) is always a monomial, and is a multiple of x° exactly when d =

(c1,.-.,¢i-1,¢i+1,0,¢;,¢iy1,...) (inwhich caseitisequal tox®)ord = (c1,...,¢i-1,0,¢i+1,¢i41, .- .)

(in which case it is equal to —x°). Finally, by writing Tl.m =T Rl'.’i_ll we have the adjoint of Tim is
(Rivﬂ)mflvi = Vi~ 0

10.2. Volume polynomials. The following family of “forest polytopes” shall play a crucial role
for us.

Definition 10.5. Let F € For™ and let A = (A1, A2,...) be a sequence with A; > A;,4 for all i. We
define the forest polytope Cr, C R™N(F) as the subset of assignments ¢ : IN(F) — R satisfying the
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following constraints. Letting ¢, be the extension of ¢ to IN(F) U supp(F) by setting ¢, (i) = A;,
we have for all v € IN(F) the inequalities

Pr(vr) > ¢(v) > ¢a(vr).

Thus the defining inequalities only involve edges in F as defined in Section 5. Figure 15 shows
an F € For® as well as the inequalities along the ‘leftmost’ and ‘rightmost’ edges cutting out
the polytope Cp,. In this case we have Ay > ¢(a) > A3, Ay > ¢(c) > A, Az > Pp(e) > Ao,
Mz = ¢(f) = Ais, ¢(a) = ¢(b) = A, and ¢(c) = ¢(d) = Aro.

FIGURE 15. Inequalities defining Cr , for the F in Figure 7
(note the inequalities on the right edges are the opposite to Figure 7)

The following lemma casts the inherent recursive structure underlying F in the setting of forest
polytopes. We omit the proof as it is straightforward.

Lemma 10.6. Let F € For™. If i € LTer(F) then the coordinate projection 71, : Cpy — [Aj1m, Ai] has
(10.8) 7, (2) = Cryin
where A" = (Ay,...,Ai-1,2, Aitms1, - - .). In particular,
(10.9) Vol(Cp ) = /Ai VoI(Cryin) = VEVol(Cry; p)-
10.3. Volumes as harmonics.
Definition 10.7. For F € For™, we define the volume polynomial associated to F to be
(10.10) Vi(A) = Vol(Cg ).
The following corollary verifies that this is indeed a polynomial.
Corollary 10.8. Let F € For™. Then
(10.11) VE(A) = V1),
and for f € Pol we have (f, Vr(A))p = evo TF (f).
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Proof. Iterating Lemma 10.6 and using that Vz(A) = 1 shows the first statement. For the second,
we note that because V7 is adjoint to T, we have

(10.12) (£, VEQ)p = (£, VE))p = (TEf, )b = evo TE(f). [
Example 10.9. For the F in Figure 7 we have Vp(A) = V%V%V%V%V%V%(l), which equals

A2—A2 A —A AJ—AZ A=A
(10.13) < 12 3 _ 12 3/\11>< 42 6 — 42 6)\10) (A7 = A9)(A13 — Ass).

The factorization of V¢(A) is explained because the defining inequalities of Cr ) imply that we can

express it as a product of forest polytopes for G € For in shifted variable sets corresponding to the
connected components of F.

For n € N consider the truncation operator P, : Q[A1, Ay, ...] = Q[A4, ..., A,] defined by setting
Ai =0 foralli > n. Note that for f € Q[x1,...,x,] and ¢ € Q[A1, Ay, ...] we have

(10.14) {f,8)p = (f, Pa(8))D-
Given a basis of homogenous polynomials {g;}ien for Q[Ay,...,A,], we say that a collection of
homogenous polynomials {;};en in Q[xy,...,x,] is graded D-dual if (h;, gj)p = ¢;;. Because
(,)p is a perfect pairing when restricted to homogenous polynomials of degree d in Q[x, ..., Xx,],
the graded D-dual set of polynomials always exists, is unique, and is a basis for Q[x1, . .., xy].
Our next result, which is also a straightforward consequence of Proposition 10.4 and Corol-
lary 10.8, shows that these volume polynomials Vr(A) for F € For™ are graded duals to m-forest
polynomials. The reader should compare this result with [43, Corollary 12.3(2)].2

Theorem 10.10. For all F, G € For™ we have (B, Vr(A))p = drc.
Furthermore, the family of projected volume polynomials { P, Vr(A)} FeLTForm i Q A1, ..., Ay s
the graded D-dual basis to the homogenous basis {7} peirrorr of Q[x1, . . ., Xu].

Proof. By Corollary 10.8 and Corollary 6.6 we have
(1015) <‘B’G, Vp(?\»p = eV T%‘BG = 5F,G-

For the second part, we have by Proposition 6.11 that {B. : G € LTFor}/} is a homogenous
basis for Qlx3, ..., x,], and P,V¢(A) are homogenous polynomials in Q[A, ..., A,] which satisfy
Bo/ PuVe(A)))p = (B, VE(A))D = Ok - R

We are ready to determine a basis for HQSym! in terms of volume polynomials.
Theorem 10.11. A Q-basis for HQSym' is given by
{VE(A) | F € For}}'}.

2Note that [43, Corollary 12.3(1)] is incorrect and the issue is highlighted in the footnote to [26, Theorem 1.1].
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Proof. Recall by Proposition 6.11 that Pol, has a homogenous basis {3 : F € LTFor;'}, and
by Theorem 9.7 "QSym," has a homogenous basis the subset {3, : F € LTFor]/ \ For}'}. Be-
cause HQSym!' is the graded D-orthogonal complement to "QSym," in Pol, and {P,Vr(A)} is
the graded D-dual basis to {, : F € LTFor}'}, we conclude that a Q-basis for HQSym)' is
given by {P,Ve(A) | F € For'}. It remains to notice that Vg(A) € Q[A4,...,A,] for F € Forl),
s0 P,VE(A) = VE(A). 0

10.4. A conjecture of Aval-Bergeron-Li. We now proceed to establish a generalization of a con-
jecture of Aval-Bergeron-Li [5] that posited the existence of a family of Cat,,_;-many polynomials
of degree n — 1 the span of whose derivatives gave HQSym, . We already know that the degree
| (n—1)/m] component of HQSym;! is the top degree component and this has a basis given by the
polynomials Vr(A) with F € For} and |F| = |(n —1)/m] (for m = 1 there are Cat,_; many such
polynomials). We will now show that the derivatives of this top degree component of HQSym'
span HQSym".
It turns out that the following proposition will formally imply the desired spanning.

Proposition 10.12. Let f € Pol, be homogenous of degree d < |(n —1)/m], and assume that
x1f € "QSym . Then we have f € "QSym'.

Proof. We induct on d. If d = 0O then f is constant. The inequality for d implies n > m + 1 and
x1 =P;" € "QSym,” by Theorem 9.7(2) since 1 € For). Thus we must have f = 0.

Assume now d > 0, and write f = Y5 arBy with F € LTFor), |F| = d following Proposi-
tion 6.11. By Theorem 9.7(2) we can assume that f = ) r a3, with F € For};, and we now want to
show that f is zero. Fix any 2 < i < n —m, so that T;"(x;) = 0 and R, ; (x;) = 1. By Lemma 2.12
and Corollary 9.3 we have
(10.16) THxaf) =x1 ), apPg,; € "QSym;_ .

FeFor)!
i€LTer(F)

By induction, for this to happen the sum must vanish in "QSCoinv,,_,,. But the F/i are distinct
forests in For};_,,, so by Theorem 9.7 this implies that ar = 0 for any F such thati € LTer(F).

There remains the case where F satisfies LTer(F) = {1}. There is a unique such F € For}/,
namely F = 19, and &B% = x49. But then xl‘ﬁﬁ = xﬁ”l = ‘Bﬁﬂ and 1*! € For" as d+1 <
| (n—1)/m], so does not lie in "QSym,’ by Theorem 9.7(1). O
Lemma 10.13. Let g1,..., 8,/ € Q[A4,...,A,] be homogenous polynomials with deg(g;) = k for
1 <i<randdeg(h) =d < k. Assume that for any homogenous polynomial f € Q[x1,...,x,] of
degree d such that

(10.17) f(Dq,...,Dy)g1 =+ = f(Dy,...,Dy)gr =0
wehave (f,h)p = 0. Then I lies in the span W of {D' - - - D" gi: e+ -+ +cn =k —d, 1 <i <r}.
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Proof. First, we note that for any homogenous polynomials g of degree k and f of degree d
(10.18)  f(Dy,...,Dy)g =0 <= (f(x1,.. .,xn),Di1 ---D{" ¢)p = 0 whenever Zci =k—d.
Indeed, this follows from the identity

(10.19) (f,DS' - . D g)p =(x, f(D,...,Dn)g)p = <! N](f(Dy, ..., Dy)g).

Applying this equivalence to each g;, we have reduced to showing that if for all homogenous
degree d polynomials f € Q[x1,...,x,] we have (f, W)p =0 = (f,h)p =0, thenh € W. But
this follows from the fact that the D-pairing on homogenous degree d polynomials is perfect. [J

Theorem 10.14. HQSym! is spanned by the derivatives of the homogenous degree | (n —1)/m|
elements of HQSym'.

Proof. Denote N = |(n —1)/m], and let h € HQSym/' be of degree d < N. By Lemma 10.13, it
suffices to show that for all homogenous f € Qlx3, ..., x,] of degree d such that (f,h)p # 0, there
exists ¢ € HQSym' of degree N such that f(Dy,...,D,)g # 0.

Fix such an f. Because h € HQSym! and (f,h)p # 0, we have f ¢ "QSym, . By Proposi-
tion 10.12 this implies x “if g "QSym . Thus there exists § € HQSym!" homogenous of degree
N such that (x}"f, ¢) # 0, and thus f(Dy,...,D,)g # 0. O

10.5. Volume polynomials into monomials and monomials into forests. We now describe the
explicit expansion for Vr(A) for F € For™ in the basis of normalized monomials ?c‘—?, and the ex-
pansions of monomials x€ into the basis of m-forest polynomials. Finally, we show that V¢(A) has
an expansion in monomials in the linear forms A; — A, ,,, with nonnegative coefficients, which we
interpret using our results on m-forest positivity of m-forest polynomial multiplication.

Let Paths(F) denote the set of functions P : IN(F) — {L,R}. By taking the union of edges
Uvemn(r) {0, 9p(v) } Where {x, y} denotes the edge joining x and y, we can encode P € Paths(F) as
a collection of vertex disjoint paths travelling up from the leaves of F which cover every node in
IN(F). For each P, weletd(P) := (d;)ien € Codes where d; records the length of the path that has
one endpoint at leaf i. It is easy to see that d is injective, and P the constant L-function we have
d(P) = c(F).

For example, Figure 16 shows an F € For? with the corresponding F obtained by omitting the
dotted edges. If we take the collection P of paths determined by the edges highlighted in blue,
then we get d(P) = (2,1,0,...) = c(F).

Given ¢ € Codes we define er(c) as follows:

(10.20)

er(c) = (=D)IP (R if there exists P € Paths(F) such that d(P) = c
7 o otherwise.

With this notation in hand we have
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1 2 3 1 5 6 7 8
FIGURE 16. A forest F € For? and F, with the leftmost P € Paths(F) colored in blue

Proposition 10.15. For F € For” we have

VFO\) = Z GF(C)

ceCodes

}\C
E-
Proof. We proceed by induction on |F|. If F = & then V¢(A) = 1 so the formula is true, and we

may now assume |F| > 1.
By Lemma 10.6 we have

)\d
(10.21) VE(A) =V VEi(N) = Y epyi(d) Vi ar
deCodes :
Given d € Codes define compositions
(10.22) left(d) = (dy,...,di—1,d; +1,0",d;4q,...)
(10.23) right(d) = (dl, con,dii, 0", di+1,di44, ... )
Then the last term of (10.21) can be rewritten as
Aleft(d) Aright(d)
(10.24) VE(A) = €r/i(d - ,
() de§des F/ild) (left(d))!  (right(d))!

It is then straightforward to check that the first summand (resp. second summand) on the right-
hand side of (10.24) tracks the contribution of those paths P € Paths(F) using the left (resp. right)
leaf of the newly created internal node in F. O

Going back to Figure 16 we see that the contribution of the collection P given by blue edges is

Az%,?,z and the sign e(P) = (—1)? = 1.

As an application we obtain the m-forest expansion of monomials.

Theorem 10.16. For c € Codes we have x® = Y _gcpom €G(C) B

Proof. We have the sequence of equalities
(10.25) mgxc = <£B%x°, 1>D = <XC, Vg(l»D = <XC, VG(}\)>D = GG(C).

where the second is by Proposition 10.4, the third is by Corollary 10.8, and the fourth is by Propo-
sition 10.15. n
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That the coefficients arising in Theorem 10.16 are 0 or 1 can alternatively be derived from
Proposition 6.8 as the coefficient of B equals evy TG (x%). Any T;* either maps x¢ to 0 or +x¢
where |c/| = |c| — 1. Tracking this sign carefully allows us to recover the preceding result. We
omit further details.

Figure 17 shows the three indexed forests in the case m = 1 that contribute to the expansion
of x3x3 as per Theorem 10.16. The leftmost tree has code precisely the exponent vector of this

monomial. Explicitly we have x5x3 = Br— P — Py

T 2 3 4 5 1 92 3 4 5 1 2 3 4 5

FIGURE 17. Three indexed forests that contribute to the monomial x3x3

Theorem 10.17. For F € For™ we have Vr(A) € Q[A1 — Ayy1, A2 — Ay, - - -], and the coefficients
in the expansion

(10.26) VF(}\) — Z be H()\i _ /\H—m)ﬁ

c=(c1,¢2,... )€Codes i>1
have be = LT (ITiz1 (B7)) > 0.

Proof. The fact that Vr(A) € Q[A1 — Ayi1, A2 — Ao, . . .| can be verified inductively by checking
that V;* preserves this ring and noting Vp(A) = V(1) by Corollary 10.8. Noting that ;" =
Xi + Xi—m + - + Xi_y|i/m|, it is straightforward to check that

(10.27) <H(‘B§”)Ci, [T - Ai+m)d"> = Jcac!,
D

i>1 i>1
and so
1 mNc; 1 m myc;
(10.28) be = — (TTORM % Ve ) = —evoTE [ TTORY ).
c!\’ c! .
i>1 D i>1
Finally, b. > 0 since [];>; (B7)¢ is m-forest positive by Theorem 7.3 or Theorem 7.4. O

For m = 1, [38, §6.3] may be interpreted as giving a combinatorial interpretation for the co-
efficients Tllz(x‘il(xl +x)2-) = T};((&B’l)cl (B,)2---). It would be interesting to extend this
interpretation to m > 1.
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APPENDIX A. PROOF OF THEOREM 6.1

For any k, let Ct(F) = {x € C(F) | k,k+1,...,k+ (m—1) ¢ Im(x)}, and define ®; : IN '\
{k,...,k+ (m—1)} = N and its inverse ;' : N — {k,..., k+ (m —1)} by

a ifa<k-—1 1 a ifa<k-1
(A1) Dy (a) == and &, " (a) =
a—m ifa>k+m a+m ifa>k.

Then we have

(A.2) Ri'(By) = RY( Y H ) = Y, T Xeww

x€C(F) veIN(F KeCk(F) veIN(F)

Consider the map f : N\{i,...,i+(m—1)} — N\ {i+1,...,i +m} and its inverse f! :
N\{i+1,...,i+m} > N\{i...,i+(m—1)} by

(A3) f(a){am ifa=i4+m andfl(a){a+m ifa=1i

a otherwise a otherwise.

We will use the following fact often to show that various compatible labellings retain the compat-
ibility inequalities between internal children after being modified by one of the above functions.

Claim A.1. For g being any of the functions @, ®, !, f, 71, the following holds: if a,b are in the
domain of gand 0 < j < missuchthatb <a—jand b =a —jmod m, then

(A4) g(a) —g(b) > j.

Proof. In all cases g is the unique increasing bijection from IN \ A to IN \ B for some finite sets A, B.
It also satisfies g(x) = x mod m for all x ¢ A. Thus b < a —j < a implies g(a) > g(b), while
b = a— jmod m implies g(a) — g(b) = j mod m. From there the conclusion follows immediately
in all cases but one: if j = m, then we must forbid g(a) = g(b), and indeed this cannot hold since
b <a—m < aand g is a bijection. O

We claim that for any x € C;(F) we have fx € Ciy1(F). Because i +1,...,i +m & Im(f(x)) it

remains to check that f € C(F). Let v € IN(F). Then f(x(v)) < x(v) < pp(v), f(x(v)) = x(v) =
pr(v), and by Claim A.1 for v,v; € IN(F) we have

(A5) f((2))) = f(x(0)) > .
Additionally, the map f* : x — fx is injective as f is injective, and ®;x = ®; 4 fx. It follows that
R Fr — R"Fr
(A-6) Tim(‘BP =+ x; l = Z H x<1>z+m’

k' €Ci1(F )\Im(f*) P veIN(F

Claim A.2. Let ' € C;11(F). Then &' ¢ C;jy1(F) \ Im(f*) if and only if i € LTer(F) and the
terminal node u with prp(u) = i has «'(u) = i.
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Proof. We have x' ¢ C;,1(F) \ Im(f*) if and only if f~'x’ ¢ C;(F). Note that if i € LTer(F)
and the terminal node u with pr(u) = i has ¥’ (1) = i then f~'x'(u) = i+m > pr(u) and so
f %' (u) ¢ C(F) D Ci(F). Therefore it suffices to show that f~1x’ ¢ C;(F) implies there is a
terminal node u with pr(u) = iand «'(u) = i.

We first show that f~'x’ & C;(F) implies there is some v € IN(F) with «'(v) = i and pr(v) <
i + m. We do this by checking that all other conditions besides f~!x'(v) < pr(v) for f~1x/(v) to
lie in C;(F) are satisfied. Note thati,...,i+m ¢ Im(f'«’), for v € IN(F) we have f~1(x(v))
k(v) = pp(v), and by Claim A.1 we have for v,v; € IN(F) that

(A7) K (o)) = fH(K (0)) = .

Therefore as all other conditions for f~!x’ € C;(F) are met, we have f~'x’ ¢ C;(F) exactly if
there is v € IN(F) with f~'x'(v) > pr(v). Because f~'x/(v) = «'(v) < pr(v) if &’ (v) # i, the
inequality f~'x’(v) > pr(v) happens precisely if x’(v) =i and f~1«x'(v) =i+ m > pp(v).

Now from this v with «’(v) = i and pr(v) < i+ m, we construct the desired u. We have
i =«'(v) < «'(vg) <« (vg) < - <« (vy) < pp(v) < i+ m where vy € IN(F) is the last
internal left descendant of v. Because pr(v) = «’(v) = i mod m we must have pp(v) = i and so

additionally «’(vy) = i. Therefore u = vy has ' (1) = pp(u) = up = i.
We claim that u is terminal. If not, let 1 < j < m be the first index with u; € IN(F). Then

(A.8) i+j=x"(u)+j<«(u) <pr(u)) =i+j,

so ' (u;) = i + j, contradicting that " € Ci1(F).
Therefore u is terminal with ' (1) = pr(#) = i and in particular i € LTer(F). O

Returning to the proof of Theorem 6.1, we may now conclude that if i ¢ LTer(F) then C;1(F) \
Im(f*) = @ and so by Equation (A.6) we haveT;"; = 0. On the other hand, suppose i € LTer(F)
and let u be the terminal node with pr(u#) = i. Then by the claim we know that

(A9) Cra(F)\Im(f*) = {¥' € Cisa (F) : ¥/ (1) = i}.

Claim A.3. If i € LTer(F) then there is a bijection {x’ € C;1(F) : «'(u) = i} — C(F/i) given by
K+ k" = @11 [in¢p)\ (identifying IN(F) \ u = IN(F/7)).

Proof. Before starting we show that for v € IN(F) \ u we have ®;1pr(v) = pr/i(v) (Which explains
the presence of ®;; in the statement). This is because by definition of the monoid structure on
For™, for any F > G we have pp/g(v) = pg(w) for w the root of the pr(v)’th tree of G € For™.
Taking G = i we directly see that pg(w) = ®;1(pr(v)).

First we check that the map from the claim is well-defined. Let v € IN(F/i) = IN(F) \ u. Then
;1% (v) < Di10F(v) = pp/i(0), Piy1x'(v) = €' (v) = pp(v) = pp,;(v) mod m, and by Claim A.1
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we have for v,v; € IN(F/i) that
(A.10) @111 (v)) — iK' (v) > j.
This map is clearly injective, so it remains to check surjectivity. Given x” € C(F/i) we claim
that ¥” € C(F) where
O Lx"(v) ifv#u
(A.11) K'(v) = 1 () 7
i ifo=u.

If this is the case then it is readily apparent that ®;, 1x’|(p)\, = " s0 surjectivity will follow.

Let v € IN(F). If v = u then we have «'(v) = i = pr(v) which shows «’(v) < pr(v) and
«'(v) = pp(v) mod m. If v # u then «’'(v) = ® ' «"(v) < DY pr/i(v) = pr(v) and «'(v) =
@, x"(v) = «'(v) = prsi(v) = pr(v). Finally, if v,0; € IN(F) it remains to show that
(A.12) ' (vj) —«'(v) > j.

If v; = u then «'(v;) — «(v) =i — D k" (v) > i — DY ppsi(v) =i—pp(v) =i— (pp(vj) —j) =]
(where the last inequality is because pr(v) < pr(v;) and pp(v) = pp(vj) — jmod m). If v; # u then
if follows from Claim A.1 that <I>ijr111c”(vj) - q)l.jrll;c”(v) > . O

Given this claim, we now conclude

(A.13) Bri= Y [T xew= Y [T *o.ww

k" eC(F/i) veIN(F/i) K/ €Ciy1 (F)\Im(f*) veIN(P/i)
(A.14) = Y — J1 xcpMKf = T/ B¢
K’ECZ'H(F)\Im(f*) ! veIN(F
where in the second last equality we used that ®; 11" (1) = ®;1(i) = i.
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