THE SPRINGER GEOMETRY OF SPECHT POLYNOMIALS, AND SCHUBERT
CYCLE POSITIVITY FOR TWO-ROW SPRINGER FIBER COMPONENTS

HUNTER SPINK AND VASU TEWARI

ABSTRACT. We show that the type A Springer representation is realized geometrically in the ho-
mology of the complete flag variety by Specht polynomials. For any partition A\, we identify the
classical Specht polynomial generators of the Specht module V) with the classes of a family of dis-
joint Levi—Richardson varieties, and this family degenerates to the Springer fiber By. This factors
Springer’s Schubert positivity problem for Springer fiber components through a chain of positive
expansions, from Specht polynomials through the Joseph polynomials to the Schubert cycles.

For two-row partitions we make each of these expansions combinatorially explicit, giving mani-
festly nonnegative Schubert cycle expansions of both the Levi-Richardson cycles and the Springer
fiber components. This resolves Springer’s question for two-row fibers and proves two conjectures
of Precup and Sabando-Alvarez, and identifies the Springer basis with the web basis for two-row
Specht modules. As an application, we deduce the Schubert cycle expansions of the components of

the Poisson degeneracy locus of the flag variety.

1. INTRODUCTION

We work over C. Let B, B~ C GL, denote the upper and lower triangular invertible matrices.
The complete flag variety Fl,, :== GL,, /B is identified with the set of flags of subspaces

via the transitive action of GL,, with B the stabilizer of the coordinate flag V; = (e, ...,e;). We
denote the set of complete flags preserved by an n x n matrix M by

By = {(Vi)iy | MV; C V;} C Fl,.

Our primary interest is in the Springer fiber By := By C Fl,,, where N is a fixed nilpotent matrix
of type A = (A1 > A > -+ > N\). As shown by Spaltenstein [34], the Springer fiber decomposes
into irreducible components By indexed by standard Young tableaux (SYTs):

Bi= |J Br
TeSYT(N)

AT
AT . 2 .
and throughout, an unadorned ) ( 3 ) denotes this sum over 1 <1 < Aj.

It is equidimensional of dimension dim By = Zjl ( ), where AT is the transposed partition. Here
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The homology of the flag variety carries the Springer action of the symmetric group S, realizing
the regular representation He(Fl,) = 7Z[S,] with a distinguished geometric basis given by the
Schubert cycles X¥ := BwB, w € S,. The action descends to Hgim s, (Br) = Dresyron ZIBrl,
giving the Springer representation: a copy of the Specht module V) C H(Fl,), with the classes
{[Br]} forming the Springer basis. Expressing the Springer basis in the Schubert basis is a long-
standing question of Springer [38], open beyond a few special cases |15, 37]. We resolve it for all
two-row Springer fibers, A = (n—k, k), and along the way prove two conjectures of Precup—Sabando-
Alvarez |32, Conjectures 1,2].

We show that Springer’s problem is a special case of a broader one concerning the classical Specht
polynomial generating set for V. Our route runs through a degeneration communicated to us by
Martha Precup [27], which at one end is a disjoint union of varieties we call AT-Levi Richardsons
and at the other end is By itself. One of our main theorems identifies the A"-Levi Richardsons with
the Specht polynomial generators of V), and the degeneration yields the first of the following series
of positive expansions in He(F1,):

positively expands positively expands

A\ -Levi-Richardsons

Springer basis elements » Schubert cycles,

Specht polynorflials fr Joseph polynomials Jp Schubert degree
(Section 3) (Section 4) polynomials Dy,

(Section 2.1)

where the Joseph polynomials are the least understood. Combinatorializing these expansions would
be very interesting (see Questions 1.4 and 1.5). Before turning to the two-row case, we orient the
reader to the three families of polynomials in this diagram and to what is already known about the

two expansions.

(1) The polynomial model. To work with polynomial representatives for homology classes, we
embed Hq(F1,) in the ring of root polynomials Z[{z; — zj }1<i<j<n] by an integral normaliza-
tion of the symmetric harmonics of Bernstein—-Gelfand—Gelfand [6]. We note that effective
classes always expand into positive root polynomials N[{z; — zj}1<icj<n].

(2) The rightmost family. The Schubert degree polynomials Dy, (z1, ..., z,) appear implicitly in
[6, Theorem 3.13]. They are the degree polynomials DL'%(y1, . .., y,_1) studied in Postnikov—
Stanley [26] considered in the integral normalization, i.e. after applying []y;* — []ai!(z —
zi+1)%. Every effective cycle expands nonnegatively into these degree polynomials, and as
shown in ibid. the expansion into N[{z; — zj}1<i<j<n] is encoded by certain chains in the
Bruhat order.

(3) The middle family. The Joseph polynomials |17, 18, 20, 30] are usually defined as multide-
grees of orbital varieties. Hotta [16] showed that the span of the Joseph polynomials for \ is
isomorphic, as an Sj,-representation, to the Springer representation, with Jp corresponding

to [Br]; we show in Section 4 that with our normalizations the two agree identically.
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(4) The second arrow. The expansion of Joseph polynomials into N[{z; — z; }i<;] was considered
in [18, Section 8|; it would be interesting to obtain such combinatorial expansions directly,
should decomposing them into the coarser Schubert degree polynomials prove too difficult.

(5) Prior work for two columns. For A; < 2 the complete flag variety is spherical with respect
to the A" -Levi subgroup of GL,,. The Schubert cycle expansion of the A"-Levi Richardsons
was computed by Wyser [43], and the Joseph polynomials via orbital varieties by Knutson—
Zinn-Justin [20] and by Rimanyi-Tarasov—Varchenko—Zinn-Justin [30]. The intermediate

positive expansions are not known combinatorially.

For two-row A = (n — k, k) we give combinatorial rules for these expansions. The first expansion
is the expansion of the Specht polynomials into the web basis via skein relations [28|. The second is
more delicate, relying on a fortuitous interaction between long-range divided differences in type A
and setting variables to zero, studied by the present authors with Nantel Bergeron, Lucas Gagnon,
and Philippe Nadeau |2, 24|, with the combinatorics being governed by the geometry of the qua-
sisymmetric flag variety QFL, C Fl, [3]. We do not know a direct geometric link between QFL,,
and two-row Springer fiber components, yet the techniques developed for Schubert positivity in the
former proved indispensable for the latter.

As a final application we show that the Poisson degeneracy locus of Fl,,, as described by Casbi—
Masoomi-Yakimov [11], has components which are left S,,-translates of the two-row A '-Levi Richard-

sons, and therefore our results also compute their Schubert cycle expansions.

1.1. The degeneration. Fix A a partition of n. For a diagonal matrix D, with eigenspaces of
dimensions A" there is a decomposition

Bo,= || Re
CES, T\Sn

indexed by right cosets of the parabolic subgroup Syt = [[ S\t C Sy, with each R¢ irreducible of

dimension ) ()‘21T ) = dim B). These components admit several equivalent descriptions:
(1) as Levi orbits R¢ = GLyTwB for any w € C, and Levi subgroup GLy7 = [[ GL\7 C GLy;
(2) as Richardson varieties R, = BvB N B~uB, for u,v the minimal and maxir;lal length
representatives in C;
(3) as embedded copies of [[Flp, < Fl, under the pattern map of Bergeron—Sottile [4, 5]
associated to ordered set partitions Py U---UPy, = {1,...,n} with |P;| = \].
We will henceforth refer to these as A" -Levi Richardsons. The degeneration we are concerned with
takes BD/\T — By by degenerating D,1 to the nilpotent matrix N of Jordan type A while staying

within the set of diagonalizable matrices with eigenspaces of dimensions AT (see Section 3.1).

1.2. The Springer geometry of Specht polynomials. The homology of the flag variety can be
understood as an Sy,-representation via the embedding He(Fl,) < Z[z1, ..., z,] given by associating
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to a homology class [X] the degree polynomial

(1.1) Dx(z1y...,2n) = Z (/ x‘fla:Z”) 2zt € Lz, 2]
X

a1+-+ap=dim(X)

where x; = —c1(F;/Fi—1) is the negative i’th Chern root of the tautological flag of subbundles
0CF1 € C Fr1 ©C" and the Springer action of S, on He(Fl,) comes from S,, permuting
the z; variables. Because 1 + -+ + x, = 0 in H*(Fl,,), the image of He(Fl,) factors through the
root polynomials Z[z1 — 22,22 — 23, ..+, Zn—1 — Zn.

Theorem 1.1 (Section 3). Fix a partition A of n.

(1) The Springer representation is the Specht polynomial realization of V}, i.e. generated by
the Specht polynomials

Jr = 11 (20 — ) € Z[21, .. ., 2]

a above b in the same column of T’

for column-strict fillings 7" of A with distinct entries {1,...,n}.
(2) The Specht polynomials fr are the degree polynomials of the AT -Levi Richardsons R¢. More
specifically there is a natural bijection C — T'(C) from S, \ S,, — column-strict fillings of

A, and we have
DRc(zlv e 7Zn) = fT(C)‘

In particular the Springer representation is spanned over the integers by the AT-Levi Richardsons:
(1.2) B z(Br] = Z{[Re] | C € Syv \ S} C Ho(Fly,).

Remark 1.2. Various aspects of this theorem were known previously, though not in the present

form.

(a) Over Q, under the variable substitution zj* - -z m [Ty the image of H,(F1,)

n

is the space of symmetric harmonics [6, Theorem 3.13], those rational polynomials killed
d

TM7 ..

Specht polynomials in the z; variables map to scalar multiples of Specht polynomials in the

by every differential operator f( - d;%) with f symmetric and without constant term.
y; variables, so the combinatorial content of part (1) is that these Specht polynomials lie in
the harmonic space of the Tanisaki ideal 7y, and follows from work of Rhoades—Yu—-Zhao
[29, Lemma 11| — we will give a short direct proof of the special case we need.

(b) Martha Precup [27] communicated to us that the degeneration considered above yields a
geometric proof of (1.2) over the rationals. By identifying the Specht polynomials explicitly
we can upgrade this to work over Z (Theorem 3.4).
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1.3. Combinatorial nonnegativity conjectures. For geometric reasons [9] the fundamental cy-
cle of any subvariety [X]| € Hq(Fl,) expands nonnegatively in the Schubert cycle basis

[X]= > hX[X™] with hyy € N.

’wESn
For X = X" we denote the associated Schubert degree polynomial Dy, (z1, ..., z,). The nonnegative
degree polynomials DL%(y1,...,y,_1) of Postnikov-Stanley [26] recover Dy (21, ..., 2,) under the

substitution y§* - - - yo 3" H?:_ll a;!(z; — zi+1)®. Then the above expansion is identical to
Dx(21,-.,20) = > hixDu(21,..., 2,) with by, € N.

wESn

For geometrically natural X, a central question in algebraic combinatorics is to find manifestly

nonnegative combinatorial rules for h:\.

Remark 1.3. The coefficient of (21 — 22)™ -+ (2p—1 — 2,)* % in Dx(z1,...,2,) I8
/ x%l(a}1+x2)a2(aj1 +"‘+l‘n_1)an71 G N
X

which is nonnegative as z1+- - -+x; is the first Chern class of the ample line bundle det F;”. Therefore
effective cycles in Hq(F1,) map to positive root polynomials N[z; — 29,20 — 23,...,2n,—1 — 2n].
Postnikov—Stanley [26] give a combinatorial rule via chains in the Bruhat order for the coefficients
of Df,js(yh ..y Yn), and therefore we can deduce a nonnegative expansion of Dx(z1,...,2,) into
positive root polynomials from a nonnegative expansion into Schubert degree polynomials.

For X = Re, finding such a rule for k> is equivalent to a Schubert positivity question of the
alphabet coproduct map. The Borel presentation [8] of the cohomology ring of the flag variety is as

the ring of symmetric coinvariants

H*(Fl,) =Zx1,...,z,]/{(f —evo f | f € Z[:Cl,...,xn}sﬂ).

This has a distinguished basis of the Schubert polynomials {Sy(x1,...,zy,) | w € Sy} of Lascoux—
Schiitzenberger [22], which are the Kronecker dual basis in cohomology to the Schubert cycle basis
under the natural perfect pairing H*(Fl,,) ® Hq(Fl,) — Z.

There is great interest in the combinatorial nonnegativity of h;x when X = Ru,w is a Richardson
variety, as then h;X is the coefficient of &, in the product &,8,, so they are the generalized
Littlewood—Richardson coefficients. In the special case R¢ for C € Syt \ Sy, they have an alternative
combinatorial interpretation in terms of the alphabet coproduct because of their connection to the
pattern maps of Bergeron—Sottile.
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More precisely, given an ordered set partition Py LI --- U P, = {1,...,n}, Bergeron—Sottile [4, 5]
showed that every coefficient in the expansion

T T

Su(21,...,20) = > uwy,wr | [ Swi ({5} sep,) € Q) H® (Flip,)
(’wl,.“,wr)65|pl‘><~~~><S|7)7,‘ i=1 =1

can be expressed positively in terms of generalized Littlewood—Richardson coefficients. The coef-

ficient where wy,...,w, are all the longest elements of their respective symmetric groups is the

coefficient h;X where X = HFlm‘ — Fl, is embedded via the pattern mapping.

Question 1.4. For C € S,7 \ Sy, find a combinatorially nonnegative algorithm for the coefficients
of the expansion [R¢] = Y. h%¢[X¥], or equivalently of the Specht polynomial frey(z1,- -5 20) =
S hReDy(z1,. .., 2,) into Schubert degree polynomials.

The geometric degeneration gives a potential avenue for resolving this question. The existence of
the degeneration BD)\T — By directly implies

[Rel = g5Br] with gf > 0,

so we can factor the above question into two potentially easier questions. We will show later that

under our normalizations
DBT(Zla . ;Zn) = JT(Zla e ,Zn),

where Jp(z1,...,2,) is the Joseph polynomial |17, 18, 20, 30], defined as the multidegree of an
orbital variety (see Section 4).

Question 1.5.

(1) Find a combinatorially nonnegative algorithm for the coefficients g% above, i.e. show com-
binatorially that the Specht polynomials expand nonnegatively into Joseph polynomials.

(2) (Springer [38]) Find a combinatorially nonnegative algorithm for the coefficients h57 above,
i.e. show that the Joseph polynomials expand nonnegatively into degree polynomials .

A combinatorial formula for h57 was determined by Giiemes [15] for A = (n — k, 1¥) of hook
shape. The tableaux in this case are all “Richardson tableaux” of Karp—Precup [19], meaning there
is an equality with a Richardson variety Br = Ry, and a combinatorial formula for hgT for all
Richardson tableaux T was recently established by the present authors [37].

1.4. Two-row Springer fiber components. We carry out the above program in full in the context
of two-row Springer fibers [13, 40, 14|, i.e. with A = (n — k, k). Each right coset C € Syt \ Sp
canonically induces a matching M of {1,...,n}, and we then have

Dre(21,- ) =[] (2= 2) € Ho(Fly).
(i<j)eM
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As described in Fung [13] and Stroppel-Webster [40], there is a natural way to associate what we
will call a “packed noncrossing matching” of [n] to a tableau T' € SYT(A), so we may also write By
for the component associated to T. Then we show

Dp,,(21,...,2n) = H (zi — z;) € Ho(Fl,,)
(i<j)eM

as well, so these arise as a distinguished subset of the Levi-Richardson homology classes (the corre-
sponding statement for Joseph polynomials was known previously, see Remark 5.6 and [30]). This
identifies the Springer basis/Joseph polynomial basis {[Ba]} for V) with the web basis associated to
packed noncrossing matchings. That the Specht-to-web transition is unitriangular is due to Russell-
Tymoczko [31]; what is new here is the geometric identification of the web basis with the Springer
basis of two-row fiber components, via degree polynomials. There are positive straightening rules
[28] for expanding Specht polynomials into the web basis, and these yield combinatorially positive
rules for the expansions of these Levi-Richardson cycles into the two-row Springer fiber cycles

[Re] = Z 9o Ba] with git e N.
packed noncrossing matchings M
For two-row A this resolves Question 1.5(1).
We also resolve Springer’s question (Question 1.5(2)) for all components By of two-row Springer
fibers, and additionally compute the reverse Artin representatives of their Poincaré dual cohomology
classes. This verifies two conjectures of Precup and Sabando-Alvarez |32, Conjectures 1,2]. We

therefore have in Hq(Fl,,) combinatorial expansions for A = (n — k, k):

positively expands positively expands

{[Rel [ € € Sx7 \ Sn}

{[Br] | T € SYT(A)} {[X*] [w € Sn},

and hence fully resolve Question 1.4 in this special case via the program outlined above.

Our strategy follows [37], which expressed the degree map on By for T' a Richardson tableau as
a composite of long-range divided differences 0;; interspersed with setting variables to zero. Using
the Stroppel-Webster presentation of the cohomology ring of two-row Springer fiber components
[40, Theorem 9|, we establish such a form for the degree map on By in the two-row case. We do
not have a geometric reason to expect that the component homology classes in the two-row and
Richardson tableau cases would be so expressible — they seem independently fortuitous.

The fact that long-range divided difference operations satisfy combinatorially positive straighten-
ing relations into products of short-range divided differences when certain variables are set to zero
is the key insight in the formalism of quasisymmetric divided differences of the present authors and
Philippe Nadeau [25], and motivated the techniques of both [37] and the present paper.

Finally, in Section 8 we relate our varieties to two others indexed by matchings. Casbi—-Masoomi—
REMY

Yakimov [11] study Richardson varieties — components of the Poisson degeneracy locus of

Fl,, — indexed by a matching together with extra data; and among the subvarieties of QFL,, are
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left-translates of Richardson varieties X (M) indexed by noncrossing matchings. In both cases these
are left Sj,-translates of R¢ varieties, so our results yield combinatorially nonnegative Schubert cycle
expansions for [Rgﬂffy] and [X (M)] — recovering, for X (M), the expansion of [24, 3.

Acknowledgements. We would like to thank Martha Precup and Cristina Sabando-Alvarez for
helpful conversations. We are extremely grateful in particular to Martha for informing us of the
existence of (1.2), and Ruizhen Liu for supplying a significant simplification to the presentation of
the degeneration in Section 3.1.

2. PRELIMINARIES

Write [n] = {1,...,n} and let S,, denote the symmetric group of permutations of [n], with simple
transpositions s; = (4,7 + 1), reflections 7;; = (4, 7), and longest word w, € S,,. In what follows
Sy acts on any polynomial ring by permuting variables, o - f(y1,.--,Un) = f(Yo(1)s- - Yo(n)). For
D C [n] we denote by Yp the operation

YDf(l'l’ cee 7xn) = f(xla cee 71'71)‘951':0 for €D
and write evg := Y[, for the constant term map f +— f(0,0,...,0).

2.1. Divided differences, Schubert polynomials, and degree polynomials. The flag variety
Fl,, is equipped with the natural tautological flag of subbundles

{0}=FoCF G CFa1 & Fn=C",
where the fiber of F; over M B is the span V; of the first ¢ columns of M. Denoting z; = —c1 (F;/Fi—1)

and Sym,, == Z[x1, . ..,2,]%", the cohomology of Fl, has the well-known Borel presentation [8]

H*(Fl,) = Z[x1,...,z,]/{f —evo f | f € Sym,,)

id —s;
Ti—Tit1

63 =0 &az_;,_laz = 8i+18i82-+1 828] = 8J8Z for ‘Z —]‘ Z 2.

Define the divided difference operation 0; =

. These satisfy the nil-Hecke relations

These relations imply that 0;, --- 0;, = 0if s;, ---s;, = w is not a reduced word, and is equal to a
fixed operator 9, independent of the choice of reduced word otherwise. The Schubert polynomials
of Lascoux—Schiitzenberger [22] {&,, | w € S, } C H*(Fl,) are a Z-basis for the cohomology of Fl,,.
They are recursively defined by setting &,, = x’f_lmg_Q coexzl | and 0,6, = Ouw(iy>uw(i+1)Ows; -
The divided differences 4, ..., 0,1 descend to endomorphisms of H*(Fl,), and the Schubert poly-
nomials satisfy the duality

1 w=uw

(2.1) ev OGSy (21, ..., xy) = )
0 otherwise.
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We will also need to work with long-range divided differences 0;;f = % Unlike the 9;, the
long-range 0;; need not preserve Schubert-positivity.

The natural perfect degree map pairing He(Fl,) ® H*(Fl,) — Z allows us to view homology
classes as homomorphisms H*®(Fl,) — Z. For an algebraic cycle X C Fl,, the operation associated
to [X] is the degree map [, which is zero on H%(Fl,) for all @ # dim X, and pairing with the
fundamental class when a = dim X. As shown in [6] this operation for [X™] is evg 0y, and so by

the duality in (2.1) we always have

(2.2) X =Y (/X 6w(:c1,...,wn)> (X).

’LUESn

We can therefore interpret h;X as the coefficients in the expansion

_ X
/X— Z hi, evo Oy,

wWESy

where the equality is of functionals on H®(Fl,). This is the Kostant—Kumar approach to Schubert
calculus [21], which allows one to work with the combinatorics of degree maps without passing to
the dual combinatorics of Schubert polynomials.

An alternate representation of homology classes [X| from this perspective is via degree polyno-
mials (|6, Theorem 3.13|, [26]), which we present in a normalization that preserves integrality. Let
z1,...,2n be a formal dual basis to formal indeterminates x1,...,x,. Then there is an injection

Ho(Fl,) = Zlxy, ... z0]Y 2 Z]21,. .., 24,

and so a homology class [X] can be expressed as the polynomial Dx(z1,...,2,) from (1.1). The
polynomial Dy, (z1,...,2,) associated to [X"] is the Schubert degree polynomial. Then we have
(Dw(z1,---52n), Guw (21, ..,%n)) = 0w, and we can consequently write

[X] = (Dx(z1,. .., %), Sw(@1, ..., 20))[X*] and
Dx(z1,--,20) = Y _(Dx(21,. ., 20), Sw (@1, .., 20))Du(21, - ., 2n).

Finally, for D = (dy < d2 < --- < d,) C [n] we write dp = [[;_; H;;ll Od,d;, the full symmetrizer
on the variables x4,,...,24.. If D = {a,b} then Op = 04 is the long-range divided difference,
and we adopt the conventions dy = id (the identity). Furthermore, J),] = Oy, and we have the

well-known Weyl symmetrization formula

f(xdw(l), oo 7xdw(r))

3Df(xd1,...,$dr)= EZ[del,...,:Ed

wWESy

We will often use the fact that if f,g € Z[{x;}icp| and g is symmetric with no constant term then

(2.3) Ypopgf =Ypgopf =0,
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where the first equality follows from the explicit description of dp above.

Fact 2.1. We have [Fl,] = ev dy, and Dy, = [[;;(2 — ;). In particular,

n

/ L0 pn (1)) (ay,...,an) = (n—0o(1),...,n —o(n)) for some o € S,
1
Fl,

0 otherwise.

Proof. The first equality follows as Fl, = X%°. As 9y, w = (—1)!®)9,, . it suffices to show for

ap > --- > a, that evg Oy, 7" ---zf» = 11if (a1,...,a,) = (n — 1,...,0) and O otherwise. For
the first case 3%:571%1:3372 Tyl = % = 1. The second case follows because if ) a; =
U(w,) = (g) then there exists ¢ such that a; = aj11, 50 Oy, ] - - 2" = Do s, 057" -2 =0. O

2.2. Springer fiber components. As mentioned in the introduction, for a fixed nilpotent matrix
N of type A the irreducible components Br of the Springer fiber

By ={FeFl, | NF, CF foralli} CFl,

were shown by Spaltenstein [34] to be naturally indexed by standard Young tableaux. We draw
Young diagrams in English convention, with the longest row on top. For a partition A we let
SYT()) denote the standard fillings of A that are increasing in the rows and columns (so that 1
always appears in the top left corner).

Definition 2.2. Fix A\ a partition of n, and let N be a nilpotent matrix of type A. For each
T € SYT(A) consider the subset Br C B x such that Nen v, has Jordan type given by the subdiagram
A[n — j] C X consisting of boxes labeled with numbers < n — j. Then the Springer fiber component
corresponding to T is the closure

Br = By C By,

We give a concrete example in Example 5.2. By [35], the Springer fiber is equidimensional and
for all T € SYT(A) we have

AT
dim By = dim By, = Z < 21 >

Remark 2.3. This follows the indexing conventions of Karp—Precup [19] and Precup—Sabando-
Alvarez [32]. Applying the complementation map i — n + 1 — i to the entries results in standard
reverse tableaux that now have decreasing rows and columns, and then the indexing conventions
also agree with Spaltenstein [34], Gliemes |15], Fung [13], and Stroppel-Webster [40].

There is a genuinely different convention where the Jordan types of N|y, create the standard
filling — this is the convention used by Steinberg [39]. As shown by van Leeuwen [42] the tableaux
indexing the same component under the two conventions are related by the Schiitzenberger evacu-

ation involution.
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2.3. Orbital varieties and Joseph polynomials. We recall now the correspondence between
Springer fibers, and orbital varieties [17, 18, 20, 30], following Spaltenstein [35]. Let b,n be the
subsets of weakly (resp. strictly) upper triangular n x n matrices. For M nilpotent of Jordan type
A, by definition we have By = {¢gB € GL,/B | g 'Mg € b}, and as M is nilpotent this is equivalent
to
By={gBcGL,/B| g 'Mg e n}.

For A a partition, we denote by m) C n for the closure of the subset of matrices of Jordan type A.
Then if 7 : GL, — GL, /B is the projection map and ¢ : 7~*(B) — m is the map g — g ' Mg,

there is a correspondence

7 1By ={ge€ GL,| g 'Mg e n}
/ X
B

Then n) decomposes into irreducible components Or = ¢(7~'Br), the orbital varieties indexed by

UDY

standard Young tableaux:
ny = U OT.
TESYT(N)
Note that for gB € By, the associated flag V; is given by (g(e1),...,g(e;)), and the condition
that gB € By is therefore that Mgn (g(ey),....g(er)) 18 Of Jordan type A[n — i]. This is equivalent to
saying that (g‘lMg)(Cn/@l“_.’eﬁ is of Jordan type A[n —i], so we have the following.

Fact 2.4. The irreducible component Or C n is the closure of those N € n such that Ngn (e, ... e
is of Jordan type A[n — | for all i.

The variety n) is equidimensional and for all 7€ SYT(\) we have [17, Section 3.1]

.
dim O = dimny = (Z) -y (2 )

There is an action of the diagonal matrices D on n) given by conjugation. Denoting > m;z; for
the character Diag(ti,...,t,) — t{" ---t', n becomes a D-representation of dimension (72‘) with
weights {z; —z; | 1 <i<j <n}.

Definition 2.5. The Joseph polynomial [17, 18, 20, 30| Jp(z1,...,2,) of Op is the D-equivariant
cohomology class of Op in H})(n) = H}(pt) = Zlz1, . . ., 25, i.e. the multidegree [23].
3. SPECHT POLYNOMIALS AND LEVI-RICHARDSONS IN SPRINGER’S REPRESENTATION

Given a column-strict filling T" of the Young diagram of A with distinct entries from [n], its Specht

polynomial is

fT = H (Z(I_Zb)v

a above b in the same column of T'
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the product of the Vandermonde determinants of the column entries. For example,

2114
3195

T= has  fr = (22 — 26)(22 — 27)(26 — 27) - (21 — 23) - (24 — 25).

6
7
The symmetric group .S, acts on the span of the fr by permuting the variables; this span is the
Specht module V. We refer the reader to [33] for more on this classical construction of irreducible

representations of S, [36].

Let S\t = [[S\,7 C S, be the parabolic subgroup associated to AT. By [43, Proposition 2.5, a
Richardson Varietylis an orbit of the Levi subgroup GLyt = [[ GL,r if and only if it is of the form
Ru,p with w,v the minimal and maximal length representatives of Za coset C € Sy7 \ Sp; we write
Rec = Ry, for it. Because these cosets partition S, these AT-Levi Richardsons are equivalently
characterized as the GLyt-orbits through permutation matrices, as mentioned in the introduction.

Such cosets are naturally in bijection with ordered set partitions

PiUPU---UPy, = [n]

where |P;| = )\Z-T, by applying the inverse w™! of a coset representative to the elements of the
standard partition {1,..., A\ },{\] +1,...,A] +AJ},... of [n]. We obtain a column-strict filling
T of X by filling the ¢’th column of A with the elements of P; listed in increasing order.

Theorem 3.1. If T is the column-strict filling associated to C € Syt \ S, as above, then
[Re] = evo H@pi and Dr,(21,...,2n) = fr(21,...,2n) € He(FL,).
Proof. The Richardson variety R¢ is the image
[I6L: = [IGLy /By = [[FLr = Fl,
where the last map is the pattern map embedding of Bergeron—Sottile [4, 5| associated to the ordered

partition above. The pushforward along the pattern map in homology is adjoint to the alphabet
coproduct in cohomology, so by the push-pull formula we have

/RC g(@1,. .., xp) :/HiFlAZT 9({zjtjer) = (HYPi5Pi>9:eV01:[3Pi97

where the middle expression denotes the composite of the operators Yp, 0p, on disjoint variable sets.
We conclude by Fact 2.1 that Dr, = []; D1 ({25}jep,) = fr- O

Corollary 3.2. In H(Fl,) the A"-Levi Richardson classes span a submodule of He(F1,,) isomorphic
to the Specht module V) :

Vi 2 Z{[Re] | C € Syt \ Sn} C He(Fl,).

We will see shortly that the Springer representation is exactly this submodule of H,(Fl,).
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3.1. The geometry of Levi-Richardsons. Martha Precup [27] communicated to us the following
remarkable degeneration. We present this using companion matrices on the suggestion and guidance
of Ruizhen Liu. Recall that in the introduction we have defined for any nxn matrix M the subvariety
Bys C Fl, consisting of flags preserved by M. If we have a 1-parameter family of matrices M (t) we
have a (not necessarily flat) degeneration Bys) — Bag(o). Now fix distinct ay, ..., ay, € C and take
the block matrix M (t) = My(t) ® Ma(t) ®--- @ M7 (t) with blocks the companion matrices (with
e; the i’th elementary symmetric polynomial)

0 00 0 —ey(—tay,...,—tay,)

100 - 0 —€>\i_1(—ta1, cee —ta)\i)
Mit)=10 1 0 -+ 0 —ey_o(-tai,...,~tay,)

_0 00 --- 1 —61(—ta1,...,—ta>\i) 1

By definition this is the companion matrix whose characteristic polynomial is (x —tay) - - - (z —tay,).

Then we have the observations

(1) For ¢ # 0 the matrix M;(t) is diagonalizable with eigenvalues tay,...,tay,. Therefore M(t)

is diagonalizable with ta; of multiplicity )\ZT.

(2) M(0) is a nilpotent matrix of Jordan type A.
For the n x n diagonal matrix Dyt = Diag(ay,...,a1,as,...,as,...) where a; appears )\iT times for

1 <i < )y, if g(t) € GL,, is the matrix such that M(t) = g(¢)tDy7tg(t)~! then

By = 9()Bip,+ = 9(t)Bp,+ = Hg(®)Re | € € Sy7 \ Sn}-

For t # 0 this is an isotrivial family degenerating to ). Because the special fiber and the general
T
fiber of By (;) both have dimension ) (’\5 ), this implies the following.

Corollary 3.3. For C € Syt \ S, we have

(3.1) [Rel= > ¢7[Br] with g7 > 0.
TESYT(N)
One can furthermore show that over Q the span of {[R¢] | C € Syt \ Sn} is the Springer
representation [27]. As we will see next, by combinatorial means we can show that the Z-span of

the [R¢] is the Springer representation.

3.2. The combinatorics of Levi-Richardsons. Recall the quotient ring presentation of H®(B))
due to Tanisaki [41] following De Concini-Procesi [12|. Given S C [n] let eq({z;} es) denote the
sum of degree d squarefree monomials in the variables {z;};es. Now define

T = (eal{z;}jes) | S C Inl,d > |S| = Ay =+ = Ay j511);
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where we set )\jT =0 for j > A;. Then we have
H.(B)\) = Z[xla SRR :E?’L]/I/\

Although Tanisaki [41] and De Concini-Procesi [12] state this presentation over a field of character-
istic zero, it holds over Z: the Springer fiber B) admits an affine paving (by Spaltenstein [34, 35]),
so H*(B,) is a free Z-module and the Tanisaki relations hold integrally — see |1, Theorem 4.1] and
the subsequent remark in ibid.

Theorem 3.4. Both the Springer representation and the span of the Levi-Richardsons associated
to AT are equal S, sub-representations of He(Fl,), i.e.

e P ZBr) =Z{[Re] | C € Syv \ Sn} C Ha(FL,).
TeSYT(N)

Proof. Both sides are isomorphic to the Specht module V), and the Specht polynomials form a
generating set for the Specht module V) over I, for all p, so by Theorem 3.1 the span of the [R¢] is
a saturated subset of He(F1,) (i.e. kv lies in the span implies v lies in the span). It therefore suffices
to show each [R¢] lies in the span of the Springer components. The Springer fiber representation

in homology comes from the top dimension of the inclusion
Ho(B)) — He(F1,),
which is dual to the surjection
Zlz1, ..., xn)/{f —evo f | f is symmetric) = H*(Fl,) — H*(By\) = Z[z1, ..., zn]/Ty.

Therefore a homology class of He(Fl,) lies in Hqe(B)) if and only if it annihilates Zy, and we must
show that [R¢] has this property. That fr has this property when considered as a functional on
the symmetric coinvariants also follows from [29, Lemma 11|, which in our language describes a full
spanning set for He(B)) C Z[z1, ..., z,]. We include a short proof for [R¢]| itself for completeness.

By Theorem 3.1 we know that [R¢] = [[ Yp,0p,. Expanding a Tanisaki generator by the alphabet
coproduct associated to the partition P, we obtain

A1
cal{rities) = Y. Jlea(ziticsor,)-

ar+--+ay, =db=1
ap<[SNPy|
By (2.3) it suffices to show that the bounds on d ensure that each term in the coproduct contains
at least one factor of the form eq, ({2;}icsnp,) with a; > 1 and S NP, = Pp. Indeed, suppose that
this never happens. If |S| < n — Ay, then d > |S| and es({z;}jes) = 0, so assume we can write
|S| =n — A\ + k with £ > 0. Then by the pigeonhole principle there are M > k of the A\; parts P,
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completely contained in S (so ap = 0), and the remaining A\; — M parts have a, < [SNPy| < |Pp|—1.

Therefore
A1 A1 n
d=Y ai<n-(M-M) - Y  A<n—M-k- > N=I[5- > A,
J=AM—M+1 J=A1—k+1 j=n—|S|+1
violating the degree bound between d and |S]. O

Corollary 3.5. Under the degree polynomial embedding He(Fl,) < Z[z1,..., 2], the Springer
representation is the Specht polynomial representation spanned by the Specht polynomials f7 for
T a column-strict filling of A, which in turn are the degree polynomials Dg, (21, ..., 2z,) of AT -Levi
Richardsons R¢ for C € Syt \ Sp.

4. JOSEPH POLYNOMIALS AND THE SPRINGER BASIS

In this section, we show that under the embedding He(Fl,) C Z[z1,. .., z,] we have chosen, that
the Joseph polynomials J7(z1, ..., z,) associated to orbital varieties {Or | T' € SYT(\)} agree with
the Springer basis [Br] of homology classes of Springer fiber components.

Theorem 4.1. For T' € SYT(A) we have Dg,(21,...,2n) = Jr(21,..., 2n).

Corollary 4.2. For T a column-strict filling of A, there is a nonnegative expansion
fr(z1,...,2n) = Z gr I (21, ..., 2,) with g5, >0
T'ESYT(N)

of Specht polynomial into Joseph polynomials.
Proof. By Theorem 4.1 and Theorem 3.1, this is a direct reformulation of (3.1) . O

Joseph [18, §2] proves a similar statement to Theorem 4.1, identifying Dp,. and J7 up to a nonzero
scalar; the content of Theorem 4.1 is that with our normalizations this scalar is 1.

Proof of Theorem 4.1. Hotta [16] showed that there is an isomorphism of S,-representations

B zBrlz @ Zr(a, ... )

TESYT(N) TESYT(N)
with [Br] — Jr(z1,...,2n). Therefore because the Specht module V, is irreducible after tensoring
with Q, it suffices to show for a single T" that Dp, (21, .., 2n) = Jr(z1,...,2n). We do this for the
filling where the i'th column contains the interval P; = {A] +---+ A1 +1,... A+ +2A +AT ]
We choose the nilpotent matrix M which takes e 11_p > ent1—4 if the box containing a is directly
to the right of the box containing b (and to ep11-p — 0 if b is in the last box of its row). Then
one can directly check (GLAL X G:L/\Iﬁ1 X - X GL)\IT) -id C Bp. But the GL product is equal
to Re for C € S,t \ S, the coset associated to the column-strict filling 77 obtained from T by

reversing each column and replacing each label ¢ with n + 1 — ¢. This Richardson variety is closed
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and irreducible and of dimension | (’\; ), so is therefore equal to Br. By Theorem 3.1 we therefore
have Dg, = Dr, = frr € Ho(Fl,).

We now compare this to the multidegree of the orbital variety. For this particular T it is straight-
forward to see that any generic matrix in n with 0 entries in positions (n+1—a,n+1—b) whenever
a, b lie in the same part P; satisfies the Jordan condition to lie in Op. The closure is a coordinate
subspace of dimension (721) -> ()‘2ZT ), so must equal Or. Because Or C m is a coordinate sub-D-
representation, the multidegree is the product of the characters of the coordinates set to zero [23]

and as this is equal to fr» we conclude. O
Example 4.3. For A = (4,2,1) we have

err> e e er—0

T = 14 6|7‘ T = 5|3 2|1‘ and M : eg—e3—0
;5 3 e5 — 0

frr = (25 — 26) (25 — 27)(26 — 27)(23 — 24), and the corresponding component By C Fl; = GL7 /By
and orbital variety O C n are respectively:

*+ 00 0 0 0 O 0 % % % % % % 0 % * *x * *x x
0O« 00 O0O0O0 0 0 * =* % % = 0 0 * *x *x *x =%
00 %000 000 [0] + % = 00 0 % % * x*
0 0 « «x 00 O|Byand [0 0 O 0 * * *x|[CJO O 0 0 * =*= =
0000 % x * 000 0 o [0] [0] 00000 * x*
0000 % % * 000 0 0 0 [0] 000000 *
00 0 0 % % x| 000 0 0 0 0] [000O0O0O0 O

The blocks of % in By C GL7 /By have to be invertible, but there is no constraint on * in Op C n.

5. TWO-ROW SPRINGER FIBER COMPONENTS

We now fix A = (n — k, k), and prove combinatorially nonnegative expansions for the A'-Levi
Richardsons R¢ with C € Syt \ S, into Springer fiber components By C By. This resolves Ques-
tion 1.5 (1) for two-row A.

5.1. Preliminaries on two-row Springer fibers. We will fix n,k with £ < n —k and A =
(n — k, k). Then tableaux in SYT()) are naturally in bijection with packed noncrossing matchings
M ={(i1 < j1), (i2 < J2),..., (ix < jg)} of [n], meaning

(1) (Matching) i1,...,%k, J1,---,Jk € [n] are all distinct.

(2) (Noncrossing) We never have i, < iy < jo < Jp

(3) (Packed) If p & {i1,...,ik,J1,---,Jk} then there is no 1 < a < k such that i, < p < jq.
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We call each pair (i, < ju) € M an arc. The bijection associates to a packed noncrossing matching
the unique element of SYT(A) with bottom row j; < jo < --- < jg. In the other direction, given
T € SYT(X) we form a string of parentheses by making the ¢th parenthesis open or closed according
as { lies in the top or bottom row of T'; the index pairs (7, j) of matched parentheses then give the
packed noncrossing matching.

Remark 5.1. This identification appears in Precup—Sabando-Alvarez [32], as well as in both Fung
[13] and Stroppel-Webster [40]. Despite using superficially different conventions for standard Young
tableaux (Remark 2.3), the noncrossing matchings that index irreducible components of B) are
exactly equal in both cases.

For M a noncrossing matching and two arcs o = (ig < j,) and 8 = (ip < jp) we say that «
nests B (or B is nested under «) if iy < ip < Jp < ja, and write S < a. The relation < is a partial
ordering and we say that an ordering of M is a big-to-small ordering if f < « means  appears
later than «. One such ordering lists the arcs in weakly decreasing order of length j —i. When we
write a product over all arcs (i,j) € M it is assumed that the product is taken with respect to a
big-to-small ordering.

Figure 1 depicts both a packed noncrossing matching and its corresponding SYT of shape (3, 3).
A big-to-small ordering can be taken to be (1,6) > (2,3) > (4,5).

FIGURE 1. A packed noncrossing matching on {1,...,6} and its associated SYT.
Note this is not the matching {(1,3), (2,5), (4,6)} obtained by reading the columns.

We will carry the matching of Figure 1 as a running example. We revisit Definition 2.2 to illustrate

the various notions.

Example 5.2. Here n = 6 and A = (3,3), so we fix a nilpotent N of Jordan type (3,3), i.e.
N3 = 0 with rank N = 4 and rank N2 = 2. The associated tableau records the Jordan type of N
on the successive quotients C6/Vj: the subdiagrams A[6 — j] of boxes labeled < 6 — j have shapes
(3,3),(3,2),(3,1),(2,1),(2), (1), for j =0,1,...,6, as can be verified from Figure 1.

Given a packed noncrossing matching M, write B for the irreducible component Br of the
Springer fiber indexed by the tableau T' corresponding to M; these are the cycles to which we apply
the degree-map calculus of Section 2.1. As shown by Fung [13, Proposition 5.1], each B is an
iterated P!-bundle of dimension k = |M].

Fung [13] also first proved the following characterization. In what follows we note that j — i is
odd for each arc (i,7) € M as {i+1,...,7 — 1} are perfectly matched to each other.
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Proposition 5.3 ([40, Proposition 7]). For a € [n] \ UM an unmatched point, let ¢(a) be the
number of arcs (4,j) € M with j < a, and let 7(a) be the number of unmatched b € [n]\ | M with
b < a. Then a flag V, lies in the two-row Springer fiber component B, if and only if

(1) N (Vj) = Vi1 for every arc (i,7) € M, and

(2) Vo = N9 (im N"=*=(9) for every a ¢ [J M.

Example 5.4. Continuing with the matching M of Figure 1, let N be the nilpotent 6 x 6 matrix
of Jordan type (3,3) acting on the standard basis vectors by

eg»—>egr—>e1|—>0, eg > e5 — eq — 0.

Then By, is an iterated P!-bundle of dimension |M| = 3. Since every point of [6] is matched, the
second family of conditions in Proposition 5.3 is vacuous. The component B4 consists of the flags
Ve in C8 with

N*(Ve)=Vo, N(Vz) =W,  N(Vs) =15

the first holding automatically as N3 = 0. One such flag is
(e1) C (e1,e2) C (e1,e2,e4) C (e1,€2,e4,€3) C (e1,€2,€4,€3,€5),

for which N(V3) = (e1) = Vi and N(Vs) = (e1,e2,e4) = V.

5.2. Degree polynomials of two-row Springer fiber components and the web basis. For
a matching M, we denote the Specht polynomial associated to the matching

(5.1) fa= J[ (-2

(i<j)eM

If |IM| = k this is the Specht polynomial associated to any column-strict filling of A = (n — k, k)
where the pairs (7, j) € M occupy the columns of size 2.

Theorem 5.5. For M a packed noncrossing matching, the degree polynomial of B is given by
Dg,, = fm(21,-. ., 2n) € Ho(Fly).
In particular R5M = (faq, (@1, ..., 20)) and [Bam] = e, (fas Suw(@1, - .- ) [X Y]

Remark 5.6. We note that by Section 4 it suffices to identify the corresponding Joseph polynomial
Jr(z1,...,2n) = fm, which we can read off from [30, Equation 4.12|, but the presentation of the
cohomology ring and the Poincaré dual to the fundamental class allows one to also extract more

refined information that may be of independent interest (see the discussion at the end of Section 6).

To show this theorem, we will need a presentation of H®(By) due to Stroppel-Webster [40].
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Theorem 5.7 ([40, Theorem 9|). Denote the inclusion ¢ : By < Fl,,. There is an isomorphism

H*(Bm) = Z[yilv e 7yik]/(yi217 e 7yi2k)a

with y;, - - - y;, Poincaré dual to the fundamental class of B, and the pullback map

Yi, b = i, for some a
2 H*(Fl,) — H*(Bam) takes o*(xp) = § —1;, b= j, for some a
0 otherwise.

Proof. The presentation is due to Stroppel-Webster [40, Theorem 9|. The Poincaré duality state-
ment follows because as defined in ibid. the y;, are the relative hyperplane classes of each stage of
the iterated P'-bundle description of By.

We take the opportunity here to slightly correct and simplify the part of the proof of [40, Theorem
9] where it is deduced that (*z; + t*z; = 0 for any arc (i, j) € M; the second displayed short exact
sequence therein does not hold in general. Write 6 = (j — i+ 1)/2 and observe that § <k <n — k.
As in ibid. the component B has the property that for any arc (i,j) € M there is a short exact

sequence
NO
0—-K— }"j|BM — }}-,1|5M —0

for some vector bundle K. This implies K is a rank 26 subbundle of ker(N?)|s,,, which is a trivial
bundle of rank min (24,0 + k) = 2. Therefore these two bundles are equal and K is trivial. Taking
first Chern classes shows t*z; + - - - 4+ ¢*z; = 0. Finally, fix an arc (7, j) and consider the arcs (i, j')
nested under it that are maximal with respect to <. Subtracting their relations v*zy +---+¢* 2y = 0
from that of (4, j) cancels every interior term, leaving t*z; + t*x; = 0. O

Example 5.8. For the matching M = {(1,6),(2,3), (4,5)} of Example 5.4, we have i1 = 1, ip = 2,
i3 = 4, so Theorem 5.7 gives

H*(Bam) = Zlyr, y2, ya) ) (3, v3, v3),

with y1y2y4 Poincaré dual to the fundamental class, in agreement with dim Bys = 3. The pullback
t*: H*(Flg) — H*(Bar) acts on the generators 1, ..., xg by

1= Y1, L6 —Yi, T2 = Y2, T3 Y2, T4 = Ya, L5 —Ya,
ie. (i, 2j,) = (Yia, —Vi,), for each arc (iq, jo) € M. We see t*xg + t*x3 = 1*x4 + t*25 = 0 and
Uy g =0 (e o+ wg) — (VKo + fxg) — (Cxg + Mxs) = 0.

Proof of Theorem 5.5. By Theorem 5.7 the degree map factors as

f=1% v ]
B
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where (*z;, = v;,, t*xj, = —yi,, t*xp = 0 for b ¢ [JM, and yfa = 0. A monomial of f thus restricts
to zero unless it omits every x;, with b ¢ | J M and is linear in exactly one of z;,, x;, for each a. The

coefficient of y;, - - - y;, then collects precisely these contributions, giving

k
(5.2) f= Z (—1)Zace [%11_61 . ..xilkfekx;i ceak f = <H(Zia — 2z ), f)
B e€{0,1}F a=1
where €, = 0 records the x;, -linear part and ¢, = 1 the x; -linear part. O

Example 5.9. We take our running example of M from Figure 1 to illustrate Theorem 5.5. We
compute hﬁM for w = 132645. Note that Si39645(x1,...,26) = (x1 + x2)ha(z1, T2, T3, 4) Where h;

denotes the ith complete homogeneous symmetric polynomial, and so
hoM = (21 — 26) (22 — 23) (24 — 25), Gs26a5 (71, ..., 26)) =2 — 1 = L,

with the squarefree monomial xx9x4 contributing a 2 and the xix3x4 contributing a —1.

In the two-row case the ordered set partitions C indexing the Specht polynomial/Richardson

generators for the Specht module V) are matchings M.

Corollary 5.10. For A = (n — k, k) a two-row partition, if the underlying matching M for C €
S\t \ Sp is noncrossing and packed, then we have an equality

[Bum] = [Re] € He(Fly).

Proof. Theorem 3.1, (5.1), and Theorem 5.5 imply Dg, = H(i<j)eM(Zi - 2j) = fm = Dg,,. Here
the tableau T indexing By (as described earlier) and the column-strict filling 7°(C) of Theorem 3.1
(obtained by reading the columns of the ordered set partition) are in general different tableaux; it
is only their degree polynomials that agree, both being fa4. U

For arbitrary matchings M, following Rhoades [28] we can combinatorially expand the Specht
polynomials faq associated to matchings (5.1) into the web basis of those fa corresponding to
packed noncrossing matchings using the Ptolemy /skein relations. The straightening rules are

(1) (2a — 2c) (2 — 24) = (2a — 2d) (2 — 2¢) + (2a — 20)(2c — 2q) fa < b< c < d
(2) 24 — 2e = (20 — 2p) + (2 — 2¢) if @ < b < ¢ and b is unmatched.

The monovariant z, — a shows that this process terminates.

Corollary 5.11 (Question 1.5 (1) for two-row partitions). For A = (n — k, k) a two-row partition
and C € Sy7 \ S, the coefficients in the expansion

[Re] = > 92" [Bm] € Ho(F1,,)
packed noncrossing matchings M

are nonnegative, and are computed by an explicit combinatorial algorithm.
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Remark 5.12. For A = (n — k, k), Corollary 5.11 shows that the coefficients g%, in the nonneg-
ative expansion of Specht polynomials fr(z1,..., z,) into Joseph polynomials Jy(z1,. .., z,) from
Corollary 4.2 are computed via a combinatorially nonnegative algorithm.

6. SCHUBERT POSITIVITY OF TWO-ROW SPRINGER FIBER COMPONENTS

Throughout this section, fix a packed noncrossing matching M = {(i1,71),. . ., (ix, jr) } of [n] with
iq < jq for 1 < a < k associated to a T' € SYT((n — k, k)). Our main result computes the combi-
natorially positive Schubert cycle expansion for the homology class of By = B¢ in Fl,,, confirming
a recent conjectural formula of Precup and Sabando-Alvarez. This resolves Springer’s question
(Question 1.5 (2)) for two-row partitions, and together with Corollary 5.11 resolves Question 1.4

for two-row partitions.

Theorem 6.1 (|32, Conjecture 2| and Question 1.5 (2) for two-row partitions). Assuming M is
listed according to a big-to-small ordering, the coefficient h57 = hBM in the Schubert cycle expansion
[Bum] = S hBM[X™] is the number of reduced words sg, - - - 84, for w where i, < a, < j, for all
1 < p < k. Equivalently

Wiv=evg [ @it+0ip1+-+0;1)8, or [Bul=evo [[ (0i+0u1+-+05-1).

(i<j)em (i<j)emM
Remark 6.2. We spell out the correspondence with [32, Conjecture 2|, since the two statements are
phrased differently. In the notation of ibid., the conjecture asserts that [B,]| expands in the Schubert
basis with coefficients counting reduced words s, - - - 54, that are compatible with the arcs, where the
arcs (“cups”) are processed in a total order in which every cup nested inside a given cup appears before
it (a small-to-big ordering), and the Schubert classes are indexed cohomologically. Our Theorem 6.1
uses the opposite, big-to-small ordering of the arcs and indexes cycles by [X%] = [BwB]. The two
formulations are matched by the standard homology/cohomology duality w <+ w.w on S, under
which reversing the order of the reduced word interchanges the two cup orderings; the flagged
reduced-word counts then coincide. For instance, for M = {(1,4), (2,3)} our Theorem 6.1 gives
[X2314] 4 [ X1423) 'matching G3241 + G132 of ibid. under w — wow. While [32] states the conjecture
for the rectangular shape (¢, /) and reduces the general two-row case to it, Theorem 6.1 treats all
two-row shapes directly.

Corollary 6.3 (Question 1.4 for two-row partitions). There is a combinatorially nonnegative algo-
rithm to compute the Schubert cycle expansion coefficients of [R¢] given by [Re¢] = 3 hRe[X™].

Proof. Corollary 5.11 combinatorially expands [R¢| into [Bag] cycles and then these expand as
[Br] =D pes, haM[X™] with coefficients the flagged reduced word counts in Theorem 6.1. O

Remark 6.4. For A = (n — k, k), Theorem 6.1 shows equivalently that there is a combinatorially

nonnegative algorithm for the coefficients of the expansion of Joseph polynomials into Schubert
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degree polynomials
Jr(z1,...,2n) = Z hIDy(21,. .., 2,) with hL > 0.
’LUESn

Combined with Remark 5.12, this gives the equivalent statement to Corollary 6.3 that Specht
polynomials f7 have combinatorially nonnegative expansions into Schubert degree polynomials D,,,.

Example 6.5. We compute the Schubert expansion of the component B, with M from Figure 1,
with arcs ordered (1,6) = (2,3) > (4,5). The degree map corresponding to Bps is given by
(014 -+ 05)0204. To compute the reduced words sq, Sq,Sqs that contribute we impose 1 < a1 < 6,
2 <ay < 3, and 4 < a3 < 5. This yields the set {s15254, $35254, S55254}. We thus obtain

[BM] — [X231546] + [X142536] + [X132645] c H.(Fl(;),

where we have written each w above in one-line notation w(1)w(2) - - - w(6). Recall that we computed
the coefficient of [X13264%] to be 1 earlier in Example 5.9.

A key insight to our proof of Theorem 6.1 is that by Corollary 5.10 and Theorem 3.1 we have

(6.1) [BM] = €evy H 81]
(i<j)eM

Recall the operation Yp f sets the variables x; = 0 for ¢ € D.

Proposition 6.6. If 1 <i < j<mandboth {i+1,...,j—1} C D C [n] and {i,7} N D = &, then

j—1
Yij0i;YD = Ypugi Z O
k=i
Proof. Both sides are operators on Z[z1,...,z,]; the variables outside {i,i + 1,...,j} are spec-

tators for 0;; and for each Oy with i < k < j, so it suffices to check the identity on a function
f({Za}aepuyizy) of the remaining variables. For such f, write [zL]f for the coefficient of x} in f
after setting the other variables in D to 0. Applying the left-hand side gives [z}]f — [:c}] f, and

the k’th term on the right-hand side gives [z}]f — [z}, +1]f, so the result follows by telescoping the
sum. .

We are now ready to prove our main theorem, resolving [32, Conjecture 2|.

Proof of Theorem 6.1. By (6.1) it suffices to prove that evo [[;<jyenm 93 = evoIlicjjem Zfz:i Oq-
Since Y;,j, commutes with 0, ;, for a # b (they involve disjoint variables) and (H " Yiaja)y[n]\u M=
Y[ = evo, we may interleave the zero-substitutions and write

evo H 81‘]’ = m1j18i1j11/;2j2ai2j2 e 'Y;kjkaikjkY[n]\{il,~--7ik,j17--~7jk}'
(i<j)emM
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Because our ordering on M is a big-to-small ordering, we know that {ip + 1,...,j, — 1} C [n]\
{i1, ... ip, j1,...,Jp} for all 1 < b <k, so in particular by Proposition 6.6 we have
Jo—1
Vi 0o Yid\ it vt enivh = Vit v 1.1,ven 1} D Oa

a=ty

Applying this identity successively for b =k, k —1,...,1 we obtain

H 0ij = Yi1510i1jy Yioja Oinjo Yiajs ijkalk]ky[n]\{il,~~~7ik,j17~~,jk}

(i<j)em
Je—1
= Yi1j18i1j1 Yizjzahjzyisjé U nk—ljkfl87;k—1jk71}/[n]\{ily---,ik—lajlr“vjk—l} Z da
a=1g
vy T Same T So
(i<j)eM a=i (i<j)eM a=i
as desired. (]

We note similar reasoning allows us to compute the full pullback map *: H*(Fl,) — H*(Bax)
on the entire Schubert basis, not just in degree k. Indeed, H®(Ba) is spanned by the squarefree
monomials Hpes yi, for S C {1,...,k}, and the same combinatorial proofs applied to the (not
necessarily packed) submatching Mg = {(ig,ja) | @ € S} C M show

Jp—1
[H Yip )" f = H (zi — zj), [) = evo H 0i5 f = evo H Z Ouf.
pes (i<j)eMs (i<j)eMsg peS a=ip

Denoting ¢(w) for the length of w € S,,, this implies

(6.2) UGy = > Ns(w) T vy

SC{1,...sk} and |S|=¢(w) pes

where Ng(w) is the number of reduced words sq,,, - Sapy,) for w with i, < a, < j, for each p € S,
the letters taken in the big-to-small order on S. The case S = {1,...,k} recovers th, and in
particular t*&,, = 0 whenever ¢(w) > k.

Recall that &, also admits a well-known monomial expansion over reduced pipe dreams D |[7],
and applying ¢* termwise expresses Ng(w) as a signed sum over those pipe dreams whose cross tiles
lie exclusively in the rows |J M.

Question 6.7. Can (6.2) be shown directly from the reduced pipe-dream expansion?



24 HUNTER SPINK AND VASU TEWARI

7. THE REVERSE ARTIN REPRESENTATIVE OF THE POINCARE DUAL CLASS

The cohomology ring H*(Fl,,) has a distinguished reverse Artin monomial basis

{:U’f ooginTl |0<i; <n-—j}cC H*Fl,),

n—1

the leading terms of the Schubert polynomials {&,, | w € S,}. We now verify a conjecture of
Precup—Sabando-Alvarez |32, Conjecture 1] on the reverse Artin monomial representative of the
Poincaré dual class. This means the determination of an element Pys € H*(Fl,,) in the span of the

/BMf:/FlnPMf-

In [32, Lemma 7.12] the general case is reduced to the case that M is a packed noncrossing matching

reverse Artin monomials such that

with no unmatched vertices, i.e. n = 2| M|, leaving the following conjecture that we now prove.

Theorem 7.1 ([32, Conjecture 1]). Let M be a packed noncrossing matching on [n] with &k arcs,
where n = 2k, and write S(j) for the number of arcs with left endpoint < j. Then the reverse Artin

monomial representative of the Poincaré dual class of [B] is

Py = H x]?(k—S(j)) . H 6]'_@'_1(.%, e ,.iL‘j_l) S H.(Fln).
Jj:S(G)<k (i<j)eM

Since [Bm] = [[(;<jjem(2i —25), by Fact 2.1 the statement that Paq represents the Poincaré dual
class of [Bpg] is equivalent to

(*) evodu, (P f)={ [ (zi—2) f)-

(i<j)eM
As the reverse Artin monomials form a Z-basis of H®(Fl,), the reverse Artin representative of a
class is unique, so Theorem 7.1 is equivalent to (x) in conjunction with the following count.

Lemma 7.2. Every monomial occurring in the expansion of Py satisfies deg,, <n—tfor1 <t <mn.

In particular Py lies in the span of the reverse Artin monomials.

Proof. Fix t € [n] and count the exponent of x; contributed by each factor of Py. The first product
contributes exactly 2(k — S(t)), where this is 0 when S(t) = k. Each factor ej_;_1(z4,...,x;-1) is
squarefree in its variables, so the arc (i,7) contributes at most 1, and only when ¢ <t < j. Since
M is a perfect matching of [n], the integers 1,...,¢ comprise S(t) left endpoints and ¢ — S(t) right
endpoints of arcs of M, and every arc whose right endpoint is at most ¢ has its left endpoint at
most ¢ as well; hence exactly S(t) — (t — S(t)) = 25(¢t) — t arcs (4, ) satisfy i < ¢ < j. Altogether
the exponent of x; in any monomial of Py is at most

20k — S(t) + (25(t) —t) =2k —t=n—t. O
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In light of Lemma 7.2 it suffices to establish (x). We start by considering connected matchings,
meaning (1,n) € M. For f € Z[xy,...,z,] let f1 = Ylnﬁf € Zlxa,...,xn_1] and f, = Ylnﬁf IS
Z[z3, ..., Tn_1) be the coefficients of 2} and x) in the parts of f free of z,,, resp. 1. Let M’ be the
matching on {2,...,n — 1} resulting when we delete the (1,7n) arc from M. Note that

(7.1) (II Gi=20.5)=C T G—z), fi—fa),

(i<j)em (i<j)emM’
where the right-hand pairing can be done in variables 2,...,n — 1. Note also that the definition of
Py gives
(72) PM :Iin72€n_2($1,...,l’n_l)PM/.

Lemma 7.3. We have

evo Ou, (21 2en—2(x1, ..., Tn-1) f) = V0 Do(no1) (f1 = fn).

Proof. By linearity it suffices to take f = ' - -- 0. Writing b = (by,...,b,_1) and sgn(b) the sign

of the permutation sorting b into decreasing order, we have by Fact 2.1 that

sgn(b)  ifby =1, b, =0,{ba,...,bp_1} =1{0,...,n -3}
(7.3) evo Ouw, (f1 — fn) = ¢ —sgn(d) ifby =0, by =1,{by,...,bp_1} ={0,...,n—3}

0 otherwise.

For q an indeterminate the ¢"~2-coefficient of the identity (14+qx1) - -- (14+qz,_1) = (14+qz1) - (1+
qryn)(1 + gz,) "t shows that

en—?(xla e 7xn—1) = Z(_l)jen—Q—j(x17 e 7xn)w£7
§=0
so by (2.3) we have
evg O, (m?‘Qen_g(xl, ey Tp) Tt i) = (—1)”_2 evy 6wo((w71‘_2332_2)x(f1 ceeztn),

By Fact 2.1 this is nonzero if and only if (n — 2 + a1,a9,a3,...,an—1,n —2+a,) = (n —o(1),n —
o(2),...,n — o(n)) for some o € Sy, in which case it is (—1)"~2T4?)_ This forces (a1, a,) = (1,0)
or (0,1) and the identification with (7.3) immediately follows. O

Proof of Theorem 7.1. We now establish (x). Induct on k. For k =1, M = {(1,2)}, P» = 1, and
(%) is Lemma 7.3. Now suppose k > 1. If M is composed of connected matchings M1, Mo, ..., M,
on disjoint intervals Iy, ..., I, C [n] then [32, Lemma 7.12| shows that the result for My,..., M,
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implies the result for M. It remains to verify the case that M is connected. As before we write
M ={(1,n)} UM'. By (7.2), Lemma 7.3, the inductive hypothesis for M’, and (7.1), we deduce

evo Qw, (Pmf) = evo Oy (n1) (P (1 = ) = (Ii<jyernr (2 = 25)s 1 = fn)

:< H (ZZ'—Zj),f>. ]

(i<j)eM
8. FURTHER VARIETIES INDEXED BY MATCHINGS

We conclude by relating our varieties to two families indexed by matchings that have appeared
in the literature: the Poisson-geometric Richardson varieties of Casbi-Masoomi-Yakimov [11], and
certain torus-orbit closures inside the quasisymmetric flag variety QFL,, of [3]. In each case we
deduce a combinatorially nonnegative Schubert cycle decomposition.

Poisson degeneracy loci. For a connected semisimple group G, Casbi-Masoomi—Yakimov [11] de-
scribe the strata of the Poisson degeneracy locus of G/B as the union of the Richardson varieties
Rg% Y whose defining pair satisfies UTy, - - - Ty, = w for pairwise orthogonal positive roots 71, ...,V
with k = {(w) —£(v) |11, Thm. A]. They established that the corresponding closed Richardson vari-
ety is isomorphic to RUC% Y = (CP')* with Bruhat interval [v, w] isomorphic to the rank & Boolean
lattice [11, Thm. B|. The intermediate elements of [v,w] correspond to subproducts v[[;.g 7, for
S C [k].

In type A the pairwise orthogonality of the roots is exactly the disjointness of the pairs (i4, jq)

associated to 7,, so they form a matching M. In the special case
{wryw™t . wr,w Y = {(1,2),(3,4),. .., (2k — 1,2k)},

we recover the Richardsons considered above.

Let Diag,, :== BN B~ C GL, denote the torus of diagonal matrices. To see that ’Rﬁ%y arise as
translates of Levi-Richardsons R¢ associated to two-row partitions A = (n — k, k) in general, note
that if RUC%Y and RS%}/ share the same matching then (v vil)RUC%Y = RS%,Y as they share
the same Diag, -fixed points (i.e. permutation matrices) and Richardson varieties are Diag,,-convex
varieties with respect to the diagonal torus [10, Theorem 6.3]. In particular, if M is the matching

induced by the supports of the reflections 7,,,...,7,,, then by Theorem 3.1 we have
Riw 1=Rel= [ (s~ 2) € HoFLy)
(i<j)emM
for any C € S7\.S,, whose underlying matching is M, and Corollary 6.3 then gives a combinatorially
nonnegative Schubert cycle decomposition.

Torus-orbit closures in the quasisymmetric flag variety. Now consider again for A = (n — k, k) the
Levi-Richardson varieties R¢ where the associated matching for C is noncrossing (not necessarily
packed). Then (minC)~!'R¢ contains exactly those Diag,,-fixed points associated to a subproduct
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of the transpositions of the noncrossing matching. This is a special case of an algebraic noncrossing

partition, and therefore (minC)"'R¢ € QFL,,, the quasisymmetric flag variety, developed by the

present authors together with Bergeron, Gagnon, Nadeau in [3]. In the nested bicoloured forest

encoding of ibid., each arc (i,j) € M contributes a single-node black tree supported on {i,j},
and this is the torus-orbit closure X (M) attached to this nested black forest. Its combinatorially
positive Schubert cycle expansion follows either from the results of the present paper or from prior

work on Schubert cycle expansions of torus-orbit closures in QFL,, [24, 3].
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