ON THE STRUCTURE OF RCD SPACES WITH UPPER CURVATURE
BOUNDS
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ABSTRACT. We develop a structure theory for RCD spaces with curvature bounded above in
Alexandrov sense. In particular, we show that any such space is a topological manifold with
boundary whose interior is equal to the set of regular points. Further the set of regular points is
a smooth manifold and is geodesically convex. Around regular points there are DC coordinates
and the distance is induced by a continuous BV Riemannian metric.
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1. INTRODUCTION

A natural well-studied subclass of the class of metric measure spaces (X, d, m) satisfying the
RCD(K, N) condition with K € R and N € (0, c0) is given by n-dimensional Alexandrov spaces of
curvature > K/(n — 1) with n < N equipped with the n-dimensional Hausdorff measure m = H,,.
In this paper we investigate another natural subclass given by metric measure spaces (X, d,m)
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2 ON THE STRUCTURE OF RCD SPACES WITH UPPER CURVATURE BOUNDS

such that
(1) (X,d,m) is RCD(K, N) and (X, d) is CAT (k).

This subclass is natural because it is stable under measured Gromov-Hausdorff convergence. It
is well known that there are Alexandrov spaces which are not CAT(k) for any x even locally. On
the other hand it was shown in | ] that there exist spaces satisfying (1) which have no lower
curvature bounds in Alexandrov sense. Thus neither of these classes is contained in the other.
However it was shown in [ ] that in the special case when X satisfying (1) is non-collapsed
(i.e. when N = n and m = H,) then X is Alexandrov with curvature bounded from below by
K — (n — 2)k. Tt then follows by a theorem of Berestovskii and Nikolaev | ] that the set of
regular points is a C® manifold and the distance function derives from a C''*“-Riemannian metric.

The aim of this article is to study the case of spaces satisfying (1) in general. Note that it was
shown in | ] that if (X, d, m) is CD(K, N) and CAT (k) then it’s automatically infinitesimally
Hilbertian and hence RCD(K, N). Thus X satisfies (1) if and only if it is CD(K, N) and CAT(k).

In particular, we are interested in the structure of the regular set R = Up>¢Ry where Ry, is the
set of points that have a unique Gromov-Hausdorff tangent cone isometric to R¥.

It is known that for a general RCD(K, N) space (Y,d,m) with N < oo there exists unique
n < N such m(R,) > 0 | ]. The number n is called the geometric dimension of Y. We will
denote it by dimgeom Y.

We also introduce a notion of the geometric boundary® 8X of X which is defined inductively on
the geometric dimension and is analogous to the definition of the boundary of Alexandrov spaces
and of non-collapsed RCD spaces as defined in | ]

Our main result is the following structure theorem

Theorem 1.1 (Theorem 3.19, Corollary 4.4, Theorem 5.1). Suppose X satisfies (1).
Then X is a topological n-manifold with boundary where n = dimgeom X 45 the geometric di-
mension of X. Furthermore the following properties hold

(1) Int X, the manifold interior of X, is equal to R, and Ry = @ for k # n. In particular
R=R,.

(2) R is geodesically convez.

(8) Geodesics in R are locally extendible.

(4) R has a structure of a Ct-manifold with a BV N CY-Riemannian metric which induces the
original distance d.

(5) The manifold boundary 0X of X is equal to the geometric boundary 8X .

In the special case when kK = 1, K = N — 1 we obtain the following rigidity result.

Theorem 1.2 (Sphere-Theorem (Corollary 4.6)). Let (X,d,m) be RCD(N — 1, N) and CAT(1)
for some N > 1.

If 0X # @ then X is homeomorphic to a closed disk of dimension < N.

If X = @ then N is an integer and X is metric measure isomorphic to (SN, const - Hy).

By the structure theory for RCD(K, N) spaces it is known that for a general RCD(K, N)
space (Y,d,m) with N < oo it holds that m is absolutely continuous with respect to H, where
n = dimgeom X (for instance | ) ) ). We show
m(Br(z))

Wn T

Theorem 1.3 (Subsection 6.2). The limit f(x) = lirr%)
T—r

Furthermore, f is semi-concave and locally Lipschitz on R and m|g = f - Ha.

exists for all x € R.

Finally, we consider the subclass of weakly non-collapsed RCD spaces with upper curvature
bounds. Weakly non-collapsed RCD(K, N) spaces are RCD(K, N) spaces for which the geometric
dimension n is the maximal possible, i.e. it is equal to N. It was conjectured by Gigli and
DePhilippis in | ] that in this case up to a constant multiple m = H,, i.e. up to rescaling the

Lwhen there is no ambiguity we will often refer to the geometric boundary as just boundary
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measure by a constant weakly non-collapsed spaces are non-collapsed. The conjecture was proved
for spaces satisfying (1) in | ]. In | | Han proved the conjecture when the underlying
metric space is a smooth Riemannian manifold with boundary.

In this paper we give a much simpler proof of this conjecture for spaces satisfying (1) using
somewhat similar ideas to those in | ]

Theorem 1.4 (Corollary 6.6). Suppose X satisfies (1) and is weakly non-collapsed. Then f =
const m-almost everywhere on X.

Some of the results of this article already appear in | I

While we were preparing this article we became aware of a recent preprint | ] by S. Honda.
He confirms Gigli and DePhilippis’ conjecture in the compact case without assuming an upper
curvature bound, though his argument is again more involved and based on the L?-embedding
theory for RCD space via the heat kernel | ]. This does imply Theorem 1.4 for general,
possibly noncompact X satisfying (1) because condition (1) implies that all small closed balls in
X are convex and compact.

To close this introduction we remark again that the class of spaces satisfying (1) is natural
because it is stable w.r.t. measured Gromov—Hausdorff convergence. As a subclass of the class
of RCD spaces it can serve as a test case for proving general conjectures about RCD spaces.
In particular in Section 7 we prove that for spaces satisfying (1) same scale tangent cones are
measured Gromov-Hausdorff continuous along interiors of geodesics. This is known to be true for
limit geodesics in Ricei limits | , | but is currently not known for general RCD(K, N)
spaces.

It is also quite natural to relax the assumptions further and replace the RCD condition by
the even weaker but still measured Gromov—Hausdorff stable measure contraction property MCP
[ , ]. The authors plan to investigate this class in a separate paper.

The article is structured as follows.

In Section 2 we recall definitions and results about RCD spaces with curvature bounded above
and calculus in DC coordinates.

In Section 3 we develop structure theory of RCD+CAT spaces.

In Section 4 we introduce and study the geometric boundary of RCD+CAT spaces.

In Section 5 we study the DC structure on R.

In Section 6 we study the density function, first in the non-collapsed, and then in the collapsed
case.

In Section 7 we prove the continuity of same scale tangent cones along interiors of geodesics.

In the development of the structure theory of RCD+CAT spaces in sections 3 and 4 only a few
consequences of the RCD condition were used, chief of which are non-branching and the splitting
theorem. In Section 8 we try to find the fewest number of extra conditions one needs in addition
to CAT to make much of the structure theory from sections 3 and 4 work.

1.1. Acknowledgements. The first author is funded by a Discovery grant from NSERC. The
third author is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Founda-
tion) — Projektnummer 396662902. We are grateful to Alexander Lytchak for a number of helpful
conversations.

2. PRELIMINARIES

2.1. Notations. Given a metric space X we will denote by C(X) the Euclidean cone over X
and by S(X) spherical suspension over X. We use the parametrization X x [0, 00) for C'(X) and
X x [0, 7] for S(X) and use O for the point (z,0) in C(X) and resp. S(X).

For p € X we’ll denote by B,.(p) the ball of radius r centered at p and by S,(p) the sphere of
radius r around p.

Given p, q in a geodesic metric space X we’ll denote by [z, y] a shortest geodesic between p and
q.

The radius of metric space X is defined as rad X := inf r such that B, (p) = X for some p € X.
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2.2. Curvature-dimension condition. A metric measure space is a triple (X, d, m) where (X, d)
is a complete and separable metric space and m is a locally finite measure.

P?(X) denotes the set of Borel probability measures x on (X, d) such that [ d(zo,z)?du(z) <
oo for some g € X equipped with the L2-Wasserstein distance Ws. The subspace of m-absolutely
continuous probability measures in P?(X) is denoted P?(X,m).

The N-Renyi entropy is
1—-L .
—[p~~dm if p = pm, and

otherwise.

Sy is lower semi-continuous, and Sy (1) > —m(supp p) ¥ by Jensen’s inequality.
For k € R we define

sinh(mx)

cosh(/|k|x) ?f k<0 . VIml itk <0
cos,(x) =41 if k=0 & sing(z)=4q, iftk=0
cos(v/Kx) if k>0 % if K > 0.

Let 7, be the diameter of a simply connected space form S2 of constant curvature &, i.e.

{m if k<0
T =

% if kK > 0.

For K € R, N € (0,00) and 6 > 0 we define the distortion coefficient as

SN g e o
te0,1] = ot y(0) = { @ L0 €[0T N),

00 otherwise.
Note that U%?N(O) =t. For K € R, N € [1,00) and 6 > 0 the modified distortion coefficient is

(t) 0 - o0 if K>0and N =1,
tef0,1] — P () = v
[0,1] K,N( 1 [U%?N_l(g)} N otherwise.

Definition 2.1 (| ) ). We say (X,d, m) satisfies the curvature-dimension condition
CD(K,N) for K € Rand N € [1,00) if for every g, u1 € PZ(X,m) there exists an L2-Wasserstein
geodesic (pi¢)¢ejo,1) and an optimal coupling 7 between po and 1 such that

Swulm) < = [ [H30 e p)po(e) ¥ + 7y (@ p)pr(w)H ] o)
where p; = p;dm, i =0,1.

Remark 2.2. If (X,d,m) is complete and satisfies the condition CD(K,N) for N < oo, then
(suppm, d) is a geodesic space and (suppm,d, m) is CD(K, N).

In the following we always assume that suppm = X.

2.3. Calculus on metric measure spaces. For further details about the properties of RCD
spaces we refer to [ , , , , ].

Let (X,d, m) be a metric measure space, and let Lip(X) be the space of Lipschitz functions.
For f € Lip(X) the local slope is

Lip(f)(x) = limsup L& =W

, xeX.

If f € L?(m), a function g € L?(m) is called relazed gradient if there exists sequence of Lipschitz
functions f,, which L?-converges to f, and there exists h such that Lipf,, weakly converges to A in
L?*(m) and h < g m-a.e. . A function g € L*(m) is called the minimal relazed gradient of f and
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denoted by |V f| if it is a relaxed gradient and minimal w.r.t. the L?-norm amongst all relaxed
gradients. The space of L%-Sobolev functions is then

Wh2(X):= D(Ch*™) := {f € L*(m) : /|Vf|2dm < oo} :

Wh2(X) equipped with the norm Hf||?,v1,2(X) = ||f||i2 + Hlfoliz is a Banach space. If WH2(X)
is a Hilbert space, we say (X, d, m) is infinitesimally Hilbertian.
In this case one can define

) (,9) € W(X)? 5 (V,Vg) = {IV(F + ) — IV(F ~ ) € L' (m).

Assuming X is locally compact, if U is an open subset of X, we say that f € W12(X) is in the
domain D(A,U) of the measure-valued Laplace A on U if there exists a signed Radon functional
A f on the set of all Lipschitz functions g with bounded support in U such that

(3) [v9.9f1dm =~ [ gaar.

If U =X and Af = [Af]acm with [Afle. € L*(m), we write [Aflec =t Af and D(A,X) =
Dr2(m)(A). fiac denotes the m-absolutely continuous part in the Lebesgue decomposition of a
Borel measure p.

Definition 2.3. A metric measure space (X, d, m) satisfies the Riemannian curvature-dimension
condition RCD(K, N) for K € R and N € [1,00) if it satisfies a curvature-dimension conditions
CD(K, N) and is infinitesimally Hilbertian.

Let (X,d,m) be an RCD(K, N) space for some K € R and N € (0,00). The set of k-regular
points Ry, is the collection of all points p € X such that every mGH-tangent cone is isomorphic
to (R¥, dgx, cxH") for some positive constant c,. The union R = Ug>oRy is the set of all regular
points.

By | ] one has that there exists n € N (called the geometric dimension of X) such that the
set of n-regular points has full m-measure.

2.4. Spaces with upper curvature bounds. We will assume familiarity with the notion of
CAT(k) spaces. We refer to | ) ] or | ] for the basics of the theory.

Definition 2.4. Given a point p in a CAT(k) space X we say that two unit speed geodesics
starting at p define the same direction if the angle between them is zero. This is an equivalence
relation by the triangle inequality for angles and the angle induces a metric on the set Sg(X) of
equivalence classes. The metric completion X3 X of SJ X is called the space of geodesic directions
at p. The Euclidean cone C'(39X) is called the geodesic tangent cone at p and will be denoted by
T9X.

The following theorem is due to Nikolaev | , Theorem 3.19]:
Theorem 2.5. TJX is CAT(0) and X9 X is CAT(1).

Note that this theorem in particular implies that 79 X is a geodesic metric space which is not
obvious from the definition. More precisely, it means that each path component of ¥J X is CAT(1)
(and hence geodesic) and the distance between points in different components is 7. Note however,
that 3¢ X itself need not to be path connected.

We use the following terminology: a point v € ¥ in a CAT(1) space has an opposite —v if
d(v,—v) > 7. This is easily seen to be equivalent to the statement that

tH{(v,t) t>0
(—v,—t) t<0

is a geodesic line in the Euclidean cone C(X) over X.
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Similarly, if v : [0, 1] — X is a geodesic in a CAT(x) space and s € (0,1) then 4(s) denotes the
point in ¥, X corresponding to the direction of s’ — v(s’) at s’ = s. It is easy to verify that
4(s) has an opposite which we denote by —4(s’).

2.5. BV functions and DC calculus. Recall that a function ¢ : V. C R® — R of bounded
variation (BV) admits a derivative in the distributional sense | , Theorem 5.1] that is a signed
vector-valued Radon measure [Dg] = (a‘zfl ey ;T'Jn) = [Dglac + [Dygls. Moreover, if g is BV, then
it is L' differentiable | , Theorem 6.1] a.e. with L!-derivative [Dgl,., and approximately
differentiable a.e. [ , Theorem 6.4] with approximate derivative D%g = (aaa—:lg, cee %(;pf’ ) that

coincides almost everywhere with [Dg|q.. The set of BV functions BV(V) on V is closed under
addition and multiplication | , Section 4]. We'll call BV functions BV if they are continuous.

Remark 2.6. In | ] and | ] BV functions are called BV if they are continuous away from
an H,_1-negligible set. However, for the purposes of the present paper it will be more convenient
to work with the more restrictive definition above.

For f,g € BVo(V) we have

fg) _ Of 9g
4 =
as signed Radon measures | , Section 4, Lemmal. By taking the L£"-absolutely continuous

part of this equality it follows that (4) also holds a.e. in the sense of approximate derivatives. In
fact, it holds at all points of approximate differentiability of f and g. This easily follows by a
minor variation of the standard proof that d(fg) = fdg + gdf for differentiable functions.

A function f: V C R™ — R is called a DC function if in a small neighborhood of each point
x € V one can write f as a difference of two semi-convex functions. The set of DC functions on V'
is denoted by DC(V') and contains the class C1*(V). The set DC(V) is closed under addition and
multiplication. The first partial derivatives % of a DC function f : V' — R are BV, and hence

the second partial derivatives %g—fi exist as signed Radon measure that satisfy

0 0f _ 0 0]
6xi 8xj N al‘j 8.131'

[ , Theorem 6.8], and hence
o of 0% of

(5) axz 8xj - Ba;j ({91’1

Amap F :V — RY I € N, is called a DC map if each coordinate function F; is DC. The
composition of two DC—maps is again DC. A function f on V is called DCj if it’s DC and C*.

a.e. on V.

Let (X, d) be a geodesic metric space. A function f : X — R is called a DC function if it can
be locally represented as the difference of two Lipschitz semi-convex functions. A map F: Z = Y
between metric spaces Z and Y that is locally Lipschitz is called a DC map if for each DC function
f that is defined on an open set U C Y the composition f o F is DC on F~1(U). In particular, a
map F : Z — Rl is DC if and only if its coordinates are DC. If F is a bi-Lipschitz homeomorphism
and its inverse is DC, we say that F' is a DC-isomorphism.

3. STRUCTURE THEORY OF RCD-+CAT SPACES

In this section we study the following class of metric measure spaces
(6)
(X,d,m) is CAT(k) and satisfies the condition RCD(K, N) for some 1 < N < 00, K,k < 0.

The following result was proved in | ]

Theorem 3.1 (| D). Let (X,d,m) satisfy CD(K,N) and CAT (k) for 1 < N < oo, K,k € R.
Then X is infinitesimally Hilbertian. In particular, (X,d, m) satisfies RCD(K, N).
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Remark 3.2. It was shown in | ] that the above theorem also holds if the CD (K, N) assumption
is replaced by CD*(K, N) or CD®(K, N) conditions (see | ] for the definitions). Moreover,
in a recent paper | ] Di Marino, Gigli, Pasqualetto and Soultanis show that a CAT(k)

space with any Radon measure is infinitesimally Hilbertian. For these reasons (6) is equivalent
to assuming that X is CAT(x) and satisfies one of the assumptions CD(K, N),CD*(K,N) or
CD®(K,N) with 1 < N < o0, K,k < 00.

The following key property of spaces satisfying (6) was also established in | ]
Proposition 3.3 (] ). Let X satisfy (6). Then X is non-branching.

Recall that a metric space X is called C-doubling with respect to a non-decreasing function
C: (0,00) — (1,00) if for any p € X and any r > 0 the ball B,(p) can be covered by C(r)
balls of radius /2. The doubling condition implies that for any p € X and any r; — 0 the
sequence (%X ,p) is precompact in the pointed Gromov—Hausdorff topology. Therefore one can
define tangent cones 7, X at p as limits of such subsequences. Obviously, any tangent cone T, X is
CAT(0). We will frequently make use of the following general lemma.

Lemma 3.4. Let X be CAT (k) and C-doubling for some non-decreasing C': (0,00) — (1,00) and
let pe X. Then

(i) For any tangent cone T,X the geodesic tangent cone TJX isometrically embeds into T, X as
a convex closed subcone. In particular 9 X is compact.

(ii) If there exists € > 0 such that every geodesic starting at p extends to length e then the
embedding from part (i) is onto. In particular T,X is unique and is isometric to T7X.

Proof. Let T, X be a tangent cone at p. The doubling condition passes to the limit and becomes
globally C(1)-doubling, i.e. any ball of any radius » > 0 in T,,X can be covered by C(1) balls of
radius /2. This implies that T, X is proper, i.e. all closed balls in T, X are compact. Let € < 1/100
and let vy,...v; € ¥JX be a finite e-separated net given by geodesic directions. Let ai; = Zv;v;.
Let v;(t),i =1,...,k, be unit speed geodesic with v;(0) = p,~;(0) = v;. Then by the definition of
angles we have that d(v;(t),v;(s)) = \/t? + s? — 2st cosa;; + o(r) for s,t < r. This immediately
implies that the cone C({v1,...,v}) isometrically embeds into 7, X as a subcone. Furthermore,
the images of v1,...,v; are €/2-separated in T,X. Since T,X is C(1)-doubling it holds that
k <n=n(C(1),e). Since this holds for all small ¢ we get that %9 X is compact. Now a diagonal
Arzela-Ascoli argument gives that there is a distance preserving embedding f: T X — T, X. Since
both spaces are geodesic and geodesics in CAT'(0) spaces are unique this implies that the image
f(TJX) is a convex subset of T, X. Since f is continuous and 7 X is proper we can also conclude
that f(T7X) is closed. This proves part (i).

Now suppose that all geodesics starting at p extend to uniform distance ¢ > 0. Let 0 < R <
min{e, 1,7, /100}. Let 6 > 0 and choose a finite 0 - R net in Sg(p) given by v;(Rv;),i = 1,...,k for
some vy,...,vx € X9X and unit speed geodesics 71, .., vk with 7;(0) = p,7;(0) = v;. Then the
CAT(k)-condition implies that for any 0 < r < R the set U;v;([0,r]) is ¢ - r dense in B,(p). This
implies that for the embedding f: Ty X — T, X constructed in part (i) the image of the unit ball
around the vertex in T9 X is d-dense in the unit ball around the vertex in 7}, X. Since this holds
for any § > 0 and the image of f is closed we get that f is onto. This proves (ii). O

The above Lemma obviously applies to spaces satisfying (6). We currently don’t know if for
such spaces the embeddings 7Y X C T, X constructed in part (i) of the lemma are always onto.

Remark 3.5. Recall that in CAT(0) spaces distance functions to convex sets are convex and there-
fore an e-neighbourhood of a convex set is convex. Therefore, even if 7Y X C T}, X has measure zero
it still inherits the structure of an RCD(0, N) space as follows. Consider Y. = U.(T}JX) C T;,X and
equip it with the renormalized measure ms, = meo(B1(0) NYe) 'mooly.. Then (Yz,dso, ms,,0)
is RCD(0, N) and as ¢ — 0 it pmGH-subconverges to (7)Y X, d, mg,, 0) for some (possibly non-
unique) limit measure mg, and this space is RCD(0, V). Note however, that even though 7T X is a
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metric cone by construction, it’s not clear if (Ti‘j X, dso, m,0) is always a volume cone. Therefore
we can not conclude that 37 has any natural measure that turns it into and RCD space. Never-
theless the splitting theorem guarantees that for any v € ¥ it holds that T, T X = R x 7,29 X
and therefore 779 X' does inherit a natural structure of an RCD(0, N — 1) space.

The following can be obtained by adjusting the proof of | , Theorem A] (see Footnote 5 of
[ , Section 3]).

Lemma 3.6. Let (X,d) be a non-branching CAT (k) space and v: [0,1] — X be a geodesic. Then
for all balls B,.(v;), t € (0,1), r < %= with vo,v1 ¢ Br(vt), for any s such that v(s) € B.(v(t)) the
space Zi(S)X\{:I:’y(s)} is homotopy equivalent to B-(v:)\7((0,1)). In particular, Zg(S)X\{:I:"y(S)},
s € (0,1), are homotopy equivalent.

Proof. Since r < Z&, all geodesics in B,.(y(t)) are unique. As in | ] there is a natural ”log”

map ps : B.(v(t)\{v(s)} — Zi(S)X induced by the angle metric between geodesics starting at
7v(s) and ending in a point B,(y(t)). By [ , Theorem A] this map is a homotopy equivalence.
Moreover the proof of | , Theorem A] shows that for any open Us C X4 X this map is a
homotopy equivalence between p;!(Us) and Us, see | , Section 3, Footnote 5.

Since (X,d) is non-branching it holds that whenever ¢ : [0,1] — B,(y(t)) is a geodesic with
£(0) = y(s) and £(0) = £4(s) then £([0,1]) € ((0,1)). However, this implies that

ot (2 X\{E4(9)}) = Br(v(1)\7((0,1)).
Since Zg(S)X\{j:"y(s)} is open in Zg(S)X the claim is proved. O

Lemma 3.7. Assume ¥ is a spherical suspension over a CAT(1) space Y and denote the vertex
points of ¥ by v € 3. Then either for all w € ¥ there is an opposite direction —w € X or there
is a w € X such that any geodesic between w and v cannot be extended beyond +v. In the latter
case, both spaces ¥ and X\{xv} are contractible.

Proof. Tt suffices to assume w € X\{£v}. We may parametrize points in ¥\{xv} by ¥ x (0, ).
Assume w = (z,s) for s € (0,7) and z € Y. Let v : [0,7] — X be a geodesic between v and —v
with v(s) = (z,s) where v € {+v}. If v can be extended to a local geodesic v : [0,7 + €] — X
beyond —v then there is a point 2’ € Y such that v(7m + €) = (2/,m — ¢€). Since local geodesics of

length < 7 in CAT(1) spaces are geodesics we see that ’y‘[e _ is a minimal geodesic implying

d((z,€),(Z,m—¢€)=m7

and thus d(z, 2’) = 7. However, this shows that (2/,7 — s) is an opposite to w.

If w does not have an opposite then the open ball of radius m around w contains all points.
However, uniqueness of those geodesics implies that that the geodesic contraction (®).c,1) towards
w induces a contraction of ¥ to w. To see that ¥\ {£v} is also contractible observe that ®;(¥) C
Y\{zwv} for t € [0,1) by choice of w, i.e. @, : Z\{£v} — EZ\{xv} for any ¢t < 1. O

Lemma 3.8. Let ¥ be a CAT(1) space. Suppose there are points v,—v € ¥ such that for any
x € ¥ it holds that d(v,z) + d(—v,z) = 7.

Then X is a spherical suspension over the CAT(1) space Y = {y € ¥ : d(y,v) = d(y,—v)}
with vertices v, —v.

Proof. This is an immediate corollary of the "Lune Lemma” of Ballmann-Brin | , Lemma
2.5]. O

Next we isolate the necessary properties of spaces satisfying (6) that will be needed for developing
their structure theory. Note that if (X, d, m) satisfies (6) then for an appropriately chosen large A
the space (X, Ad, m) satisfies RCD(—1, N) and CAT(1). Therefore for the purposes of a structure
theory we can always assume that K = —1 and x =1 in (6).

Let C be a class of connected CAT(1) spaces satisfying the following properties
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) C is closed under pointed GH-limits.

) Every X € C is non-branching.

ii) There is a non-decreasing function C': (0,00) — (1,00) such that every X € C is C-doubling.
) If X € C then AX is also in C for any A > 1.

) If X € C and p € X then TJX € C as well.

) If C(X) € C then ¥ € C unless C(¥) =2 R.?

(vii) If C(¥) € C and if v, —v € ¥ are opposite then X is a spherical suspension with vertices v, —v.

By the previous discussion an example of such class is given by the class consisting of spaces
satisfying (6) with K = —1,x = 1 and of geodesic spaces of directions to points in such spaces.

Next we investigate geometric and topological properties of any class C satisfying the above
conditions.

The uniform doubling condition ensures that C is precompact in the pointed GH-topology which
in conjunction with (iv) means that we can talk about (possibly non-unique) tangent cones at points
of X and all these tangent cones belong to C as well. The doubling condition also implies that any
X € C is proper (i.e. all closed balls are compact) and there is N € N such that all X € C have
Hausdorff dimension at most N. By Lemma 3.4 we have that for any p € X the geodesic tangent
cone T¢ X embeds as a closed convex subset into any tangent cone 7, X. Since by (v) 9X ecC
condition (vi) implies that the geodesic space of directions 2IX € C as well. Let us note here that
this property makes the class C more convenient to work with than the class of spaces satisfying
(6) which is not known to be closed under taking geodesic spaces of directions.

If C(X) € C then diam ¥ < 7 since C(X) is non-branching and moreover if v € ¥ has an opposite
then this opposite is unique.

Condition (vii) further implies that in this case C(X) satisfies the splitting theorem. This in
particular applies to T} X for any X € C and any p € X.

In analogy with RCD spaces given X € C and m € N we say that a point p € X is m-regular if
every tangent cone T, X is isomorphic to R™.

Similarly we say that p is geodesically m-regular if T/ X = R™. We set R, ( R, ) to be the set
of all (geodesically) m-regular points and R = U, Ry, ( RY = U, RY,) is the set of all (geodesically)
regular points. Note that since every T,,X € C we have that R,, = & for m > N.

For X € C we will call a point p € X inner if every geodesic v ending at p can be locally
extended beyond p.

Since all spaces in C are of finite Hausdorff dimension repeated application of (vii) gives

Lemma 3.9. Suppose C(X) € C and every point in ¥ has an opposite. Then ¥ = S¥ for some
k<N.

This immediately yields
Corollary 3.10. Let X € C. Suppose p € X is an inner point. Then p € Rj for some k < N.
Proposition 3.11. Let X € C. Then Ry, C R for any k > 0.

Proof. Throughout the proof we’ll denote by () any function x: (0,00) — (0,00) such that
k(6) — 0 as & — 0. Let p € Ry so that every tangent cone at p is isometric to R*. This is
equivalent to saying that (1X,p) S (R¥,0) as r — 0. We need to show that T¢X = R*.

It is enough to show that Hy_1(B,(p)\{p}) # 0 for all small r. By [ , Theorem A] this will
imply that 39 is not contractible, which by | , Theorem 1.5] implies that all geodesics starting
at p are extendible to uniform distance € > 0 which by Lemma 3.4 implies that the tangent cone
T, X is unique and isometric to T X.

Given 0 < 7 < R we'll denote by A, r(p) the closed annulus {r < |zp| < R}.

By assumption we have that (%X, p) — (RF,0) asr — 0. Let r; = 1/2°. Let f;: (T%Bn (p),p) —
(B1(0),0) be e; GH-approximations with ¢, — 0. Let g; be the ”inverse” GH-approximations with
lid — fi 0 gi| <ei and |id — g; o fi| <e;.

20(2) = R is excluded since in this case X is not connected.



10 ON THE STRUCTURE OF RCD SPACES WITH UPPER CURVATURE BOUNDS

Since both -1 =X and R* are CAT(1/100) for large i, by a standard center of mass construction
(e.g. by Klelner [ , Section 4]) f; can be §;-approximated by continuous maps with §; — 0.
We will therefore assume that f; and g; are continuous to begin with. Note that the fundamental
class of the sphere S3/4(0) is the generator of Hy_1(A;1/2,1(0)) = Z. Let [¢;] = [9:(S5,4(0))] be its
image in Hg_1(By,(p)\{p}). We claim that Hy_1(By,(p)\{p}) 3[c;] # 0 for all large i provided ¢;
is small enough.

Suppose not and for some large i we have that [¢;] = 0 € Hx_1(B,,(p)\{p}). Then ¢; = dw
for some k-chain w in B,,(p)\ {p}. Since the support of w is compact in B, (p)\ {p}, this implies
that [¢;] = 0 in the homology of some annulus A, (p) with 0 < 6 < r;. Applying radial geodesic
contraction ®; to both ¢; and w it follows that (Fs).(c;) = 0in H,—1(S5(p)) where Fj is the nearest
point projection onto Ss(p) (it’s Lipschitz and in particular continuous since X is CAT(k)). Thus
for all j such that r; < ¢ it holds that [z;] = ®q/9i-i(c;) = 0 in Hy_1(Ar,, »,;(P))-

We will show by induction on j > ¢ that [z;] # 0 which will give a contradiction. In fact we
claim that [z;] = £[c;] in Hy_1(Ar,,, ., (p)) for all j > i.

This will give a contradiction when j is large enough.

We only need to do the induction step from j to j + 1. Note that since f;: (T%Brj (p),p) —
(B1(0),0) is an e;-GH-approximation, it follows that the image of any radial geodesic [px] in
T%BTJ. (p) is k(ej)-close to the radial geodesic [0f;(z)] in Bi(0). (The same is true in T%BT]. (p) by
the CAT(x)-condition). Therefore f; almost commutes with ®,/5. That is f;(®y/2(x)) is k(e;)-
close to 3 f;(z) for € By, (p). The same holds for g;. That is g;(3y) is r(e;)-close to ®1/2(g;(y))
in —BTJ( ).

Therefore if we rescale B, (p) and By(0) by 2 (recall that 7;,1 = r;/2) it holds that f;(®;/2())
is close to fj(x) in 2By/2(0) = B1(0). Since close maps are homotopic via straight line homotopy
it follows that f;(z;+1) is homologous to [5'3/4( ) in Hy_1(2A1/4,1/2(0)) = Hy_1(A1/2,1(0)). Note
that the rescaled G-H approximation f;: TJ B, /2(p) — 2By /2(0) = B1(0) might be different from
fj+1 but they are k(e;)-close modulo post composition with an element of O(k). An element of
O(k) maps [53/4( )] to £[S3/4(0)]. Therefore [z;41] = %[cj;1] and the induction step is proved.

Thus [z;] # 0 in Hi_1(By, (p)\{p}) which as was explained at the beginning implies the propo-
sition. ]

Proposition 3.12. Let X € C and assume v: (0,1) = X is a non-trivial local geodesic. Then the
following statements are equivalent:

(1) Ef’y(s)X is mon-contractible for some s € (0,1)

(2) Ef’y(s)X is non-contractible for all s € (0,1)

(3) Ef’y(s)X\{:I:"y(s)} is mon-contractible for some s € (0,1)

(4) E,gy(s)X\{j:?y(s)} is mon-contractible for all s € (0,1)

Proof. Equivalencies (1) < (2), (3) & (4) immediately follow from Lemma 3.6.
Let us prove (1) < (3). By Lemma 3.7 either both Z,gy(s)X and Ef’y(s)X\{j:"y(s)} are contractible
or every point in Eg(S)X has an opposite. In the latter case by Corollary 3.9 Eg(S)X =~ S* for some

k < N and hence Ef{(S)X\{:I:"y(s)} is homotopy equivalent to S¥~1. In particular both Ei(S)X and

7(8 X\{:I:’y( )} are non-contractible. This establishes (1) < (3).
U

Proposition 3.13. Let X € C.

(i) Let p € RY, for some m € N.
Then m < N and p is inner, p € R,, and an open neighbourhood of p is homeomorphic to
R™.
(ii) Ry = RS, for any m.
(iii) q € R if and only if q is inner.
(iv) q € R if and only if 39X is non-contractible.
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(v) If an open neighborhood W of p is homeomorphic to R™, then W C R,.

Proof. Let us first prove part (i). Suppose Ty X = R™. Since TJ X € C we must have that m < N.
By | , Theorem A] there is a small R > 0 such that Br(p)\{p} is homotopy equivalent to
S™=1. Since S™~! is not contractible, by | , Theorem 1.5] there is 0 < € < 7, /2 such that
every geodesic starting at p extends to a geodesic of length €. The natural "logarithm” map
®: B:(p) = B:(0) C T¢X is Lipschitz since X is CAT(x). By the above mentioned result of
Lytchak and Schroeder | , Theorem 1.5] @ is onto.

We also claim that ® is one-to-one. If ® is not one-to-one then there exist two distinct unit
speed geodesics 1,72 of the same length ¢’ < e such that p = 41(0) = 12(0), v1(0) = 74(0) but
71(e") # 12(e).

Let v = 71(0) = 75(0). Since T X = R™ the space of directions 77 X contains the opposite
vector —v. Then there is a geodesic v3 of length ¢ starting at p in the direction —v. Since X is
CAT(k) and 2¢ < 7y, the concatenation of 3 with v; is a geodesic and the same is true for ~,.
This contradicts the fact that X is non-branching. Thus, ® is a continuous bijection and since
both B.(p) and B.(0) are compact and Hausdorff it’s a homeomorphism.

The above argument also shows that p is inner and all geodesics starting at p are uniformly
extendible. Therefore by Lemma 3.4 T}, X is unique and is equal to T}y X and hence p € R,,. This
proves part (i).

Part (ii) follows by part (i) and Proposition 3.11.

Next let us prove part (iii).

Suppose p € R,,. Then z € RY, by part (ii) and hence p is inner by part (i). Conversely,
suppose p is inner. Then 77X = R™ by Lemma 3.10. Therefore p € R,, by part (ii).

Next, let us prove (iv). If 39X is non-contractible then by the above mentioned result of
Lytchak and Schroeder [ , Theorem 1.5] p is inner. Hence it’s regular by part (iii). Conversely,
if p € Ry then p € Ry, by part (ii) and hence X9 X = S™~! which is not contractible.

Lastly, let us prove part (v). Suppose an open neighborhood W of p is homeomorphic to R™.
By | , Lemma 3.1] (or by the same argument as above using | , Theorem A] and | ,
Theorem 1.5] ) any ¢ € W is inner. Therefore it’s regular and geodesically regular. Hence by
part (i) an open neighbourhood of ¢ is homeomorphic to R1® for some I(q) < N. Since W is
homeomorphic to R™ this can only happen if I(¢) = m.

O

In | | Kleiner studied the following notion of dimension of CAT spaces.

Let X be CAT(x). Pick any p € X. Let ¥; = X9X. Recall that ¥, is CAT(1). For any
v € X1 let X3 be equal to X9 ¥;. We can iterate this construction. If ¥ is already constructed
and is non-empty pick vy € X and set X1 = X 3. Following Kleiner we adopt the following
definition

Definition 3.14. Let (X, d) be a CAT (k) space. We define the splitting dimension dimgpi X of
X to be the the sup k such that there exist a chain of the above form with all ¥, # @.

Note that for general C AT (k) spaces it’s possible to have dimgpiy X = 0o even if X is compact.
Also, it’s obvious that if X is connected and not a point then dimgpi X > 1. Kleiner showed that
dimgpiis < dimpays. Therefore all elements of C have finite splitting dimension. For X € C we
define the geometric dimension of X dimgeom X to be the largest k such that Ry # @. If all Ry,
are empty we set dimgeom X = —1. As we will see later this case can not occur but this is not
obvious at the moment.

Next we study the relations between various notions of dimension in case X € C.

We prove the following

Theorem 3.15. Let X € C. Then dimyop X = dimgeom X = dimgpiip X < dimppaus X < N.

3Kleiner calls this the geometric dimension in [ ]. We use a different term to avoid a clash of terminology
with geometric dimension of RCD spaces.
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Moreover Ry, # @ for k = dimgpiie X.

We conjecture that if X satisfies (6) then in the above theorem the second to last inequality is
always an equality i.e. dimgpiy X = dimpaus X .

Proof. It’s well known that dim¢,, < dimpays for general metric spaces and since X € C we have
that dimep X < dimpays X < V.
By | , Theorem A] it holds that

dimgpy, X = sup{dim,, K|K C X is compact}
Since X is proper dimyq, X = sup{dimy,, K|K C X is compact} and therefore
dimgpiis X = dimygep X < dimpays X < N
By | , Theorem B] for a CAT(x) space Y with finite splitting dimension it holds that
(7) dimgpyi, Y = max{k| there is p € Y with fIk_l(ZgY) # 0}

Sinceif p € R, then ¥, X = S"~! and ﬁn_l(S”’l) # 0 this implies that dimgpyie X > dimgeom X.
Now let k = dimgpiic X. Then by (7) there is p € X such that Hj_1(3§X) # 0. Hence 29X is
not contractible and therefore p € R, for some m. Then Hy_1(S™!) # 0 and hence k = m. This

m
shows that dimgpiie X < dimgeom X
Moreover this argument also shows that Ry # @ which finishes the proof of the theorem.

O

In view of Theorem 3.15 from now on for X € C we will not distinguish between dimyqp, X,
dimgeom X and dimgpie X and will refer to any of these numbers as the dimension of X which will
denote by dim X.

Lemma 3.16. For any p € X and any tangent cone T, X it holds that dimTYX < dimT,X <
dim X.

Proof. The first inequality is obvious since T X C T, X. The second inequality is an immediate
consequence of the definition of a tangent cone and | , Theorem A] which shows that for a
general CAT (k) space Y it holds that dimgp)ie Y is equal to the supremum of all k£ such that there
exist ¢ € Y,R; — 0,5; C Y such that d(Sj,q) — 0 and R%_Sj Gromov—Hausdorff converges to

Bl(O) C RF. O

Remark 3.17. We currently don’t know any examples where any of the inequalities in the above
lemma are strict.

Remark 3.18. For spaces satisfying (6) the inequality dimgeom 7pX < dimgeom X also follows from
lower semicontinuity of geometric dimension for RCD(K, N) spaces | ]

Theorem 3.19. Let X € C and set m = dim X. Then
(i) R =Rm.
(i) R is dense, geodesically convex and open.
(ii3) R is strongly convex in the following sense: if y(tg) € R for some ty € (0,1) then v(t) € R
for allt € (0,1).
(iwv) If p € R and y € X\R then no geodesic v between p and y can be locally extended beyond y.
(v) For any compact set C C R there is € = £(C) > 0 such that every geodesic starting in C' can
be extended to length at least €.

Proof. By Theorem 3.15 R, is non-empty and in Proposition 3.13 we have shown that Ry, is open
for any k.

Let p and ¢ be two distinct points with p € Ry, for some k. Let v: [0,1] — X be a constant
speed geodesic with y(0) = p and ~(1) = ¢. By Proposition 3.13 for ¢ close to 0 it holds that

Zz(t)X = Sk=1 and in particular it is non-contractible. Therefore by Proposition 3.12 Ef}y(t)X is
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non-contractible for all ¢ € [0,1). Hence v(t) € Ry, for each t € [0, 1) by Proposition 3.13. Since
each R, (1) is open and [0, 1) is connected this can only happen if y(t) € Ry, for all t € [0,1). This
argument also shows that if v can be locally extended past ¢ then ¢ € Ry as well. This implies
that R is dense in X and that a geodesic from a regular point to a point ¢ € X\R can not be
locally extended past ¢q. This proves parts (ii), (iii) and (iv).

Furthermore the same proof shows that if v(0) € Ry and v(1) € R; then k = [. Thus there is
only one k such that Ry # @. Since we’ve shown that R, # @ this & must be equal to m. This
proves (i).

Finally, part (v) immediately follows from above and compactness of C.

O

Remark 3.20. Note that once the equivalence of Corollary 3.12 is proven it is possible to show that
R is a geodesically convex open smooth manifold with a C° Riemannian metric using Berestovskii’s
argument in | ]. As we will see later, using recent work of Lytchak and Nagano for spaces
satisfying (6) this can be improved to show that this Riemannian metric is BVy.

4. BOUNDARY

In this section we introduce the notion of the boundary of spaces in C (in particular for
RCD+CAT spaces) and study its properties.

Let X € C and p € X. Since TJC € C, it is non-branching and therefore ¥J X has at most two
components and the only way it can have two components is if both are points.

Further, if dim 79 X' = 1 then T, X must be isometric to either R or [0, 00). We'll say that T X
has boundary (equal to {0}) in the latter case but has no boundary in the former case.

We'll say that 77 X of dim > 1 has boundary if there is v € X9 X such that 7732 X has boundary.
This definition makes sense since dim 79 EgX < dim TgX < dim X.

For X € C of dim > 1 we define the boundary 8X as the set of all points p € X such that T7X
has boundary. Lastly if dim X = 0 (this can only occur if X = {pt}) we set 0X = @.

Note that this definition is analogous to the definition of the boundary of Alexandrov spaces and

to the definition of the boundary of non-collapsed RCD(K, N) spaces introduced in | ]. All
three definitions agree if X satisfies (6) and dim X = N (such space is automatically Alexandrov
by Corollary 6.6 and | D-

Obviously, if p € RY then p ¢ 8X. We show that the converse is also true.
Proposition 4.1. Let X € C. Suppose p ¢ 8X. Then p € RY.

Proof. We only need to consider the case when X is connected and is not a point. Then dimgpj;x X >
1.

We will prove by induction on dimgpii;, X that if Tg X has no boundary then it’s isometric to R
for some [ < dimgpyit X

The base of induction dimgpit 73/ X = 1 was already discussed above.

Induction step. Suppose [ > 1 and we’ve already proved this for spaces of dim < [. Suppose
p € X and dimTJX = [. Then for any v € XX we have that dimTy¥J X < [. Further by the
definition of boundary %9 X = @. Therefore by the induction assumption ¥J%2 X is isometric to
a round sphere of some dimension d(v) — 1 < where d(v) can a priori depend on v.

Now by Proposition 3.13 we get that a small neighborhood of v in ¥JX is homeomorphic to
R4 Since v € X% was arbitrary this means that EgX is a closed manifold of dimension > 1.
Therefore ¥ Xis non-contractible. Therefore p € RY by Proposition 3.13.

O

Combining the above proposition with Proposition 3.13 we immediately obtain

Theorem 4.2. Let X €C.
Then a point p € X belongs to X iff p € X\RY iff £ X is contractible. In particular 0X =
X\RY is closed.
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Next we show that spaces in C are topological manifolds with boundary.

Theorem 4.3. Let X € C. Then X is homeomorphic to an m-dimensional manifold with boundary
with m = dim X . Furthermore, the manifold boundary 0X is equal to the geometric boundary 8X .

Proof. By Theorem 3.19 we know that RY C X is open and it is a connected manifold of dimension
m = dim X. Thus we only need to understand the topology of X near boundary points.

Let p € 8X. We will show that it admits an open neighborhood U homeomorphic to R’
Recall that X is CAT(1). Let 0 < R < 7/10. Since RY is dense there is y € R, N Bg(p).

Since 0 < R < 7/10 all geodesics in Br(y) are unique. Furthermore, by Proposition 3.13 there is
0 < r < min{R/10,d(y,8X)/10} such that the metric sphere S, (y) is homeomorphic to S™~*.

By Proposition 3.13 we know that any geodesic ending in a regular point can be locally extended
past that point and by Theorem 3.19 a geodesic starting at a regular point can not be locally
extended past a boundary point. Further recall that in a CAT(1) space local geodesics of length
< m are geodesics. For any z € S, (y) let v,: [0, f(2)] = Br(y) be a maximal unit speed geodesic
starting at y and passing through z. Since X is non-branching such 7, is unique. By above
V(f(2)) € 0X or v(f(2)) € Sr(y).

Let ®(z) = v.(f(2)). By above if f(z) < R then ®(z) € 8X. Let 2o = [y,p] N S, (y), p € 8X.
By construction f(zg) < R/2 <R.

Claim. f is continuous near zj.

It’s enough to prove continuity at zo since it will imply that f(z) < R and hence ®(z) € 8X
for all z close to zg.

Suppose there is z; € S, (y) converging to zg such that f(z;) — I < f(z0) < R. Then the
geodesics [y, P(z;)] subconverge to a geodesic [y, g] of length I starting at y and passing through
20. By uniqueness and non-branching of geodesics [y, ¢ is a part of the geodesic [y, ®(z0)]. Since
90X is closed we must have that ¢ € 8X. But ¢ is an interior point of [y, ®(z)]. This is impossible
by Theorem 3.19 (iv). This is a contradiction and hence f is lower semicontinuous at zo. Now
suppose there is z; € S,.(y) converging to zo such that f(z;) — I > f(20). Then again [y, ®(z;)]
subconverge to a geodesic [y, q] of length | and since [ > f(zy) we must have that zy is an interior
point of [y, q]. This again is impossible since p = ®(29) € 8X. Thus f is upper semicontinuous
and hence continuous at p. This finishes the proof of the Claim.

The claim immediately implies that ® is continuous near zy. Since geodesics of length less than
7 in a CAT(1) space are unique ® is one-to-one near z.

Next, by the C'AT(k)-condition the map ®~! is continuous (in fact, Lipschitz) on B.(p) N 8X
for all small . Therefore ® is a homeomorphism from a small neighborhood U of 2y in S,.(y) to a
small neighborhood of p in 8X. Furthermore, the map ¥ : U x (% 1] — X defined by

U(z,1) = 7:(tf(2))

is a homeomorphism onto a neighborhood of p in X. This proves that X is an m-manifold with
boundary.

Let us verify that 8X = 9X. The inclusion 0X C 98X follows from Proposition 3.13(i) since
regular points have open neighborhoods homeomorphic to R™. The inclusion 8X C 90X follows
by Proposition 3.13(v) which says that if p is in the manifold interior of X then it is regular and
hence does not lie in 9X.

O

Corollary 4.4. Let X satisfy (6) and set n = dim X. Then X is a n-dimensional manifold with
boundary and 0X = 8X.

Theorem 4.5 (Sphere Theorem). Suppose ¥ and X = C(X) lie in C. Let m+ 1 =dim X. Then
the following dichotomy holds.

If 0% = & then ¥ = §™.

If 8% # @ then X is homeomorphic to the closed disk D™.
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Proof. Suppose 8% = @. Then X = CX has no boundary either and therefore every point in X
including the vertex o is regular and 7,X = R™*!. But 7,X = C(X). Therefore ¥ = S™.

Now suppose 0% # @. If diam¥ = 7 then for p,q € ¥ with d(p,q) = 7 we have that ¥ is
isometric to the spherical suspension over Y = 9% € C and 9Y # @.

Thus we can reduce the problem to the case when diam Y < w. Then geodesics between any
two points in ¥ are unique and depend continuously on the endpoints. Let p € RY,. There exists
R < mand ¢ > 0 such that X = Br_.(p). Pick a small 7 > 0 such that B,(p) C RY, and S,(p) is
homeomorphic to S™~ 1. Let ®: S,.(p) — X and f: S,.(p) — R be the same maps as in the proof
of Theorem 4.3. Then as before f is continuous and ® is a homeomorphism. Further, radially
extending ® to the closed unit ball around the vertex in C'(S,(p)) by the formula

U(t,z) = 7:(tf(2)/r)
we get a homeomorphism from D™ to X. O
Corollary 4.6. Let (X,d,m) be RCD(N — 1,N) and CAT(1) where N > 1. If 80X # @ and X

is homeomorphic to a closed disk of dimension < N. On the other hand, if X = @ then N is an
integer and X is metric measure isomorphic to (S, const - Hy).

Proof. Due to the Sphere Theorem we only need to prove the second part. If 0X = & then by
the Sphere Theorem X is isometric to St with I < N. Since the metric measure cone over X

is RCD(0, N + 1) | ] and is isometric to R!*! by the splitting theorem it must be metric
measure isomorphic to (R, const - H;41). Therefore m = const - H;. This obviously implies that
l=N. O

The Sphere Theorem immediately implies

Corollary 4.7. Let X satisfy (6) and p € X = 0X. Then TJX is homeomorphic to RL and 39
is homeomorphic to D'=1 where | < dim X .

At the moment we don’t know if in the above corollary ! must be equal to dim X.

Question 4.8. Is it true that for any p € X it holds that T X is homeomorphic to R’} where
n =dim X ? Weaker, is dim T}y X' locally constant on 80X ¢

We conclude this section by studying the boundary as seen from a regular point. Let Cy C C be
the class of CAT(0) spaces which split off lines. An easy observation is the following:

Lemma 4.9. If (X,d) € Cy is non-compact then either X is isometric to a product of the real line
and some compact (X', d") € Cy with 0X' # & or X has exactly one geodesic end, i.e. for any
Ty Yn € X\Br(x) with x,,y, — oo it holds [x,,y,] N Br(x) = @ eventually. In particular, any
space (X, d) € Cy with 0X = @ is isometric to R™ where m = dim X.

Remark 4.10. As a simple corollary we see that an end is also a geodesic end and vice versa.
Let (X,d) € Cy and pick a regular point p € R. Define a function
f:E,X — (0,00

where fp(v) is the length of the maximal unit-speed geodesic vy issuing from p with 4(0) = v. It is
not difficult to verify that f is bounded from below and continuous. Set

S X = {f, < oo}
SX = {f, = oo}
and note Zg“X is open and E;“fX is closed.

Theorem 4.11. FEither ZL“fX s connected or X splits off a line.
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Proof. 1f E;an is not connected then there are two disjoint open sets U,V C ¥, X with Eipan C
UUV. Since ¥, X is compact the set A=X,X\(UUV) C ZS“X is compact.

Let K C X be the subset of points on unit-speed geodesics v with 4(0) € A. By compactness of
A and continuity of f we see that f is uniformly bounded on A so that K is closed and bounded.
In particular, it is compact.

Now let v and 7 be unit speed geodesics with §(0) € XX N U and 7(0) € TMX N V. Let
€:[0,1] — X be a geodesic connecting the endpoints of 4 and 7. Then either p € £([0,1]) or there
is a continuous curve p : [0,1] — X, X such that p(t) = ¢*(0) where ¢* is a unit speed geodesic
connecting p and &(¢). Since p(0) € U and p(1) € V there must be a ¢t € (0,1) with p(t) € A
implying £(t) € K. By the previous lemma X must split off a line. O

5. DC coOORDINATES ON RCD-+CAT SPACES.

5.1. DC coordinates on CAT spaces. In | ] Lytchak and Nagano developed a structure
theory of finite dimensional CAT spaces with locally extendible geodesics. In particular, they
constructed DC coordinates on such spaces. This mirrors results of Perelman from | ] where
a similar theory was developed for Alexandrov spaces with curvature bounded below.

In this paper we will only need the following special case of the Lytchak-Nagano theory.

Let (X,d) be a CAT(k) space. Let UcC X be open and suppose Uis a topological n-manifold.
It is well known (see e.g. | , Lemma 3.1] or the proof of Proposition 3.13(i)) that this implies
that geodesics in U are locally extendible. Suppose further that for any UcCRY, ie. T7X =R"

n?
for any g € U.

Then by | ] for any p € U there exist DC coordinates near p with respect to which the
distance on U is locally induced by a BVy-Riemannian metric g.

More precisely, let ai,...,an,b1,...,b, be points near p such that d(p, a;) = d(p,b;) = r, p is the
midpoint of [a;, b;] and Za;pa; = 7/2 for all i # j and all comparison angles Zaipaj, Zaipbj, Zbipbj
are sufficiently close to 7/2 for all i # j.

Let z: U — R” be given by & = (21,...,2,) = (d(-,a1),...,d(-,an)).

Then by | ; Corollary 11.12] for any sufficiently small 0 < e < /4 the restriction z|p,, )
is bi-Lipschitz onto an open subset of R". Let U = B.(p) and V = z(U). By | , Proposition
14.4) x: U — V is a DC equivalence in the sense that h: U — R is DC iff hoz™1 is DC on V.

Further, by | , Theorem 1.2] the distance on U is induced by a BV Riemannian metric g
which in 2 coordinates is given by a 2-tensor g%/ (p) = cos oy where «;; is the angle at p between
geodesics connecting p and a; and a; respectively. By the first variation formula g% is the derivative
of d(a;,y(t)) at 0 where +y is the geodesic with «(0) = p and (1) = a;. Since d(a;,-), i =1,...n,
are Lipschitz, g%/ is in L. We denote (v, w),(p) = ¢ (p)v;w; the inner product of v,w € R™ at
p. The Riemannian metric ¢*/ induces a distance function d, on V such that z is a metric space
isomorphism for € > 0 sufficiently small.

If w is a Lipschitz function on U, wox ™1 is a Lipschitz function on V, and therefore differentiable
L"-a.e. in V by Rademacher’s theorem. Hence, we can define the gradient of u at points of differ-
entiability of u in the usual way as the metric dual of its differential. Then the usual Riemannian
formulas hold and Vu = gij(%‘i% and |[Vul? = gijg—;% a.e. .

Let A be the algebra of functions of the form ¢(f1, ..., fin) where f; = d(-, g;) for some q1, ..., Gm
with |g;p| > € and ¢ is smooth.

Together with the first variation formula for distance functions continuity of g implies that for
any u,h € A it holds that (Vu, Vh), is continuous on V.

d

Furthermore, since z2- = 3°. ¢;;Va; where g;; is the pointwise inverse of g*/, continuity of g

also implies that any u € AisC'on V. Hence, any such u is DCy on V. Therefore U can be given
a natural structure of DCy (and in particular C'*) n-dimensional manifold with an atlas given by
DC coordinate charts and g is BV with respect to this DCy structure.
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By the same argument as in | , Section 4] (cf. | L1 ]) it follows that any u € A lies
in D(A,U,H,,) and the H"-absolutely continuous part of Agu can be computed using standard
Riemannian geometry formulas; that is

(8) [AOu]ac

L o™ ou
o \/ma(ﬂ] (g \/lgal'k)
where |g| denotes the pointwise determinant of g*/. Here A denotes the measure valued Laplacian
on (U,d,Hy,). Note that g, \/m and g—; are BVy-functions, and the derivatives on the right are
understood as approximate derivatives.

The definition of Ag is analogous to the definition of the measure valued Laplacian for RCD
spaces. In this case the inner product (-,-) that was introduced before Definition 2.3 is replaced
by (-,-)4. However, we will also see in Lemma 5.2 below that assuming (6) (-,-) and (-, -)4 coincide
for Lipschitz functions.

5.2. DC structure on RCD+CAT spaces. Now suppose that X satisfies (6). Let n = dim X
and let R be the set of regular points p in X. Recall that by Theorem 3.19 R = R,, and it is
open. Further, by Proposition 3.13 for any p € R there is an open neighbourhood Uofpin R
homeomorphic to R”.

Thus all of the theory from Subsection 5.1 applies with U = R and we obtain:

Theorem 5.1. Let X satisfy (6) and let n = dim X. Then R admits the structure of an n-
dimensional DCo manifold (and in particular a C* manifold). Furthermore R admits a BV,
Riemannian metric g which induces the original distance d on R.

Recall that for a Lipschitz function w on V' we have two a-priori different notions of the norm

of the gradient defined m-a.e.: the "Riemannian” norm of the gradient |Vu|3 = gij%% and
J

the minimal weak upper gradient |Vu| when u is viewed as a Sobolev functions in W12(m). We
observe that these two notions are equivalent.

Lemma 5.2. Let u,h : U — R be Lipschitz functions. Then |Vu| = |Vu|g, |Vh| = |Vh|, m-a.e.
and (Vu,Vh) = (Vu, Vh)y m-a.e..
In particular, g = (Va;,Va;), = (Va;, Va;) m-a.e..

Proof. First note that since both (Vu,Vh) and (Vu, Vh), satisfy the parallelogram rule, it’s
enough to prove that |Vu| = |Vul, a.e..
Recall that g% is continuous on U. Fix a point p where u is differentiable. Then

Lipu(p) = limsup 7|u(p) — ulg)] = lim sup 7|u(p) — ()l
q—p d(p,q) q—p lp — Q|g(P)
= sup Dyu= sup (v,Vu)yp) = |Vulgp-
[v]g(py=1 lvlgm=1

In the second equality we used that d is induced by g%/, and that g%/ is continuous. Since (U, d, m)
admits a local 1-1 Poincaré inequality and is doubling, the claim follows from [ | where it is
proved that for such spaces Lipu = |Vu| a.e.. O

In view of the above Lemma from now on we will not distinguish between |Vu| and |Vu|, and
between (Vu, Vh) and (Vu, Vh),.

6. DENSITY FUNCTIONS

6.1. Non-collapsed case. Let (X,d, fH,) be RCD(K,n) and CAT(x) where 0 < f € L} _(H").

loc
Remark 6.1. If (X, d, m) is a weakly non-collapsed RCD space in the sense of | ] or a space
satisfying the generalized Bishop inequality in the sense of | ] and if (X,d) is CAT(k), the
assumptions are satisfied by [ , Theorem 1.10].
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Following Gigli and De Philippis | | for any € X we consider the monotone quantity
% which is non increasing in 7 by the Bishop-Gromov volume comparison. Let 6, ,.(z) =
%. Consider the density function [0, c0] 3 6, () = lim, g 0, (z) = lim, ¢ %.

Since n is fixed throughout the proof we will drop the subscripts n and from now on use the
notations #(z) and 0,(x) for 6, () and 6, ,.(z) respectively.

By Theorem 3.19 and | , Theorem 1.10] we have that m-almost all points p € X are
regular and 0(x) = f(z) a.e. with respect to m.

Therefore we can and will assume from now on that f = 6 everywhere.

Remark 6.2. Monotonicity of r +— ”Z(f;r((:))) immediately implies that f(x) = 6(z) > 0 for all x.
By rescaling the metric and lowering K we can assume that xk =1 and K = —(n — 1).

Lemma 6.3. There are constants C > 0 and 0 < Ry < 7/100 such that the following holds.

Let (X,d, fH,) be RCD(—(n—1),n) and CAT(1) and let v : [0,1] — X is a geodesic in Bag(xo)
with R < Ry.

Then for all v € (0, R) and t € (0,1) it holds

tom(Br(y(1))7 < (1+CR?) - m(Ber (1(1)) "
Moreover, 0, (y(1))% < (14 4CR2)0,(y(t))7.
Proof. Let A = B,.(v(1)) and
At ) = {£(t) | € is a geodesic between v(0) and a point in A}.
Since Ry < /100 by the CAT(1) condition (cf. [ , Lemma 5.5]) we get that

At,'y(O) C Bt7(7(t))
A Taylor expansion argument in R at R = 0 shows that there are C; > 0 and R; > 0 such

that a%?n(R) > (1 - C1R?)t > 0 for any t € [0,1] and 0 < R < R;. Also note that since

K = —(n—1) <0 the function 6 — a%)n (#) is monotone decreasing.

Combining the above with the Brunn—Minkowski inequality with Ag = {z} and A; = A yields
(1= CLR)m(A)* < ol (Rym(A)¥
< m(Aiy o) < m(Bir(v(1)* .

Let C' = 2C4, and Ry = min{ Ry, }. Then for any 0 < R < Ry we have

_1
V2C,

0< <14+ CR?

o
1—C1R?

and therefore

1

t-m(A)7 < m(By, (7(1)))" < (1+ CR*)m(By (4(1))) ™

1
1—-C1R?
which yields the fist claim in the lemma. The last claim is obtained by dividing the above inequality
by ¢ - r and taking the limit as r — 0. O

Corollary 6.4. Let (X,d, fH,) be RCD(—(n —1),n) and CAT(1). Then 0, is locally bounded.
Proof. Since R has full measure and 6,, € L}, _(H"), {x € R : 6(z) < oo} has full measure. By

loc
extendability of geodesics at regular points 6,, < (1 +4CR?)"0(z0) on Bagr(zo) for 1o € R with
0 (x0) < 00, R € (0, Rg) and Ry > 0 as in the previous lemma. Then, the claim follows since R is

also dense. O

Corollary 6.5. The function 0,, is constant in the interior of every geodesics £: [0,1] — X, i.e it
holds 0, (£(t)) = 0,(&(s)) fort,s € (0,1).



ON THE STRUCTURE OF RCD SPACES WITH UPPER CURVATURE BOUNDS 19

Proof. Without loss of generality we can assume that length of v is smaller than Ry given by
Lemma 6.3. Then by Corollary 6.4 there is D > 0 such that 6,,(y(¢)) < D for all t € [0,1].
Choose points z,y € £((0,1)). We may assume that either z or y assumes the role of y(¢) in the
lemma above and the other the role of v(1). In the lemma above we may choose R = 2d(z,y) and
obtain
On(2) " < (1+20d(x,9))0n ()"
so that
bu(2)7 —Bu(y)= _ 8Cd(,y)*

d(x,y) — d(=,y)

o(y)*.
Exchanging the roles of  and y
0) " —6(x) | _ 8Cd(x,y)*
dx,y) = d(z,y)
for another constant D > 0. Thus the function F : (0,1) — R defined by F(t) = 67 (£(t)) satisfies
F'(t)y=0 forallte (0,1)
and therefore F' = const on (0, 1). O

Corollary 6.6. Let (X,d, fH"™) be RCD(K,n) and CAT(k). Then f =6, = const almost every-
where.

ax{0(z)",0(y)" } < 8CDd(z,y)

Proof. Just note that by Proposition 3.13 a geodesic connecting two regular points x and y can
be extended to a local geodesic so that z and y are in the interior of that local geodesic. By
Corollary 6.5 this implies f(x) = 6(y) and proves the result. O

Remark 6.7. The result is also true for weakly non-collapsed MCP(K,n)+CAT(k) spaces. We
postpone the proof to a subsequent work as it relies on adjusted versions of the splitting theorem,
Propositions 3.13 and | , Theorem 1.10].

6.2. General case. Let (X,d,m) be RCD(K,N) and CAT(x) where K,x € R,N > 1. Let
n = dim X. Recall that R = R,,. Denote

B,
R, = {xGR:EI lim Me(o,oo)}.
r—0t  1r"Wwy
By results in | N I, [ ] m(R\R.) = 0 (and hence R, has full measure) and
m|g, and H"|g, are mutually absolutely continuous and

. m(Br(z))  dmlr.
r1—1>r(r)1+ Wern  dH® (x) = 8(z)

R«
for m-a.e. x € R,.

Proposition 6.8. 0 admits an a.e. modification 0: X — [0,00) such that

1

0(v()) ™ = oD (DO((0)™ + o (1)B(y(1) ™.
for any geodesic v and some n = n(k, K, N,n) < 0. In particular, O is semi-concave.

Proof. We extend 6 via
(Bl=) _ g

m
[0, 00] > lim inf
r—0 wpT™

to a function that is defined everywhere on X. Note that at this point we have not ruled out the
possibility that # might take the value co.
Let v be geodesic with length | < L < I&. By the upper curvature bound and the Brunn—Minkowski

100
inequality (see the proof of Lemma 5.5 in | ] ) one shows that

(1 + c2l®)m( B2y (¥(1/2))) = 5m(Br(7(0))) + %m(Br(V(l)))

N | =
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for some constants ¢; = ¢;(k) and cg = c2(K, N, L). We set ¢(x, K, N) = max{cy,cz}. By Taylor
expanding 07(71/2)(1) w.r.t. [ one can see that there exists some n(x, K, N,n) :=n < 0and L >0
such that for any 0 < < L it holds that

1 1

L1 saeyg

2(L+d%w+1—0" ©

and therefore
m(By1reny V2D Y oy (mBeODNT oy mB 1))\ T
(o) e (MEE) o (M)

Hence, for r — 0 and ¢t = 1/2 we obtain

(9) ()™ 2 PO (O)F + i (B((1)
for any geodesic v with length [ less than L.

Now, we observe that for any point x € X there exists at least one geodesic v of length less
than L such that v(0) = 2 and 6(y(1/2)) < co. By above this implies that 6(z) < co as well.

It’s easy to see that the same proof that works for ¢ = 1/2 shows that (9) holds for all ¢ €
[1/4,3/4] (we are still assuming that length of « is smaller than L). Let J C [0, 1] be the set of
points ¢ for which (9) holds. We know that J contains [1/4,3/4],{0},{1}. Algebraic properties of
o,gt)(l) imply that J is closed under taking midpoints. This immediately implies that J = [0, 1].

2~

O

Remark 6.9. One can also show that — logé is %—convex. Indeed, since RCD(K, N) implies
RCD(K, o0), one obtains that

%ﬁﬁﬁ%?+§m—mw&%ﬁ
(1 1o B (B 6(1)

W, T" Wy ™

— log

+ nlog(1 + cl?)

where pf = m(B,(v(0)))"'m
i=0,1 w.r.t. W,

B, (v(0)), ¢ = 0,1. Moreover, log(1 + cl?) < cl?. Since pl — 05(i)»

=2
—~
—_
N
~—

}i_l% Wa(pos 1) = Wa(dy(0y, 04(1)) = d(~(0)

Hence, for t = %

gy (3 )) = - 51080(0) - 3 1ogd(1) ~ (1~ 251100V

In the following we will identify 6 with 6.
Corollary 6.10. The function 6 is locally Lipschitz and positive near any p € R.

Proof. First observe that semiconcavity of 9%, the fact that § > 0 and local extendability of
geodesics on R imply that # must be locally bounded. Now, the fact that 6 is Lipschitz near a
point p € R is a consequence of Proposition 6.8, the fact that geodesics are locally extendible a
definite amount near p by Proposition 3.13 and the fact that a semiconcave function on (0,1) is
locally Lipschitz.

Let p € R. Pick any ¢ € R.. Then 6(q) > 0. Since a geodesic from p to ¢ can be locally
extended past ¢ Proposition 6.8 implies that #(p) > 0. Now the fact that 0 is Lipschitz near p
implies that 0 is positive near p.

O

Corollary 6.11. For all x € R it holds
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Proof. Pick any x € R and let {2 C R be the set such that for all y € Q
B

r—=0  w,T"
Arguing as in [ , Lemma 6.1] there is a set of full measure ' C Q such that for all y € O/
there is a unique geodesic vy connecting x and y such that z = ’y(%) € Q. Note that Q' is dense in
R. For y € Q' we can use the arguments of the previous proof and the fact that z € Q to show
1 B, 8nc, 1
—logf(z) < —3 log <1im sup m(Br () ne

wsup ") Stogoty) (1 - 550 102 ()

Because ' is dense we can take a sequence y, — x with y, € Q. Using the fact that 6 is
continuous at x we get

1 B, 1 . B,
——log <lim inf m((m))) < —=log (hm sup m((m)))
2 r—0 wpr™ 2 r—0 Wnr™
which implies
B, B,
imsup "B @) g B ()
r—0 WpT™ r—0 Wy, "

and thus the claim. O

Remark 6.12. The proof actually shows that 6 is given as a lim at x whenever z is a continuity
point of 8 restricted to R U {z}. More generally, one obtains
m(B,(x
lim sup m(B,()) < 0o
r—0 W™

for any z € X.

The above results allow us to compute the Laplacian in local DC-coordinates using standard
Riemannian geometry formulas.

Corollary 6.13. Set again f = 6. Let V C X be open and u € D(A,V,m). Thenu € D(Ap, RN
V,H") and

(10) Aulrny = Agu — (Vu, Vlog fim

In particular, if u € Dr2(A), then Agu = [Agu]H™ with Agu € L? (R, m).
Let U = B.(p) C R be a domain for DC-coordinates and A be as in Subsection 5.1. If u € A
then u € D(A,R,m) and Au|y € Lloc(R m) with

B ) + (V0o ),

Proof. Since f is locally Lipschitz on R, u € D(Aq, R NV, H"™) follows exactly as in the proof of
Proposition 4.18 in | ].

Formula (10) follows from the previous statement since Au € L?(m), f is positive on R and f
and log f are locally Lipschitz on R.

For the second claim about u € A first recall that since (X,d,m) is RCD, for any ¢ € X we
have that d, lies in D(A,U\{q}, m) and Ad, is locally bounded above on U\{gq} by const - m by
Laplace comparison in RCD spaces | ]

Furthermore, since all geodesics in U are locally extendible we have Ad, = [Ad,],.-m on U\ {¢}

(11) Auly =

and [Ad,],. is locally bounded below on U\{q} again by Corollary 4.19 in | ] Therefore Ad,
isin Ly2 (U\{¢}, m).
By the chain rule for A | ] the same holds for any u,h € A on all of U as by construction

u and h only involve distance functions to points outside U.
Finally, since v € D(A, U, m), (11) follows from (10) together with (8). O
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7. CONTINUITY OF TANGENT CONES

Colding and Naber proved in | | that for Ricci limits same-scale tangent cones are continuous
along interiors of limit geodesics.
We prove that this property holds for CD+CAT spaces.

Theorem 7.1. Let (X,d,m) satisfy (6). Let v: [0,1] — X be a geodesic. Let 0 < sg < 1/2.
Then for any € > 0 there is 6 > 0 and ro > 0 such that for all 0 < r < rg and and for all
t,t" € [s0,1 — so] with [t —t'| < & it holds that

1 1
don (56 20). CBOEO)AE) ) <
Note that the theorem implies that same scale tangent cones (if they exists) are uniformly
continuous on [sg, 1 — sg].
The following lemma is well-known (see e.g. [ , Theorem 1.6.15]).

Lemma 7.2. Let K be a compact metric space. Let f: K — K be distance non-decreasing. Then
f is an isometry.

Proof of Theorem 7.1. Without loss of generality we can assume that the length of v is less than
min{l, 7. /2}.

We will use the convention that () denotes a positive function on [0,c0) such that () — 0
as § — 0.

Suppose the theorem is false. Then it fails for some e > 0. That is there exist ¢;,t} € [sg, 1 — so]
with |t; — t;] — 0 and r; — 0 such that

don (-1, (02 8)) (2 Br (06 2(1)) 2

1 1
By passing to a subsequence we can assume that t;,t; — to € [s9,1 — sg]. By the triangle
inequality and by possibly relabeling and switching ¢; with ¢, we can assume that

dan (B, (02 (8)) (- Br (1001 (0) ) 2 € or al i

1 rl
By passing to a subsequence we can assume that (%_Xi,’y(to)) pointed GH-converges to some
tangent cone (T’(,)X,0) so that

dan ((251,(0).0) (2 B0t 1 (1)) =0

Let p = v(0),q = v(1). Assume t; > ty. Consider the homothety map ®; centered at p such
that ®;(v(t;)) = v(to) and let ¥; be the homothety map centered at ¢ such that U;(y(t9)) = v(t;).

Since L(y) < m./2, by the CAT(x)-condition both of these maps are 1-Lipschitz and by the
RCD condition are almost measure nondecreasing on Bios, (7(to)) (meaning that the image of any
set A has measure > (1 — k(d;)m(A)) where §; = |tg — .

Then the composition f; = ®;00; maps B,, (7(to)) to itself and is measure almost nondecreasing.
Together with Bishop-Gromov this implies that

m(Br, (v(t:))

2 1—k (51
(B, (k) = ")
The same argument for g; = ¥; o ®; shows that
m(By, (v(t:))
1—k(6) < —————2L <1+ k(6
) < B, (1)) (%)

This in turn implies that the image of ¥; is x(d;) - v dense in B, (y(t;)) since it has almost full
volume. The same holds for ®; and for f; for similar reasons.
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By Gromov’s Arzela-Azcoli theorem the rescaled maps f;: r; ' B, (v(to)) — r; * B, (y(to)) sub-
converge to a self map of the unit ball in the tangent space f: B;1(0) — B1(0).
Moreover, f is 1-Lipschitz and onto and hence its inverse f~! is non-contracting. By Lemma 7.2
f~!is an isometry and hence so is f.
Therefore f; is a p;-GH-approximation with p; — 0. Therefore ¥;: B, (v(to)) — By, (y(t:)) is
also a p;-GH-approximation. This is a contradiction for large 3.
O

Remark 7.3. Theorem 7.1 can be used to give an alternate proof of convexity of R than the one

given in Theorem 3.19. Indeed, let v: [0,1] — X be a geodesic with v(0),v(1) € R. Then the

set 7"1(R) is nonempty, it is open by Proposition 3.13 and closed by Theorem 7.1. Therefore
-1

7 (R) =10,1].

Theorem 7.1 can be improved to show that the uniform convergence holds with respect to
pointed measured Gromov-Hausdorff convergence. This was proved for Ricci limits in | ]

Recall that for doubling metric measure spaces Sturm’s D-convergence is equivalent to mGH
convergence, see | ] for details on the transport distance D.

Theorem 7.4. Let (X,d,m) satisfy (6). Let v: [0,1] — X be a geodesic. Let 0 < sg < 1/2.
Then for any € > 0 there is § > 0 and ro > 0 such that for all 0 <r < rg and t,t’ € [sg,1 — s¢]
with |t — t'| < d it holds that

B, (v(t)),

1_ 1 1 1
D ((TBr(V(t))v B oo™ Br(v(£))» (; B ™ B,-(v(t')))) <e

Proof. Suppose the statement is false. Then, for some € > 0 one can find ¢;,t; € (sg,1 — sp) with
|t; —t;| — 0 and r; | 0 such that

1 - 1 1 - 1
D ((=B,,(v(t:)), —=———mlz ) (=Br,(¥(t)), —=————ml5 () | =
(G-Bn 06D gy ot (G B ). el i) ) = €
for all i € N. As before we can assume that ¢, = ¢ is fixed. To simplify notations we set

T%Bm (v(t;)) = B; and %Bm (7(to)) = Bj, and the corresponding probability measure we denote
m}, and m;, respectively.

We already showed that B; and B, are GH-close for i large. More precisely, ¥; : B; — B\ is
a 1-Lipschitz map and a p;-GH-approximation with p; — 0 for ¢ — oco. Similar, ®; : B} — B, is
1-Lipschitz map and p;-GH-approximations as well. Note that ®; and ¥, are indeed 1-Lipschitz.

Letting ¢ — oo and after taking a subsequence we deduce that B; and B} converge in pointed
GH-sense to limit spaces B;(0) and B} (0'), respectively. The set B/ (0) is again the (closed) 1-ball
in a tangent space at y(tg). The maps ¥;, ®; and f; = ®; o U; converge in Gromov—Arzela—Ascoli
sense to isometries ® : Bf(0) — B1(0), ¥ : B;(0) — B}(0) and f : B;(0') — Bi(0) where
f=PoVU.

Moreover, possibly after taking another subsequence, m; and m) converge to measures me.
and m’_ on Bp(0) and Bj(0') repsectively. In particular, (B;,m;) and (B.,m}) converge in the
measured GH-sense, and hence w.r.t. D, to (B1(0),ms) and (B;(0"), m..) respectively.

Claim: (U)gmoeo = ml,

First, we show that f is measure preserving: Let ¢; € B; converge to ¢ € B}(0'). Then
mz(BR(QZ)) — Moo (Br(q)) for R > 0 sufficiently small. Also fi(q;) — f(¢) and mz(BR(fz( i) —
Moo (Br(f(q))). By the volume noncontracting property of f; we have that m;(f;(Br(g;))) > (1 —
k(8))mi(Br(a)). Since f(Br(a:)) € Br(fi(a:)), it follows mi(Br(f:(@)) > (1—#(8:))m: (Br(a))-
Since m;(Br(fi(q:))) = moo(Br(f(q)))) by passing to the limit we get that me(Bgr(f(q)) >
Moo(Br(q)). Since this holds for an arbitrary ball Br(q), Vitali’s covering theorem implies that f
is measure nondecreasing. But since f can not increase the overall measure of B;(0) this implies
that f is measure preserving.

The same argument shows that ¥ and & are measure nondecreasing.
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The combination of the previous two steps yields the claim.

Finally, we obtain that ¥ : B;(0) — B{(0’) is a metric measure isomorphism and consequently
D ((B1(0),ms), (B{(0),m..)) = 0. Hence, D ((B;,m;), (B}, m})) — 0 for i — co. That is a
contradiction. d

Similarly to | | we also obtain that same scale tangent cones along the interior of v have
the same dimension.

Theorem 7.5. Let (X,d,m) satisfy (6). Let v: [0,1] — X be a geodesic. Let t,t' € (0,1).
Then for any r; — 0 if there exist the tangent cones (T4 X, dt, Moo, 0¢) and (Ty X, dy, ml, 0y )
1

corresponding to rescalings o then dim T,y X = dim T’ ;1) X.

Proof. Without loss of generality we can assume that the length of v is < min{n./2,1}. Suppose
the theorem is false and there exist ¢,¢' € (0,1) and r; — 0 such that the corresponding tangent
cones have different dimensions. Let m = dimT, ;X and n = dimT,)X. Without loss of
generality t < t’ and m < n. As before we have a homothety ¥ centered at ¢ = (1) such that
U(y(t)) = v(t') and a homothety ® centered at p = v(0) such that ®(y(¢')) = v(¢). By the CAT (k)
condition ¥ is 1-Lipschitz and hence ¥ (B, (v(t)) C By, (y(t')). Also by the Brunn—Minkowski
inequality U satisfies that

(12) m(P(A)) >c-m(A) for any A C B, (7(s))
where 1 > ¢ = ¢(K, N,t,t') > 0. Since we also have a similar inequality of ® we get that

m(By, (1) _ 1
= (B (1F) = ¢
Passing to the limit as in the proof of Theorem 7.4 we get a limit map Wo.: B1(0;) — B1(0y).
Moreover, the map ¥, is 1-Lipschitz and satisfies

m (Br(\IJOO(CE)) > Cmoo(BT(x))

oo

for any 7 > 0, » € T,;H)X and some C' > 0. Let us pick 2 € R(T,4X). Then the density

O (x) = lim, 0 % is defined and positive by Corollary 6.11. But then for y = U () we

also have that m/_(B,(y)) > Cir™ for some C; > 0 and all small » > 0. On the other hand by
Remark 6.12 we have that m. (B, (y)) < Car™ for some constant Co > 0 and all small » > 0. This
is a contradiction since m < n. t

8. WEAKLY STABLY NON-BRANCHING CAT(1) SPACES

In this section we show that most of the results of Sections 3 and 4 also apply to a more general
class of CAT(1) spaces that satisfy a stable form of the non-branching condition. We decided to
present this as a separate proof because it is somewhat less intuitive as it is done in an inductive
way due to the lack of a splitting theorem (resp. the suspension theorem).

Since in this section we will never consider blow up tangent cones and will only work with
geodesic tangent cones we will drop the superindex g when denoting geodesic tangent cones and
geodesic spaces of directions. Further, we will only deal with the splitting dimension of CAT spaces
and therefore dim will denote dimgp;t.

Let N'B be the class of non-branching CAT(1) spaces and define inductively

C={X e NB|dimX =1}
Ch ={X e NB|dimX <n,Vp:T,X e NB, X, X € T;,_1}
where the subclass 7,, of C,, is defined as follows:
T, ={X €C,|diamX <7 Vv e X :|SX(w)| <1}
Here |A| denotes the cardinality of a set A.
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It is not difficult to see that the class 7, contains convex balls of the n-sphere and C,, contains
all n-dimensional smooth Riemannian manifolds that are globally CAT (1) and whose boundary is
either empty or convex and smooth.

For X € C, we define the geometric boundary &X in the same way it was defined in section 4.
Also as before we set the regular set to be R = U, Ry, where R,,, = {p € X|T,X =R}

Let C; be the subclass of C,, consisting of at most n-dimensional manifolds with boundary such
that 0X = 8X and X\0X is strongly convex, i.e. if v is a geodesic with ~(t) regular for some
t € (0,1) then ~(¢) is regular for all ¢ € (0, 1).

The main theorem of this section is the following:

Theorem 8.1. The following holds for all n € N:
o C, = C;:
o if X €T, then eitherrad X < 7 and 0X # @ or X = S! where | = dim X;
o if X €T, admits opposites v,—v € X then either X =2 S"™ orv,—v € 0X.

We prove the theorem inductively and start by classifying one-dimensional spaces. The proof
of this elementary lemma is left to the reader.

Lemma 8.2. A space (X,d) is in Cy if and only if (X,d) is isometric to a circle \S* with A > 1
or a closed connected subset of R'. Furthermore, if (X,d) € Ty then either X = S! or X is an
interval of length at most w. In particular, Theorem 8.1 holds for n = 1.

The classes C,, and T, behave well w.r.t. geometric constructions.

Lemma 8.3. For alln > 1 the following holds:
e X c€C, if and only if X xR € Cp, 41
e X €7, if and only if the Euclidean cone C(X) over X is in Cpi1
e X €7, if and only if the spherical suspension S(X) over X is in Tpy1.

Proof. For n =1 the claim follows from Lemma 8.2.

Assume n > 1 and the three claims hold for n: If X € C,,y1 and Y = X X R then T, Y =
T, X x R is non-branching and X, , )Y = S(X,X). Since ¥,X € 7,_1 we must have ¥, Y € T,,.
Similarly, if Y € Cpq2 then T\, )Y = T, X x R is non-branching and X, 2 Y = S(X,X) € T,q1.
The induction step implies ¥, X € 7,,. Because p € X was arbitrary we obtain the claim.

For the second claim note ToC(X) = C(X) and T, C(X) = T,X x R for 7 > 0 and p € X.
By definition of C,41 we see C(X) € Cn12 implies X € Tpt1. If X € Tp41 then one readily
verifies that all geodesic tangent cones are non-branching and 3oC(X) = X € T,41. By the
induction assumption and the fact that ¥, X € 7T, we see S(X,X) = X, ,)C(X) € T,41 implying
C(X) S Cn+2.

Let us prove the third claim. Suppose S(X) € Tp41. Since X = ¥¢(SX) and 7,41 C Crq1 by
the definition of C, 1 this implies that X € 7,.

Conversely, suppose X € T,,. The conditions diam X < 7 and |S:X (p)| < 1 for all p € X easily
imply that the same holds for S(X). As before it’s easy to see that S(X) is non-branching.

Next, for 0 < r < 7 and p € X we have that XX,y = S(¥,X) € T, by the induction
assumption. Also Xg(S(X)) 2 X € T,. Hence S(X) € Cp4+1. This finishes the proof of the third
claim and of the lemma. O

Corollary 8.4. If X € C,, then T, X € C,, forallp e X.

Corollary 8.5. A subclass D,, of at most n-dimensional non-branching CAT(1) spaces is in C,, if
for all X € D,, and any p € X the geodesic tangent cone T, X is in D,. In particular, the class of
CAT(1) spaces satisfying the MCP(K, N) condition with K <0 is in Cy|.

Proof. Observe that for any CAT(1) space X and v € £,X and ¢ > 0 it holds
T(v,t) (TPX) = TU(EPX) x R

which is non-branching if and only if T,(£,X) is non-branching.
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We can now prove the Corollary by induction on n. The base of induction n = 1 is easy and
is left to the reader. Now suppose the statement holds for n — 1 > 1 and a class D,, satisfies
the assumptions of the lemma. Let D,_; be the class of non-branching CAT(1) spaces such that
for every Y € D,_; and every ¢ € Y it holds that 7,Y x R € D,. Then D, _; satisfies the
induction assumptions for n — 1 and hence D,,_; C C,_;. In particular ¥, X € D,,_; C C,_; for
any X € D,,p € X. Since T,X = C(X,X) is non-branching this implies that in fact £,X € 7,1
and hence X € C,, by the definition of C,.

The last claim follows by observing that the class of CAT(1) spaces with MCP (K, N) condition
for some K € R is stable under taking GH-tangent spaces. As in Remark 3.5 this shows that
geodesic tangents are CAT(0) spaces with MCP(0, N) condition as well. O

Remark 8.6. The corollary also implies that C,, agrees with the class of n-dimensional non-
branching CAT(1) spaces that is stable under taking geodesic tangents.

We continue with the proof of Theorem 8.1 with the following well-known fact about CAT(1)
spaces.

Lemma 8.7. If X is a CAT(1) space with rad X < 7 then X is contractible.

The following lemma is a replacement of Proposition 3.12 as the space of directions of spaces in
C,, might not satisfy a suspension theorem.

Lemma 8.8. Let n > 1 and assume Theorem 8.1 holds for n — 1. Then for oll X € C,, and all
non-trivial geodesics 7y : [0,1] — X the following are equivalent:

(1) ¥y X is non-contractible for some/all t € (0,1)
(2) By X\{£4(t)} is non-contractible for some/all t € (0,1)
(3) Sy X =St where | = dim X < n for some/all t € (0,1).

Proof. Note first that by Lemma 3.6 the equivalence holds for all ¢ € (0,1) if it holds for some
te(0,1).

For n = 2 we know ¥, ;) X is contractible for some ¢ € (0, 1) if and only if ¥ ;) X\{£¥(¢)} has
one contractible component if and only if ¥4y X = [0, 7].

Assume n > 2 and Y = X, ;)X is contractible for some ¢ € (0,1). Then radY < 7 and
+5(t) € 9Y by the statement of Theorem 8.1 for n — 1. Thus there is a regular point v € Y and
r € [rad Y, 7) with

BY (v) =Y.
Since v is regular and 4(¢) are boundary points, all geodesics from w € BY (v)\{£5(t)} to v avoid
+4(t). In particular, the geodesic contraction towards v induces a contraction of BY (v)\{£5(t)}
onto {w}. Hence BY (v)\{£5(t)} is contractible.

If on the other hand Y'\{%%(¢)} was contractible then rad Y < 7 so that ¥ must be contractible
and not isometric to S'. Finally, if Y is not isometric to S! then again radY < 7 so that Y and
Y\{£5(¢)} are both contractible. O

Corollary 8.9. If n > 1 and Theorem 8.1 holds for n — 1 then C, =C;;

Proof. Let X € C,,. By the same argument as in the proof of Theorem 3.15 the set of regular
points is non-empty and agrees with the set of points having non-contractible spaces of directions.
The same argument as in the proof of Proposition 3.13 shows that the regular set is open and is
an n-manifold without boundary.

The same argument as in the proof of Proposition 3.19 but using Lemma 8.8 instead of Propo-
sition 3.12 shows that the regular set is strongly convex and dense.

Next, observe that in the proof of Theorem 4.3 the analysis of the topology of X near boundary
points only relies on local uniqueness of geodesics and the above properties the regular set.

Lastly, let us verify that X = 0X.

Note that the space of directions ¥,X of a point p € X must be contractible and, in particular,
not isometric to a sphere. As ¥,X € 7,_1 Theorem 8.1 shows 8¥,X = 0X,X # &. Thus
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0X C 0X. Because regular points have neighborhoods homeomorphic to Euclidean balls the
opposite inclusion is also true. In particular, 90X = 8X = X\R implying C,, = C;. (]

Lemma 8.10. Suppose Theorem 8.1 holds forn—1. Let X € C,, andrad X < w. Then 0X # @.

Proof. Assume by contradiction that 0X = @ for some X € C,. Pick a regular point z and a
point y € X with
r=d(z,y) = sup (z,y’) € [rad X, 7).
y' ey

By definition of 7 we must have B, (r) = X.

Assume by contradiction X = @. Then y is regular so that the unit speed geodesic 7 : [0,7] —
X connecting x and y can be extended to a local unit speed geodesic 7 : [0,7 4 €] — M for some
€ € [0, — rad X]. However, 7 + ¢ < 7 so that 7 is still minimal. But then 5(r + ¢€) ¢ B,.(z) = X.
This a contradiction and hence 8X # &. O

Lemma 8.11. Suppose Theorem 8.1 holds for n—1. If X € T, admits two opposites tv € X\0X
then X is isometric to St for | = dim X.

Proof. For s € (0,7) let ¥ X be the subset of directions u € 3, X such that for some a,, € (0,7 —s]
there is a geodesic v, : [0,a,] — X with 4(0) = u and 7(ay,) € Ss(—v). Then the assignment
u > y(ay) from 32X to Ss(—v) is onto and injective since
Rs= sup d(v,w) <.
wESs(—v)
Thus ¥5X is homeomorphic to the I-dimensional closed manifold Ss(—v) where | = dim X. But
then »7X is an [-dimensional closed submanifold of the I-dimension closed connected manifold
3, X. Hence 23X =¥, X.
We claim 80X = @. Indeed, if this was wrong then
sup d(v,y) < T —¢€
yedX
for some small £ > 0 because 0X C X\Bs(+v) for all small 6 > 0 and v has a unique opposite
equal to —v. Since X € C, = C} and X{X = 3, X, all geodesics starting at v will stay in the
regular set until they hit the subset S.(—wv) of regular point after a length a € [r —¢, R.]. But then
d(v,y) > m — € for some y € 8X which is a contradiction.
Therefore 0X = & and hence X is geodesically complete and every geodesic can be extended to
a minimal geodesic of maximal length 7. From {—v} = S;(v) we see that d(z,v) + d(z,—v) =7
for any © € X. Thus by Lemma 3.8 X is the spherical suspension S(Y') over the convex set
Y ={ye X|dw,z) =dx,—y) = 5} = 3,X. Because Y € C,_; by Lemma 8.3 and Y = &,

2
Theorem 8.1 for n — 1 implies the claim. (]

Corollary 8.12. Suppose Theorem 8.1 holds for n — 1. Whenever X € T, with rad X = 7 then
X is isometric to St for | = dim X.

Proof. By assumption diam X = 7 and for all z € X

sup d(z,y) = .

yeX
In other words every point x € X has a (necessarily unique) opposite —z. We claim that there is
a regular v such that —v is regular as well.

Choose a regular point x € X. Since z is regular for some small € > 0 there is a unit speed
local geodesic 7 : [—2¢, 7] — X such that 'y|[077r] connects x and —z.

Since = 7(0) is regular and X € C} = C,, the points y(—¢) and y(w — €) are regular as
well. Because local geodesics of length at most 7w in CAT(1) spaces are geodesics we know that
7“_6,”_6] is minimal. Thus d(y(—¢),y(m — €)) = 7 so that X admits regular opposites v = y(—e¢)
and —v = y(m — €). Now Lemma 8.11 implies the claim of the corollary. O
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Corollary 8.13. Suppose Theorem 8.1 holds for n — 1 and X € T, admits opposites v,—v € X.
Then either X is isometric to S! for | = dim X or v, —v € 8X.

Proof. Assume X admits opposites v,—v € X such that v is regular. By a similar argument
as above we see that there is a regular w which is on the local geodesic form by extending the
geodesic connecting —v and v such that w admits an opposite —w that is also regular. But then
X is isometric to a S! where | = dim X. This proves the claim. O

The proof of Theorem 8.1 now follows by induction from Lemma 8.2 and Lemma 8.11 and its
corollaries.
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