ON THE TOPOLOGY AND THE BOUNDARY OF N-DIMENSIONAL
RCD(K, N) SPACES

V. KAPOVITCH AND A. MONDINO

ABSTRACT. We establish topological regularity and stability of N-dimensional RCD(K, N) spaces
(up to a small singular set), also called non-collapsed RCD(K, N) in the literature. We also
introduce the notion of a boundary of such spaces and study its properties, including its behavior
under Gromov-Hausdorff convergence.
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1. INTRODUCTION

The notion of RCD (K, N) metric measure spaces (m.m.s.) was proposed and analyzed in
[AMST5] (see also [CM16a]), as a finite dimensional refinement of RCD (K, co) m.m.s. which
were first introduced and studied in [AGSI4] (see also [AGMRI5]).

For K € R, N € [1, 00|, the class of RCD(K, N) spaces is a subclass of CD(K, N) spaces pioneered
by Lott-Villani [LV09] and Sturm [Stu06al, [Stu06b] a few years earlier. Roughly, RCD(K, N) spaces
are those CD(K, N) spaces where the Sobolev space W12(X,d, m) is a Hilbert space (for a general
CD(K, N) space, W2(X,d,m) is only Banach). The motivation is that, while CD(K, N) spaces
include Finsler manifolds, the class of RCD(K, N) spaces singles out the “Riemannian” CD(K, N)
spaces.

Both the classes of CD(K, N) and RCD(K, N) spaces are stable under pointed measured Gromov

Hausdorff convergence (pmGH for short), see [LV09, [Stu06al, [Stu06D, [Vil09, [AGST4] [GMSTH].
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Since the class of RCD(K, N) spaces includes the Riemannian manifolds with Ricci curvature
bounded below by K and dimension bounded above by N, the aforementioned stability results
imply that also their pmGH limits (the so-called Ricci-limits, throughly studied by Cheeger-Colding
[CCOT, [CCO0a, [CCO0b]) are RCD(K, N).

An interesting sub-class of Ricci-limits already detected by Cheeger-Colding [CC9T], corresponds
to the non-collapsed ones. It consists of those Ricci-limits where the approximating sequence of
smooth Riemannian manifolds have a uniform strictly positive lower bound on the volume of a
unit ball. It follows from Colding’s volume convergence [Col97] that if (X,d, m) is a limit of N-
manifolds with lower Ricci bound then it is non-collapsed if and only if m = H", and if and only
if the Hausdorff dimension of (X,d) is N, see [CC97]. The motivation for isolating the class of
non-collapsed Ricci-limits is that they enjoy stronger structural properties than general (possibly
collapsed) Ricci limits, for instance outside of a no-where dense set of measure zero they are
topological manifolds.

It is thus natural to consider those RCD(K, N) m.m.s. (X,d,m), where m = H~, and call
them “non-collapsed”. The class of non-collapsed RCD(K, V) spaces has been the object of recent
research by Kitabeppu [Kit17], De Philippis-Gigli [DPG18] (where the synthetic notion of non-
collapsed RCD(K, N) spaces was formalized), Honda [Honl|, Ketterer and the first author [KK18],
Antonelli-Brué-Semola [ABS19].

Remark 1.1 (Comparison between non-collapsed Ricci limits of Cheeger-Colding [CC97] and
non-collapsed RCD(K, N) spaces). The class of non-collapsed RCD(K, N) spaces strictly contains
the non-collapsed Ricci limits of Cheeger-Colding [CC97]. Indeed:

(1) [CCOT] considered sequences of manifolds without boundary and proved that in the non-
collapsing situation the limit does not have boundary. More precisely, in the terminology
we introduce here, [CC97] prove that the the limit does not have reduced boundary, and
it follows from Theorem that more generally the limit does not have RCD-boundary
either. In particular a convex body in RY with boundary cannot arise as a non-collapsed
Ricci limit of manifolds without boundary; however this is a non-collapsed RCD(0, N)
space.

Although there are results about Gromov Hausdorff (pre)-compactness of N-manifolds
with Ricci bounded below and with boundary satisfying suitable conditions (e.g. bounded
second fundamental form [Won08§]), extending Cheeger-Colding theory to the correspond-
ing limit spaces with boundary seems to be not yet addressed in the literature.

The theory of RCD(K, N) spaces, and this paper in particular, should be useful in this
regard. Indeed a Riemannian N-manifold (M, ¢g) with Ricci bounded below by K and with
convex boundary (i.e. IIsn > 0) is a (non-collapsed) RCD(K, N) space [Hanl9, Theorem
2.4]. Thanks to the stability of (resp. non-collapsed) RCD(K, N) spaces, it follows that the
(resp. non-collapsed) pmGH limits of such objects are (resp. non-collapsed) RCD(K, N)
as well.

(2) By [Petld] or [Ketlba] or [GGKMSIS|, a cone (resp. a spherical suspension) over RP?
is an example of a non-collapsed RCD(0,3) (resp. RCD(1,3) space). It was noted in a
discussion between De Philippis-Mondino-Topping that such spaces cannot arise as non-
collapsed Ricci limits. Indeed on the one hand they are not topological manifolds, and
on the other hand it was proved in [Sim12, [ST17] that non-collapsed 3-dimensional Ricci
limits are topological manifolds (see also Remark .

In this note we study topological and rigidity properties of non-collapsed RCD spaces. As in
[CC97], we will adopt the notation that Ry x R* > (¢,2) + ¥(e|x) € Ry denotes a non-negative
function satisfying that, for any fixed = = (z1,...,2x), lim.,0 ¥(g|x) = 0. We prove the following
results.

Theorem 1.2. Fiz some K € R and N € N. Let {(X;,d;, HN, %;) }ien be a sequence of RCD(K, N)
spaces pmGH-converging to a closed smooth Riemannian manifold (M,g) of dimension N. Then
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there exists io € N such that for all i > ig the space (X;,d;) is homeomorphic to (M,g), in
particular (X;,d;) is a topological manifold.

Theorem 1.3. Fiz some N € N. Let (X,d,H") be an RCD(0, N) space.
If X admits a cone at infinity isometric to RN then (X,d,HY) is isomorphic to RN as a m.m.s.
More precisely the following holds. For every N € NN > 1 there exists ¢(N) > 0 with the
following property.
o If there exists x € X, Ry > 0 such that dgu (B, (), B.(0N)) < er for all r > Ry, then X
is homeomorphic to RN and H™ (B, (x)) > (1 — U(g|N))wnr™ for all 7 > Ry;
o If there exists x € X, Ry > 0 such that H™ (B,(x)) > (1—&)wnr™ then X is homeomorphic
to RN and dgy (B,(z), B,(0N)) < U(e|N)r for all 7 > Ry.

Theorem 1.4 (Sphere Theorem). For every N € N, N > 1 there exists e(N) > 0 with the following
property.
Let (X,d,H"™) be an RCD(N — 1, N) space for some N € NN > 1.
o Ifdeu(X,SY) <e then X is homeomorphic to SN and HN(X) > (1 — U(g|N))YHN (SV);
o IfHN(X) > (1 —e)HN(SN) then X is homeomorphic to S and dgu (X,SY) < U(g|N).

We also introduce the notion of a boundary of a non-collapsed RCD space and establish its
various properties. In particular we prove some stability results about behavior of the boundary
under limits.

The definition of a boundary point is inductive on the dimension of the space. Roughly,

The RCD-boundary &X of a non-collapsed RCD(K, N) space (X,d, H)

consists of points admitting a tangent space with boundary.

For the precise notions see Definition

From [Kit17, [DPGI18] every tangent space to a non-collapsed RCD(K, N) space is a metric measure
cone C(Z) over a non-collapsed RCD(N —2, N — 1) space Z (see Lemmal[d.1]). Since the cone C(Z)
has boundary if and only if Z has, the induction on the dimension is clear and stops in dimension
one where any non-collapsed RCD(0, 1) space is isomorphic to either a line, a circle, a half line or
a closed interval [KL16a]; by definition we say that the latter two have boundary and the former
two don’t.

A somewhat different notion of a boundary of noncollapsed RCD spaces was proposed in [DPG18].
In our notation, De Philippis and Gigli proposed to call the boundary of X the closure of what
we call reduced boundary of X where by reduced boundary we mean S¥ =1\ S¥~2 (see Definition
). It’s possible that these two definitions are equivalent but this is not clear at the moment.
In fact, it’s not clear if either of these sets is contained in the other. We do show that the reduced
boundary is a subset of the boundary (Lemma .

Our notion of boundary agrees with the one of boundary of an Alexandrov space i.e. in case
(X,d) is a finite dimensional Alexandrov space with curvature bounded below. Moreover, for
Alexandrov spaces our notion of the boundary is known to coincide with the one suggested by De
Philippis and Gigli [Per91].

Our notion of boundary is compatible with the topological boundary in case X is a topological
manifold in the following sense:

Theorem 1.5 (Corollary and Corollary . Let (X,d, HY) be a non-collapsed RCD(K, N)
space. If (X,d) is a topological N-manifold with boundary 0X, then X C 0X.

In particular if X is a topological N-manifold without boundary in manifold sense, then it is also
without boundary in the RCD sense.

Moreover, if (X,d) is bi-Lipschitz homeomorphic to a smooth N-manifold with boundary then also
the reverse inclusion holds, namely 0X = 0X.

We are grateful to Alexander Lytchak for pointing out to us that the above theorem can be
improved to show the following stronger result:
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Theorem 1.6. (Proposition@ Let (X,dx,HN) and (Y,dy, HYN) be non-collapsed RCD(K, N)
spaces. Assume there is a bi-Lipschitz homeomorphism f : X — Y. Then f(8X) = 0Y.

One of the main results of the paper is the following structure theorem of non-collapsed RCD(K, N)
spaces, see Theorem [£.10] for a more precise statement. It should be compared with the structure
theory of non-collapsed Ricci-limit spaces of Cheeger-Colding [CC97]; a major difference is that
while it is known (still from [CC97]) that non-collapsed Ricci limits do not have boundary, in
general a non-collapsed RCD(K, V) space does have boundary (e.g. a closed convex subset of RY
with nonempty interior).

Theorem 1.7. Let (X,d, HY) be a non-collapsed RCD(K, N) space for some K € R, N € N.
Then 0X has Hausdorff dimension at most N — 1.
Moreover there exists an open subset M C X bi-Hélder homeomorphic to a smooth manifold, such
that
X=MUIXU(X\ (X UM)),

where X \ (80X U M) has Hausdorff dimension at most N — 2.
In words: X 1is the disjoint union of a manifold part of dimension N, a boundary part of Hausdorff
dimension at most N — 1, and a singular set of Hausdorff dimension at most N — 2.

Moreover, if HN=1(8X) = 0, then M is path connected and the induced inner metric on M
coincides with the restriction of the ambient metric d.

We suspect that the sharp codimension for the “topologically singular set” is three:

Conjecture 1.8. Let (X,d,HY) be a non-collapsed RCD(K, N) space. Then there exists an open
subset M C X such that M is homeomorphic to a topological manifold, Rny C M and X\ (0XUM)
has codimension at least 3.

Remark 1.9. Co-dimension 3 would be sharp in general: indeed C(RIF’Q) is a mnon-collapsed
RCD(0, 3) space and the vertex of the cone is not a manifold point.

Notice the difference with the case of non-collapsed Ricci limits, where a conjecture by Anderson-
Cheeger-Colding-Tian states that the space is a manifold out of a singular set of co-dimension 4.
This was proved for 3-dimensional compact Ricei limits by M. Simon [Sim12] under a global non-
collapsing assumption, for general non-compact non-collapsed 3-dimensional Ricci limits by M.
Simon-Topping [ST17], and for non-collapsed Ricci-double sided limits of arbitrary dimension by
Cheeger-Naber [CN15].

In Section[5] we prove several results about the behaviour of the boundary under pointed Gromov
Hausdorff convergence, here we just state the following which (sharpens and) generalizes to non-
collapsed RCD(K, N) spaces [CC97, Theorem 6.1] by Cheeger-Colding.

Theorem 1.10 (Theorem . Let {(Xi,di, HY ) Yien be a sequence of non-collapsed RCD(K, N)
spaces. Assume that

o {(X;,d;,pi) bien converge to (X,d,p) in pointed Gromov-Hausdorff sense.

o HY(Bi(pi)) > v >0 for alli.

e Each (X;,d;) is a topological manifold without boundary.
Then (X,d, HY) is a non-collapsed RCD(K, N) space with 8X = ().

Note that Theorem [I.5] follows directly from a localized version of Theorem [I.10] namely The-
orem [5.1}

In Section @ we investigate sequences of RCD(K, N) spaces where the limit is non-collapsed
RCD(K, N) (or more generally weakly non-collapsed, i.e. m < HY). We will prove several
results stating roughly that if the limit of a pmGH sequence of RCD(K, N) spaces is (weakly)
non-collapsed, then the same is true eventually for the elements of the sequence; thus establishing
a sort of “sequential openness” of this class of spaces. For the precise statements, see Theorem
and Theorem here we only mention a very special case when the limit is a smooth Riemannian
manifold.
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Theorem 1.11 (Theorem . Let (M, g) be a compact Riemannian manifold of dimension N.
Let {(X;,d;,m;, &;) bien be a sequence of RCD(K, N) spaces, for some K € R, converging to (M, g)
in pointed measured Gromov Hausdorff sense. Then there exists ig € N such that for all i > ig it

holds that

e (X;,d;,m;) is a compact non-collapsed RCD(K, N): more precisely, there exists a sequence
¢; — 1 such that m; = ¢; HN .
e (X;,d;) is homeomorphic to M wvia a bi-Hdélder homeomorphism.

As a natural application of some of the main results of the paper, we next present an almost-
rigidity result on the spectrum of the Laplace operator. In the proof we will use the Sphere Theorem
[[.4 Theorem the stability of the spectrum for RCD(N — 1, N) spaces [GMSI5, Theorem 7.8]
and the higher order Obata’s rigidity result [Ket15b, Theorem 1.4]. The complete proof can be
found at the end of Section [6l

Corollary 1.12. For every N € NN > 2, and every ¢ > 0 there exists 6 = U(e|N) with the
following property. If (X,d,m) is an RCD(N — 1, N) space such that N <A1 <A < ... <Ayz1 <
N + 6, then

(1) (X,d,m) is a non-collapsed RCD(N — 1, N) space; more precisely there exists ¢ > 0 such

that m = cHN.

(2) (X,d) is homeomorphic to SN.

(3) HN(X) € [(1 —e)HN(SN), HN (SM)].

(4) dGH(X, SN) S 3

In case (X, d, m) is a smooth Riemannian N-manifold with Ricci > N—1, Corollaryis a con-
sequence of [Pet99, Theorem 1.1][Col96al [Col96h] (see also [Ber(7]). With a similar compactness-
contradiction argument used to prove Corollary one can obtain the following almost version
of the Erbar-Sturm’s rigidity result [ES, Corollary 1.4].

Corollary 1.13 (Almost version of Erbar-Sturm’s Rigidity). For every N € NN > 2, and every
€ > 0 there exists 6 = U(e|N) with the following property. If (X,d,m) is an RCD(N — 1, N) space

such that
’/ / cosd(x,y) m(dz) m(dy)| < 4,
then the same conclusions (1)-(4) of Corollary[I.19 hold.

Let us stress that Corollary [1.13] - seems new even in case (X,d,m) is a smooth Riemannian
N-manifold with Ricei > N — 1.
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2. PRELIMINARIES

Throughout the paper a metric measure space (m.m.s. for short) is a triple (X, d, m) where
(X,d) is a complete, proper and separable metric space and m is a non-negative Borel measure on
X finite on bounded subsets and satisfying supp(m) = X. The properness assumption is motivated
by the synthetic Ricci curvature lower bounds/dimensional upper bounds we will assume to hold.

For k > 0 we will denote by H* the k-dimensional Hausdorff measure of (X,d). The Gromov-
Hausdorff distance between two metric spaces is denoted by dgy.
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2.1. Ricci curvature lower bounds and dimensional upper bounds for metric measure
spaces. We denote by

Geo(X) :={y € C([0,1], X) : d(vs,7¢) = |s — t[d(v0,71), for every s,t € [0,1]}

the space of constant speed geodesics. The metric space (X, d) is a geodesic space if and only if for
each z,y € X there exists v € Geo(X) so that 79 = z,71 = y. Given two points z,y in a geodesic
metric space (X, d) we will denote by [z, y] a shortest geodesic between x and y.

Recall that, for complete geodesic spaces, local compactness is equivalent to properness (a metric
space is proper if every closed ball is compact).

We denote with P(X) the space of all Borel probability measures over X and with Pa(X)
the space of probability measures with finite second moment. P2(X) can be endowed with the
L2-Kantorovich-Wasserstein distance Wy defined as follows: for pg, 1 € P2(X), set

(2.1) W2 (po, 1) = inf/ d?(x, y) m(dxdy),
XxX

s

where the infimum is taken over all 7 € P(X x X) with uo and p; as the first and the second
marginal. The space (X, d) is geodesic if and only if the space (P2(X), W) is geodesic.

We will also consider the subspace P2(X,d, m) C P2(X) formed by all those measures absolutely
continuous with respect with m.

In order to formulate curvature properties for (X, d, m) we recall the definition of the distortion
coefficients: for K € R, N € [1,00),0 € (0,00),t € [0, 1], set

(22) T (0) = /N ol (0) NI,

where the o-coefficients are defined as follows: given two numbers K, N € R with N > 0, we set
for (¢,0) € [0,1] x Ry,

0, if K62 > N2,

in(t0\/K/N
SIOVE/N) i < K2 < N2,

(0 sin(0/K/N)
2.3 6) :=
(2.3) o) =1, if K62 <0and N =0, or if K62 =0,

inh(t0\/—K/N
sinh( N) i K92 < 0 and N > 0.

sinh(0/—K/N)

Let us also recall the definition of the Rényi Entropy functional &y : P(X) — [0, ],

(2.4) ent) = [ o7 @) mido),

where p = pm + p® with p® 1 m.

Definition 2.1 (CD condition). Let K € R and N € [1,00). A metric measure space (X,d, m)
verifies CD(K, N) if for any two pg,u1 € Pa(X,d,m) with bounded support there exist a Wa-
geodesic (pt)iep,1] C P2(X) and 7 € P(X x X) Wa-optimal plan, such that for any N’ > N,t €
[0, 1]:

(2.5) Eni(pe) > / re ) (d(@y)pg N+ i (@ y))pr VY w(dady).

Throughout this paper, we will always assume the proper metric measure space (X,d, m) to
satisfy CD(K, N), for some K, N € R. This will imply in particular that (X,d) is geodesic.

A variant of the CD condition, called reduced curvature dimension condition and denoted by
CD*(K, N) |BS10], asks for the same inequality of CD(K, N) but the coefficients Tl(;’)N(d(’yo, 1))

and 7']((1;\;‘/) (d(70,71)) are replaced by a%?N(d(%, ~v1)) and U%J\f) (d(y0,71)), respectively. In general,

the CD*(K, N) condition is weaker than CD(K, N).
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On CD(K, N) spaces, the classical Bishop-Gromov volume growth estimate holds. In order to
state it, for a fixed a point zg € X let

v(r) = m(B,(z0))
be the volume of the closed metric ball of radius r and center xg and let

s(r) := limsup %m(BrJr(s(xo) \ Br(z0))
§—0

be the codimension one volume of the corresponding spheres.

Theorem 2.2 (Bishop-Gromov in CD(K, N), Theorem 2.3 [Stu06b]). Let (X,d, m) be a CD(K, N)

space for some K,N € R,N > 1. Then for allzg € X and all0 <r < R<7m/N —1/(KVO0) it
holds:

N—
sin(ry/K/(N—1) ! ZfK>O
sin(Ry/K/(N—1) ’ ’

)Nfl

24 (&
N-1

sinh(r{/K/(N—-1) ’LfK <0
sinh(R/K/(N—1) ’ ’

, if K >0,

and

I (sin(ty/K/(N=1))) N

S (sin(e/K/(N-1))) Nl
)

if K >0,

N if K >0,
S (simn(ey/K/N=1)) " ar
! (sinh(t«/K/(Nfl)))Nildt’

One crucial property of the CD(K, N),CD*(K, N) conditions is the stability under measured
Gromov Hausdorff convergence of m.m.s., so that Ricci limit spaces are CD(K, N). Moreover, on
the one hand it is possible to see that Finsler manifolds are allowed as CD(K, N)-space while on the
other hand from the work of Cheeger-Colding [CC97, [CC00al [CCOOD] it was understood that purely
Finsler structures never appear as Ricci limit spaces. Inspired by this fact, in [AGS14], Ambrosio-
Gigli-Savaré proposed a strengthening of the CD condition in order to enforce, in some weak sense,
a Riemannian-like behavior of spaces with a curvature-dimension bound (to be precise in [AGST4]
it was analyzed the case of strong-CD (K, oo) spaces endowed with a probability reference measure
m; the axiomatization has been then simplified and generalized in [AGMR15] to allow CD(K, c0)-
spaces endowed with a o-finite reference measure). The finite dimensional refinement RCD* (K, N)
with N < oo has been subsequently proposed and extensively studied in [Gigl5], EKST15l [AMSI15].
Such a strengthening consists in requiring that the space (X,d, m) is such that the Sobolev space
W12(X,d, m) is Hilbert (or, equivalently, the heat flow is linear; or, equivalently, the Laplacian is
linear), a condition named “infinitesimal Hilbernian” in [Gig15].

More precisely, on a m.m.s. there is a canonical notion of “modulus of the differential of a function”
f, called weak upper differential and denoted with |D f/|,; with this object one defines the Cheeger
energy

>4
—~
E
S~—
IV
—

(2.7)

D95 ms

if K <0.

1

Cn(f) = [ DS

The Sobolev space W'2(X,d, m) is by definition the space of L?(X, m) functions having finite
Cheeger energy, and it is endowed with the natural norm || f||Z,1.5 := || f||32+2Ch(f) which makes it
a Banach space. We remark that, in general, W'2(X, d, m) is not Hilbert (for instance, on a smooth
Finsler manifold the space W12 is Hilbert if and only if the manifold is actually Riemannian); in
case W12(X,d, m) is Hilbert then we say that (X,d,m) is infinitesimally Hilbertian.
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We refer to the aforementioned papers and references therein for a general account on the synthetic
formulation of the latter Riemannian-type Ricci curvature lower bounds; for a survey of results,
see the Bourbaki seminar [Vil17] and the recent ICM-Proceeding [AmbI8].

A key property of RCD* (K, N) is stability under pointed measured Gromov Hausdorff conver-
gence [AGST4] [GMSTH] so that Ricci limit spaces are RCD* (K, N) spaces.

To conclude we recall also that recently Cavalletti and E. Milman [CM16a] proved the equiv-
alence of CD(K, N) and CD*(K, N), together with the local-to-global property for CD(K, N), in
the framework of essentially non-branching m.m.s. having m(X) < oco.

It is worth also mentioning that a m.m.s. verifying RCD*(K, N) is essentially non-branching
(see [RS14, Corollary 1.2]) implying the equivalence of RCD*(K, N) and RCD(K, N), in case of
finite total measure.

Remark 2.3. The results in [CM16a] are stated for spaces with finite reference measure but the
kind of arguments used seems to indicate that the same also holds without this restriction. For
this reason (and also to uniformize our notation with [DPGI8] where the non-collapsed RCD(K, N)
spaces have been formalized), in the present paper we shall work with

RCD(K, N) := CD(K, N) + Infin. Hilbertian
spaces, rather than with
RCD*(K, N) := CD*(K, N) + Infin. Hilbertian

ones, which have been popular in the last years. In any case, all our arguments are local in nature
and since the local versions of CD(K, N) and CD*(K, N) are known to be equivalent from the
original paper [BS10], our results are independent by the global equivalence of RCD(K, N) vs.
RCD*(K, N). Actually our proofs can be carried without modification directly for RCD* (K, N)
spaces.

Following the terminology of [DPG18] (motivated by [CC9T]), we say that the RCD(K, N) space
(X,d,m) is non-collapsed if m = H™, the N-dimensional Hausdorff measure. We also say that
the RCD(K, N) space (X,d, m) is weakly non-collapsed if m < HY. It was recently proved [Hon|
that a compact weakly non-collapsed RCD(K, N) space is actually non-collapsed (up to a constant
rescaling of the measure). This is expected to be true in the noncompact case as well.

2.2. Regular and singular sets. Given a complete metric space (X,d), N € N with N > 1, and
e,r > 0, denote

(2.8) (RN)er = {x € X : 3t > r such that dgg (B (), B?N (0)) <es, for all s € (0,t]}.
The (e, N)-regular set (Ry)e of (X,d) is defined by
(29) (RN)E = UT’>O(RN)6,7"~

In turn, the N-regular set Ry of (X,d) is defined by Ry := Neso(RN)e-
Notice that, if (X,d,m) is an RCD(K, N) space, the monotonicity in Bishop-Gromov ensures
that for every € X the following (possibly infinite) limit exists

It was proved in [DPG18] that
(2.10) An RCD(K, N) space (X,d, m) is non-collapsed if ¥y = 1 m-a.e..

Moreover, if (X,d,H") is a non-collapsed RCD(K, N) space, then ¥ (x) < 1 for every € X and
In(x) =11if and only if z € Ry [DPGIS|, Corollary 1.7].

Given a metric space (Z,dz), we define the metric cone C(Z) over Z to be the completion of
RT x Z endowed with the metric

(211) dc((r1721),(7’2,22))2 = {

r? + 12 — 2ryry cos(dz (21, 22)), ifdg(z1,22) <m
(Tl +T2)2, ifdz(zl,ZQ)ZTr.
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If (Z,dz,mz) is a m.m.s. the metric cone C(Z) can be endowed with a family of natural cone
measures mc, n, depending on a real parameter N > 1 playing a dimensional role, as

(212) me,N = tN_ldt®mz.

In order to make the notation short, when there is no ambiguity on the metric or on the measure,
we will simply write X for the metric space (X, d) (resp. for the m.m.s. (X,d, m)).
We adopt the following quantitative stratification notations and terminology from [CINTS].

Definition 2.4.

e A metric space X is called k-symmetric if it is isometric to R*¥ x C(Z) for some metric
space Z.

e Given ¢ > 0 we say that a ball B,.(z) C X is (k,e)-symmetric if there is a k-symmetric
space X' = R* x C(Z) such that dgy ((B.(x),z)(B.(2"),z')) < er where ' is the vertex
of the cone in X'.

e Given g, > 0,k € N we define Sf’T(X) to be the set of points p in X such that B;(p) is
not (k + 1, e)-symmetric for any r < s < 1.

e Lastly, we define S¥(X) as N,~08%,.(X).

When the space X in question is clear we will often omit it from notations and write Sf’r and S*.

In the paper we will work with both metric tangent space and metric-measure tangent spaces,
which are defined as follows. Let (X,d,m) be a m.m.s., p € supp(m) and r € (0,1); we consider
the rescaled and normalized p.m.m.s. (X, r~'d, m?, p) where the measure m? is given by

(2.13) m? = (/B ( )1 - %d(~7p) m) m.

Then we define:

Definition 2.5 (The collection of m.m. tangent spaces Tan(X,d, m,p)). Let (X,d, m) be a m.m.s.
and p € supp(m). A pm.m.s. (Y,dy, my,y) is called a (metric-measure) tangent cone to (X,d, m)
at p € X if there exists a sequence of radii r; | 0 so that (X, r[ld,mﬁi,p) = (Y,dy,my,y) as
i — oo in the pointed measured Gromov-Hausdorff topology. We denote the collection of all the
tangents of (X,d, m) at p € X by Tan(X,d, m,p) or, more shortly when there is no ambiguity, by
Tan(X, p).

Analogously, given a metric space (X,d) and a point p € X we say that a pointed metric space
(Y,dy,y) is a (metric) tangent if there exists a sequence of radii r; } 0 so that (X,r; 'd,p) —
(Y,dy,y) as i — oo in the pointed Gromov-Hausdorff topology. We denote with Tan(X,d, p) (or,
more shortly when there is no ambiguity, with Tan(X, p)) the collection of all metric tangents of
X at p.

Notice that if (X,d, m) satisfies RCD(K, N) (or more generally a local doubling condition), then
Gromov’s Compactness Theorem ensures that the set Tan(X,d, m, p) is non-empty. Notice however
that in general (and actually very often in the non-smooth setting) there is more than one element
both in Tan(X,d, m,p) and in Tan(X,d,p).

We next relate the symmetry of the tangent space with the singular sets S¥.

It is easy to see that if (X,d,m) is RCD(K, N) then S¥ < S* where S* is the set of points
p € X such that for any tangent cone Y € Tan(X,d,p), the unit ball around the vertex is not
(k + 1, €)-symmetric.

Recall that the singular stratum S¥(X) is defined as the set of points p € X such that no
element of Tan(X,d,p) is (k + 1)-symmetric.

Using that in non-collapsed RCD(K, N) spaces every tangent space is a metric cone [Kit17,
DPGIS], it’s easy to see that ¥ = U.+0SF = U.50S¥ if X is non-collapsed RCD(K, N).

Remark 2.6. It is also immediate from the definition that for any A > 1 it holds that S¥(X,d) C
SE(X, ) and S¥(X,d) = SF(X, \d).
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A key role will be played by the following metric Reifenberg-type result proved by Cheeger and
Colding [CC97, Theorem A.1.1].

Theorem 2.7 (Cheeger-Colding metric Reifenberg Theorem). Fiz N € NN > 1 and « € (0,1).
There exists € = £(N,a) > 0, with the following properties. Let (X,d) be a complete metric space
such that for some & € X and e € (0,£] it holds that

(2.14) € (RN)eyr, forallz € B (z) and r € (0,1 —d(z,2)].

Then there exists a topological embedding F' : B]FN (0) — BiX(z) such that F(BIFN (0)) D BX(z).
Moreover, the maps F, F~1 are Hélder continuous, with exponent a.. Further, both F and F~' are
U (e|N)-GH-approximations between B1(Z) and Bi(0).

This theorem has the following generalization [CC97, Theorems A.1.2, A.1.3].

Theorem 2.8. Fix N € NN > 1 and a € (0,1). There exists eg = €o(N,a) > 0 with the
following property.

If (X,d) is a complete metric space such that X = (Rn)er(X), for some r > 0 and € < &,
then X is homeomorphic to a smooth manifold.

Moreover, if X1,Xs are two such metric spaces which in addition satisfy dgg(X1,Xs2) < €
then there exist a-biHolder embeddings f1: X1 — Xo and fo: Xo — X; which are also U(e|N
GH-approzimations.

In particular, if both X1, Xo are closed manifolds then f1, fo are a-bi-Hélder homeomorphisms.

Theorem immediately implies the following mild generalization of [CC97, Theorem A.1.3]

Theorem 2.9. Fizx N € NNN > 1 and « € (0,1). There exists eg = eo(N,«) > 0 with the
following property.

Let (M™N | g,p) be a complete connected pointed Riemannian manifold and let {(X;,d;, p;) }ien be
a sequence of complete pointed metric spaces, converging to (M, g,p) in pointed Gromov Haus-
dorff sense.

Suppose for any R > 0 there is r(R) > 0 such that for all large i it holds that Br(p;) C
(R ey iy (Xs)-

Then for any R > 0, for all large i, Br(p;) is an N-manifold and there is an «-bi-Hélder
embedding fi r: Br(pi) = Br+e;(p) which is also an &;-GH approzimation with ; — 0 and
d(p, fi.r(pi)) < &; and such that

fi.r(Br(pi)) D Br—10¢,(p) and d(arg)(fi,r(pi),p) < €.

Remark 2.10. [CC97, Theorem A.1.3] directly implies the above theorem in case of compact
M. However, the proof of [CCI7, Theorem A.1.3] actually gives the above pointed version as
well except possibly for the inclusion f; r(Br(pi)) O Br—10e; (). But that inclusion easily follows
from the other conclusions of the theorem (cf. [Kap07, Lemma 4.8]). Indeed, the intersection
fi.r(Br—c,(pi)) N Br_10¢, (p) is clearly nonempty and closed in Br_1c, (p) and by the invariance
of domain theorem it’s also open in Br_1q., (p). Hence, it’s equal to Br_1oc, (p)-

Corollary 2.11. If under the assumptions of Theorem [2.9 the manifold M is compact then X; is
bi-Holder homeomorphic to M for all large i.

The next two results were proved in [DPGI8] extending to the RCD setting celebrated results
by Colding [Col97, [Col96¢] (see also [CCI7]).

Theorem 2.12 (GH-Continuity of H"). [DPGIS, Theorem 1.3] Fiz some K € R, N € [1,00)
and R > 0. Let Bx n r be the collection of all (equivalence classes up to isometry of) closed balls
of radius R in RCD(K, N) spaces equipped with the Gromouv-Hausdorff distance.

Then the map Bi N r > Z — HN(Z) is real valued and continuous.

Theorem 2.13 (Volume Rigidity). [DPGI8, Theorem 1.6] For every e >0 and N € N, N > 1,
there exists § = 6(e,N) > 0 such that the following holds. Let (X,d,H™) be a non-collapsed
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RCD(—d, N) space and assume there exists & € X satisfying H™ (B (z)) > (1—5)7—[N(B]§N (0)).Then
dan (B, (), BY5(0) <e.
Let (WRnN):(X) denote the set of points in X such that some tangent cone T, X satisfies
dan(BI (o), B (0)) <e.

Combining the above two theorems and Bishop-Gromov volume comparison (see for instance
the proof of Theorem [3.1)) we get

Corollary 2.14. For any N € NJK € R there exists (6, K,N) = U(§|K,N) such that if
(X,d,HN) is a non-collapsed RCD(K, N) space then X\Sy' ' C (Rn)e(s,r,n) and WRN)e C
(RN)w(e| vy

3. TOPOLOGICAL REGULARITY

The next theorem extends to the RCD setting a celebrated result by Cheeger-Colding [CCIT,
Theorem A.1.8]

Theorem 3.1. Fizx K € R and N € NN > 1. For every a € (0,1), there exist € = (K, N,a) >0
such that for any 0 < e < & we can find ¥ = 7(K, N, «,€) satisfying the next assertion.

Let (X,d,HN) be an RCD(K, N) space and let & € (Rn)er be a (N,e,r)-reqular point, for some
r € (0,7). Then there exists a topological embedding F : B§f (0) — BX.(Z) such that F(B,;R;V 0)) >
BX (%). Moreover, the maps F, F~' are Hélder continuous, with exponent a. Further, both F and
F~1 are ¥(e|N)-GH-approzimations.

Proof. First of all we fix K € R, N € NN > 1, a € (0,1) and an RCD(K, N) space (X,d, HY).
Notice that there exists ¥ = #(K, N, §) such that the rescaled space (X, d/7, H") is RCD(—6, N); in
the latter space, H" is the Hausdorff measure corresponding to the rescaled distance d /7. In order
to keep the notation short, let us denote X/7 := (X,d/7, Hé\%). By definition of (N, g, 7)-regular
point, it holds

(3.1) den (B (z), BY (0) <e.
The GH-continuity of #~ (see Theorem [2.12)) combined with (3.1)) gives that
(3.2) HY(BYT(2)) > (1 W(e|N) HY (BY (0)).

We now claim that (3.2]) combined with Bishop-Gromov monotonicity of the volume implies that
any point x € B, (z) has almost maximal volume at every (sufficiently small) scale, i.e.:

HN (B ()

(3.3) o

>1—V(e,d,nN), forallze B, (z),pec(0,1).

Indeed using that le / "(z) C le_ir/:] (z) for every z € B;f / "(z) and recalling Bishop-Gromov in-

equality, we obtain that for every p € (0,1 + ) it holds
HN (B (@) HN (B @) MY (B (@)
vsn(p) T vesn(l4mn) T vsn(1+7n)
&2 HY(BE”(0))

1-Y(|N) ———=

( EIND) v_sN(1+mn)

The claim (3.3) follows from (3.4) combined with the estimate v_s y(p) > (1 — U(8|N))wnp" for
every p € (0,2).
In virtue of Theorem the claim ({3.3)) implies that

(3.4) >1— (e, d,n|N).

(3.5) den (BX/"(7), B (0) < W(e,8,m|N)p, forall x € BX/"(z), p € (0,1/2).
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In other terms, coming back to the orginal scale of (X,d), we have just proved that Bfr(i‘) C

(RN)w(e,6,n|N),r/2-
The conclusion follows now from Theorem 2.7 O

Corollary 3.2. Let (X,d,H"™) be an RCD(K, N) space for some K € R, N € NN > 1. Fix
a€(0,1).
Then there exists an open subset U C X such that

e Ry CU. In particular U is dense in X and of full measure, i.e. m(X \ U) = 0.

o U is a C*-manifold, i.e. it is a topological manifold with C* charts.

The following theorem is a stronger version of Theorem which includes possibly noncompact
limits.

Theorem 3.3 (Topological stability). Let 0 < a < 1. Suppose (X;,p;) — (MY, p) is a pmGH
converging pointed sequence of non-collapsed RCD(K, N) spaces where M is a smooth Riemannian
manifold. Then for any fited R > 0 for all large i it holds that the balls Br(p;) are topologi-
cal manifolds and there exist a-bi-Holder embeddings Br(p;) — Brye,(p) which are also €;-GH
approzimations with &; — 0 and such that f;(Br(p:)) D Br—10,(p) and d(ar,g)(fi,r(pi),p) < €.

In particular, if M is compact then X; is a-bi-Hélder homeomorphic to M for all large i.

Proof. Let ¢ > 0 be an arbitrary positive real number. The same argument as in the proof of
Theorem shows that for any fixed R > 0 there is » > 0 such that for all large 4 all points
in Br(p;) lie in (Rn)e(X;). Now the result follows by Theorem if € > 0 is chosen small
enough. O

Remark 3.4. The same proof shows that Theorem |3.3| remains true if M is a non-collapsed
RCD(K, N) space with all points lying in (Ry)., for some sufficiently small e; = £1(N).

Using Bishop-Gromov inequality and arguing similarly to the proof of Theorem we obtain
the next two rigidity and almost rigidity results which are the RCD counterparts of [CC97, Theorem
A.1.10, A.1.11] established by Cheeger-Colding for smooth Riemannian manifolds.

Theorem 3.5. Fiz some N € N. Let (X,d,H") be an RCD(0, N) space.

If X admits a cone at infinity isometric to RN . Then (X,d, HY) is isomorphic to RN as a m.m.s.
Moreover the following almost rigidity holds. For every N € N, N > 1 there exists e(N) > 0

with the following property.

o If there exists p € X, Ry > 0 such that dgr (B, (p), B,(0N)) < er for allr > Ry, then X is
homeomorphic to RN and HN (B, (p)) > (1 — ¥(e|N))wnr™N for all v > Ry;

o If there exists x € X, Ry > 0 such that HY (B,.(p)) > (1—¢)wnr™ then X is homeomorphic
to RY and dgu (Br(p), B-(0V)) < W(g|N)r for all v > Ry.

Theorem 3.6 (Sphere Theorem). For every N € N, N > 1 there exists e(N) > 0 with the following
property.
Let (X,d,H"N) be an RCD(N — 1, N) space for some N € N,N > 1.
o Ifdeu(X,SY) < e then X is homeomorphic to SN and HN(X) > (1 — U (g|N))YHN (SV);
o IfHN(X) > (1—e)HN(SN) then X is homeomorphic to S and dgu (X,SY) < U(g|N).

The proof of Theorem follows from the proof of Theorem in verbatim the same way as
in the proof of [CC97, Theorem A.1.11] (which is a smooth analog of Theorem [3.5] ) from [CC97,
Remark A.1.47].

Instead of using [CC97, Remark A.1.47] one can also argue as follows. It follows from Vol-
ume Rigidity (Theorem and GH-Continuity of H" (Theorem that the assumptions of
the bullet points are equivalent. We will therefore assume that both hold. Volume rigidity and
Theorem [3.1] easily imply that X is a topological N-manifold.

The main part is to prove that X is homeomorphic to RV .
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We have that for any € > 0 there is a large enough Ry = 2F so that for all r > Ry it holds that
der (B, (), B.(0Y)) < er. When ¢ is small enough, by Theorem this implies that there exists
a bi-Holder embedding Fo: Br,(0) = B(14w(e|N))R, (P) Whose image contains Br,(p) and which
is a ¥(g) Ro-GH-approximation from Bg,(0) C RY to Bg,(p).

For each 7 > 0 we can get similarly constructed maps F;: Bi.1g,(0) = Ba.i4w(e|n))r, (p) where
R; = 281 For any i > 0 let C; be the annulus in RY equal to {0.4R; < |z| < 1.1R;} and let A;
be the annulus in X given by {0.4R; < |zp| < 1.1R;}. The maps F; give bi-Holder embeddings
C; = {(0.4—¥(e|N))R; < |zp| < (1.1+T(¢|N))R;} which are also ¥ (| N)R;-GH-approximations
from C; to A;. Note that the maps G; = Ffl: A; = RN and Gj1 = Fljrll Aiy1 — RY need
not a-priori be uniformly close on the overlaps but they can be made close by post-composing
with orthogonal maps in RY. This holds because if f,g: B;(0) — B;(0) are -GH-approximations
then there is an orthogonal matrix B € O(N) such that f and B o g are ¥(J|N)-close. Thus we
can assume that G; and G,41 are U(g|N)R;-close on A; N A;41 for all ¢ > 0. Note that G; is an
embedding which is also an R;¥(¢)-GH-approximation from A; to the annulus C; in RY.

Using Siebenmann’s deformation of homeomorphisms theory, this implies ([Kap07, Theorem
4.11]) that if € > 0 is small enough then for each ¢ > 0 it’s possible to modify G; and G;;
on a small neighborhood of A; N A;y; such that they become equal there and the “glued” map
G: X — RY is still a topological embedding. By the same argument as in Remark the map
G is onto i.e. it’s a homeomorphism.

4. BOUNDARY OF A NON-COLLAPSED RCD SPACE

In this section we define the boundary of a non-collapsed RCD(K, N) space and study its prop-
erties.
At the core of this definition is the following lemma.

Lemma 4.1. Let (X,d,H") be a non-collapsed RCD(K, N) space. Then for every x € X, every
Y € Tan(X,d, ) is a metric-measure cone over a non-collapsed RCD(N — 2, N — 1) space Z, i.e.
Y =C(2).

Proof. First of all recall that tangent cones to non-collapsed RCD(K, N) spaces are metric measure
cones and are non-collapsed RCD(0, N) spaces (see [DPGIS8|, Step 2, Page 645], i.e. for every x € X,
every Y € Tan(X,d, z) is a metric-measure cone and a non-collapsed RCD(0, N) space. Thus there
exists a m.m.s (Z,dz,mgz) such that ¥ = C(Z). By [Ketlba, Theorem 1.2] it follows that Z
satisfies RCD(N — 2, N — 1). Using on the one hand that Y is non-collapsed RCD(0, N) and
on the other hand that the metric-measure structure on Y is given by the (0, N)-cone structure
(Y,dy,my = Hg ) = (C(Z),dc, me,n), from the definitions ([2:11),(2.12), it is easy to check that
UN-1[(Z,dz,mz)] = 1 mz-a.e.. By we conclude that Z is a non-collapsed RCD(N —2, N —1)
space.

O

Definition 4.2 (Boundary of a non-collapsed RCD(K, N) space). Given (X,d, H"), a non-collapsed
RCD(K, N) space for some K € R, N € N, we define the RCD-boundary of X as

(4.1) 0X ={zx e X :3JY € Tan(X,d,z), Y = C(Z), 8Z # 0},
and the reduced boundary of X as
(4.2) 9" X =8N\ V2

Note that, thanks to Lemma the definition of X is inductive on the dimension N of the
non-collapsed RCD(K, N) space. The base of this inductive definition lies on the classification of
RCD(0, 1) spaces (X,d,H!) proved in [KL16a]: such an (X,d,H?!) is isomorphic (up to rescaling)
to either the singleton {z}, the unit circle S, the real line R, the half line [0, 00) C R, the segment
[0,1] € R. Of course, in the first three cases we say that (by definition) 8X = 0, in the last two
cases we set (again by definition) 8X = {0}, 8X = {0, 1} respectively.
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The definition of the boundary of a non-collapsed RCD(K, N) space is similar to the definition
of the boundary of an Alexandrov space. However unlike in the Alexandrov case where tangent
cones are known to be unique we don’t know at the moment if it’s possible to have points where
some tangent cones have boundary and others don’t.

Question 4.3. Is it true that if some tangent cone at some point p in a non-collapsed RCD(K, N)
space X has boundary then every tangent cone at p has boundary?

Remark 4.4. The answer to Question [4.3]is “Yes” if N < 3. Indeed, if N < 2 then X is
Alexandrov by [LSI8] and hence tangent cones are unique. If N = 3 then any Y € Tan(X,d, p)
has the form Y = C(Z) where Z is a 2-dimensional Alexandrov space with curv > 1. For a
non-collapsing sequence of Alexandrov spaces it is known that if the elements of the sequence have
(resp. don’t have) boundary then the same holds for the limit. Therefore the subset of Tan(X,d, p)
consisting of tangent cones that have boundary is closed and the same is true for its complement.

Since the space of tangent cones Tan(X, d, p) is connected (see e.g. [LS18, Lemma 2.1] or [DSI7,
Lemma 3.2]), the claim follows.

Lemma 4.5. Let (X,d,H") be a non-collapsed RCD(K, N) space. Then for every x € SN=1\
SN=2 there exists a tangent space at x isomorphic to the half space HY := {(xy,...,xn) : 1 >
0}.

In particular, "X C 8X and the Hausdorff dimension of 8X \ 8*X is at most N — 2.

Proof. Recall that every tangent space to an RCD(K, N) space is a non-collapsed RCD(0, N) metric
cone [DPGI8, Proposition 2.8]. Note that

(4.3) SVTHX)\ SV A(X) := {wr € X : AT, X splitting RY but 3T, X splitting RV '}

Now, if Y is an RCD(0, N) space splitting RV=! then Y = Z x RV~! with Z an RCD(0, 1) space.
By the classification of 1-dimensional RCD spaces [KL16a], Z can be isometric to either a singleton
{0}, a half-line RT, a line R, a closed interval [a,b] C R, or a circle S!.

The case Z = {0} is excluded since it would imply Y = R¥~! which has infinite N-density 9y
and hence is not a non-collapsed RCD(0, V). The case Z = R is excluded since it would imply
that Y = RY. The cases Z = S! and Z = [a, b] are excluded since they would imply that Y is not
a metric cone.

Thus the only possibility is that Z is a half line RT and hence Y is isomorphic to the half space
H™. The claim follows from the combination of this last observation with (4.3)).

It is easy to see that (8X \ 8*X) C SV~2 (see for instance the beginning of the proof of Theorem
4.10). By [DPGI18, Theorem 1.8], for all k it holds that

(4.4) dimy S* < k.
We conclude that the Hausdorff dimension of 8X \ 8*X is at most N — 2. O

The above notion of boundary is compatible with the one of topological manifold with boundary,
see Corollary [5.2]
It is clear that "X need not be closed. For instance if X = [0,1] x [0,1] C R? then it is easy to
see that 8" X = (0,1) x {0,1} U{0,1} x (0,1) while 8X = [0,1] x {0,1} U {0,1} x [0,1]. It is not
clear if in general X C X is a closed subset.

Question 4.6. Let (X,d,H") be a non-collapsed RCD(K, N) space. Is X necessarily a closed
subset of X ¢

A closely related question is the following:

Question 4.7. Is it true that if X is a non-collapsed RCD(K, N) space and 80X # () then 8* X # ()
also?

Another closely related question is
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Question 4.8. Let X be a non-collapsed RCD(K, N) space. Is it true that 8X is equal to the
closure of 8" X ?

A positive answer to this question would mean that our definition of the boundary is equivalent
to the one suggested by De Philippis and Gigli in [DPG18].

The following conjecture is inspired by the theory of finite perimeter sets, and in particular by
De Giorgi’s Theorem.

Conjecture 4.9. Let (X,d, H™) be a non-collapsed RCD(K, N) space. Then 8X (or, equivalently,
0" X in view of Lemma is HN =1 rectifiable.

The next result says that a non-collapsed RCD(K, N) space X is the disjoint union of a manifold
part of dimension N which is open in X, a boundary part of Hausdorff dimension at most N — 1,
and a singular set of Hausdorff dimension at most N — 2.

Theorem 4.10. Let (X,d,H") be a non-collapsed RCD(K, N) space for some K € R, N € N.
Then 8X C SN~ in particular the Hausdorff dimension of X is at most N — 1.
Moreover there exists g = £9(K, N) such that for € € (0,eq) the following properties hold

(1) Ry C (Rn)e C X and (Ry)e C X is a(e)-bi-Holder homeomorphic to a smooth manifold,
where a(e) = 1 as e — 0.

(2) (Rn)eN8X =10.
(3) (Rn)e NS C SN=2 in particular it has Hausdorff dimension at most N — 2.
(4) If HN=Y(S) = 0 (equivalently, if HN~1(8*X) = 0), then (Rx). is path connected. More-

(o)

over, the induced inner metric on (Ry)e coincides with the restriction of the ambient
metric d.

It follows that
X =(Ry):UBX SN2\ (X U (Rn).)).

In words: X 1is the disjoint union of a manifold part of dimension N, a boundary part of
Hausdorff dimension at most N — 1, and a singular set of Hausdorff dimension at most N — 2.

Proof. We first show that z ¢ S¥~1 = 2 ¢ 8X: If x ¢ SV~! then there exists a tangent cone to
x isomorphic to RY. By Bishop-Gromov monotonicity it follows that every tangent cone to z is
isomorphic to RY, and thus = ¢ 8X.

Since 8X ¢ SN-1, implies that &X has Hausdorff dimension at most N — 1.

Proof of . We claim that (Rn)e C (RN)g - Indeed, by the very definition (2.9) of
(RN)e, if x € (Ry)e then for every (Y,y) € Tan(X, z) it holds

(4.5) den(BY (y), BY (0M)) < e.

Hence by Theorem it holds that |vol(BY (y) — wn| < ¥(g|N). Therefore 1 > Iy (x) >
1 — ¥(g|N). By semicontinuity of ¥ this implies that 1 > dn(z) > 1 — U(e|N) for all z suf-
ficiently close to z. By Theorem this implies that all z near = belong to (RN)‘I,(E‘N), ie.

(Rn)e € (RN)g(einy as claimed. By Theorem a this implies (1)) as soon as ¢ is small enough so
that for all 0 < & < g¢ it holds that ¥(g|N) < (K, N, a) given by Theorem [3.1

Proof of . We argue by induction on N. The base of induction N =1 is easy due to the
classification of RCD(K, 1) spaces.

Suppose the statement holds for N — 1 > 1 and we need to prove it for N.

As above, if € (Ry)e then for every (Y,y) € Tan(X, z) it holds

(4.6) den(BY (y), B (0V)) < e.
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On the other hand, if z € X, then there exists (Y,9) € Tan(X,z) such that Y = C(Z) where Z
is a non-collapsed RCD(NN — 2, N — 1) space with boundary.
The estimate (4.6) implies that
(4.7) den(Z,SN71) < T(g|N).
From the Sphere Theorem we infer that Z has almost maximal volume, i.e. HN"1(Z) >
(1= (e|N —1)HN 1SN -1). By the Bishop-Gromov monotonicity of volumes, it follows that for
every z € Z it holds
N—-1 B

o HYB,(2)

r—0 wN_l’I“N_l
The volume rigidity Theorem then implies that for every z € Z and every (W, w) € Tan(Z, z)
it holds

(4.8) dan(BYY (w), B (0Y71) < W(e|N —1).
Thus, if U(e|N —1) <eg(N —2,N —1) then Z = (Rn—1)co(n—2,8-1)(Z) and therefore 8Z = ()

>1—-U(e|N -1).

by the induction assumption. This is a contradiction and hence (Ry). N 8X = 0.

Proof of (3). Notice that, from the very definition of singular set and reduced boundary, and
from Lemma [4.5] we get
(4.9) S\SN2=8sNV"1\ SN2 = 9*X C X.
Thus
(Rn)N(S\SV7?) C (Ry)-NOX =0,
where in the last identity we used (2)). We conclude that (Ry). NS C SV72.
In particular, by (4.4), (Rn)e NS has Hausdorff dimension at most N — 2.

Proof of .

First note that, by ([&4), HVN~1(S) = 0 if and only if HV~1(8*X) = 0.

Let 0 < e < gg. By part we know that B = X\(Rny)e C S. By the assumption this implies
that HVN~1(B) = 0. Also, B is obviously closed.

Let z,y € X\B = (Rn)e. Then for any small § > 0 the ball Bs(y) lies in (Ry).. By
Corollary there is y' € Bs(y) and a shortest geodesic [x,y’] which is entirely contained in

(RN)e- Then the concatenation of [zy’] and any shortest [y'y] lies in (Ry). and has length
< d(x,y) + 26. Since this holds for all small § this proves ().
U

We suspect that the condition that H¥~1(S) = 0 in part of Theorem is not needed.

Conjecture 4.11. Let (X,d,H"™) be a non-collapsed RCD(K, N) space. Then (Ry)- is path
connected for all small €.

Note, that this is known to be true for Alexandrov spaces: it follows from a result of Petrunin,
stating that for Alexandrov spaces tangent cones are isometric along interiors of geodesics [Pet98].

5. BOUNDARY AND CONVERGENCE

In [CC97, Theorem 6.1] Cheeger and Colding proved that the limit of a non-collapsing sequence
of N-manifolds with Ricci curvature bounded below satisfies the property that the singular set S
is contained in SN ~2; following our terminology, the limit space has empty reduced boundary. We
show that this theorem has the following natural generalization to non-collapsed RCD spaces.

Theorem 5.1. Let {(X;,d;, H™)}ien be a sequence of non-collapsed RCD(K, N) spaces. Assume
that
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o {(X;,d;i,pi) bien converge to (X,d,p) in pointed Gromov-Hausdorff sense.

e The open ball By (p;) is a topological N-manifold and HN (By(p;)) > v > 0 for all i.
Then (X,d, HN) is a non-collapsed RCD(K, N) space with 8X N By (p) = 0.
In particular S(X) N Bi(p) € SN72(X) by Lemma .

Applying this theorem to a constant sequence immediately gives

Corollary 5.2. Let (X,d, HY) be a non-collapsed RCD(K, N) space.

Suppose (X,d) is a topological N-manifold with boundary 0X. Then 8X C 0X.

In particular if X is a topological N-manifold without boundary in manifold sense, then it is also
without boundary in the RCD sense.

We don’t know if in the above Corollary the inclusion X C 0X is always an equality. This is
known to be true if X is an Alexandrov space with curvature bounded below [Per91]. We can also
can prove it in the following special case.

Corollary 5.3. Let (X,d,HY) be a non-collapsed RCD(K, N) space which is bi-Lipschitz home-
omorphic to a smooth N-manifold with boundary. Then the RCD boundary of X agrees with the
manifold boundary, i.e. X = 0X.

Proof. Suppose f: MY — X is an L-bi-Lipschitz homeomorphism where M is a smooth Rie-
mannian manifold with boundary, X is a non-collapsed RCD(K, N) space and L > 0. By Corol-
lary it holds that 8X C f(OM). Suppose there is p € M such that some tangent cone
(T X, 0) = lim,, o 7%(X7 f(p)) does not have boundary. Looking at f: T%(M, p) — %(X, f(p)
by Arzela-Ascoli’'s Theorem we can pass to a subsequence and get a limit map (which can be
thought of as “a differential” of f at p) fo: T,M = HYN — Ty, X = C(Z) which is also an
L-bi-Lipschitz homeomorphism. Here we use the short-hand notation T4,y X = C(Zp) to denote
a tangent space, without any claim of uniqueness; moreover, we will use the suggestive notation
fo=dyf: T,M = HN — Tt X = C(Zy) without any claim of differentiability of f at p, but just
to stress that fy is a blow up of f at p. Observe that C(Zj) is a non-collapsed RCD(0, N') space
and a metric cone, and Z; is a noncollapsed RCD(N — 2, N — 1) space with 87 = (.

Let po € OHY be any point different from the origin and consider ¢ = fo(po). Then clearly ¢
is not the vertex of the cone C(Zy), i.e. it has the form g = (to, z0) where zy € Zy and ty > 0.

Repeating the same blow-up procedure for fo : HY — C(Zy) at py we obtain “a differential”
fi=dp fo: HY — T,C(Zy) =R x C(Z1) where C(Z;) = T, Z is a noncollapsed RCD(0, N — 1)
space and a metric cone and Z; is a noncollapsed RCD(N — 3, N — 2) space with 877 = 0.
Proceeding by induction for any £ < N — 1, we can construct bi-Lipschitz homeomorphisms
fr: HYN — R* x C(Zy) where C(Z) is a noncollapsed RCD(0, N — k) space without boundary.

Indeed, suppose k < N — 1 and we have already constructed fi. Since fi is bi-Lipschitz and
k < N — 1, we can find p;, in 9HY such that f(p) ¢ R* x {0}, i.e. fiu(pr) = (vg,tx, 2x) With
x, € RF ¢, > 0 and 23, € Z. Then we can set fy.1 to be a blowup of fi at py, i.e.

Frer = dp fio: Ty HY = HY = Ty, () (R" x C(Zy)) = R x C(Z41)

where C(Zy41) = T», Zk.
On the last step we get amap fy_1: HY — RN"1xC(Zy_1) where C(Zy_1) is a noncollapsed
RCD(0, 1) space without boundary and a metric cone. By the classification of RCD(0, 1) spaces this

can only be R. This means that we have a homeomorphism fy_i: HY — R¥™. This is impossible
and therefore f(OM) = 8X. O

Remark 5.4. It’s easy to see that the proof of Corollary works more generally if, instead of
assuming that X is bi-Lipschitz to a smooth manifold, we assume that X is a Lipschitz manifold
with boundary and the metric d is compatible with the Lipschitz structure on X. In other words,
if X admits an atlas of charts which are bi-Lipschitz maps to open subsets of HY.

Remark 5.5. The proof of Corollary shows that for X satisfying the assumptions of the
Corollary, the answer to Question is positive; i.e. a point p € X belongs to dX if and only if
every tangent cone 7, X has boundary.
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As it was suggested to the authors by Alexander Lytchak, using a similar blow up argument
Corollary [5.3] implies the following stronger result.

Proposition 5.6. Let (X,dx,HY) and (Y,dy,HY) be non-collapsed RCD(K, N) spaces. Assume
there is a bi-Lipschitz homeomorphism f: X — Y. Then f(0X) = 0Y.

Proof. Clearly, since f~! : Y — X is also a bi-Lipschitz homeomorphism, it is enough to show that
f(0X) C 8Y. We argue by contradiction. If it is not the case, then there exists p € 8X (i.e. there
exists a tangent cone T, X = C(Xy) with non-empty RCD-boundary) such that every tangent cone
Trp)Y at f(p) € Y has empty RCD-boundary. As in the proof of Corollary there is no claim
of uniqueness of tangent cones, we use the shorthand notation 7, X just for convenience.

Also, again as in the proof of Corollary we can pass to a subsequence and get a limit bi-
Lipschitz “blow up” map fo = d,f: T,X = C(Xo) = Ty)Y =: Zo. Pick a point py € dC(Xo)
different from the origin ( whose existence follows directly from Definition . Then po = (to, zo)
where tg > 0 and zp € 8Xy. Recall that 87y = () and hence fo(po) is not a boundary point. Next
we can take f1 = dp,fo: Tp,C(Xo) — Tfy(po)Zo =: Z1 which is a bi-Lipschitz homeomorphism
and T,,C(Xo) has boundary while Z; does not. Note that, by the Splitting Theorem [Gigl4],
Tp,C(Xo) = R x C(Xy) where C(X;) = Ty, X0 is non-collapsed RCD(N —1,0) with 8C(X;) # 0.
We can iterate this construction further to get, for K =0,..., N — 1, bi-Lipschitz homeomorphisms
fr: R x C(Xy) — Z; where each Zj is a non-collapsed RCD(0, N) space without boundary
and each C(X}) is a non-collapsed RCD(0, N — k) space with boundary. On the very last step
the space C'(Xn—1) is a non-collapsed RCD(0, 1) space with boundary which can only happen if
C(Xn_1) 2 [0,00), by [KL16b]. Therefore fy_1: HY — Zy_; is a bi-Lipschitz homeomorphism
and 8(Zy_1) = 0. Since HY is a smooth manifold with boundary this is impossible by Corollary
5.3l Therefore f(0X) C 8Y.

O

Theorem [5.1] also immediately implies the following result.
Corollary 5.7. Let § = 6(N) be small enough so that £(6, N) provided by Corollary satisfy
e(0, N) < &(N,1/2),

where £(N,1/2) was given in Theorem[2.7] Then the following holds.
Let {(X;,di, HV) }ien be a sequence of non-collapsed RCD(K, N) spaces. Assume that

o {(X;,d;i,pi) bien converge to (X,d,p) in pointed Gromov-Hausdorff sense.
o X;N Bi(p;)) € WRN)(X;) and HN (B1(p;)) > v > 0 for all i.
Then (X,d, ") is a non-collapsed RCD(K, N) space with 8X N By(p) = 0.

Proof of Corollary[5.7 Observe that by Corollary all X; satisfy X; N By(p;) C (Rn)e(X;)
for all 4 and hence all X; N By (p;) are topological N-manifolds by the Cheeger-Colding-Reifenberg
Theorem [2.7] Now the result follows by Theorem O

For the proof of Theorem we will need the following well-known folklore result in topology.

Theorem 5.8. Let M™ be a connected non-compact topological manifold. Then M admits an
exhaustion Ko C K1 C ... by compact connected n-dimensional submanifolds K; with boundary
such that U;K; = M and K; C int K; 1 for all i.

Proof. Since we don’t know an explicit reference to this statement in literature we briefly sketch
the argument from known results.

For n < 3 all topological n-manifolds are smoothable and for smooth manifolds the statement
easily follows by taking an exhaustion by regular sublevel sets of a smooth proper function.

In dimension 4 it was proved by Quinn that any noncompact connected manifold is smoothable
[Qui82] hence the same argument applies. In dimensions > 6 the result immediately follows from
work of Kirby and Siebenmann [KST77] who proved that for n > 6 all topological manifolds admit
handle decompositions. Existence of handle decompositions was proved by Freedman and Quinn
[Qui82 for n = 5 which gives the proof in that dimension also. O
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Proof of Theorem[5.1 We first observe that (X,d,H") is a non-collapsed RCD(K, N) space: the
fact that (X;,d;, H"™,p;) are RCD(K, N) implies by Gromov’s compactness theorem that they
converge (up to subsequences) to a limit p.m.m.s. (Y,dy,m,q) in the pointed measured Gromov
Hausdorff sense. Since by assumption (X;,d;,p;) — (X,d,p) in pmGH sense, then (X,d,p) is
isometric to (Y,dy,y). By the stability of RCD(K, N) under pmGH convergence [LV09] [Stu06bl
Vil09, [AGST4, [GMST15] it follows that (X,d,m) is RCD(K, N). The assumption HY (B (p;)) >
v > 0 implies that (X,d, m) is a non-collapsed RCD(K, N) space by [DPG18, Theorem 1.2], i.e.
m=HN.

Since all the spaces involved are non-collapsed RCD(K, N), the background measure is always
the N-dimensional Hausdorff measure. We will therefore suppress the measure in notations for
RCD spaces occurring in the proof.

Suppose by contradiction that X # (). First observe that by the definition of boundary
if z € 0X then some iterated tangent cone Te Tey ,...Tg X is isometric to HY = RY =
{(z1,...,zn)|z1 > 0}. Here x =& € X, & € T, X etc.

Next note that if (Y;,d;, 9:,) — (Y,d,9) is a pointed GH-converging sequence of spaces then for
any y € Y and any tangent cone T,Y by a diagonal argument there exists a sequence of rescalings
Ak — 00, a subsequence Y, , and a sequence of base points y;, such that (Y;,, A\edi,, vi,,) = (T,)Y,0)
as k — oo.

Combining the above observations implies that after passing to a subsequence, up to a change
of base points and rescalings we can assume that to begin with (X;,p;) — (H”,p) where p = 0
and X; is RCD(K;, N) with K; — 0.

Let fi: Bi(p;) — B1(0) N HY be a ;- Gromov-Hausdorff approximation with §; — 0. By a
standard partition of unity center of mass argument we can assume that f; is continuous. Namely,
let g;: Bi(p;) — B1(0) N HY be a §;-GH approximation. Take a maximal finite §;-separated net
{z1,...,2zm} in Bi(p;). Then the balls {Bs,(z;)}]L; cover Bi(p;). Let A\;(z) be a partition of
unity subordinate to this cover.

Set fi(z) :==>_; Aj(x)g;(x;). Then f; is continuous and uniformly 105; close to g;.

Since all X; are topological manifolds, by Theorem there exist compact connected subman-
ifolds with boundary K; C Bj(p;) such that By_s,(p;) C K;.

Since f; is 6;-GH approximation and dB;(0) N HY is exactly the unit sphere around 0 in HY
we must have that f;(0K;) is contained in the 2§;-neighborhood of dB;(0) N H™. By adjusting
the maps f; (along radial projections in RY) we can assume that

(5.1) fi(0K;) C 0By (0) N HN.

Note that B;(0) N HY is a proper submanifold of codimension 0 homeomorphic to DV~! in
O(B1(0) N HY) 22 S¥=1 and the same holds for B;(0) NdHY.

Let ¢ = (1/2,0,...0) € HY and let ¢; € X; be such that d(q, f;(¢;)) < 6;. Obviously, such g
exists. By modifying the map f; slightly by a post-composition with a self homeomorphism of HV
which is identity outside By 49(q) we can assume that f;(¢;) = q.

By the Topological Stability Theorem (Theorem for all large i there exist topological em-
beddings h;: Bi/3(q;) — Bi/s+e,(q) with e; — 0 which are also ;-GH approximations and such
that hi(B1/3(q:)) O Bi/3—10e, (q)-

By a straight line interpolation we can change f; slightly to a U(d;, &;|N)-close map fl such that
fi = h; on B /5(q;) and f; = fi outside Bi/3(¢;). Indeed, let A: R — R be a continuous function
with 0 <A <1, Mz) =0 for 2 <1/5 and A = 1 for = > 1/4. Then f;(z) = A(d(z,q))fi(z) + (1 —
Ad(z,q)))h; (x) works.

Now, let M; be the double of K; along its boundary and let M be the double of B;(0) N HY
along 9B;(0) N HY. Note that M is topologically a closed disk DY and M; is a connected closed
manifold without boundary.

By we can “double” f; along OK; and extend it to a map f;: M; — M. Then if we
compute Z, degree of f; on the one hand it must be zero since M is not a closed manifold. On the
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other hand it must be equal to 1 for large i since ﬁ is a homeomorphism on B /5 (¢;) and ¢ has a

unique preimage under ﬁ and this preimage is contained in Bj,5(¢;). This is a contradiction and
hence 8X = 0. O

Next we will show that Corollary still holds if the elements of the sequence are allowed to
have more severe singularities provided the singular set is reasonably small.

We will make use of the following generalization to non-collapsed RCD(K, N) spaces due to An-
tonelli, Brué and Semola [ABS19] of the quantitative stratification result of Cheeger and Naber [CN13],
originally proved for smooth Riemannian manifolds with Ricci and volume bounded below.

Theorem 5.9 (Quantitative Stratification, [CN13|, [ABS19]). Given v >0, >0,0<n <1 and
non-negative integers k < N there exists c(k, K, N,v,e,n) such that if (X,d, H") is a non-collapsed
RCD(K, N) space with HN (B1(p)) > v then

HN (B(SE, N Bi(p))) < c(k, K,N,v,e,m)rN =+,
We will prove:

Theorem 5.10. For any K € R and N € N there exists E(K, N) such that the following holds.
Let {(X;,di, HY) Yien be a sequence of non-collapsed RCD(K, N) spaces. Assume that
o {(X;,di,p:i)}ien converge to (X,d,p) in pointed Gromov-Hausdorff sense.
o HY(By(p;)) >v >0 foralli € N.
e For any i € N it holds that 3571()(1_) c SNA(X)).
Then (X,d,H"N) is a non-collapsed RCD(K, N) space with 8X = .

We believe that the following natural conjecture should hold in general.

Conjecture 5.11. Let {(X;,d;, HJ')}ien be a sequence of non-collapsed RCD(K, N) spaces. As-
sume that

o {(X;,d;,pi) bien converge to (X,d,p) in pointed Gromov-Hausdorff sense.
o HY(By(p;)) >v >0 foralli€N.
e 90X, =0 for alli.

Then (X,d, ") is a non-collapsed RCD(K, N) space with 8X = ()

Remark 5.12. The corresponding statement is known to be true for Alexandrov spaces. This
follows from Perelman’s Stability Theorem but can also be proved by more elementary methods
similar to the proofs of Theorems and

Also note that if the answer to Question [£.7] is positive then Conjecture [5.11] is equivalent to
conjecturing that if S¥=1(X;) c SN~2(X;) then 8X = (.

It is also natural to ask the opposite question.

Question 5.13. Suppose (X;,d;,p;) = (X,d, p) is a converging sequence of non-collapsed RCD(K, N)
spaces with HN(B1(p;)) > v > 0 for all i. Suppose further that 8X; N By(p) # 0 (resp. 8*X; N
Bi(p) # 0). Does this imply that 8X # 0 (resp. "X # 0) as well? This again is known for
Alexandrov spaces by Perelman’s Stability Theorem.

Proof of Theorem[5.10 Let a = 1/2 and let & = (N, ) be the constant provided by Theorem
Further let § > 0 be such that (4, K, N) given by Corollary is smaller than &.

Finally, set £ = min{d,&}. We claim that ¢ satisfies the conclusions of the theorem. Suppose
(Xi,p:) — (X, p) is a contradicting sequence.

Recall that by Remark the inclusion $¥~1(X;) ¢ SN¥7%(X;) remains true after rescaling
the metric by any A > 1. Therefore, as in the proof of Corollary we can assume that (X, p) =
(H™,0) and X; is non-collapsed RCD(K;, N) with K; — 0.

Let f;: (Bl(pi),O) — (31(0) n HN,O) and h;: (Bl(O) N HN,O) — (Bl(pi)70) be 6;-GH-
approximations with f; o h; and h; o f; both d;-close to identity.
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Let n = 1/2,k = N — 2 and let ¢(k,—1, N,v,é,n) be given by the Quantitative Stratification
Theorem where v = wy/10.

Fix an 7 > 0 be small enough so that 100c¢(N — 2, —1, N, v,&,n)r?/? < wy_17.
Let U;, = B, (h;(0HY)) N B1(p;). Then by volume continuity (Theorem we have that

,HN(ULT) Z %T‘.

On the other hand, by Theorem [5.9 we have that
HY (Bor (S35 N Bip)) < o(N = 2,1, N,v,2,m)(30)2 < “L.

£,3r
Therefore there exists ¢; € Ui7T\Bgr(Sg3;2).

By above Bs,.(§;) contains no points from Sggf. We can find ¢; € Bs,.(¢;) such that B,.(g;)
contains no points from Sé\,ls_r2 and d(fi(q;), 0HN) < U(6;).

After passing to a subsequence we can assume that (X;,¢;) — (HY,q) with ¢ € 0HN.

By the assumptions of the theorem the above implies that B;-(g;) N S év ~1 = (). By the definition
of gév_l this means that for any = € B,.(¢;) some tangent cone T, X; is & close to RY. Since ¢ < §,
by Corollary any tangent cone T, X; is £(N)-close to RY. This means that B, (q;) satisfy the
regularity assumptions in Corollary for all large i. Now Corollary implies the result.

O

In [KLP] a different notion of a boundary, called metric-measure boundary or mm-boundary
was introduced.

Question 5.14. What is the relation between X and the mm-boundary of X ¢ In particular, is
it true that if 8X = 0 then the mm-boundary of X is zero? Is the same true if we only assume

that 8" X =07?

6. “SEQUENTIAL OPENNESS” OF WEAKLY NON-COLLAPSED RCD(K, N) SPACES

Following the terminology proposed in [DPGIS8|, we say that an RCD(K, N) space (X,d, m)
is weakly non-collapsed if m < HY. Tt was recently proved by Honda [Hon| that a compact
weakly non-collapsed RCD(K, N) space (X,d, m) is non-collapsed (up to a constant rescaling of
the measure), i.e. m = ¢H" for some constant ¢ > 0.

The goal of the present section is to prove a series of results stating roughly that if the limit of a
pmGH sequence of RCD(K, N) spaces is (weakly) non-collapsed, then the same is true eventually
for the elements of the sequence; thus establishing a sort of “sequential openness” of this class of
spaces.

Theorem 6.1. Let (X,d,m,Z) be a pointed weakly non-collapsed RCD(K', N) space for some
K' € R,N € N. Let {(X;,di,m;, ;) }ien be a sequence of pointed RCD(K, N) spaces, for some
K € R, converging to (X,d,m, ) in pointed measured Gromov Hausdorff sense. Then there exists
10 € N such that (X;,d;, m;) is a weakly non-collapsed RCD(K, N) space for every i > ig.

Proof. Without loss of generality we can assume that T is an N-regular point for (X,d,m). In
particular, for every ¢ > 0 there exists r = r(Z, J) such that

dmcH ((Bf((:?,),d, m(Bgl((x))ml_Bf(f)) , <B§N(0N),dE, Wﬁﬂ@? (oN)>) < ér.

Since by assumption (X;,d;, m;, ;) — (X,d,m,Z) in pmGH sense, there exists ig = ig(d,r) € N
such that for all 7 > iq:
(6.1)

1
dmcH <<B;X (Z;),ds,

)ml-LB,-fﬂ (:m—)) , <BB§N (0N),dg, WML(BFN (oN))> < 2.
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From e-regularity [MNI9, Theorem 6.8] it follows that, for all ¢ > iy, there exist a subset U; C
BXi(z) with m;(U) > 0 and a (1 + ¢)-bi-Lipschitz map w; : U; — u;(U;) C RY, where ¢ =
V(8| K, N). Moreover, from [DPGIS8, Proposition 3.2], it holds that £ (u;(U;)) > 0. Since u; is
(1 + ¢)-bi-Lipschitz it follows that HY (U;) > 0.

From the rectifiability of RCD(K, N) spaces as metric measure spaces [KMI8| Theorem 1.2] (see
also [DPMRI17] and [GP16] for independent proofs), it follows that the regular stratum Ry (X;)
of dimension N satisfies:

(6.2) m(Ry(X;)) >0, miRy(X;) < HY.

The constancy of the dimension in RCD(K, N) spaces proved in [BS1§| yields that

(6.3) m; (X; \ Rn(X;)) = 0.

The combination of with gives that (X;,d;, m;) is a weakly non-collapsed RCD(K, N)
space for every i > ig. O

Remark 6.2. The above theorem also follows from [Kit18] where it is proved that the geometric
dimension of RCD(K, N) spaces is lower semicontinuous under pmGH convergence. This implies
that Ry (X;) has positive measure for large ¢ which by the same argument as above using [KMI8],
Theorem 1.2] yields the result. We include the above proof as it’s more direct and quite short.

Theorem 6.3. Let (X,d,H") be a compact non-collapsed RCD(K', N) space for some K' €
R,N € N. Let {(X;,di,m;) }ien be a sequence of RCD(K, N) spaces, for some K € R, converging
to (X, d, m) in measured Gromov Hausdorff sense. Then there exists ig € N such that (X;,d;, m;) is
a compact non-collapsed RCD(K', N) space for every i > ig. More precisely, there exists a sequence
¢; — 1 such that m; = ci’Hé\j.

Proof. From Theorem we have that (X;,d;, m;) is a weakly non-collapsed RCD(K, N) space
for every ¢ > ig. Moreover, since the limit space X is compact, from the definition of pmGH
convergence we have that X; is compact as well, for large ¢. Since every compact weakly non-
collapsed RCD space is actually non-collapsed [Hon] up to rescaling the background measure by a
constant, we infer that there exist constants ¢; > 0 such that m; = ciHé\i .

‘We now claim that ¢; — 1.
The mGH convergence of (X;,d;, m; = ¢;HY) to (X,d, #") ensures that

(6.4) aMy (X)) — 1Y (X).

On the other hand, the GH convergence of (X;,d;) to (X,d) combined with the volume continuity
Theorem (applied with R > lim sup diam X;) yields that

(6.5) HI(X:) = HN (X).
Putting together (6.4) and (6.5) gives the claim ¢; — 1. O

Collecting some results of the paper with others in the literature we obtain the following theorem
(compare also with [DPGIS| [Kit18| [AHPTIS]).

Theorem 6.4. Let (X,d, m) be an RCD(K, N) space. Then the following are equivalent:

(1) There exists a point p € X and a tangent cone (Y,dy, my) with my < Hj .
(2) There exists a point p € X such that RN € Tan(X,d,p), i.e. RN with Euclidean metric is
a metric tangent space at p.
(3) Form-a.e. p € X the tangent space at p is unique and isomorphic as a m.m.s. to Euclidean
RN (endowed with the suitable rescaled measure).
(4) (X,d, m) is a weakly non-collapsed RCD(K, N) space, i.e. m < HY.
If moreover (X,d) is compact, then all the above statements are equivalent to (X,d,m) being a
non-collapsed RCD(K, N) space up to constant a normalization of m, i.e. m = cHY for some
constant ¢ > 0.
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Proof. The final claim in case of compact (X,d) is a direct consequence of [Hon].

(1)= (4). Since (Y,d, my) is a tangent space of an RCD(K, N) space, then Y is an RCD(0, N)
space as well. The assumption then implies that ¥ is weakly non-collapsed RCD(0, V). Hence (4)
follows directly by applying Theorem to the blow up sequence pmGH converging to (Y, d, my).

(4) = (3) Follows by combining the next results: m-a.e. € X has unique tangent cone which is
isomorphic to a Euclidean space [MN19], m-a.e. uniqueness of the dimension of Euclidean tangent
spaces [BS18], on the k-regular stratum it holds m < H* ([KMI8, Theorem 1.2]; see also [DPMR17]
and [GP16] for independent proofs).

(3) = (2) is trivial.

(2)= (1). By the compactness of RCD(—1, N) spaces, there exists a Radon measure my, on
RY with suppms, = RY so that (RY,dp, ms) is a metric measure tangent space. In particular,
(RN, dpg, my) verifies RCD(0, N). It follows from [CMI6b, Corollary 8.2] that ms, < £ and thus
(RN dp, ms) is a weakly non-collapsed RCD(0, V) space appearing as a tangent.

O

The combination of Theorem [3.9] and Theorem [6.3] gives the following result.

Theorem 6.5. Let (M, g) be a compact Riemannian manifold of dimension N. Let {(X;,d;, m;) }ien
be a sequence of RCD(K, N) spaces, for some K € R, mGH converging to (M, g). Then there exists
ig € N such that
e (X;,d;,m;) is a compact non-collapsed RCD(K, N) space for every i > ig: more precisely,
there exists a sequence c; — 1 such that m; = ¢, HY.
e (X;,d;) is homeomorphic to M wia bi-Hélder homeomorphisms.

Proof of Corollary[1.13 Assume by contradiction that it is not true. Then we can find g9 > 0 and
a sequence {(X;,d;, m;)}ien of RCD(N — 1, N) spaces such that A\;(X;) = N as i — oo for every
j=1,...,N+1, and such that one of the conclusions (1) — (4) fail for ¢ = ¢¢ for all i € N.

By Gromov’s compactness Theorem, stability of RCD(N — 1, N) and stability of the spectrum
[GMS15, Theorem 7.8] under mGH convergence (as well as equivalence of pmG and mGH for
uniformly doubling spaces, see [GMS15, Theorem 3.30 and Theorem 3.33]) we get that there exists
an RCD(N — 1, N) m.m.s. (Y,dy, my) such that, up to subsequences,

(X;,di,m;) = (Y,dy,my) in pmGH-sense and A\ (V) = X(Y) =... Ay (Y) = N.

Applying Obata’s rigidity result [Ket15bl Theorem 1.4], we get that (Y,dy,my) is isomorphic
as m.m.s. to the standard round sphere SV of unit radius (endowed with the standard Rie-
mannian metric and volume measure). By Theorem we then infer that, for large i in the
converging subsequence, (X;,d;m;) is a non-collapsed RCD(N — 1, N) space. Moreover, by con-
struction dgg(X;,SY) — 0 as i — oo. Thus applying the Sphere Theorem we obtain that
(X;,d;) is homeomorphic to SV and HM (X;) — HY(SY). Since by Bishop-Gromov it holds also
HNV(X;) < HN(SY), we see that all the conclusions (1) — (4) are satisfied for € = (/2 for infinitely
many ¢. Contradiction. O

APPENDIX A. ALMOST CONVEXITY OF LARGE SETS

It is a classical result in measure theory that if £ C RY is closed and HV~1(E) = 0, then
RN \ E is connected. It turns out that this fact admits a natural generalization to essentially
non-branching MCP(K, N) spaces and in particular to RCD(K, N) spaces. The proof of this very
statement was given by Cheeger-Colding in the framework of Ricci limits [CC00a, Theorem 3.9].

Here we prove it for general essentially non-branching MCP (K, N) spaces. Let us note here that
our proof is inspired by but is somewhat different than the one of Cheeger and Colding. Since
this is the only result in the current paper that applies to a more general class of spaces than
non-collapsed RCD(K, N) spaces, we have placed it in an appendix.
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A.1. Essentially non-branching MCP(K, N) spaces: definition and basic properties.
Roughly, MCP(K, N) space are those m.m.s. (X,d,m) where Bishop-Gromov volume compari-
son Theorem holds (where the model space is the N dimensional space form with constant Ricci
curvature K). Here we briefly recall the important definitions, in order to make this appendix as
self-contained as possible.

For any t € [0, 1], let e; denote the evaluation map:
et : Geo(X) — X, et(y) == n.

Any geodesic (f1¢)¢ejo,1) in (P2(X), Wa) can be lifted to a measure IT € P(Geo(X)), so that (e;)y IT =
wy for all ¢t € [0, 1].

Given g, 1 € P2(X), we denote by OptGeo(pg, 1) the space of all IT € P(Geo(X)) for which
(eo, e1); II realizes the minimum in (2:I). Such a II is called dynamical optimal plan. If (X,d) is
geodesic, then the set OptGeo(pug, pt1) is non-empty for any po, 1 € Pao(X).

A set G C Geo(X) is a set of non-branching geodesics if and only if for any 7!,72 € G, it holds:
31 € (0,1) such that YVt € [0,f] ~} =77 = ~i=1+2 Vsecl0,1].

In the appendix we will only consider essentially non-branching spaces, let us recall their definition
(introduced in [RS14]).

Definition A.1. A metric measure space (X,d, m) is essentially non-branching (e.n.b. for short)
if and only if for any po, 1 € Po(X), with ug, 1 absolutely continuous with respect to m, any
element of OptGeo(p, p11) is concentrated on a set of non-branching geodesics.

The definition of MCP(K, N) given independently by Ohta [Oht07] and Sturm [StuO6b]. On
general metric measure spaces the two definitions slightly differ, but on essentially non-branching
spaces they coincide [CM17, Appendix A]. We use the one given in [Oht07].

Definition A.2 (MCP(K,N) condition). Let K € R and N € [1,00). A metric measure space
(X,d,m) verifies MCP(K, N) if for any pg € Pa(X) of the form pg = ——mc 4 for some Borel set

m(a)
A C X with m(4) € (0,00), and any o € X there exists II € OptGeo(po, d,) such that
1 1—t
(A1) ™ > (s (7 @G0 ) @) v Ee o1,

where the distortion coefficient 7 y was defined in (2.2)).

Remark A.3. A key property we will use of MCP(K, N) spaces is the validity of the Bishop-
Gromov Theorem [2.2] see [Stu06b, Remark 5.3] or [OLt07, Theorem 5.1].

Remark A.4 (Notable examples of spaces fitting in the framework of the appendix). The class of
essentially non-branching MCP (K, N) spaces include many remarkable families of spaces, among
them:

e Smooth Finsler manifolds where the norm on the tangent spaces is strongly convex, and
which satisfy lower Ricci curvature bounds. More precisely we consider a C*°-manifold M,
endowed with a function F': TM — [0, 0o] such that F|ppp (o} is C°° and for each p € M
it holds that F, := T,M — [0, o0] is a strongly-convex norm, i.e.

2012

g (v) = 0 (.Fp).
* vt ovI
Under these conditions, it is known that one can write the geodesic equations and geodesics
do not branch; in other words these spaces are non-branching. We also assume (M, F') to

be geodesically complete and endowed with a C'°° measure m in a such a way that the
associated m.m.s. (X, F,m) satisfies the MCP (K, N) condition, see [Oht09].

(v) 1is a positive definite matrix at every v € T,,M \ {0}.
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e Sub-Riemannian manifolds. The following are all examples of essentially non-branching
MCP(K, N)-spaces: the (2n + 1)-dimensional Heisenberg group [Jui09], any co-rank one
Carnot group [Riz16], any ideal Carnot group [Rif13], any generalized H-type Carnot group
of rank k and dimension n [BR1S].

e Strong CD*(K, N) spaces, and in particular RCD*(K, N) (thus also RCD(K, N)) spaces
[RS14].

A.2. Disintegration in essentially non-branching MCP(K, N) spaces. In the proof of the
main result of this appendix, namely Proposition we will use a disintegration/localization
argument. In order to make the appendix as self-contained as possible, we briefly recall the results
we will use.

Let (X,d,m) be an essentially non-branching m.m.s. satisfying MCP(K, N), for some K €
R, N € (1,00). Fix a point Z € X and let u(-) := d(Z, -) be the distance function from Z. Define

(A.2) T, :={(z,y) € X x X :u(zx) —uly) =d(z,y)}.

Its transpose is given by I';! = {(z,y) € X x X : (y,x) € [',}. We define the transport relation
R, as:

(A.3) R,:=T,uT,"

Using that (X,d, m) is essentially non-branching, Cavalletti [Cavi4] (cf. [BC13|) proved that R,
induces a partition of X (up to a subset A/, with m(A) = 0) into a disjoint family (of equivalence
classes) {Xa}acq each of them isometric to an interval of R. Here @ is any set of indices.

Once an essential partition of X is at disposal, a decomposition of the reference measure m can
be obtained using the Disintegration Theorem. Denote by X = X \ N the subset of full measure
partitioned by R,. Let Q : X - @ be the quotient map induced by the partition:

(A.4) a=99(z) < z€X,.

Finally, the set of indices ) can be identified with a suitable subset of X, intersecting each ray X,
exactly once (see [CMI8, Section 3.1] for the details), enjoying natural measurability properties.
In the next statement, we denote with M (X) the space of non-negative Radon measures over X.

Theorem A.5 (Theorem 3.4 and Theorem 3.6 [CMIS]). Let (X,d,m) be an essentially non-
branching m.m.s. satisfying MCP(K, N), for some K € R,N € (1,00). Fiz a point T € X and let
u(-) :=d(Z,-) be the distance function from T.

Then the measure m admits the following disintegration formula:

m= | moqdo)

where q is a Borel probability measure over Q@ C X such that Qy(m) < q and the map Q > a
my € M (X) satisfies the following properties:

(1) for any m-measurable set B, the map a — my(B) is q-measurable;
(2) for g-a.e. a € Q, m,, is concentrated on Q™' (a) = X, (strong consistency);

(3) for any m-measurable set B and gq-measurable set C, the following disintegration formula
holds:

m(BNQ(C)) = / o (B) q(da);

C

(4) for g-a.e. «, m, is a Radon measure with my, = hoH'Lx, < H'ix, and (Xa,d,my)
verifies MCP(K, N).
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A.3. The result. Let (X,d,m) be a metric measure space. For any S € R we can consider a
codimension # version of m denoted by m_gz as defined by Cheeger and Colding in [CC00al, Section
2]. Recall that it’s defined as follows:

For 6 > 0 set

(m_)a(U) = inf > m(B,, (a:)

where B = {B,,(q;)} is a collection of balls covering U with all r; < 6. Then (m_g)s(U) is
non-increasing in § and we put

_ = li -

m_p(U) = lim (m_z)5(U)

This obviously defines a metric outer measure and hence all Borel subsets of X are m_z measurable.
Proposition A.6. Let (X,d,m) be an essentially non-branching MCP(K, N) space. Let S C X

be a closed subset with m_1(S) = 0. Let x1 € X\S. Then for m-a.e. y € X\S there exists a
geodesic joining x1 and y which is entirely contained in X\S.

We first establish the following preliminary lemma which generalizes and strengthens [CC00al,
Lemma 3.1] in the MCP case.

Lemma A.7. Given 6,d,N > 0,K € R there is C(§,d, N, K) > 0 such that the following holds.
Let (X,d,m) be an essentially non-branching MCP(K, N) space. Assume there exist x1, 29 € X
with Bas(x1) N Bas(x2) = 0 and satisfying the following conditions:

e Denoting
E = Ué’:lBrj (q])
the union of finitely many balls in X, it holds that
ng(.%'l) U ng(.%'g) - Bd(.’tl)\E.
e There is a subset Y C Bs(x2) with m(Y) > im(Bs(x2)) such that for every x € Y, every
geodesic from xq to x intersects E.

Then
m(B;,(g;))

0<C(8,d,N,K) <Zm.

Proof. Step 1. The key step in the proof of the lemma is the following inequality

(A.5) m(Bs(z2)) < C(6,d, N, K)M 4 (0F),
where we denote with M, (OF) the co-dimension one Minkowski content defined as
(A.6) M, (9F) = tim int ™U=)

el0 g

where U, := {z € X : Jy € OF such that d(z,y) < €} is the e-neighborhood of dF with respect
to the metric d.

Applying Theorem we obtain the radial disintegration of the background measure m with
respect to the point x1:

m= / ha’HlLXQq(da)
Q

where m, = hoH!'Lx, < H'Lx, satisfies MCP(K, N).

Let 0 < e < § and let U, the e-tubular neighbourhood of 0F defined above.

Let A’ C @ be the set of all indices « such that X, NY # (). For any o € A’ let z, € X, be
the point of intersection of X, with OE (note that X, NIFE # @ by the assumptions of the lemma)
which is closest to x7.
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For each a € A’ let J, = X, NY and let I, = B.(7,) N X,. Note that I, C U, H!(I,) = 2¢
and H'(J,) < 26 for any o € A'.

Also note that d(z,,x1) > 2. Now the MCP(K, N) condition implies (see for instance [CM18|
(2.10)]) that for any = € I,y € J, the densities h, at these points satisfy

Averaging this inequality over I, .J, with respect to H! gives that
C(6, N, K,d)my(Js)

0
Integrating the last estimate with respect to q(da) and taking into account that U,Jl, C U gives

my(ly) > ¢

¢(5, N, K(; dmy) ec(5, N, K, d) m(Bs(x2)).

Dividing by € and sending ¢ — 0 gives (A.5)).

m(U;) > ¢

Step 2. The estimate (A.5) gives

m(Bs(z2)) < C(6,d, N, K) M, (OE)

< C(6,d,N,K)> M (9B,,(q;)) < C(6,d, N, K) Zm Ll
J

J
where in the last estimate we used Bishop-Gromov Theorem ﬂ (see Remark |A.3] . Dividing by
m(Bg(z1)) and using Bishop-Gromov Theorem again we get

m(Bs(r2)) _ m(Bs(x))
m(Baa(z2)) — m(Bg(z1))

m(Br, (¢;))

c(8,d, N,K) < m(Bg(z1))

<C(5,d,N,K))
J

which finishes the proof of the lemma.
O

Proof of Proposition[A.¢ It’s enough to prove the proposition for compact S. Let Y be the set
of points y € X\S such that every geodesic from x; to y intersects S. Suppose m(Y) > 0. Let
29 € X\S be a Lebesgue-density point of Y. Note that xo # x1 since S is closed and z1 ¢ S. Let
d > 0 be big enough so that {z2} US C Bg(x1).

Let § > 0 be small enough so that m(Bs(z2) NY) > im(Bs(z2)) and Bios(21) U Bigs(z2) C
By(z1)\S and Bios(z1) N Bios(z2) = 0. Since m_1(S) = 0 and S is compact, for any n > 0 there
exists a finite collection of balls {B,, (¢;)}}_; such that all r; < § and

3 m(B;j‘(qj)) <1

On the other hand, applying Lemma to 21,72, and E, = U; B, (q;) we get that

0<C(5,d,N,K) Bd l‘l <Z TJ QJ

This gives a contradiction when 7 is sufficiently small. 0

Corollary A.8. Let (X,d,H™) be a non-collapsed RCD(K, N) space. Let B C X be a closed
subset with HN~1(B) = 0. Let x; € X\B. Then for HN-a.e. y € X\B there exists a geodesic
from x1 to y which is contained in X\B.



28

V. KAPOVITCH AND A. MONDINO

Proof. Since the measure m = H% is locally Ahlfors regular on a non-collapsed RCD(K, N) space,
it easily follows from the definition of m_; that if HY~1(B) = 0 then m_;(B) = 0 as well. Now
the result follows from Proposition [A0]
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