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ABSTRACT. We show that if a noncollapsed C'D (K, n) space X with n > 2 has curvature bounded
above by k in the sense of Alexandrov then K < (n — 1)k and X is an Alexandrov space of
curvature bounded below by K — k(n —2). We also show that if a CD(K,n) space Y with finite
n has curvature bounded above then it is infinitesimally Hilbertian.
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1. INTRODUCTION

It trivially follows from the definitions of sectional and Ricci curvature that if (M™,g) is a
Riemannian manifold with n > 2 satisfying Ricys > K, secys < k then k(n — 1) > K and M also
satisfies secps > K — k(n —2). The main purpose of this paper is to show that the same holds true
for metric measure spaces with intrinsically defined sectional and Ricci curvature bounds.

Theorem 1.1. Let n > 2 be a natural number and let (X,d,H,) be a complete metric measure
space which is CBA(k) (has curvature bounded above by k in the sense of Alexandrov) and satisfies
CD(K,n). Then k(n —1) > K, and (X,d) is an Alezandrov space of curvature bounded below by
K — k(n —2). In particular X is infinitesimally Hilbertian.

Examples given by manifolds of constant sectional curvature show that the lower curvature
bound provided by this theorem is optimal.

Theorem [I.1] shows that X has two sided curvature bounds in Alexandrov sense. By work of
Alexandrov, Berestovsky and Nikolaev (see [BN93]) this immediately gives the following corollary:
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Corollary 1.2. Let (X,d,H,,) be as in Theorem then X 1is a topological n-dimensional manifold
with boundary and Int X has a canonical open C* atlas of harmonic coordinates and a Riemannian
metric g which induces d and such that g is in CH* N W?2P in local harmonic charts for every
1<p<oo,0<a<l.

Let us comment on the assumptions in the main theorem.

CD(K,N) spaces for N € [1,00) were introduced by Lott and Villani for K = 0 in [LVQ9],
and independently by Sturm for general K € R in [Stu06b]. Other curvature-dimension condi-
tions are the reduced curvature-dimension condition CD*(K, N) [BS10] and the entropic curvature
dimension condition CD®(K,N) [EKSI5| that are simpler from an analytical viewpoint. For a
Riemannian manifold each condition characterizes lower Ricci curvature bounds. However it is not
known if the conditions C'D* or C' D¢ are in general equivalent to the original one by Sturm, or to
each other. Moreover, in general they do not produce sharp estimates in geometric inequalities.
Conditions CD(K, N), CD*(K,N) and CD¢(K, N) are known to be equivalent under the extra as-
sumption that the space is essentially non-branching [EKST5, [CMT6]. In Proposition We prove
that a CBA(k) space which satisfies any of the conditions CD(K, N), CD*(K,N) or CD*(K,N)
with N < oo is non-branching and therefore for CBA(k) spaces all these curvature-dimension
conditions are equivalent.

In the original version of this paper the main theorem had an extra assumption that X is
infinitesimally Hilbertian which might be considered a natural assumption in this setting, and
under which all of the previous curvature-dimension conditions are equivalent as well. However, as
we show in Theorem a space satisfying any of the curvature dimension conditions CD (K, N),
CD*(K,N)or CD¢(K,N),and CBA(k) for 1 < N < o0, K, k < 0o is automatically infinitesimally
Hilbertian and hence RCD(K, N). (Note that this includes the case N = 1).

Next, we exclude n = 1 in the statement of the main theorem because if (X, d, m) is RCD(K, 1)
then by [KL16] it is a point or a smooth Riemannian 1-dimensional manifold (possibly with bound-
ary) and thus is an Alexandrov space with curvature bounded below and above without an extra
assumption of an a priori upper curvature bound.

Further, some assumptions on the measure m in relation to n in the main theorem are obviously
necessary as the following simple example indicates

Ezample 1.3. Let f: R? — R be given by f(z) = 4|z|?. Let X = Eﬁ (0). A simple computation
shows that Ric? > 2 on X where Ric;’- is the 3-Bakry-Emery Ricci tensor of (X, gpuc, e Ha).
Since all balls B,.(0) are convex this easily implies that (X, dguc, e Hz) is RCD(2,3). On the
other hand, (X, dgyc) is obviously CBA(0). Thus, X is RCD(K,n) and CBA(k) withn =3, K =
2,k=0but K > r(n—1).

Note that while the space X constructed in the above example violates the conclusion of Theorem
it nevertheless is an Alexandrov space of curvature bounded below (it obviously has curv > 0),
just with a different lower curvature bound that the one claimed in Theorem In section [6] we
construct an example of a compact CBA(0), RCD(—100,3) space which is not Alexandrov of
curv > & for any & (Example .

In [DPGI7] De Philippis and Gigli (cf. also [Kit17]) considered the class of RCD(K,n) spaces
where the background measure is H,. Following De Philippis and Gigli we will call such spaces
noncollapsed.

It follows from work of Cheeger—Colding [CC97] that a measured Gromov-Hausdorff limit of a
sequence of complete n-dimensional Riemannian manifolds (M;, p;) with convex boundary satisfy-
ing Ricp, > K, vol(B(pi,1)) > v > 0 for some K € R,v > 0 is a noncollapsed RCD(K,n) space
in the above sense. This also follows from [DPGI7] where it is shown more generally, that for any
v > 0 the class of noncollapsed RCD(K,n) spaces (X, d, m,p) satisfying m(B1(p)) > 1 is compact
in the pointed measured Gromov-Hausdorff topology. This includes the nontrivial statement that
for a sequence (X;,d,H,,p;) in the above class converging to (X, d, m,p) the limit measure m is
automatically H,,.
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Thus, noncollapsed RCD(K,n) spaces are a natural synthetic generalization of noncollapsing
Ricci limits.

The above discussion shows that requiring that the background measure be H,, in the context
of Theorem is a natural assumption.

Let us outline the structure of the proof of the main theorem. It consists of two independent
parts. Part one is to show that a space satisfying CD(K,n) and C BA(x) with finite n is infinites-
imally Hilbertian and hence RCD(K,n). Part two is to show that a noncollapsed RCD(K,n)
space which is also CBA(k) is Alexandrov with curv > K — k(n — 2).

Since small balls in X are convex, using local-to-global results for RCD and Alexandrov spaces
it’s enough to prove both parts for small balls in X which are CAT (k) i.e. satisfy the upper
curvature triangle comparison globally. Thus, for most of the paper we only consider spaces X
which have small diameter and are C AT (k) rather than CBA(k).

The proof that X satistying CD(K,n) and C AT (k) with finite n must be infinitesimally Hilber-
tian consists of several steps. The main step is proving the splitting theorem (Proposition
which says that if a space X which is CD(0,n) and CAT(0) with n < oo then it must metrically
split as Y x R.

Recall that the usual scheme for proving the splitting theorem under various versions of non-
negative Ricci curvature involves a variation of the following argument [CGT72] [Gig13].

Let v: R — X be a line in X. Consider the rays v, (t) = v(¢) and y_(¢t) = v(—t) for t > 0.
Let by be the corresponding Busemann functions. From the triangle inequality it holds that
b=">by+b_>0o0n X. Also, bl, = 0. Then the usual argument is to first show that by are
both superharmonic, hence b is is superharmonic and hence it must be identically zero on X by
the maximum principle. However, this argument completely fails in our situation because knowing
that b+ are superharmonic does not imply that b is superharmonic too as the Laplace operator is
not known to be linear yet - we are trying to prove that it is.

Our proof of the splitting theorem goes along very different lines. It relies on the Flat Strip
Theorem for C AT (0) spaces to conclude that b = 0 and to get the splitting.

By [GMR15] "tangents of tangents are tangents” a.e., i.e. there is a set A C X of full measure
such that for every point p € A for any tangent cone (T,X,dp,, m,) and any point y € T, X any
tangent cone T, (7,X) is a tangent cone at p. Using the splitting theorem this easily implies that
there exists a tangent cone at p isometric to R¥ for some k < n.

Now infinitesimal Hilbertianness of X easily follows by an application of Cheeger’s celebrated
generalization of Rademacher’s theorem to doubling metric measure spaces which satisfy the
Poincaré inequality [Che99].

The second major part in the proof of the main theorem is showing that it holds if X is
RCD(K,n), CAT(k) and m = H,.

The obvious proof which works for Riemannian manifolds does not easily generalize as there is
no notion of curvature or Ricci tensors on X. Let us describe an argument that does generalize.
Let (M™, g) be a complete Riemannian manifold with sec < k,Ric > K. Fix any & < K —k(n—2).
To verify that secys > & it’s enough to show that for any p € M the distance function to p is more
concave than the distance function in the simply connected space form of constant curvature k.
For points ¢ near p this is equivalent to checking that

(1) Hess(dp|q)(V,V) < coti(dp(q)) for any unit V' € T,M orthogonal to Vd,

where coty(t) is the generalized cotangent function (see section for the definition).
The condition that secy; < k implies that

(2) Hess(d,)(V,V) > cot,(dy(q)) for any unit V' € T, M orthogonal to Vd,

On the other hand, since Ricy; > K, by Laplace comparison we have that
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(3) Ady(q) = ZHess(dp)(V;-, Vi) < (n = 1) coti/(n-1)(dp(9))

where Vi, ..., V,,_1 is an orthonormal basis of Vdy C T, M.
Combining the above inequalities gives that x(n — 1) > K and that for any i =1,...n — 1

Hess(dy) (Vi, Vi) < (0 — 1) cotic /1y (dp (@) — (n — 2) cote(dy(@)) < cot(dy(g)

when d(p, q) is sufficiently small. Hence sec M > 4. Since & < K — k(n — 2) was arbitrary this
shows that sec M > K — k(n — 2).

There are a number of technical challenges in generalizing this argument to the setting of
Theorem [I.I] The first one is to get a lower laplacian bound on the distance functions using the
upper curvature bound. To do this we first show that the set of regular points X4 is open, convez
and is a topological n-manifold. A crucial point in showing convexity of X,., is proving that the
density function is semiconcave on X (Lemma . This uses the CAT property of X and need
not be true for general noncollapsed RCD(K,n) spaces.

By a homological argument the fact that X,., is a manifold implies that geodesics on X,.4 are
locally extendible. Once this has been established it follows from contraction properties of the
inverse gradient flow of d, that Ad, is bounded below on X,.,. RCD(K,n) condition implies
that it’s bounded above which implies that distance functions locally lie in the domain of the
laplacian. This allows us to apply to the distance functions analytic tools we develop in Section
[4 which relate convexity properties of functions in the domain of the laplacian on RC'D spaces to
bounds on their Hessians. Using the calculus of tangent modules developed by Gigli [Gigl4] and
a result of Han [Hanld] that for a sufficiently regular function f on a noncollapsed RC'D(K,n)
space Af = tr Hess f, we are able to carry out the Riemannian argument that was outlined earlier
to obtain the same concavity properties of distance functions locally on X,.,. By a globalization
result of Petrunin this implies that X is Alexandrov.

The paper is structured as follows. In Section [2] we provide preliminaries on synthetic Ricci
curvature bounds, calculus for metric measure spaces and curvature bounds for metric spaces in
the sense of Alexandrov.

In Section 3| we prove a lower Laplace bound for distance functions in the context of metric
spaces which are topological manifolds and satisfy RCD and CBA bounds.

In Section [d] we establish a result that gives a characterization of local k-convexity of Lipschitz
functions that are in the domain of the Laplace operator, in terms of almost everywhere lower
bounds for the Hessian.

In Section [5| we prove the main theorem under an extra assumption that X is infinitesimally
Hilbertian making use of several tools and results for the Laplace operator and the tangent module
of metric measure spaces.

Finally, in Section @We prove that a space satisfying CD*(K,n) and CBA(k) for finite n must
be infinitesimally Hilbertian (Theorem [6.2). Combined with the results of Section [f] this finishes
the proof of the main theorem.
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2. PRELIMINARIES

2.1. Curvature-dimension condition for metric measure spaces.
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Definition 2.1. Let [a,b] C R be an interval. We say a lower semi-continuous function v : [a, b] —
(—00,00] is (K, N)-convex for K € R and N € (0, 0] if u is absolutely continuous and

1
u// > K+ N(u/)Q
holds in the distributional sense where é =: 0. We say that u is K-convex if u is (K, co)-convex,
and we say that u is K-concave if —u is —K-convex.
If N < oo, we define Uy (t) = e~ ~*. Then, u : [a,b] — (—o0, 0] is (K, N)-convex if and only if
Un(u) =:v: [a,b] = [0,00) satisfies v/ < —K/Nv on [a,b] in the distributional sense.

Let (X,d) be a metric space. If A C X, the induced metric on A is denoted by ds. We
say a rectifiable constant speed curve v : [a,b] — X is a minimizing geodesic or just geodesic if
L(v) = d(y(a),v(b)). We say (X,d) is a geodesic metric space if for any pair z,y € X there exists
a geodesic between x and y. For a geodesic v between points x,y € X we will also use the notation
[, y] where in this case we think of the geodesic as its image in X. Similarly |z, y[= [z, y]\ {z, v}

Definition 2.2. Let (X, d) be a metric space, and let V : X — (—o00, 00| be a lower semi-continuous
function. We set DomV :={z € X : V(z) < o0}. Let K € R and N € (0, o<].

(i) We say that V is weakly (K, N)-convex if for every pair x,y € DomV there exists a unit
speed geodesic v : [0,d(x,y)] — X between x and y such that Vo~ : [0,d(z, y)] = (—o0, 0]
is (K, N)-convex.

(ii) If (X,d) is a geodesic metric space we say V is (K, N)-convex if V o~ is (K, N)-convex for
any unit speed geodesic v : [0, L] = Dom V.

(iii) We say V : X — (—o00, 0] is semi-convex if for any « € X there exists a neighborhoud U
of x and K € R such that V|y is K-convex.

P?(X) denotes the set of Borel probability measures p on (X, d) such that [ d(zo,z)?du(z) <
oo for some zg € X. For any pair ug, 1 € P?(X) we denote with Wa(puo, p11) the L?-Wasserstein
distance that is finite and defined by

(4) Wa(pr, p2)? = inf d*(x,y)dr(z,y),

meCpl(p1,p2) J x2
where Cpl(uq, p2) is the set of all couplings between p1 and pg, i.e. of all the probability measures
7 € P(X?) such that (P)ym = i, i = 1,2, P1, P, being the projection maps. (P?(X), Wa) becomes
a separable metric space that is a geodesic metric space provided X is a geodesic metric space. A
coupling 7 € Cpl(u1, u2) is optimal if it is a minimizer for . Optimal couplings always exist We
call the metric space (P%(X), W) the L?-Wasserstein space of (X, d). The subspace of probability
measures with bounded support is denoted with PZ(X).

Definition 2.3. A metric measure space is a triple (X, d, m) =: X where (X, d) is a complete and
separable metric space and m is a locally finite measure.

The space of m-absolutely continuous probability measures in P?(X) is denoted by P?(X,m).
The Shanon-Boltzmann entropy of a metric measure space (X, d, m) is defined as

Ent,, : PZ(X) — (—00,00], Ent,,(u) = /log pdp if p = pm and (plog p)4+ is m-integrable,

and oo otherwise. Note Dom Ent,, C P%(X,m), and Ent,, : PZ(X) — (—o0,00] is lower semi-
continuous. By Jensen’s inequality one has Ent,, u > — log m(supp p) if m(supp u) < oco.

Definition 2.4 ([Stu06al [LV09, [EKST5]). A metric measure space (X, d, m) satisfies the curvature-
dimension condition CD(K,oc0) for K € R if Ent,, is weakly K-convex.

A metric measure space (X, d, m) satisfies the entropic curvature-dimension condition CD¢(K, N
for K € R and N € (0,00) if Ent,, is weakly (K, N)-convex.
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The N-Renyi entropy is defined as
Sn(-|m) : PE(X) = (—o0,0], Sn(ulm)=— /pl_%dm if 4 = pm, and 0 otherwise.
Note that g = pm € P(X,m) implies p € L'~ (m), and therefore Sy is well-defined. Sy is lower
semi-continuous, and Sy (i) > —m(supp u)¥ by Jensen’s inequality.
Definition 2.5. For x € R we define cos,; : [0,00) — R as the solution of
v+ k=0 v0)=1 & v'(0)=0.

sin,, is defined as solution of the same ODE with initial value v(0) = 0 & v'(0) = 1. That is

cosh(y/|k|z) if k<O % if v <0
cosg(r) =41 if k=0 sing(z) =4, ifk=0
cos(v/k) if £>0 Ln(\}/;@ if k>0

Let 7, be the diameter of a simply connected space form S2 of constant curvature &, i.e.

{oo k<0
T, =

% ifk>0

For K € R, N € (0,00) and 6 > 0 we define the distortion coefficient as

sinew(0) g o
te [O, 1] — Ug)N(Q) — ) sing/n(0) 1 [ 77TK/N),
’ o0 otherwise.

Note that a%?N(O) = t. Moreover, for K € R, N € [1,00) and 6 > 0 the modified distortion
coefficient is defined as

0 - o0 if K>0and N =1,

(t)
t E O’ 1 — T 0 = 1_i
[0,1] = 7 n (0) e [U%?Nq(e)} " otherwise.

Definition 2.6 ([Stu06bl [LV09, BST0]). We say (X, d, m) satisfies the curvature-dimension con-
dition CD(K,N) for K € R and N € [1,00) if for every pg,u1 € PZ(X,m) there exists an
L%-Wasserstein geodesic (#4t)teo,1] and an optimal coupling 7 between po and p such that

S (pelm) < — / eV @, y)po(@) ™% + 7 (d,y)pr ()" | dr(a,y)

where p; = p;dm, i =0,1.
We say (X, d, m) satisfies the reduced curvature-dimension condition CD*(K, N) for K € R and
N € (0,00) if we replace in the previous definition the modified distortion coefficients T[(;)N(e) by

the usual distortion coefficients U%? ~(0).

If K = 0, the condition CD(K,N) coincides with the condition C'D*(K, N) and is simply
convexity of the N-Renyi entropy functional.

Remark 2.7. We note that if a metric measure space (X,d, m) satisfies a curvature dimension
condition CD(K,N), CD*(K,N) or CD¢(K,N) for N < oo, the support suppm of m with the
induced metric dgyppm becomes a geodesic space. This follows since (supp m, dguppm) is complete
and a curvature-dimension condition yields that suppm is a length space, and is locally compact
by Bishop-Gromov-type comparison that holds in any case [Stu06bl [LV09l BS10, [EKST15]. In this
paper we will always assume that suppm = X.
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Theorem 2.8 ([Stu06al, [Stu06bl [LV09, (GMS15, [EKS15]). All of the previous curvature-dimension
conditions CD(K,N), CD*(K,N) and CD*(K,N) are stable under pointed measured Gromov-
Hausdorff convergence, and yield Brunn-Minkowski-type inequalities if N 1is finite. In the case
K =0 the latter is the same statement for every curvature-dimension condition: For each pair of
measurable subsets Ay, Ay C X it holds that

(5) m(A)® > (1 —t)m(Ag) ¥ + tm(A;) ¥
where Ay is the set of t-midpoints of geodesics with endpoints in Ag and Ay respectively.

The next fact, the next lemma and the next theorem collect a number of important properties
of spaces that satisfy a curvature-dimension condition.

Fact 2.9 ([Stu06bl BS10, [EKS15]). (X,d,m) satisfies a condition CD(K,N) for K € R and
N € (0,00). Then
(i) (suppm,dsuppm) is locally compact, a geodesic space and satisfies a Bishop-Gromov-type
comparison and a doubling property.

(ii) (X, ad,Bm) satisfies the condition CD(a~2K, N) for every o, 8 > 0.

(i) If U C X is geodesically convex and closed, (U,dy, m|y) satisfies the condition CD(K, N).

(iv) If (X,d,m) satisfies a condition CD(K,N) for N < oo, then it satisfies CD(K, o).
Each of the previous statements holds for CD*(K,N) and CD¢(K, N) as well.
Lemma 2.10 ([EKS15]). Let (X, d,m) be a metric measure space satisfying a condition CD(K, 00),
CD(K,N), CD*(K,N) or CD*(K,N) for some K € R and N € (0,00), and let f : X — R be

Kk-convez for o € R and bounded from below. Then the metric measure space (X,d,e~m) satisfies
the condition CD(K + K, 0).

Theorem 2.11 (|[Raji2bl Rajli2al]). A metric measure space (X,d, m) that satisfies CD(K,N),
CD*(K,N) or CD¢(K,N) for K € R, N € (0,00), admits a weak local 1-1 Poincaré inequality.

[Raj12bl [Rajl2a] proves this for CD(K, N) and CD*(K, N) but it’s easy to see that the proof
also works for CD®(K, N).

2.2. Cheeger energy and calculus for metric measure spaces. In the following we present
the framework for calculus on metric measure spaces by Ambrosio, Gigli and Savaré [AGSI13|
AGS14al [AGS14bl [GigIh]. Let (X, d,m) be a metric measure space, and Lip(X) and Lip,(X) be
the space of Lipschitz functions, and bounded Lipschitz functions respectively. For f € Lip(X) its
local slope is

: , [f(z) = f(w)]
Lip(f)(z) = limsup ————===, z € X.
y—x d(z,y)
If f € L?(m) a function g € L?(m) is called relazed gradient if there exists sequence of Lipschitz
functions f,, which L2-converges to f, and there exists § such that Lipf,, weakly converges to g in
L?(m) and g < g m-a.e. . We say g is the minimal relazed gradient of f if it is a relaxed gradient
and minimal w.r.t. to the L?-norm amongst all relaxed gradients.

The Cheeger energy Ch™ : L2(m) — [0, 00] is defined as
2Ch*(f) = liminf / Lip(f,)2dm.
feLip(x) =5y /X
The space of L2-Sobolev functions is then
Wi2(X) := D(ChY) := {f e L2(m) : Ch¥ (f) < oo}.

For any f € W12(X) there exists a minimal relaxed that is denoted with |V f| and unique up to
set of measure 0. One also calls |V f| the minimal weak upper gradient of f. Then, one has
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1
cn¥ () = 5 [ 194Pdm.

The space W12(X) equipped with the norm Hf||%/V1=2(X) = ||f||iz + H|Vf|||iz is a Banach space.
If Wh2(X) is a Hilbert space, we say (X,d, m) is infinitesimally Hilbertian.

Remark 2.12. Note that in general [Vu| # Lip u for a Lipschitz function u unless (X, d, m) satisfies
a Poincaré inequality and a doubling property [Che99, Theorem 5.1]. By [Rajl2bl [Raji2a] spaces
satisfying CD(K,N), CD*(K,N) or CD¢(K, N) with N < oo do satisfy a 1-1 Poincaré inequality
(Theorem [2.11). Hence for such spaces [Che99] applies and |Vu| = Lipu a.e. for any Lipschitz u.

If (X, d,m) is infinitesimally Hilbertian, by polarization of |V f|? we can define
1 1
(f,9) € WH(X)? = (V[,Vg) = Z|V(f+g)\2 -4V - 9[> € L'(m).

We say that f € W12(X) is in the domain of the Laplace operator A if there exists a function
g =: Af € L?>(m) such that for every h € W12(X)

/(Vf,Vh>dm = —/hAfdm.
In this case we say that f € D(A). The vector space D(A) is equipped with the operator norm

11D a) = 1122 + IAFI2-

Convergence in D(A) implies convergence in W2(X). If V is any subspace of L?(m) and we have
that Af € V, we write f € Dy(A). (Pt)ie(0,00) denotes the heat semi-group associated to A.

More generally, — assuming X is locally compact — if U is an open subset of X, we say f €
Wh2(X) is in the domain D(A,U) of the measure valued Laplace A on U if there exists a signed
Radon measure g =: Af such that for every Lipschitz function g with bounded support in U we
have

[ 0.9 fdm =~ [ gans

Proposition 2.13 ([Giglh]). Let (X,d,m) be an infinitesimally Hilbertian metric measure space,
let f € D(A,U)NLip(X) for an open subset U C X, let I C R be an open subset, assume
m(f~*(R\I)) =0, and let ¢ € C*(I). Then ¢ o f € D(A,U) and

Alpo f) =@ (H)Af + " (HIVFPm onU.

Definition 2.14 (JAGS14D, [Gigld]). A metric measure space (X, d, m) satisfies the Riemannian
curvature-dimension condition RCD(K, N) for K € R and N € [1,00] if it satisfies the curvature-
dimension condition CD(K, N), and if it is infinitesimally Hilbertian.

Remark 2.15. For N = oo the condition was first introduced and studied in [AGS14b], for N < oo
in [GigI5).

Remark 2.16. By the globalization theorem of Cavalletti and Milman [CM16], and by results in
[EKST5], [AGS14b] and [RS14] in the previous definition it is equivalent to require the condition
CD*(K, N) or the condition CD¢(K, N). More precisely, since each condition implies CD(K, c0),
together with infinitesimally Hilbertianness (X, d,m) satisfies the condition RCD(K,o0) in the
sense of [AGS14b]. Therefore, the Boltzmann-Shanon entropy is even strongly K-convex, and
hence (X, d, m) is essentially non-branchning by [RS14]. Then, first we know that CD*(K, N) is
equivalent to CD°(K, N) by [EKS15]. Second, from the globalization result in [CMI16] we have
that CD*(K, N) is equivalent to CD(K, N).
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Definition 2.17. Further, we define md,, : [0, 00) — [0, 00) as the solution of
vV +rv=1 v(0)=0 & v'(0)=0.

More explicitly

(1 — cos, ) if K # 0,

x? if K =0.

md,(z) = {

Ol % =

Theorem 2.18 ([Gigld]). Assume (X,d,m) satisfies the condition RCD(K,N) for N < oo, and
for z € X we define d, : X — [0,00) via dy(y) = d(x,y). Then

1 1
§d§ € D(A) and A§d§ < [14 (N = 1)dy cotg/(n—1) dy] m

where cotg(z) = zﬁ::ég In particular, for K = 0 the estimate is precisely A3d2: < Nm.

Remark 2.19. The Theorem is actually proven by Gigli under the condition CD(K,N) and it
is sharp in this context. Moreover, for the sharp comparison result of %dz only the weaker
MCP(K, N)-condition is needed that follows from the reduced curvature-dimension condition
CD*(K, N) by [CS12] provided the space is essentially non-branching.

Corollary 2.20. Assume (X,d,m) satisfies the condition RCD(K,N) for N < co. Then for any
y € X we have

NK
md, d, € D(A) for any k € R and Amdg/n_1)dy + N_1 mdg/(nv—1)dy < Nm.
Proof. Indeed, By the chain rule Theorem implies (see also [Gigl5, Corollary 5.15]) that
d, € D(A, X\{y}) and
Ady < [(N —1)cotg;(n-1)dy]m on X\{y}

Applying the chain rule one more time this yields

(6)

NK
mdg/v—1)dy € D(A, X\{y}) and Amdg/n_1)d, + N_1 mdg/v—1)dy < Nm on X\{y}.

Further note that

1 K
de(z) = 2% — =2+ ... .
md (z) 23: 24x—|—

and hence md, (x) = ¢, (22/2) where ¢, is a smooth function on R given by

K
@K(x):x—ga?—k...

2
Therefore md,; d, = @k(%) € D(A) for any k € R and (6] can be improved to

NK
Ade/(N,I) dy + N_1 de/(N71) dy < Nm on all of X.
O

2.3. Tangent modules of metric measure spaces. In this section we present a general con-
struction of tangent spaces for metric measure spaces due to Gigli (inspired by an idea of Weaver
[Wea99]).

Definition 2.21 ([Gigl4]). Let (X,d,m) be a metric measure space, and let M be a Banach
space. M is called an L?(m)-normed L°°(m)-module provided it is endowed with a bilinear map
L (m) x M : (f,v) = fv € M, and a function |- | : M — L?(m)* which satisfy the following
properties:
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(i) f(gv) = (fg)v for all f,g € L>°(m) and v € M,
(ii) 1v = v for any v € M where 1 € L°(m) is the function equal 1,
(i) o]l 2 = [[vll v for any v € M,
(iv) |fv| = |f]lv| m-a.e. for any f € L*>°(m) and v € M.
Consider a Borel measurable set A C X. The restriction M|4 of M to A is defined as
Mla={veM:1gv=0m-ae.}.

M| 4 inherits the structure of L?(m)-normed L (m)-module.
Given two L?(m)-normed L*°(m)-modules M and N we say that a map T': M — N is module
morphism provided T is linear, continuous and it satisfies

T(fv) = fT(v) for every f € L°°(m) and every v € M.

Definition 2.22. Given an L?(m)-normed L°(m)-module M we define the dual module M*
as the space of all maps T from M to L'(m) that are L*°-linear (that is additive and L°°-
homogenuous) and continuous. M?* again has a natural structure of an L?(m)-normed L°°(m)-
module. For details we refer to [Gigl4].

Definition 2.23. We call an L*°(m)-module M an Hilbert module if M is an Hilbert space. In
this case M becomes an L?(m)-normed L (m)-module, and the pointwise norm | - | satisfies

|v 4+ w|* + v — w|? = 2|v|* + 2jw|* for any v,w € M.

We define the pointwise inner product M? — L(m) via 4(v,w) = |v + w|? — |v — w|?. Following
[Gigl4] we also note that M and M* are canonical isomorphic as Hilbert modules.

Definition 2.24. Let M be an L?(m)-normed L>(m)-module, and let A C X be a Borel set such
that m(A) > 0. We say that

(i) v1,...,v, € M are independent on A if for fi,..., f, € L*°(m) it holds that

n
1AZfiUi =0 = fi,...,fn=0m-a.e. in A,
i=1
(ii) S C M generates M| if M|4 is the L2-closure of elements v in M| 4 such that there is a
decomposition of {A;}, .y of A, vectors v 1,...,vm, € S, and functions fi1,..., fim, €
L*°(m) which satisfy

m;
1,0 = Z firvir m-a.e. for each i € N,
k=1
(iii) v1,...,v, € M is a (module) basis on A if they are independent on A and generate M| 4.
If A admits a basis of finite cardinality n € N, we say that A has local dimension n. If A
admits no basis of finite cardinality, we say A has infinite local dimension.

Remark 2.25. Tt is easy to see that in (ii) one only needs to require that M| 4 is the L2?-closure of
finite L°°-linear combinations of elements in S where an L°°-linear combination is defined by

m

Zflvl where f; € L (m) and v; € S.

=1
The more general statement (ii) - that also appears in [Gigl4] - is to deal with L*°-modules that
are not necessarily L?(m)-normed.

Proposition 2.26 (Proposition 1.4.4. [Gigld]). Local dimension is well-defined: If both vy, ..., v,
and wy, ..., w, are bases of an L?(m)-normed L>(m)-module M on A for n,m € N, then m = n.
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Proposition 2.27 (Proposition 1.4.5. [Gigld]). There is a unique partition {Ek}enii0y of X
such that for any k € N with m(Ey) > 0 Ey, has local dimension k, and any E C Es withm(E) > 0
has infinite local dimension.

Proposition 2.28 (Proof of Theorem 1.4.11. [Gigl4]). Let M be an Hilbert module. Then, for
every n € N and any Borel set B C X that has local dimension n and finite measure, there exists
a unit orthogonal basis e1,...,e, € M on B. That is (e;,e;) = 0; ; m-almost everywhere.

Remark 2.29. If (e;)i=1,..,» is a unit orthogonal basis on B, and vla = > ., fie; € M for f; € L™
and A a Borel subset in B, then
2 2
wLlal? =Y Ifil* and Jolalne =Y 1 fillzzgm) -
i=1 i=1

Theorem 2.30 ([Gigld]). Let (X,d,m) be metric measure space. There exists a unique (up to
module isomorphisms) couple (M,d) where M is an L?(m)-normed L°°(m)-module and d is a
linear map WhH%(m) — M such that

(i) |df| = |V f| holds m-a.e. on X, and
(i) {df €e M: feW'2(m)} generates M on X.

If two couples (M, d) and (M’,d’) satisfy the properties above then there exists a unique module
isomorphism ® : M — M’ such that ®od =d'.

The unique module above is called the cotangent module of (X,d,m), and it is denoted with
L*(T*X). Its dual module is called the tangent module and denoted with L*>(TX). Elements in
L?(T*X) are called 1-forms, and elements in L*(TX) are called vector fields. The map d is called
differential.

If (X,d,m) is infinitesimally Hilbertian, then L?(T*X) is a Hilbert module, and we have ® :
L3(T*X) = L*(TX) for the Hilbert module isomorphism ®(X) = (X,-) : L*(TX) — L'(m).
®lod=V is called gradient.

2.4. Bakry-Emery condition. The following was introduced in [AGSI5|. Let (X,d,m) be a
metric measure space that is infinitesimally Hilbertian but does not necessarily satisfy a curvature-

dimension condition. For f € Dy12(x)(A) and ¢ € Dy (A) N L*(m) we define the carré du
champ operator as

Lalfip) = [ 5197 Medm — [(9£,9pdm

We say that (X, d, m) satisfies the Bakry-Emery condition BE(K,N) for K € R and N € (0, ]
if it satisfies the weak Bochner inequality

1
Lalfip) 2 5 [(ADedm+ K [ 1ViPedm.
for any f € Dy1.2(x)(A) and ¢ € Dy (A) N L¥(m), ¢ > 0.

We say a metric measure space satisfies the Sobolev-to-Lipschitz property [Giglh| if
{f € W'2(X) : |V /] € L*(m)} = Lip(X)

More precisely, for any Sobolev function in with bounded minimal weak upper gradient there exist
a Lipschitz function f that coincides m-almost everywhere with f such Lip(f) > |V f].

Theorem 2.31 (|[EKS15, [AGS15]). Let (X,d, m) be a metric measure space. Then, the condition
RCD(K,N) for K € R and N > 1 holds if and only if (X,d,m) is infinitesimally Hilbertian, it
satisfies the Sobolev-to-Lipschitz property and it satisfies the Bakry-Emery condition BE(K, N).

Remark 2.32. The case N = oo was proved in [AGS15|, the case N < oo in [EKSI5]. Shortly
after [EKS15] an alternative proof for the finite dimensional case - following a completely different
strategy - was established in [AMSI5].
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2.5. Rectifiability. Following [GP16] we say a family {A;},y is an m-partition of E' C X if it is
a partition of some Borel set F' C X such that m(E\F) = 0.

Definition 2.33. A metric measure space (X,d, m) is strongly m-rectifiable if there exists a m-
partition {Ax},y of X into measurable sets Ay such that for each £ € N and every € > 0 there
exists an m-partition {Ui}ieN of Ay and measurable maps ¢; : U; — R* such that for every i € N

@i 1 Ui — o(U;) is (1 + €)-biLipschitz & (@;).(m|y,) < LF.
The partition {A}, oy that is unique up to a m-negligible set is called dimensional partition of X.
Theorem 2.34 ([MN14, KM16l [GP16]). Let (X,d,m) be a metric measure space that satisfies

the curvature-dimension condition RCD(K,N) for N € (0,00). Then (X,d,m) is strongly m-
rectifiable, and m(Ay) =0 for k > N.

Theorem 2.35 ([GP16]). Let (X,d,m) be a metric measure space that satisfies the condition
RCD(K,N) for N € (0,00), and let Ay, its dimensional decomposition. Then, the local dimension
of A is k € NU{oo}. Hence Ay = E}, for any k € N where Ey, is as in Proposition .

Definition 2.36. If (X, d, m) satisfies the condition RCD(K, N), we say xg € Ay, is a regular point
if the Gromov-Hausdorff tangent cone at ¢ is R¥ where {4}, oy is the dimensional decomposition
of X. We denote the set of all regular points X,.,4.

2.6. Hessian operator. Recall from [Gigl4] that L?((T* X)®?) is the subset of elements A in the
L°-module-tensor product L°((T*X)®?) such that

2
Il Alisl o = [ 1ATsdm < oc.

|A| s is the pointwise Hilbert-Schmidt norm whose construction can be found in [Gigl4]. Similar,
one constructs L2((TX)®?), and if L?(T*X) and L*(TX) are Hilbert modules, L?(T*X%?) and
L?(TX®?) are isomorphic Hilbert modules as well. L?(T*X®2) can be seen as the space of all
continuous bilinear forms A : L*(TX)* — L%(m) such that [|[A|xsl],2,,, < oo. L°-continuity

corresponds for m finite and normalized to convergence in probability. Recall also that for A €
L?(T* X®?)

A(X,)Y) < |Algs|X||Y ] m-a.e.
when X,Y € L?(TX). In particular, A(X,Y) ¢ L'(m) in general.
Definition 2.37. The space of test functions is
Do = Dyrzx)(A) N L®(m) N {f € WH(X) : |[Vf| € L™(m)}.

If (X,d,m) satisfies a Riemannian curvature-dimension condition, then P;L>(m) is a subset
of D, it is dense in W?(X) and in Dy2(,)(A) wr.t. the Sobolev norm and the graph norm
of the operator A respectively, and by the Sobolev-to-Lipschitz property we have Do, C Lip,(X).
Moreover, the co-tangent module L?(T*X) is generated by

TDo = {Zgidfi:n€N> gi>fi EDoo’i:L“.’n}-

i=1

Definition 2.38 ([Gigl4]). The space W22(X) C W12(X) is the set of all functions f € W12(X)
for which there exists A € L?(T*X ® T*X) such that for all f, g1, g2 € Do we have

2 / hA(dgy, dgs)dm

(7) = —/h(Vf,V(Vgl,Vgg>>dm — /(Vf, V1) div(hVge)dm — /(Vf, Vo) div(hV gy )dm
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where div(hVg) = (Vh,Vg) + hAg. In this case the operator A will be called the Hessian of f
and will be denoted with Hess f. W2?2(X) is equipped with the norm
2 2 2
1flw2z2x) = If1Iz2 + [l Hess flas]| L2 -
We say that Hess f > k on a measurable subset B for x € R if for any u € Dy
Hess f(15Vu, Vu) > k[1pVu|?> = k15|Vu|> m-almost everywhere.
Remark 2.39. We note that the density property of Dy, and the fact that Do, is an algebra ensure

that Hess f € L*(T*X ® T* X) is uniquely determined by . Then it is clear that Hess f depends
linearly on f, and W?22(X) therefore becomes a vector space.

Lemma 2.40. Consider f € W22(X), and assume Hess f > k m-a.e. on B. Then Hess f(1gV,15V) >
k|V|?*1p m-a.e. for every V € L*(TX).

Proof. Let V € L*(TX). It is enough to consider the case B = X. Since TD,, generates L?(TX),
Remark we find functions fy ;, gx: € Doo with ¢ =1,...,n; € N and k € N such that

n
Vi = Z fk,Ngkyi —V in Lz(TX).
i=1
Then, since every fx,; can be approximated in L?-sense by measurable functions that take only
finitely many values in R, and since V is linear, we see that X is approximated in L?-sense by
vector fields W}, of the form

n
Wy = Z 1B, Vhik
i=1
for measurable decompositions {Bk,i}ieN of X, and hy; € Do. Hence, we have

ng
Hess f(Wy, W) = Z Hess f(1B,,Vhik, 15, V)

i,j=1
Nk Nk
= Z 1, , Hess f(Vhyi, Vi) > ZI{‘th’iF = /<;|Wk|2 m-a.e. on B.
i=1 i=1
The second equality is the L°°-homogeneity of Hess f(-,-). Hence, by L?-convergence of W}, in
L?(TX) the right hand side converges m-a.e. to |V| after taking a subsequence. Moreover, by

continuity of the bilinear for Hess f : L?(T'X)? — L°(m) the left hand side converges m-a.e. to
Hess f(V, V) after taking another subsequence. Then, the claim follows. |

Theorem 2.41 ([Gigl4, [Sav1d4]). Let f € Dy2(A). Then f € W22(X), and
[ 1tess plsam < [ (a0 - K9P dm.

In particular, Do, C W22(X).

Proposition 2.42 ([Gigl4]). Let f € W22(X)NLip(X) and let p € C?*(R) with bounded first and
second derivative. Then ¢ o f € W2%2(X) and the following formula holds

Hess™ (p o f)(Vu, Vu) = ¢’ o f Hess™ f(Vu, Vu) 4+ " o f(Vf,Vu) Yue WH2(X).
Definition 2.43. H*?(X) is defined as the closure of D, in W%2(X).

Remark 2.44. H??(X) actually coincides with the W22-closure of D(A) (Proposition 3.3.18 in
[Gigl4]). In particular, any f € D(A) is in H??(X) and admits a Hessian.

Proposition 2.45 ([Gigl4], Proposition 3.3.22). Let f € W22(X)NLip(X) and g1, 92 € H>?(X)N
Lip(X). Then, (Vf,Vg;) € WH2(X),i = 1,2 and

2Hess f(Vg1,Vga) = (Vg1, V(Vf,Vg2)) + (Vg2, V(Vf, V1)) — (VF,V(Vg1,Vg2)).
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Remark 2.46. In the case when f € D(A) is Lipschitz Hess f(Vg1, Vgo) for g1,90 € H*2(X) can
be computed explicitly by the previous Proposition since D(A) € H??2(X) by the previous remark.

Theorem 2.47 (|Giglh|, [GT17]). Let (X,d, m) be a metric measure space that satisfies the con-
dition RCD(K, N) for N < co. Let g, u1 € PH(X) such p; = pym < Cm for C >0 and i = 0,1,
and let (pt)ielo,1) be the unique L?-Wasserstein geodesic.
(i) First variation formula. Let f € WY2(X). Then, the map t € [0,1] — [ fdu; belongs to
C1([0,1]) and for every t € [0,1] it holds

G [ fawi= [958,V ).

(ii) Second variation formula. Moreover, let f € H*?(X). Then, the map t € [0,1] — [ fdu,
belongs to C?([0,1]) and for every t € [0,1] it holds

d2
@/fdﬂt Z/Hessf(v%,v%)dﬂt

where @ is the function such that for some t # s € [0,1] the function —(s — t)p; s a
Kantorovich potential between p; and pig.

Theorem 2.48 ([Savidl [Gigld)). If (X,d, m) satisfies the condition RCD(K, o), and f € Do, C
W22(X), then |V f|> € WH2(X) N D(A) and an improved Bochner formula holds in the sense of
measures involving the Hilbert-Schmidt norm of the Hessian of f:

To(f) i= SAIVSE ~ (VF,VAfym > [KIV 2+ [ Hess flis] m

where A is the measure valued Laplace operator, and I's is called measure valued T's-operator. In
particular, the singular part of the left hand side is non-negative.

In the context of RCD(K, N)-spaces with finite N the previous theorem was improved by Han
[Hanl4], and in particular, he obtains the following.

Theorem 2.49 ([Hanld]). Let (X,d,m) be a metric measure space that satisfies the condition
RCD(K,N) with N < oo, and let {Ak}keNu{oo} be its dimensional decomposition. If Ay # 0 and
therefore N € N, then for any f € Do we have that Af = trHess f m-a.e. in Ay. More precisely,
if B C An is a set of finite measure and (e;);=1, .. N is a unit orthogonal basis on B, then

N
Aflp = ZHessf(e,»lB,eilg) = ZHessf(ei,ei)lg =: [tr Hess f]|.
i=1 i=1

Corollary 2.50. Let (X,d,m) be a metric measure space that satisfies the condition RCD(K,n)
with m = H™ and n € N. Then Ay, = 0 for k # n, and for any f € Dp2(A) we have that
Af = trHess f m-almost everywhere in the sense of the previous theorem.

Proof. The first claim is clear from the assumptions. Let f € Dy2(A), and consider a sequence
¢; € Do that approximates f in Dy2(A). Moreover, let B C A,, be a Borel set of finite measure
and let (e;)i=1,....n be a unit orthogonal basis and tr be the corresponding trace. It follows

/1B(Af—trHessf|B)2dm:/IB(Af—Agaj+trHess<pj|B—trHessf|B)2dm

<2 / L (Af = Apj)* dm +2 / Lg (tr[Hess(p; — f)]8)" dm

<2AS — Ayl +nll Hess(f — @) lsll® < e

where the last inequality holds for arbitrary e > 0 provided j is sufficiently large. We obtain that
Af|p = tr Hess f|p m-a.e. and therefore the claim. O
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2.7. Upper and lower sectional curvature bounds for metric spaces. We recall the follow-
ing notions of spaces with curvature bounded below (above) for geodesic metric spaces

Definition 2.51. We say that a complete geodesic metric space (X, d) is CBB(k) or has curvature
bounded below by x € R (respectively is CAT(k)) if for any triple of points z,y,z € X with
d(z,y) + d(y, z) + d(z,x) < 27, the following condition holds.

For any geodesic [xz] and ¢ €]zz], we have

(8) d(y,q) = d(y,q) ( respectively d(y,q) < d(¥,q))

where A(Z, 7, Z)s2 is a comparison triangle in S? with d(z, §) = d(z,y), d(Z, 2) = d(z, 2),d(z,7) =
d(z,y) and g €]zz] satisfies d(q, z) = d(q, z).

If Kk > 0 and a X is a 1-dimensional manifold with possibly nonempty boundary for X to be
CBB(k) we additionally require that diam X < .

Property is equivalent to saying that for any unit speed geodesic « : [0,1] — X such that

9) d(y,7(0)) + 1+ d(v(1),y) < 2m,
it holds that

(10) [md,(dy o)]” + md,(d, o) < 1( respectively > 1)

A reformulation of this inequality is - taking into account the definition of md,, via cos, -

1 "
{ o8y (dy © 'y)] > — cosy(dy, 0y) (respectively < cosk(dyo7vy)) if K#0 &
K

1 "
[2d§oy] <1 (>1) if k=0.

In particular, (X, d) has curv > 0 (is CAT(0)) if and only if for any y € X the function %di is
1-concave (1-convex).

We will refer to CBB version of inequality as (c BB) and to the CAT version of it as
(CAT)" We will employ the same convention for .

Remark 2.52. It’s immediate from the definition that in a C AT (k) space X geodesics of length
< 7, are unique and depend continuously on their endpoints. Also, local geodesic of length < 7,
are distance minimizing, i.e. are geodesics.

Definition 2.53. We say that a complete geodesic space (X, d) is CBA(k) (has curvature bounded
above by & ) if for every point p € X thereis r, > 0 such that (CAT) holds for any ,y, 2 € B;, (p).

Remark 2.54. In the above definition of C BA(k) we do not require that the geodesics [xy], [xz], [yZ]
lie in B, (p). However, it immediately follows from (C ar) that Br(p) is convex for any r <
min(ry, 7x/2). If X is CAT (k) this gives that B,(p) is convex and B,(p) is CAT (k) for any
r < m./2.

Ezample 2.55. The standard sphere S™ and any geodesically convex subsets of S are CAT(1). On
the other hand, for n > 2 any non simply connected n-manifold of sec = 1 (e.g. PR") is CBA(1)
but not CAT(1).

Remark 2.56. It follows directly from the definition of C AT (x) and from the corresponding com-
putations in S? that if X is CAT (k) then dy, and md,(d,) are convex in B, /5(y) for any y in
X.

Remark 2.57. Similarly to the definition of CBA(k) one can define locally CBB(k) spaces by
requiring that they satisfy (CBB) locally. However, it turns out that this is equivalent to requiring
that they satisfy (CBB) globally by the Globalization Theorem [BGP92].
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If (X,d) is CAT (k1) (CBB(k1)) and k1 < kg ( kK1 > k2) then (X, d) is CAT (k2) (CBB(kz2)).
If (X,d) is CAT(rk) (CBB(k)) then (X,\d) is CAT(k/A\?) (CBB(x/A\?)). Therefore after
appropriate rescaling any CAT (k) (CBB(k)) becomes CAT (1) (CBB(-1)).

Theorem 2.58 ([BBIOI] Theorem 4.7.1). Let (X,d) be a complete geodesic space. Then the
euclidean cone C(X) over (X,d) is CAT(0) (CBB(0)) if and only if (X, d) is CAT(1) (CBB(1)).

Let X be CAT (k) and let y € X.

By remark dy, md,(dy) are convex in By, /2(y). Together with the first variation formula
[BBIOI, Chapter 4] this shows that they admit obvious (inverse) gradient flows on By, /5(y) follow-
ing appropriately parameterized unique geodesics connecting points in By, /2(y) to y. Moreover,
the CAT (k) condition implies that all three of these flows of are 1-Lipschitz on By, /o(y) for any
positive time ¢ since this holds in S2.

Lemma 2.59. Let X be CAT (k) with diam X < 7. /2. Lety € X and let ®; be the gradient flow
of mdy(dy) and ¥, be the gradient flow of d,. Then for any n > 1,t > 0 we have

(1) For any Borel A C X it holds that H™(®;(A)) < H"™(A).
(2) For any Borel A C ®4(X)

(D) H"(A) > H"(A).
Furthermore, the same properties hold for W,.

Definition 2.60. Given a point p in a CAT (k) space X we say that two unit speed geodesics
starting at p define the same direction if the angle between them is zero. This is an equivalence
relation by the triangle inequality for angles and the angle induces a metric on the set Sg(X) of
equivalence classes. The metric completion X3 X of SJ X is called the space of geodesic directions
at p. The Euclidean cone C'(X9X) is called the geodesic tangent cone at p and is denoted by T X.

The following theorem is due to Nikolaev [BH99, Theorem 3.19]:
Theorem 2.61. T¢X is CAT(0) and X is CAT(1).

Note that this theorem in particular implies that T X is a geodesic metric space which is not
obvious from the definition. Note further that 39X need not be path connected. In this case
the above theorem means that each path component of ¥ X is CAT(1) and the distance between
points in different components is 7.

2.8. Spaces with two sided sectional Alexandrov curvature bounds. Spaces with two
sides Alexandrov bounds (i.e. spaces satisfying CBA(k;),CBB(kg) for some k1,2 € R) have
been studied by Alexandrov, Nikolaev and Berestovsky. The following structure theorem holds:

Theorem 2.62 ([BN93]). Let (X, d) be a complete finite dimensional geodesic metric space which
is CBA(k1),CBB(kg) for some k1, k2 € R.

Then ke < k1 and X is an n-dimensional topological manifold (possibly with boundary) for some
n > 1. Moreover, Int X possesses a canonical C*“-atlas for a € (0,1) of harmonic coordinate
charts such that in each chart d is induced by a Riemannian tensor g whose coefficients g; ; w.r.t.
this chart are in the class WP N CY for any 1 <p < 00,0 < a < 1.

Remark 2.63. If X has nonempty boundary then the boundary need not be smooth. E.g. if X is
a closed convex body in R™ then it’s CBB(0) and CBA(0).

The following lemma is elementary and is left to the reader as an exercise.

Lemma 2.64. Let (X,d) be an n-dimensional space which is CAT (k) and CBB(k). Then X is
isometric to a convexr subset of SI!.
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3. LOWER BOUNDS FOR THE MEASURE-VALUED LAPLACE OPERATOR
The following lemma is well-known (see e.g. [BH99]) but we include the proof for completeness.

Lemma 3.1. Let X be CAT (k) and let p € X. Suppose B,.(p) is a topological n-manifold for
some r < 7. /2. Then every geodesic [xy] C B,.(p) can be extended to a geodesic with end points
on S, (p).

Proof. By completeness of X it’s enough to show that geodesics can not terminate at points
in B,(p). Suppose to the contrary that a geodesic [xy] C B,(p) can not be extended past y.
By possibly changing = we can assume that Bo(z) C U C B,(p) where | = d(x,y) and U is
homeomorphic to R™. Since H,,_1(U\{y}) = Z # 0, the inclusion i : By (y)\{y} — U\{y} is not
homotopic to a point. On the other hand, since [xy] can not be extended past y, the ”straight
line” homotopy (which is continuous by remark along geodesics emanating from z gives a
homotopy of i and the constant map Ba(y)\{y} — {z}. This is a contradiction and hence all
geodesics in B,.(p) can be extended till they hit the sphere S,.(p). O

Theorem 3.2. Let (X, d) be a metric space that is CAT (k) and diamx < m,/2. Assume (X,d, H")
is a metric measure space satisfying the condition RCD(K,n) for n € N. Let xg € X be a point
such that there is an open neighbourhood U of xy that is homeomorphic to an n-manifold. Then,
there exists € > 0 such that for any y € X we have

[Amdy(dy)][Bag) 20 & [Ady]

Be(z0) Z 0

Remark 3.3. We note that measure valued Laplacians of md,(dy)|5_,,) and of dy|5_,,, on B(z0)
will have negative singular parts on the boundary sphere S, (zo).

Proof of Theorem[3.4 We first give a proof for md,(d,).

1. Assume w.l.o.g. that Bgc(xo) C U and U is homeomorphic to R™.

By the assumptions on the diameter of X the ball Bs.(z¢) is geodesically convex and geodesics
in it are unique. Let (Y,dy, m) = (Byc(20),d, H,)

In particular, Y again satisfies RCD(K,n) and is CAT (k).

Then by Lemmathere is § = (e, k) > 0 such that any unit speed geodesic v : [0, L] — Byc(x0)
we have that

(11) 7 can be extended to a geodesic 4 : [~d, L + 6] — Bgc(zo) with ¥|g 1) = 7.

2. Now, let y € X and Bac(zo) as before. By Lemma there exists an H"-contracting
gradient flow ®{ : X — X for the function md,(d,) € D(A) and if x € By (o), then t — ®f(x)
is precisely the geodesic 7 : [0,d(z,y)] — X that connects x with y, appropriately parameterized.

From it easily follows that Be(zg) C ®Y(Bse(o)) for all sufficiently small ¢.

3. Since (®4) H"(A) > H™(A) for any subset A C ®,(X), we obtain for any Lipschitz function

g with compact support in Be(xo)
/g(@t)ﬂ-{" > /gd’H”.

Since (®¢(z))i>0 is a gradient flow curve of md,(d,) for any « € X, we compute

/gA md,(d,)dH" = — /(Vg,deK(dy)>dH"

1 n n
tlg%t[/go@tdﬂ —/gdH]

: 1 n n
:tlgr(l); [/gd(q)t)*’H —/gd’H ] >0
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for any g € Lip,(Bc(zo)). The second equality is the first variation formula. Note, that there is a
version of the first variation formula in the class of RC D-spaces that is sufficient for our purposes
(see Theorem , but the first variation formula is also well-known for metric spaces which
satisfy a C'AT-condition [BBIOI][Chapter 4]. Hence A md,(dy)|p, (zy) = 0 for any y € X.

The proof for d,, is essentially the same as for md,(d,) in view of Lemma [2.59 with the following
difference. By Theorem and the chain rule it follows that d,|x\¢,3 € D(A) and Ad,, is locally
bounded above on X\{y}. However, on a general RCD(k,n) space d, need not lie in D(A).
Nevertheless, under the assumptions of Theorem [3.2] the same proof as above shows that the
distributional Laplacian of dy|p_(4,) is nonnegative as a distribution and hence it is a measure and
d, € D(A).

O

Corollary 3.4. Let (X,d,m), dy, zo € X and U C X be as in Theorem[3.3 Then there eists
€ > 0 such that for any cutoff function x € DX with Ax € L>®(H"), suppx C Bc(xo) and
X|B. jo(z0) = 1 it holds that x - md,(dy) € Dre(A) N L>(H") N Lip(X).

Further, if supp x C Be(zo)\ {y} then we also have that x - dy € D (A) N L>*(H™) N Lip(X).

Proof. We choose € > 0 as in the previous theorem, and a corresponding cutoff function x. Clearly
it holds that md, (x - d,) € L=(H™) N Lip(X). By Corollary [2.20| we also have md,(d,) € D(A).
Hence, the Leibniz rule for the measure valued Laplacian [Gigl4l Theorem 4.12] yields

A(xmdk(dy)) = xAmdk(dy)|B, (z4) + mds(dy)Ax 4 2(V md,(dy), VX).

By Theorem [3.2| and again by Theorem we know that Amd,(dy) € L>(H"). It follows that
A(x -md(dy)) € L>(H"). Since x - md,(d,) is compactly supported in Be(zo), we also get that
x -mdy(dy) € D(A) and therefore A(x - md,(dy)) = A(x - md,(dy)).

The proof for d, is the same. O

4. ON THE RELATION BETWEEN CONVEXITY AND THE HESSIAN

In this section we explore the relation between convexity and almost everywhere lower bounds for
the Hessian of a function f that is in a sufficiently regular subspace of W?22(X). This relation has
already been studied in previous publications [Ket15l IGKKO17, [Hanl7, [GT17]. A novelty of our
situation is that we give a localized statement that is needed in the course of the paper. Moreover,
we will show that x-convexity implies a lower x-bound for the Hessian. By the second variation
formula this lower bound holds if the Hessian is evaluated on gradients of Kantorovich potentials.
However, we require the estimate for the Hessian evaluated on gradients of test functions.

Throughout this section let (X,dx, mx) be a compact metric measure space satisfying the
condition RCD(K,N), and let Z be a closed subset of X such that mx(Int Z) > 0, m(90Z) = 0
and (Z,dz,mz) is a metric measure space that also satisfies the condition RCD(K,N). We
denote by AX T'¥ ect. and AZ?,T'Z ect. the Laplace operator, the I'y-operator ect. of X and Z,
respectively. In particular, (Z,dz) is geodesically convex and compact as well.

Let f € D(AX)N L (mx) NLip(X) with ||f|l e, [[[Vfl|| o < C for C € (0,00). In particular,
f € H**(X). We introduce the transformed measures

(12) My = [e_fmx] |z

and consider the metric measure space (Z,dy,mz) = Z. We remark that f|, € L>(mz)NLip(Z)
with || f]l e s [V £l Lo« < C but f ¢ D(AZ). We observe that, for p € [1, o],

e P ull Lomsy < Mull oz < €“Plulloms)
for all u € LP(myz) = LP(myz), and
e_c/p’“v“‘”m(mz) = H|V“|||Lp(mz) = ec/pH|V“|||Lp(mz)

for all uw € Wh2(Z) = W'2(Z). In addition, the minimal weak upper gradient of u € W12(Z)
induced by mz coincides with |Vu| (see [AGS14al Lemma 4.11]).
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Lemma 4.1. Let f and (Z,dz,z) be as above. Then we have D(AZ) = D(AZ) and, for any
u € D(A%),

(i) AZu = AZy— (Vf, Vu),
.. X 2
(i) [A%ullfzs,, < 272 (IIAZuH%z(mZ) + HIVfIII%ooHIVuIHLz(mZ)),

X 2
(iii) ||AZU||%2(mZ) < 272 (||AZUH%2(7%Z) + H|Vf|||%°°H|VU|HL2(mz))'
In particular, if u € D(AZ), then PZu € D(A%) and PZu — u in D(AZ) ast — 0.

Proof. The lemma can be found in [GKKOIT, Lemma 3.4] where it is assumed that f € DZ.
However, one can easily check that the proof works for f € L>(m) N Lip(Z). O

Proposition 4.2. Let (X,d,m), (Z,dz,mz), f and 7 be as above. Assume flz is Kk-convex on

(Z,dz,m|z) for k € R. Then Z satisfies the condition RCD(K + k,00), and for u € DZ with
suppu C Int Z, ¢ € Lip(Z), ¢ > 0 and % := e/ p we have u € DZ and

/Z(H+K)|Vu|2<pdm§ /@drg(u)

(13) = /(de‘f(u) —|—/ZHessX f(Vu, Vu)pdm.

Remark 4.3. The conditions RCD(K, N) and m(Z) > 0 for (Z,dz, m|z) imply that (Z,dz) is a
complete, compact, geodesic metric space. Therefore, it makes sense to consider functions f on Z
that are x-convex in the sense of Definition

Proof. 1. That Z satisfies the condition RCD(k + K, 00), follows from Fact [2.9) (iii), Lemmam
and from the fact that Z is again infinitesimally Hilbertian.

2. We show that u € ID)OZO. Since u € DZ, we have by definition that u € Dy1.2(AZ) N
Lip(Z)NL>*(mz). From Lemmauwe know that D(A%) = D(AZ) and AZy = AZy— (Vu, V).
Since u € Dy12(A%) we already know that AZu € W'2(Z) = Wh2(Z). Moreover, since
suppu € Int Z, it easily follows that u € DX. Then, since f € W22(X) and since u and f are
Lipschitz, it follows by Proposition [2.45] that (Vu, Vf) € W2(X). Hence, (Vu, Vf) € Wh2(Z).

Consequently, (Vu,Vf) € W2(Z) and therefore AZu € WL2(Z). Moreover, since u € DX
Hess f(Vu, Vu) € L?(mx) is well-defined.

3. Since Z satisfies the condition RCD(k + K, 00), the improved Bochner inequality yields for
u € DZ

1 P
T (u) = §AZ\VU|2 —(Vu, VAu) [e™Im] |z > (5 + K)|Vul® [e"'m] | 5.
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Recall that |[Vul? € D(AZ) if u € ]D)f;. If we integrate ¢ = we/ € Lip(Z) w.r.t. the previous
measures, the definition of the measure valued Laplacian yields for the left hand side

/{EdI‘QZ(u) = —%/ goefdAZ\Vu|2—/(Vu,VAZu><pdm
z z

:_%/<V|Vu|2,vsoef>e‘fdm—/<Vu7VAZU><Pdm
z Z

1 1
_ —§/<v|w|27w>dm— §/<V\Vu|2,Vf>wdm
z Z

- / (Vu, VAZu)pdm + / (Vu, V{Vu, V f))odm
z z
= /@dFQZ(u)—i—/ Hess™ f(Vu, Vu)pdm.
z
For the last equality also recall that for every g € Wh?(X) we have g € Wh?(Z) = Wh2(Z) and
|VZg| =|VZg| = |V¥g||z. This completes the proof of the proposition. O

Let us first recall the following lemma from [AMSI6, Lemma 6.7].

Lemma 4.4. Let (X,d,m) be a metric measure space satisfying a RCD-condition. Then for
all E C X compact and all G C X open such that E C G there exists a Lipschitz function
X : X —[0,1] with

(i) x=1onE,={xe€X:3yeE:dx,y) <h} andsupp x C G,
(ii) Ax € L*®(m) and |Vx|? € W}2(X).

Remark 4.5. Following the proof of this Lemma in [AMSI6] we see that one can choose x to be in
DX |

Corollary 4.6. Let X, Z and f be as in Proposition[{.4 Then
Hess f(1Vu,1zVu) =14 Hess™ f(Vu,Vu) > [/1|Vu\2] 1 m-a.e.
for every u € DX.

Proof. 1. Let a > 0 and define f/a = f,. Then f, is Z-convex. Let u € DX and choose a cut-off
function y € DX such that x = 1 on A C Int Z for a closed set A and suppu C Int Z. Then
X - u € DZ with supp x - u C Int Z. Therefore by Proposition

(19 [ (wfa+ K)VOcu)Podm < [ oo+ [ Hess™ (7/a)(V (¢ 0), V(- w))pdim.
Z Z
Hence, multiplying with o > 0 and letting oo — 0 this yields
[ 1900 wlpdm < [ Hess® F(90- ), V- )
Z

for every nonnegative ¢ € Lip(X). By standard approximation the same holds for any nonnegative
p e Cb(Z).

2. We choose a sequence of nonnegative ¢, € Cy(X), k € N, compactly supported in Int Z such
that ¢ 1 1 pointwise m-a.e. . Moreover, we choose cut-off functions xj as in 1. with A = supp ¢y.
Then

n/ |Vul|*ordm < /HessX f(Vu, Vu)prdm

for every k € N and v € DX . Since m(9Z) = 0, letting k — oo yields the claim. O
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Theorem 4.7. Let (X,d,m) be a compact metric measure space that satisfies the condition
RCD(K,N) for K e Rand N >0, and Z C X be a closed subset such that m(Int Z) > 0, m(0Z) =
0 and (Z,dz,m|z) satisfies the condition RCD(K,N) as well. Let f € Dp2(A) NLip(X) N L*.
Let k € R.

Then the following statements are equivalent

(i) f is k-convezr on (Z,dz),
(ii) Hess™ f(1,Vu, Vu) > k|Vul*1z m-a.c. for u € DX.

Proof. The implication (i) = (ii) is precisely the content of the previous corollary.

For (ii) = (i) assume Hess™ f(Vu, Vu) > k|Vu|? m-a.c. on Z for any u € W2(X). Then the
second variation formula in Theorem implies that ¢ € [0,1] — F(u;) = [ fdu is in C%([0,1])
for a L2-Wasserstein geodesic (t1t)teo,1) with gy < C'm for some constant C' > 0, and

d2

@}'(M) = /HessX(th,tht)dut > ﬁ/ \Vou2duy = kWa(po, 1)

Hence, t € [0, 1] — F(ut) is k-convex, and we obtain that

(15) Flm) < (1= 0F (o) + tF () — 5K (1= )Walpo, pr)?

Now, we know that for every point zo € X and m-a.e. point ;1 € X there exists a unique geodesic -y
(Corollary 1.4 in [GRS16]). We pick two such points in Y, and sequences of m-absolutely continuous
probability measures (1%)ren and (uf)ren (for instance pf = m(Bl/k(:z:i))*lm|Bl/k(xi)) such that
uE — 6, weakly for every k € N. Assume moreover that u¥, i = 0,1, satisfies u¥ < C(k)m.
Then the Wasserstein geodesic (uf)ic(o1] between pf and p} satisfies pf < C(k, C(k), K, N)m
by [Rajl2a]. Hence, l holds for (Mf)te[o,l]- We can extract a subsequence such that (uf)en
converges for t € [0,1] N Q to v; for a geodesic (¢)¢cjo,1] between d,, and d,,. Since zo and x;
are chosen such that there is only one geodesic v in X between them, we must have vy = d,).
Moreover, since f is continuous, by weak convergence of u¥, F(uf) — f(v(t)) for every ¢ € [0,1]NQ.
Hence, Vt € [0,1] N Q, we have

(16) FO0) S(U=1)F0) + £ () = (L= )1 (30, 7)

and by continuity this holds for every ¢ € [0,1]. Now, one can easily see that this implies (i) for

f:Z — R in the weak sense. That is for any pair of points xg,x; € Z we can find a geodesic =y

such that the inequality holds. Indeed, if g and x; are arbitrary, we can find a point Z} such that

d(x1, %) — 0if k — oo and such that the geodesic 3% = [z, 7)] is unique. Then holds for F*.

Since X is locally compact, by passing to a subsequence we can assume that [zg, Zx] — [zo, Z1].

Since f and d are continuous by passing to the limit we obtain that holds for [z, z1] as well.
Finally, we recall the following theorem by Sturm.

Theorem 4.8 ([Stuld]). Let (X,d,m) be a metric measure space that is locally compact and
satisfies the condition RCD(K,N) for K € R and N € (0,00]. Let V : X — (—00,00] be a
function that is continuous and satisfies V(z) > —Co — C1d(xg,z)? for constants Cy,Cqy > 0 and
xg € X. Let k € R. Then, the following properties are equivalent:
(i) V is weakly x-conve,
(ii) V is k-convex,
(i) For any xo € X' there exists a curve (z4)i>0 in X' such that for all z € X' and everyt > 0
we have
1d
2 dt
where X' is the closure of DomV in X. We say (z¢)i>0 ts an EVI, gradient flow curve.

d(ze, 2)? + gd(mt, D2 <V(2) = Viay).

This finishes the proof. a
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Remark 4.9. An EV I, gradient flow curve (x;)¢>0 of V' comes with the parametrization such that
d _ .
V(@) =-|V VA () = —|ie],

where |[V~V|(z) = limsup,_,, % is the descending slope of V' that is general different

from the minimal weak upper gradient that was defined before. Hence, an EV I, gradient flow is
actually an inverse gradient flow in the standard sense.

5. RCD4CAT IMPLIES ALEXANDROV

The goal of this section is to prove the following Theorem which implies Theorem by glob-
alization under the extra assumption that X is infinitesimally Hilbertian. In section [6] we will
show that the infinitesimal hilbertianness assumption can be dropped which will finish the proof
of Theorem [I.1] in full generality.

Theorem 5.1. Let 2 <n € N and (X,d,m) be a metric measure space satisfying RCD(K,n) for
K € R with m = H", and assume (X,d) is also CAT (k). Then

(1) k(n—1) > K and (X,d) is an Alezandrov space of curvature bounded below by K —k(n—2).
(2) If k(n — 1) = K, then (X,d) is isometric to a geodesically conver subset of the simply
connected space form S} of constant curvature k.
In the proof of Theorem [5.1] we will need the following elementary lemma
Lemma 5.2. Let k, K € R,n>2. Let k < K —(n—2)k. There isv =v(n,K,k, <) > 0 such that

(17) (n —1)coti/(n—1)(t) — (n — 2) cot(t) < cota(t) for all 0 <t < v.
Proof. For any real k we have the following Taylor expansions at 0
kt? kt?
sink(t):t—?—i—..., cosk(t)zl—T—l—
Hence o
1-E+... 1 kt? kt? 1kt
tr(t) = —2—="(1-——+.. )1+ —+..)==— = +...
coty, (1) T 2 5ttt )= -3
Applying this to both sides of yields the Lemma. O

Proof of Theorem [5.1. We will prove the theorem via induction w.r.t. n € N.

1. Let n > 2 and suppose Theorem [5.1]is true for n — 1 if n > 2. Let (X, d, H,) be RCD(K,n)
and CAT (k). The base of induction n = 2 will be handled in the same way as the general induction
step with one small difference which we’ll explicitly indicate.

Following Gigli and Philippis [DPGI17] for any & € X we consider the monotone quantity
m(Br(z))
Ve, n (1)

%. Consider the density function 6,,(x) = lim,_,¢ 8, ,(z) = lim,_,o o

Since n is fixed throughout the proof we will drop the subscripts n and from now on use the
notations 0(z) and 6, (x) for 6,,(z) and 6, ,.(z) respectively.

Note that 8(xz) =1 a.e. by [DPGI17] but it still makes sense and is well defined pointwise. Also,
by [DPG17] 6 is lower semicontinuous and hence 0 < §(z) < 1 for any z € X.

Let © € X be arbitrary. Let (T, X, dy, my,0) = lim,, ,o(X, %d, %m,x) be a tangent cone at

which is non increasing in 7 by the Bishop-Gromov volume comparison. Let 6, ,(z) =
m(Br(x))

x. Note that under this normalization along the sequence the unit balls around x do not have
measure 1 but the measure %m is equal to H,, with respect to the rescaled metric %d Obviously,
T, X is CAT(0) and RC’D(O: n). By [DPGI7] it is also noncollapsed i.e. m, = H,,. Therefore, by
the defintion of § we have that 6(z) = %}Lo’l)) where o is the apex of T, X. Note that this is

true even if the tangent cone (7,X,d;, m,,0) is not unique.
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Further, (T, X, d,, ms,0) is a volume metric cone by [DPGI7, Proposition 2.7]. Therefore, by
the volume-cone-implies-metric-cone theorem in [DPG16], T, X = C(X) where (X, dx, my) is both
CAT(1) and RCD(n —2,n—1) and my = H,—1.

Claim: Y is isometric to S*~! or to a convex subset of S"~! with nonempty interior and
nonempty boundary.

Indeed, if n = 2 then (¥, ds, myx) is a noncollapsed compact RCD(0,1) space which is also
CAT(1). Hence by [KLI6| it’s isometric to either a circle Sk of some radius R > 0 or to a closed
interval I.

Suppose ¥ 2 SkL. Since ¥ is CAT(1) we have that R > 1. On the other hand, since C(X) is
RCD(0,2) we must have R < 1. Hence R =1 and ¥ = S'.

If ¥ = I then length of I is at most 7 since otherwise C(X) is not RCD(0,2) by the splitting
theorem.

If n > 2 then the Claim follows by the induction assumption. This is the only place in the proof
of the induction step where the induction assumption is used and where the induction step differs
from the proof of the base of induction n = 2.

Since a proper convex subset of S? 7! is contained in a hemisphere the above Claim implies that
we have the following gap phenomena:

A point z € X is either regular, in which case 6(z) = 1,
18
(18) or z € X is singular, in which case §(z) < § and 0% # 0.

Next we prove the following lemma.
Lemma 5.3. The set of reqular points X .4 is open and conver in X.

Since 6 is lower semicontinuous, property immediately implies that X,.q is open. It remains
to verify that it is convex.
Let f,(x) = 6,(x)1/" and f(x) = (x)1/"

Lemma 5.4. f(x) is semiconcave on X.

Proof. To prove semiconcavity we need to verify that there is a constant C' such that every point
in X has a neighborhood U such that for any constant speed geodesic v: [0,1] — U and any

0 <t <1 it holds that
(19) fOy(@) = (1 =) f(0) +tf(1) - %t(l — 1)d(v(0),~(1))?

To simplify the exposition we will only treat the case t = 1/2, i.e. we will verify that

1 1 c
(20) FO(1/2) 2 550) + 5 £(1) = Sd((0),7(1))?
The proof below easily adapts to the case of general t.
Let x = 7(0),y = (1), 2 = v(1/2) and | = d(z,y).
By rescaling we can assume that X is CAT(1) and RCD(—n,n).
We will need the following general lemma.

Lemma 5.5. Let X be a CAT (k) space. Let v1,7v2: [0,1] = X be constant speed geodesics with
length of v1 equal to l < /100 and suppose d(v1(0),v2(0)) < §,d(y1(1),7v2(1)) < § with § < 1/100.
Then d(v1(1/2),7v2(1/2)) < 8(1 + C(k)I?) for some universal C(rk) > 0.

Proof. 1t’s well known that when x < 0 one can take C'(k) = 0 since in this case ¢ — d(71(t),v2(t))
is convex. We will therefore restrict our attention to the case x > 0. By rescaling we can assume
that k = 1. Let X be CAT(1).

Fix a point p in the unit round sphere S2. Let 0 < t < 1. Consider the ”t-homothety” map
oL Br/100(p) = Br/100(p) sending any point 2 to the point y on the unique geodesic connecting
P to x with d(p,y) = td(p, z). A direct Jacobi field computation shows that the Lipschitz constant

of ¢? at z with |pz| =1 is Ssi;(él)) =07 ,().
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Taylor expanding in [ we get:

sin(tl)  tl— (e)3/6+ ...
sin(l) — 1—(1)3/6+ ...
=t(1 4+ —t3)/64...) <t(1+1%/3)if | < 7/100
which immediately gives that if d(z,y) < d(p, x)/10 then d(¢F (x), ¥ (y)) < t(1+d(p, 2)?)d(x, y).
The definition of a CAT(1) space immediately gives that the same inequality holds for a similarly
defined map ¥ for any p € X.

Uil():

)

=t(1—t*%/6+..)1+1*/6+...) =

(21)  d(@f(2), 97 (y)) <t +dlp,2)*)d(z,y) if d(p,z) < 7/100, d(z,y) < d(p,)/100.

Let 71,72 be as in the lemma. Let z = 71(1/2) = ¢]35” (1 (1)) = ¢78” (31 (0)), y = 72(1/2) =
@Yiéo) (2(1)) = <p¥jgl)(72(0)). Let z be the midpoint between ~;(0) and ~2(1).

Then by we have that d(z,2) < (1 +12)d(y1(1),72(1)) < $(1 +2?) and d(z,y) < 1(1+
(I +6)%)d(71(0),72(0)) < §(1 + 212).

By the triangle inequality this gives that d(z,y) < d(z,z) + d(z,y) < $(1+20%) + $(1 + 21?)
d(1 + 21%) which finishes the proof of Lemma with C(1) = 2.

Ol

We are now ready to continue with the proof of Lemma [5.4
Let A be the Minkowski sum 1 B, (z) + 3B, (y). By the Brunn-Minkowski inequality [CMI5] we
have that
m(A)" 2 ol (1 2r)m(B ()" o7 (1 2r)m (B, (4)) "

sinh &£2r sinh 42
— 2 B’!‘ 1/” 2 B’l' 1/"
sinh(l + 2r) m(B(z)) " + sinh(l + 2r) m(B: ()
1 1
e — B'r 1/n e Br 1/n
ZCoshH%m( (@) 2 cosh H%m( )
Thus
l+2 1 1
(22) (1+ e1)m(4)V" > cosh —=Lm(A)Y > Sn(By() /" + sm(By(y) "

where the first inequality holds when ! < 1/100 and r < .
By Lemmawe have that A C By (14.c,2)(2). Therefore

m(B, ()" + Sm(B, ()"

N =

(14 e1l2)m(Byy g epizy ()" >

Dividing by w,ll/ " this gives

Br c 1/7’L 1
MOt By (B ) +

(1+Cll2)(1—|—62l2) Z
w}/nr(l + col?) 2rwn 2rwy

or

1 1
(1 + C3l2)fr(1+02l2)(z) > §fr(‘r) + §f7‘(y)
Taking the limit as r — 0 this gives

1 1
(1+esl) f(2) = 5 f(2) + 5[ (W)
Taking into the account that 0 < f(z) <1 this gives

F@) + 3 )~ est?

NN

f(z) =
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which finishes the proof of and hence of Lemma O

Since a bounded semiconcave function on a closed interval I C R is continuous on the interior
of I, the openness of X,.., together with the gap property immediately imply that f must be
equal to 1 along any geodesic with endpoints in X,¢,. Again using we conclude that X,..4 is
convex.

This finishes the proof of Lemma [5.3 |
2.

Claim: Xreq 15 a topological n-manifold.

Proof. By LemmaXreg is open. Therefore it is an n-manifold by Reifenberg’s principle [CC97,
Theorem A.1.1]. O

3.

Fix an arbitrary # < K — (n — 2)x and let v = v(n, K, k, &) be provided by the Lemma

We pick 29 € X,y and a positive € < min{v/2,7,/2} such that Bc(x¢) =: Y is contained in
Xreq.

Then Y is geodesically convex, uniquely geodesic, (Y, dy, m|y) satisfies RCD(K,n) and (Y, dy)
is CAT (k).

Let y € Bc(xo) and consider dy, : Y — [0,00). We pick any point z € B(xo)\{y} and 0 <
0 < min(ﬁdgﬁ’z)7 w) Then Bs(z) is convex, it is contained in B(xg) and y ¢ Bs(z). We
also can pick a cutoff function x € DY, (see Lemma that Ax € L*>(H™), supp x C Bs(z) and
X| B a(2) = 1.

Then, by Corollary [3.4 x - d, € Dp~(A) N L>(H") N Lip(X) and therefore x - d, € H**(X) by
Remark 2.44

In particular, x - d;, induces an element V(x - dy) =: u € L*(TY) such that |u| =1 # 0 m-a.e.
on Bj/(z). We consider the submodule N' C L*(TY) that is generated by u. The orthogonal
submodule is defined as

N+ ={ve L*(TY): (v,u) =0 m-ae.} .

It is not hard to check that N+ is an L>-premodule in the sense of Definition 1.2.1 in [Gigl4]. N
and N+ are Hilbert spaces and hence L?-normed L*-modules (compare with Proposition 1.2.21
in [Gigl4]). Moreover N is the orthogonal complement of A in the sense of Hilbert spaces, and
Na Nt =LATY).

According to Proposition N+ yields a partition {By} ren Oof Y such that the local dimension
(in the sense of Definition [2.24)) of N't|g, is k € N. Note that m (B, ) = 0 since the local dimension
of L?(TY) is finite on X, and therefore N'* is finitely generated m-a.e. as well. Hence, if k € N such
that m(By) > 0, any subset B of By with finite measure admits a unit orthogonal module basis
v1,..., vk, and for any v € N we have that v1p is the L?-limit of finite L>°-linear combinations
in N+ of the form

k
w:ijvj for f; € L*(m), j=1,...,k.
j=1

At the same time we have that any w € L?(TY) can be written as a sum au+ v with o, 8 € R
and v € N*. Hence u,vy,...,v; generates L?(TY)|p = (N @ N1)|p in the sense of modules.
Moreover, since A" and N'* are orthogonal w.r.t. the pointwise inner product (-, -) and since |u| = 1
m-a.e. on Bj/s(z), it is easy to check that u,v1,..., vy are linearly independent on By, (2) N B
(again in the sense of Definition , and hence form a module basis of L*(TY") on Bs/»(z) N B.
Since the local dimension of L*(TY) is n this implies k& = n — 1 whenever Bs/s(z) N B # 0, and
u=: E1,v9 = Ey,...,v,_1 =: F, is a unit orthogonal basis of L?(TY) on Bs/2(2) N B. In partic-
ular, for the decomposition { By}, .y we have m(By) = 0 if k # n — 1, and we can choose B as the
ball Bj/o(2) itself.
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4. Again from Corollary and we have that mdg/m—1)(X - dy) € Dre(A) N L¥(H") N
Lip(X). Then the precise estimate in the Laplace operator comparison statement (Theorem [2.18))
for mdg /(n—1)dy on Y yields

Kn
Amdr)n-1) (X~ dy))|B; o (z) = Amdi /1) (dy) By n(:) <

1 md g/ (n-1)(dy)|B; () m-a.e.
where we used the locality property of A. Applying the chain rule for the Laplacian yields

(23) A(X - dy)|B;s(z) < (0 — 1) cOtre/(n—1)(dy)|B; 5 (2)-

On the other hand the condition CAT' (k) on Y implies the following. First, by continuity reasons
for any ¥ > 0 there exists 7 > 0 as above such that for any n-ball | md,, d,(z) —md, dy(2)| < 9 for
x € B,(z). Therefore, if we choose §/2 <n

(mdx(xdy) 07)" > 1 —md, d(z,y) — 9 =: A(k,?, z) for any unit speed geodesic v in Bs/o(z).

Hence, mdy(xdy) is A(x, ¥, z)-convex on Bj/s(z). Now, since md,(xdy) € Dpe(A) N L>®(H™) N
Lip(X) - and again in particular md,(yx - d,) € H??(X) - , we can apply Theorem H where
f=md.(xdy,), X =Y and Z = Bs/5(z). We obtain for V € L*(TY)

(24) Hess(md,.(xdy))(V,V) = A(k,9,2)|V]* > (1 — md, d, — 29)|V|* m-a.e. on Bss(2).

Now, we also can cover Bj/s(z) with n-balls as above. Since any of these balls is geodesically
convex by Remark and our choice of ¥ > 0, the estimate holds with §/2 replaced by 7.
Hence, the estimate holds m-a.e. on Bj/o(z) with arbitrary small ¢ > 0, so we actually have

(25) Hess(md,. (xdy))(V, V) + md,, dy [V > > |[V|* m-a.e. on Bja(z).
Applying another time the chain rule for the Hessian (Proposition [2.42)) in particular yields

(26)
Hess(xdy)(Vxdy, VXdy)|B; 5(z) =0 & Hess(xdy)(Ei, Ey)| By o(z) = €Oty dylBs p(z) for i=2,....n

where the first identity follows — for instance — from the claim below, and the second one follows
from after applying the chain rule for the Hessian.

Then, since x -d, € D(A), Corollary and the fact that we have the unit orthogonal module
basis (E;)i=1,...» from 3. together With and immediately gives us

(n— 1) coty(n1ydy > A(x - dy) = Y _ Hess(xd,)(Ei, E;) > (n — 1) cot, dy m-a.e. on Bsa(2).
=2

Since k — coty, is monotone decreasing this implies that x(n — 1) > K and
(27) Hess(xdy)(E;, E;) < (n —1)cotg)(n—1)dy — (n — 2) cot, dy, m-a.e. on Bs/o(2).
Therefore, by Lemma [5.2]
(28) Hess(xdy)(E;, E;) < cotz d, on Bsjs(z) for i=2,...,n.
5. Claim: Let h, ¢ € H**(X) with |[Vh| =1 m-a.e. on Bs/o(z) , and V = 3" | fiVy, then
Hess h(Vh,V)|g; ,(z) = 0 m-a.e. .
Proof of the claim. Since h,p, € H*%(X), k =1,...,m, using Proposition we can compute

2Hess h(Vh,V) =2 Z fx Hess h(Vh, Vy,)
k=1

= ka ((h, V{Vr, Vh) + (Vor, V|Vh|?) — (h, V(Vh,Vyi)) = (V,V|Vh|?*) m-a.e. .
k=1
By locality of |V - | this yields 2 Hess h(Vh, V)|Bé/2(z) = (X, V1>|Bé/2(z) =0 m-a.e. . O

The claim in particular applies for x - dy = h and V = Zi:l fiVoi with fr € L*°(m) and
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or € DY.. Now any FEj;, i = 1,...,n can be approximated by vector fields of this form. Therefore,
by L?(TY) — L°-continuity of the Hessian

(29) Hess(xd,)(V(xdy), E;) = Hess(xdy)(E1, E;) = 0 m-a.e. on Bs/s(2).

Claim: Let V € Nt be arbitrary. Then
(30) Hess(yd,)(V,V) < coty dy|V|* m-a.e. on Bs)s(z).

Proof of the claim. Let Es, ..., E, be the unit orthogonal basis of Nt on Bs/a(z) =: B as in 3..
By definition of a module basis and Remark for every k € N we find functions fF € L>,
i=2,...,n, such that

1 "
lioiyy, <3 where VF € LA(TY)|p such that V* =3 [} B,

|V -v*
We can approximate every fF in L2(H") by step functions that take only finitely many values.
Therefore, it is sufficient to assume that f¥ = of € R. Moreover, since B has finite H"-measure
we can assume that |af| € [-1, £]. Hence, it follows that [V*| € [, k] for every k € N.

We can define W* = |V*|=1V* € [2(TY)|p. Then W* satisfies |[IW*| = 1 H"-a.e. on B. Now,
we can choose the unit orthogonal basis E1, ..., E, of L>(TY) on Bj/s(z) such that E» = W*.
This is achieved in the same way as we were able to choose Eq = V(x-d,) in step 3. since [W*| =1
HF-a.e. . Hence, we obtain first for W* and by L°°-homogeneity of Hess(xd,) also for V*.
Finally, since V* approximates V in L?-sense, and since Hess(xd,) is a L? — L%-continuous bilinear
form on L?(TY), we obtain the desired estimate for V € N/t O

Hence, again applying the chain rule together with and yields
Hessmdy (xdy)(V, V) + ~mds(dy) V> < |V|* meae. on Bsjs(z) VV € L*(TY).

6. We consider another time the second variation formula (Theorem [2.47)). Tt yields that the
function F(p) = [ mdz(xd,)dp for p € P*(Y, m) satisfies

/]-' @ ( dt—&—m/ /md (xdy) |Vt Pdpsp(t )dt</ /thl dpep(t)dt, o € C*((0,1))

for Wasserstein geodesics (f¢)¢e[0,1) supported in Bs/s(2), and ¢; = ¢; as in Theorem Note
that

1 1
J VPl = s [V = o Walin ) = W,

where 1 is a Kantorovich potential between p; and s for some s € [0,1], s # t. Furthermore,
by the metric Brenier theorem |V1;|?(7y;) = ﬁmm?(%) = d(y4,7s)? for I-a.e. every geodesic
where II is the optimal dynamical plan associated to the geodesic (u¢)¢c[o,1]- Hence

/mdk(Xdy)|v¢t|2dﬂt = /md;@(xdy)(%)d(%?vs)zdﬂ(v)-

Now, we choose points xg,z1 € Bs/2(z), and pk, uk € P2(X,H"™) with supp u¥ C Bs/a(z) and

pk — 0, weakly k — oo. Then, by compactness of Bs»(z) the Wasserstein geodesic (uf)iejo1]
between ;ﬂg and p} converges to the Wasserstein geodesic (Vt)tejo,1) between 0., and d,,. By
uniqueness of geodesics between points in Bs/9(2z) — because of the C AT-condition — , vy = 6,
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where «y is the geodesic between zg and x1. Moreover, since md;(xdy) is continuous and bounded,
we obtain from the definition of weak convergence

Fub) > Fn) = / mds(xdy)dvi = mds dy(4(2), V¢ € (0, 1).

Similarly, after taking another subsequence the associated dynamical plans II¥ weakly converge
as well, and again by uniqueness of geodesics they converge to the measure d, that is supported
on the single geodesic between z¢ and x1. Since v — mdz(xdy)(7:)d(7t, 7s)? is a continuous and
bounded function on the space of geodesics, we get by the C AT-condition that

(S_lt)z/mdk(xdy)(%)d(%»’73)2dnk(’y) — mda(dy (7¢))d(y0,71)2, Vt € (0,1).

Hence, by the dominated convergence theorem we obtain the differential inequality for
mdy dy, o7 along geodesics v in Bj/o(2).

Since z € Be(zo)\{y} was arbitrary we have that mdj(d,) satisfies (CBB) for any v C
B.(v0)\{y}-

If v passes through y then the same property holds for trivial reasons. As this holds for any
y € Be(xo) and B(zg) is convex we get that CBB(#) property (CB p) holds for all triangles
with vertices in Be(z).

Since xg € X,ey Was arbitrary and X,., is convex in X, by Petrunin’s globalization theorem
[Pet16] (cf. [Lild]) it follows that X satisfies C BB(&).

Since this holds for arbitrary & < K — (n—2)x we conclude that X satisfies CBB(K — (n—2)k).

This proves part of Theorem [5.1

Now part (2) follows by Lemma

This concludes the proof of the induction step and hence of Theorem [5.1] O

6. CD+CAT 10 RCD+CAT

In this section we study metric measure spaces (X, d, m) satisfying
(X,d,m) is CAT (k) and satisfies any of the conditions CD(K, N), CD*(K,N)

2
(32) or CD¢(K,N) for 1 < N < o0, K,k < 00.

Remark 6.1. Proposition at the end of this section shows that a space X satisfying is
non-branching, and hence it is essentially non-branching. For essentially non-branching spaces
conditions CD(K, N), CD*(K,N) and CD¢(K, N) are known to be equivalent [EKS15 Theorem
3.12] and [CM16, Theorem 1.1]. Therefore, for C AT (k) spaces conditions CD(K, N), CD*(K,N)
and CD¢(K,N) with 1 < N < oo are equivalent. However, we will not use this fact in the proof
of Theorem [6.2] below.

The main goal of this section is to prove the following theorem.

Theorem 6.2. Let (X,d,m) satisfy , Then X is infinitesimally Hilbertian.
In particular, (X, d,m) satisfies RCD(K,N).

Together with Theorem this immediately gives Theorem Let us mention that the proof
of Theorem can be simplified under various extra regularity assumptions such as requiring X
to have extendible geodesics or to have metric measure tangent cones equal to geodesic tangent
cones. Note that it’s easy to see that for a space (X, d, m) satisfying for any p and any tangent
cone (T, X,dp, m,,) at p there is a canonical distance preserving embedding 7,7 X C T}, X. However,
it is not a priori clear if this embedding is always onto.

Let us give two instructive examples to keep in mind.

Example 6.3. Let X be the union of R with closed intervals of length 2% attached at the point 2F
for all integer k. It’s easy to see that X is CAT(0). Let p = 0 be the base point. Then any two
geodesics starting at p to the right have a common beginning and hence the geodesic tangent space
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TJX is isometric to R. On the other hand, (X, p) is self similar with respect to multiplication by
2 and hence the tangent cone T, X = limg ;00 (28X, p) is isometric to X. Note that this tangent
cone is not a metric cone.

Ezxample 6.4. Let T' be a binary tree, Let ¢, be a sequence of positive numbers such that R =
>, €n < 00. Define the metric on I' by prescribing the length of any edge from level n to the level
n+1 to be g,. Let X be the metric completion of I'. Then X is CAT(0) of topological dimension
1. Let p be the root of the tree I'. Then the cut locus of p coincides with the metric sphere of
radius R at p. It is a Cantor set and for an appropriately chosen sequence ¢, it can have arbitrary
large Hausdorff dimension. Furthermore, for any ¢ € Sg(p) the geodesic tangent space T7X is still
a ray and is different from any tangent cone obtained as a blow up limit.

The key step in the proof of Theorem is the following splitting theorem

Proposition 6.5 (Splitting theorem). Let (X,d) be CAT(0) and CD(0,N) or CD*(0,N) for
some finite n. Suppose X contains a line. Then (X,d) = (Y,dy) x (R,dgue) for some CAT(0)
metric space (Y, dy).

Proof. Let v: (—00,00) — X be a line in X. Let v+ be the rays v4(t) = y(¢) and v_(t) = v(—t)
for ¢ > 0. Let by(z) = limy_, o d(z, 4 (t)) — ¢t be the corresponding Busemann functions. Note
that b+ are both convex and 1-Lipschitz since they are limits of 1-Lipschitz convex functions.

For any r > 0 let f.(x) = m'/N(B,(x)).

By the same proof as in Lemma for any fixed r the function f,.(z) is concave on X. We
recall the argument which is particularly simple in our case because the lower Ricci and the upper
curvature bounds are both zero.

It’s well-known that geodesics in C AT'(0) spaces satisfy the following ”fellow travel” property:

If two constant speed geodesics 01,02: [0,1] — X satisfy d(o1(0),02(0)) < r,d(01(1),02(1)) <r
then d(oq(t),02(t)) <rforall 0 <t <1.

This immediately follows from the fact that the function t — d(o1(t), o2(t)) is convex in ¢ which
is an easy consequence of the CAT(0) condition.

Let z,y be any two points in X and let o: [0,1] — X be a constant speed geodesic from z to
y. Let A= B,(z), B= B,(y). Let 0 <t <1 and let C; = (1 —t)A+tB be their t-Minkowski sum.
By the "fellow travel” property we have that C; C B,(c(t)). Also, C; is clearly closed. By the
Brunn-Minkowski inequality ( Theorem [2.8) we have that m'/N (C;) > (1—t)m*/N (A) +tm'/N (B).
Using that m(C;) < m(B,(c(t))) this gives f,.(o(t)) > (1 —t)f.-(z) + tf-(y) i.e. f. is concave.

Thus we have that for any » > 0 the map ¢t — f.(y(¢)) is concave and positive on R. This
implies that it’s constant. Therefore, m(B,(y(t))) is constant in ¢. This means that in the proof of
concavity of f along v(¢) all inequalities must be equalities and hence for any ¢1, ¢5 it holds that the
1/2-Minkowski sum of B,(v(t1)) and B, (y(t2)) is equal to B, (y(2£%2)). Since the 1/2-Minkowski
sum is closed, the open complement in B, (y(2£%2)) must be empty.

Let ¢ € X be any point an let » = d(q,v(0)). By above, for any ¢ > 0 there exist ¢; € B,.(7(t))
and ¢_; € B.(y(—t)) such that ¢ is the midpoint of [¢;,q_¢]. Moreover, again using the ”fellow
travel” property we get that the whole geodesic [g;, g—¢] lies in the r-neighbourhood of . By letting
t — oo and passing to the limit along a subsequence we obtain a line v,: (—o00,00) = X such
that v4(0) = ¢ and the whole +, lies in the r-neighbourhood of . By the triangle inequality this
implies that d(y(t),v,(¢)) < 3r for any ¢t € R. By the Flat Strip Theorem [BH99, Theorem 2.13]
this implies that the convex hull of v U v, is isometric to the flat strip [0, D] x R for some D < r
with v and ~, corresponding to {0} x R and {D} x R respectively. We will call two lines in X
parallel if they bound such flat strip.

The above trivially implies that b = b4 + b_ = 0 on +, and since ¢ was arbitrary, b = 0 on
all of X. Since by are both convex this implies that they are both affine and hence {b4 = c}
is convex in X for any real c. Further, because of the flat strip property above it holds that
bi(v4(t)) = by(g) —t for any t > 0. Thus, v,(¢) is an (inverse) gradient curve of by and we have
a similar property for b_. This easily implies that v, is unique. That is we claim that for every ¢
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there is a unique line through ¢ parallel to . Indeed, by possibly changing v(t) to (¢ + ¢) we can
assume that by (¢) = b_(g) = 0. By the above b (v4(t)) = —t for any ¢ > 0. Since by is 1-Lipschitz
this means that 7,(t) is the closest point in {by < —t} to ¢. Since by is a convex function, the
set {by < —t} is convex. In C'AT'(0) spaces nearest point projections to convex subsets are unique
(this is immediate from the definition of CAT(0)). Hence ,(¢) is uniquely determined by ¢ and
t > 0. The same works for t < 0 using b_.

Everything we’ve shown for the line  applies to the line 7, as well. In particular any point ¢’
in X is contained in a flat strip containing v, with edges 7, and -, . This easily implies the metric
splitting X 2Y x R with Y = {b4 = 0}. Y will obviously be CAT(0).

O

Remark 6.6. Since m(B,(y4(t))) is constant in ¢ for any ¢ € X,r > 0 it is easy to see that one gets
the splitting of the measure in the above proposition as well, that is (X,d,m) & (Y,dy,my) X
(R, dguyci, H1) for some measure my on Y. We omit the details since we don’t need it for the proof
of Theorem and the measure splitting will follow by Gigli’s splitting theorem [Gigl3] anyway
once Theorem [6.2) is proved.

Proposition 6.7. Let (X,d, m) satisfy any of the conditions CD(K, N), CD*(K,N) or CD¢(K, N)
with N < co. Then X is infinitesimally Hilbertian if and only if for almost all points p € X some
tangent cone T, X is isometric to RE for some k < N.

Proof. The ”only if” direction is well-known and follows from [GMRI5] and Remark

We observe that the ”if” direction easily follows from Cheeger’s generalization of Rademacher’s
theorem to doubling metric-measure spaces satisfying the Poincaré inequality [Che99].

Indeed, suppose (X,d, m) satisfies the assumption of the theorem and for almost every p € X
some tangent cone 7, X is Euclidean as a metric space.

Let f be a Lipschitz function on X. Recall that by Theorem if X satisfies any of the
conditions CD(K, N),CD(K,N)¢ or CD*(K,N), it admits a weak type 1-1 Poincaré inequality
and hence by [Che99, Theorem 5.1] it holds that Lip f = |V f] a.e. on X.

Further, by [Che99, Theorem 10.2] there is a set of full measure By such that for every p € By
and every tangent cone T, X the differential df,: T,X — R (which always exists after possibly
passing to a rescaling subsequence) is generalized linear (see [Che99] for the definition). By above
we can also assume that Lip f(p) = |V f(p)| for any p € By.

By [Che99, Theorem 8.1] if for p € By it holds that 7, X = R* as a metric space then (irrespective
of the limit measure on 7, X) df,: R* — R is linear in the ordinary sense and Lip df, = Lip f(p).
Given two Lipschitz functions f,g on X, by passing to a subsequence we see that the same works
simultaneously for both df,, dg, for any p € By N B, which is still a set of full measure in X. Using
[Che99l Theorem 5.1] again we can further assume that Lip(f £ ¢) = |V(f £ g)| everywhere on
Bf N Bg.

Since Lip satisfies the parallelogram rule on the set of linear functions on R* and d(f + 9)p =
df, £ dg, this gives

IV(f +9)®)I* +|V(f = 9)0)* = 2[Vip) +2[Vg(p)|?
for any p € By N B,. Therefore the parallelogram rule holds for the Cheeger energies of f and g:

(33) /X V(f + 9)2 + [V — g)[2dm = /X 2AV [ + 2/ Vg[2dm

Since Lipschitz functions are is dense in W1:2(X) this implies that holds for all f,g € W12(X).
This means that X is infinitesimally Hilbertian and hence RCD(K, N) by Remark This
finishes the proof of Proposition [6.7]

O
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The above Proposition shows that for CD(K, N)-spaces (CD*(K, N)-space, CD¢(K, N)-spaces,
respectively) with finite N ”analytic” infinitesimal Hilbertianness in the sense of the original def-
inition is equivalent to the ”geometric” infinitesimal Hilbertianness ( i.e. requiring that tangent
spaces almost everywhere be Euclidean).

We are now ready to finish the proof of Theorem [6.2}

Proof of Theorem[6.4 First note that by stability of each condition CD, CD*, CD® and CAT
under measured Gromov-Hausdorff and Gromov-Hausdorff convergence respectively, it follows that
tangent cones satisfy CD(0, N), CD*(0,N), CD¢(0,N) and CAT(0) respectively.

Since m is locally doubling, By [GMR15, Theorem 3.2] there is a set A C X of full measure such
that for every point p € A for any tangent cone (7, X, dp, m,) and any point y € T, X any tangent
cone (Ty(T,X),d,, my) is a tangent cone at p. Let p € A. Let k be the largest integer such that
some tangent cone T, X splits isometrically as R¥ x Y. Clearly kK < N. We claim that Y = {pt}.
If not then take a point y € Y which is a midpoint on some non-constant geodesic segment. Then
T(0.4)(R* x V) = R x T,)Y contains a line [ contained in {0} x T,,Y. Moreover, since any line
parallel to [ is equidistant from [ it easily follows that a line parallel to [ and passing through a point
in {0} x T,Y is entirely contained in {0} x T,)Y". The splitting theorem then implies that {0} x T,,Y’
is isometric to R x Z for some metric space Z and hence T ) (RExY)2RE x T, Y 2 RFF! x 7
But it’s a tangent cone at p which contradicts the maximality of k. Hence there is a tangent cone
at p isometric to some R¥ with k < N. Now the result follows by Proposition

|

Next we give an example of a space satisfying which is not Alexandrov of curv > & for any
.

Ezample 6.8. Let (Y, d, m) be the closed unit ball B1(0) in R? with the standard Euclidean metric
and m = H,. We are going to show that there exist two C! functions ¢,v: Y — R such that
X = (B1(0),e%d, e"m) is RCD(—100, 3) and CAT(0). The functions ¢, v will be C* on B;(0) with
the infimum of sectional curvature of €2?gg, on B;(0) equal to —oco. This will obviously imply
that X does not satisfy curv > & for any &.

Recall that given a Riemannian manifold (M™, g) if we change the Riemannian metric confor-
mally g = e2#g then for any smooth function f on M its hessian changes by the formula

(34) Hess;(V, V) = Hess;(V, V) — 2(V o, VIV, V) + V[ - (V, V f)

here and in what follows (-, ) and (-, ). are the inner products with respect to g and g respectively.
Also, recall that when n = 2 Ricci tensors of g and g are related as follows

(35) Ric(V, V) = Ric(V, V) — Ap|V[?
Then for any N > 2 the weighted N-Ricci tensor of (M?,g, e~/ dvol) is equal to

/R\izjcV(V,V) = Ric(V, V) + Hessf(V, V) — % B
(36) : 2
= Ric(V, V) ~ AlV[? + Hessy (V. V) — 2V, VI(VAV) + [V (V.7 f) — DY)

By smoothing out functions of the form &(|(x,y)| — 10) on Bio(0) C R? ( with 0 < § < 1) it’s
easy to show that for every € > 0, L > 0 there exist smooth functions f. 1, ¢. : Bs(0) — R with
the following properties

(1) [ferl Selpen] < e

(2) fe,r and @, 1 are convex and e-Lipschitz;
(3) supApe . = L;

(4) Hess fe, > Awpe, 1, everywhere on Bs(0);
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(5) |ferlos <e,|pe.r|lce < e outside B(0).

Now let Pn = (Oa 1- %) and let fn(x) = f}O*",n(x _pn)a @n(x) = 9010*",n(x - pn)'
Lastly, let f =30 5 fa @ = Y po@n: B2(0) = R. Then it’s easy to see that f and ¢ satisfy
the following properties

(1) 1f1 < Llgl < 1
(2) f and ¢ are convex and 1/10-Lipschitz;
(3) f and ¢ are C* on B1(0);
(4) sup Ag|p, (o) = +00;

(5) Hess f > Ag everywhere on By (0).

We claim that the space (X,e?dpye,e fdvoly) is RCD(—100,3) and CAT(0) where g =
e2% gpucl On B;(0). Indeed, by g has sec < 0 since ¢ is convex and g = ggyue is flat. In
fact, more is true. -

Let u(x,y) = x? + y2. Since f and ¢ are 1/10-Lipschitz, easily implies that Hess, > 0
on Bi(0), i.e. u is convex with respect to g on B;(0). Therefore, for any 0 < R < 1 the space
Xp = (Bg(0),e%d) is CAT(0) since it’s locally CAT(0), complete and simply connected. The
same holds for R = 1 because Gromov-Hausdorff limits of CAT(0) spaces are again CAT(0).

Convexity of u with respect to g also implies that Xpg, is a convex subset of Xp, for any
0 < Ry < Ry < 1. From formula using the properties of f and ¢ it easily follows that

/le;i > —100 on B1(0). Using that Xpg, is a convex subset of Xg, for Ry < Ry this implies
that (Xg,e /dvoly) is RCD(—100,3) for any 0 < R < 1. By passing to the limit as R — 1
we get that X = (B1(0),e%d,e fdvolz) is RCD(—100,3) as well. On the other hand, since
sup A|, (o) = +00, by the infimum of sectional curvature of €2¢gp,. on By(0) is equal to
—o0. Therefore X does not satisfy curv > & for any real &.

Lastly, we show that spaces satisfying are non-branching. This might be somewhat sur-
prising given that branching C AT (k) spaces are quite common (see e.g. Examples and .

Proposition 6.9. Let X satisfy . Then X is non-branching.

Proof. By rescaling we can assume that X is CD(—1, N) and CAT(1). Suppose 71,7v2: [0,1] = X
are two branching constant speed geodesics of length < 7. Let tg € (0,1) be the branching point.
By uniqueness of geodesics in CAT(1) spaces this means that v1j0.¢,] = 72l[0,t0] @and Y1(t) # V2(t)
for any t > tg. Let = 71(0) = 12(0),y = 71(1), 2 = 72(1),p = 1 (to). By shortening the geodesics
we can assume that |zp| = |yp| = |2p| =1 < 7/10. Then t; = 1/2. Recall that since X is CAT(1)
the homothety map ®7 centered at x is 1-Lipschitz on By s(x) for any 0 < ¢ < 1. Therefore, for
any 0 < r < 1/10,0 < s < 1 we have that ®*(B,(vy;(t)) C B,(vi(st)). Note that ®*(B,.(v;(t)) is
the s-Minkowski sum (1 — s){z} + sB,(7(t)). Therefore ®*,, (B, (vi(to +¢))) C Br(vi(to)) for

tote
e,r < 1/10. ’
On the other hand, by the Brunn-Minkowski inequality for 0 < r < € we have that that
m(®%,, (Br(i(t+¢))) > (1 —=0d(e))m(B,(vi(to +€))) where §(¢) = (¢,1,N) = 0 as e — 0. (Note
to+e
that gonditions CD(K,N),CD*(K,N) and CD*¢(K,N) give slightly different Brunn-Minkowski
inequalities when K # 0 but all of them trivially imply the existence of §(&) as above). Therefore,
m(Br (vi(to))) 2 m(®7 sy (Br(vilto +¢))) = (1 = 8(e))m(Br (vt +¢)))

to+te

Applying the same argument to ®Y, & gives that m(B,.(vi(to + €))) > (1 — d(e))m(Br(vi(to)))-
Combining the above we get

Lo mB() >1-6(e) for0<r<e

(37) 1-4(s) = m(B,(yi(to +¢))) =
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Fix an 0 < € < 1/10 small enough so that 6(¢) < 1/100. Since v (to+¢) # v2(to+¢), for all small
r < & we have that B, (y1(to+¢)) N B, (y1(to+¢€)) = 0. Then using and the Brunn-Minkowski
inequality for A = {2} and B = B,(71(to +¢€)) U B.(72(to + €)) we get that

m(@7w (B)) = (1= 4(e))m(B) = (1 = 6())2(1 = 8(e))m (B (p)) 2

On the other hand ®*,, (B) C B,(p) and hence

to+e

m(B:(p))

N W

m(®*y, (B)) < m(B:(p))

to+e
This is a contradiction and hence the proposition is proved and X is non-branching. O

Remark 6.10. The above proof only uses the Brunn-Minkowski inequality when one of the sets is
a point. Therefore, the proposition remains true if the condition that X be CD(K, N) is replaced
by the weaker condition that it satisfies the measure-contracting property MCP (K, N).
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