MAT 257Y Solutions to Term Test 1

(1) (15 pts) Give the definitions of the following notions.

(a) an open set in R";

(b) a boundary point of a set A C R";

(c) a function f: R"™ — R™ differentiable at a point
D;

(d) a directional derivative of a function f: R" —
R™ at a point p.

Solution

(a) A set U C R" is called open if for every p =
(p1,p2, -, pn) € U there exists € > 0 such that
the rectangle I = (py — €,p1 +¢€) X (p1 — €,p2 +
€) X ... X (pn — €, pp + €) is contained in U.

(b) a point p is called a boundary point of A if for
any € > 0 there exist a € B(p,e) N A and b €
B(p,e) N A°

(c) a function f: R" — R™ is differentiable at a
point p if there exists a linear map 7': R" — R™
such that

i L@+ 1) = f(p) = T(h)
h—0 ’h‘
(d) Let X € R™ and let g(t) = f(p + tX). Then
Dxf(p) = ¢'(0) if it exists is called the direc-
tional derivative of f at p in the direction X.
(2) (15 pts) Find the partial derivatives of the following
functions

(a)

=0

[7 g(t)dt
fla,y) = / g(t)dt

Hint: put F(x,y) f Y g(t)dt and express f as a
composition.

(b) f(x,y) = In((sin(z + y?)) )



Solution

(a) put F(x,y) f Y g(t)dt. By the fundamental the-
orem of calculus we have

g_i(gg’y)(gj‘7y) = —g(x) and g—j(:v,y)(:r,y) =g(y)

We also have that f(z,y) = F(z, F(x,y)). There-
fore, by the chain rule we have

) O ox 0 0
2 (o) = Tt P ) S )+ o, Pl ) o(9) =

— —gla) Lg(F () (—9(a) = ~go)—g( | g(t)dt)g(a)

Similarly,

) = G P ) )+ (o Pl ) =

:—g@y0+g@%mwww)=g(ygﬁﬂﬂﬂw

(b) First we simplify f(z,y) = ln((sm(a:—i—y ))e0s2e) =

(cos 2z) In(sin(z + y?))

Then we compute

gg(:c ,y) = —2(sin 2z) In(sin(z+y?))+(cos 2x)sin($1+y2) cos(x+
y°)

af

5, (@, y) = (cos 2:U)w cos(x + y*)(2y)
(3) (20 pts) Let f: R? — R be given by the formula

o) = d P if (z,y) # (0,0)
f@:9) Lhﬂx@(&@

(a) Show that f(z,y) is continuous at (0,0).
(b) Show that f has partial derivatives at (0,0).
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(c) Does f has directional derivatives at (0,0) in all
directions?

(d) Show that f is not differentiable at (0, 0).

Solution

(a) we rewrite f(x,y) = y—=— 2+ 5. Clearly \xf—jgﬂ <1
and lim, )00y = 0.
therefore lim, ,)_.(0.0) f(z,y) = 0.

(b) by definition of f we see that f(z,0) = 0 and
£(0,y) = 0. therefore 2 5 1(0,0) = 8f(O 0) = 0.

(c) Does f has directional derlvatlves at (0,0) in all

directions?

For a direction v = (vy,v2) # 0 we compute
3,,2 2

£((0,0) + tv) = f(tvy, trg) = o = t—12

t2(vf +03) (vi+v3)”
This function is differentiable in ¢ with f((0,0)+

tv)(0) = (vﬁ:’ig). By definition this means that

D, f(0,0) exists and is equal to (v%)%—fi%)'

Answer: Yes.

(d) Suppose f is differentiable at (0,0). then the
matrix [df(0,0)] = [5£(0,0),55(0,0)] = [0,0]. By
definition of differentiability this would mean that

Lo B = F(0) ~0

=0
h—0 Vl‘

However along the line (¢,t) we have

lim f(ta t) - f(O? O) 2t2

t—0 |t| t—>0 | |

£0

This is a contradiction which means that f is not
differentiable at (0, 0).
(4) (10 pts) Show that a compact subset of R" is bounded.

Solution

Let C C R" be compact. Let U, = B(0,n) where
n =1,2,3.... Then U, is open and U,U, = R".



Hence C' C U,U,,. By definition of compactness we
can choose a finite subcover U, , . . ., U, still covering
C. Let m = max; n,. Then C C U, and hence it is
bounded.
(5) (10 pts) let f(z,y) = x* + by? — 4ry — 2y. Find all
possible points of minimum of f(z,y).
Solution

f is clearly differentiable everywhere. Its minimum
can occur only at points where both partial deriva-
tives vanish. we compute

Llwy) =20—4dy Sh(x,y) =10y — 4z -2

we solve

20 —4y =0 x =2
10y —4z—-2=0 y=1
Thus the only possible point of minimum is (2,1).
(6) (15 pts) Let f: R™ — R™ be continuous.

Are the following statements true or false? Prove
if true and give counterexamples if false.

(a) If A C R" is closed and bounded then f(A) is
closed and bounded.

(b) If A C R" is closed then f(A) is closed.
(c) If A C R"™is bounded then f(A) is bounded.
Solution

(a) True
If A C R"is closed and bounded if and only if it’s
compact and and image of a compact set under
a continuous map is compact.

(b) False. let f(z) = arctanz. Then f([0,00)) =
[0, 7/2) is not closed.

(c) True
If Ais bounded it’s contained in a closed ball B =
B(0,R) = {z € R" such that |z| < R} for some
R > 0. Then f(A) C f(B) but B is compact.
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hence f(B) is also compact and in particular it
is bounded.
(7) (15 pts) Let GL(n, R) be the set of all n xn invertible
matrices.
Show that GL(n, R) is open in R™".
Solution
Lel f: R” — R be given by f(A) = det(A). then
f is a polynomial in coordinate entries and hence is
continuous. We know that A is invertible if an only
if det(A) # 0.
Therefore GL(n, R) = f~!((—00,0) U (0,00)) and
hence is open as the preimage of an open set.



