MAT 257Y Solutions to Practice Term Test 3
(1) Let vy,...,v; € R" wheren > k. Prove that voly P(vy, ..., v) =

0 if and only if vy,...,v; are linearly dependent.
Solution
Let A be the n x k matrix with columns vy, ..., vg.

Then by definition, vol,P(vy,...,vx) = Vdet A - A,
If vy,..., v are linearly dependent then rank(A) < k
and hence rank(A" - A) < rankA < k which means
that det A" - A = 0 and hence vol, P(v1,...,v:) = 0.

Conversely, if voly P(vy, ..., vx) = 0 then

det A'- A =0.

Therefore there exists x = (xq,...,v;) € R* such
that  # 0 and A" - Az = 0. Hence, 0 = (A'Ax, 1) =
(Ax, Az) = ||Az||®. Therefore Az = 0. But Az =
r1v1 + ... 4+ xpvr and hence vy, ...,v; are linearly
dependent.

(2) Let T be a k-tensor on R". Prove that 7" is C* as a
map R — R.
Solution

Let eq,...,e, be the standard basis of R"”. Let
v1,...,v € R". we can write them in coordinates
v; = Zj rle;

Then T'(vy, ..., vp) =T w1'€jys - D05, Th'eg) =
D i xl' - -2l T(ej,, ..., ej,). This is a polyno-

.....

mial in xé’s and hence is C'*°.
(3) Let M be a union of z and y axis in R?. Prove that

M is not a C' manifold.
Solution
Suppose M is a C! manifold. Then there exists an
open neighborhood U C R? of the origin and a C!
map f: U — R such that ¢ = f(0,0) is a regular
value and M NU = f~!(c). But then f(z,0) =0 on
U and hence %(0,0) = 0. Similarly, f(0,y) = 0 on
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U and hence 2—5(0,0) = 0. Hence dfg) = 0 which
means that ¢ = f(0,0) is not a regular value. This is
a contradiction and hence M is not a manifold.

(4) Prove that S2 = {(z,y, z) € R?| such that ? + y* +
2?2 =1,z > 0} is a manifold with boundary.

Solution

Consider the following parametrization f(0,¢) =
(cos ¢ cos @, cos ¢ sin @, sin ¢) where (0, ¢) € U, = {a <
0 <a+2m0< ¢ < n/2} for a fixed a € R. Note
that U, C H? is open in H?.

Also, ¢ is C*, 1-1 with continuous inverse, and

[df] = [%, g—f;] has rank=2 everywhere. Indeed, we
compute

g—g = (—cos ¢sinf, cos pcos,0) and

g—f; = (—sin¢cos @, — sin ¢ sin 6, cos @)

We compute 57 9f gf; = (cos? ¢ cos 0, cos? ¢ sin 6, cos ¢ sin )

and hence |2} x a—¢]2 = cos? ¢ cos?  + cos* ¢sin® ) +
cos® ¢sin® ¢ = cos? ¢ + cos® ¢sin® ¢ = cos® ¢ # 0 for
0 < ¢ < /2. This means that —f and é are lin-
early independent and hence [df] has rank=2. There-
fore f satisfies the definition of a paramterization
in a definition of a manifold with boundary. By
varying a we can cover all of S7 by images of such
parametrizations with the exception of the north pole

= (0,0,1). However, near this point S% is given by
the graph of a C* function z = /1 — 2?2 — y? and
therefore it admits a parametrization near p also.

(5) Let ¢: [0,1] — (R™)" be continuous. Suppose that

ct(t),...,c"(t) is a basis of R" for any t.

Prove that (c*(0),...,c"(0)) and (c*(1),...,c*(1))
have the same orientation.

Solution
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Let f(t) = det[c!(t),...,c"(t)]. Then f(t) is con-
tinuous and never zero. therefore f(t) > 0 for all ¢ or
f(t) <0 for all ¢ by the intermediate value theorem.
In either case f(1)/f(0) > 0. Let A be the transition
matrix from (c!(0),...,¢"(0)) to (c!(1),...,c"(1)).
then A = [c1(0),...,c*(0)] 7} (1),...,c*(1)]. hence
det(A) = f(1)/f(0) > 0 which means that (c'(0), ..., c"(0))
and (c'(1),...,c"(1)) have the same orientation.

(6) Let C be the triangle in R? with vertices (0,0), (1,2), (=1, 3)
Compute [,z +y.
Solution
Let’s make a change of variable

zl 1 —1] Clu
y| 12 3] |v
orr=1u—uvy=2u-+ 3.
We have that det ; _31 = 5. Therefore,

Jor+y = fUS((u —v) + (2u + 3v)) where U =
{(u,v)|lu > 0,v > 0,u +v < 1}. Therefore using
Fubini’s theorem we compute

L5((u ) (2u+ 30)) = /01 /Ol_u 5(3u + 20)dvdu —

1 1
= 5/ (3uv + v?) |y du = 5/ 3u(l —u) + (1 —u)idu =
0 0

1
= 5/ —2u* + u + ldu = 5(—2/3u® +u?/2 +u)|; = 25/6
0

(7) Let ey, ea be a basis of a vector space V' of dimension
2. Let T € L*(V) be given by e} ® e} + e} @ €3.
Prove that 7' can not be written as S ® U with
S, U e LYV).



Solution
Suppose €] @ e] +e; @ ey =S ® U for some S =
aei +bes, U = cef +des. Then S@U = (aej + bel) @
(cej+des) = ace;®ej+bees®e;+ades@e]+bdes@es =
e]®e]+es®e;5. This means that ac = 1,bc = 0, ad =
0,bd = 1. It’s easy to see that this system has no
solutions. for example, abcd = (be)(ad) =0-0 =0
and on the other hand, abcd = (ac)(bd) =1-1 = 1.
This is a contradiction.
(8) Let U C R" beopen. Let f,g: U — R be continuous
and | f| < g. Suppose féﬂg exists.
Prove that f;xt f also exists.
Solution

Let ¢; be a partition of unity on U. Then by defi-
nition of extended integral, >° [ [g]¢i < oo
Therefore

Sy Ju Iflei <3272 [ 1gléi < 0o and hence f;xtf
exists by the definition.



