MAT 257Y Solutions to Practice Final 1

(1) Let A C R" be a rectangle and let f: A — R be
bounded. Let P, P, be two partitions of A . Prove
that L(f, P1) < U(f, P,).

Solution
The statement is obvious if P, = P,. In general,
let P’ be a common refinement of P; and . Then
L(f,P1) < L(f,P'). Indeed, for any rectangle Q)" of
P’ contained in a rectangle ) of P; we have that

m(f, Q) < m(f, Q). therefore

L(f,P)="> m(f,Q)WolQ =) > m(f,Q)volQ >

Q' eP QeP Q'cQ
YD mfQvolQ = m(f,Q) Y volQ' =
QeP Q'Cq QeP Q'cq
> m(f,Q)volQ = L(f, P)
QepP

Thus L(f, P1) < L(f, P") and similarly U(f, P") <
U(f, P,). This finally gives

L(f,P) < L(f,P) <U(f,P) <U(f, P)

(2) Let T: R*™ = R" x R" — R be a 2-tensor on R".
Show that T is differentiable at (0,0) and compute
dT'(0,0).

Solution

Let © = (x1,...x,) be the coordinates on the first
copy of R" and y = (y1, ..., ¥y,) on the second. Then
by multilinearity we have that T'(z,y) = >, Ti;xy;.
This function is a polynomial and hence is differen-
tiable. It is also obvious to check that its partial
derivatives at (0,0) are all zero. therefore d7°(0,0) =
0.
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rdyNdz+ydzAdz+zdxNd
(3) Let w = A (xj}iyﬁ%;;/g "% be a 2-form on R\ (0,0, 0).

Verify that w is closed.

Hint: One way to simplify the computation is to
write w = f - © where f = [ and @ =
xdy AN dz + ydz N\ dx + zdx.

Solution
We have dw = df A&+ (—1)" fdw

3 1
df e = —2
I =@

3(* +y* 4+ 2A)de Ndy Ndz 3de Ady Ndz
- (22 + 42 + z2)5/2 - _(xZ + 2+ 22)3/2
1 3dx Ndy N dz
(22 + 2 + 22)3/2 ‘3dz Ady Ndz = (22 + 12 _yF 22)3/2
Therefore dw = df A& + (—1)fdw = 0.
(4) Let f: R* — R? be given by f(x,y) = (e%,2x + y)
and let w = 2?ydzr + ydy.
Compute f*(dw) and d(f*(w)) and verify that they
are equal.

(2zdr+2ydy+2zdz) N(xdyNdz+ydzNdz+zdx)

fdi =

Solution

dw = (2xydx + 2%dy) Adz +dy N dy = —22dx A dy.
fH(dw) = —(e?)?de* A (2dx+dy) = —2e%dy A (2dz+
dy) = 4e%dx A dy.

On the other hand, f*(w) = (€%¥)?(2z + y)de® +
(22 +y)(2dx + dy) = 2% 2z + y)dy + (2 + ) (2dz +
dy).

Finally, d(f*(w)) = d(2¢%(2z + y)) A dy + (2dz +
dy) A (2dz+dy) = (12€% (22 +y)dy +2e% (2dz +dy) A
dy + 0 = 4e%dz A dy.
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(5) Determine if fej;2+y2<l In(z%+3?) exists and if it does
compute it.

Solution

LetU—0<a: + o <1\{(O 1) x 0}.
fej;ﬂ/ _ In(z? +y?) exists 1ffo In(2? + y?)
eX1sts and if they both exist they are equal. For
the second integral make a polar change of variables
x = rcosf,y = rsinf where 0 < r < 1,0 < 0 <
2. Then 51:1? In(z? + y?) = 277 fol r1n 7“2dfr)d9
47rf0rlnrdr—47rf0 In 7d( 2/2)-4%( Chrn_ ’"dlnr)
47 (0 — fo r/2dr) = —47r7“3/6\0 = —2m/3. Here we
used the fact that limr_>0+ r’Inr = 0.
femt o1 I 22 +y?) = —271/3
(6) Let U V be open in R". Let f: R" — R be a contin-
uous nonnegative function such that | ' f and Iy °rt
exist.
Prove that f;ﬁtv f exists.
Hint: use compact exhaustions of U and V to con-
struct a compact exhaustion of U U V.

Solution

let K; be a compact exhaustion by measurable sets
of U and C; be a compact exhaustion by measur-
able sets of V. then we have that [ i [ is increasing

and lim; o [, f =[5 f. Similarly, lim; o [, f =

extf
v |

Then it’s easy to see that K; U} is a compact ex-
haustion by measurable sets of UUV. Since f > 0 we

have that fc UK; f= fci f+fKi f_fCimKi f< fci [+
fKi f< fextf—l—fextf. Therefore lim;_, fKZ-UCZ- f ex-
. ext
ists and hence so does fUUV f.

(7) Let F(z) = [, fta: dt where f: R — Ris CL.



Show that F(z) is C' and find the formula for

F'(x).
Solution

Let G(z,a,b) = fbf tx)dt. Then G is C! by a
theorem from class and. aG(x a,b) fab L f(tz)dt =
f tf'(tx)dt. Also, % (z,a,b) = f(bzx) and 2(z, a,b) =
—[flax).

Then F(z) = G(z,e% 2%) is C! by the chain rule

and F'(z) = %—(x,ef” x )—l—%g(x e?, 1?)-(e® )—l—%(b;(x e?, x?)-

(@) = [Z )it — f(ea)e” + f(ad)20

(8) Let x(ty,t2) = tycoste, y(t,ta) = t + elrf2. Let
f(z,y) be a differentiable function f: R? — R. Let
g(t1,ta) = f(x(ty,t2),y(t1,ta)). Express g—i(l,O) and

g—i(l, 0) in terms of partial derivatives of f.
Solution

By the chain rule
8 0 x o) Jy
(tlatQ) = ai(x(t) y(t))atl + agjj(x(t) y(t))a =
a:{ (t1 cos ta, t3+€'12) cos t2+3f (t1 costa, t1+e"2)(2t;+
t tito
2€"172).
Similarly, g—é(tl, ty) = g—i(tl cos to, t2+eh1i2) (—t sinty)+
S (t1 costy, 13+ €h'2) (treh"2).
(9) Mark true or false. Justify your answer.
Let A, B be any subsets of R".
(a) bd(A) C Lim(A)
(b) Lim(A) C A
(c) bd(AN B) C bd(A) Nbd(B).
Solution

(a) False. Example A = {p}. Then bdA = {p} and
Lim(A) = 0.

(b) False. Example A = (0,1) C R. Then Lim(A) =
[0, 1] is not contained in A.
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(c) False. Example A = [0,2],B = [1,3]. Then
ANB =[1,2] and bd(AN B) = {1,2}. On the
other hand, bd(A) Nbd(B) = ().

(10) let M? C R? be the torus of revolution obtained
by rotating the circle (z — 2)? + 22 = 1 in the 2z
plane around the yz axis. Consider the orientation
on M induced by the outward normal field N where
N(3,0,0) = (1,0,0).

Find fM xdy A dz

Solution

Let V' be the solid obtained by rotating the disk
U= (x—2)?+ 2% <1 in the zz plane around the yz
axis. then M = 0V and by Stokes’ formula [, zdy A
dz = [, d(xdyNdz) = [, dzAdyAdz = volV. Recall
that by a homework problem this is equal to 27 fU x.
Using polar coordinates change of variables © = 2 +
rcosf,y = rsinf we compute

Jpr = OQTF f01(2—|—7“ cos 0)rdrdf = OQF f01(27"—|—7“2 cos 6)drdf =
27, Therefore [ Ay Tdy Ndz = 472,

(11) Let M C R"™ be an oriented manifold.

Prove that vol(M) = [,,dV is positive.

Solution

Let U; be a covering of M by orientation preserv-
ing coordinate patches f;: W; — M and let ¢; be
the partition of unity subordinate to this covering.
Note that 0 < ¢; < 1. Then fMdV =>. quﬁz-dV =
> Jw [ (@idV) =37 [y (dio fi) f7(dV). Note that
®; © fl( ) > 0 for any = € W, and is positive at some
point of W;. We also have that f;(dV) = u(z)dz' A

.. Ada® where u(x) = dV (ficer, ..., fier) > 0 since
fi is orientation preserving. Altogether the above
means that [y, (¢;o fi) 7 (dV) = [, gi(x) where g; is



a continuos nonnegative function with compact sup-
port which is positive somewhere. Therefore [}, gi(z) >

0 and hence [,,dV =", [}, ¢:dV > 0.



