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Let V C R"™ be a vector subspace of dimension n — 1. Let N € R"”
be a nonzero vector normal to V. Let vy,...,v,_1 be a basis of V.
We'll say that (vi,...,v,-1) is a positive basis with respect to the
orientation of V' induced by N if det(N,vq,...,v,—1) > 0.

Prove that this defines a well-defined orientation of V. in other
words, suppose (u1,...,u,—1) be another basis of V.

Prove that (ui,...,up—1) and (v1,...,v,—1) have the same ori-
entation if and only if det(N,v1,...,v,—1) and det(N,uy, ..., up—1)
have the same sign.

Let M C R"™ be orientable and let p be the orientation induced by
a positive atlas f,.

In other words for any point p € M and a positive parametrization
fa: Vo = Uy such that p = f,(ga) we choose the orientation of 1), M
by declaring the basis of T, M given by dfq,(e1),...,dfq.(ex) to be
positive.

Prove that u is continuous. In other words, suppose U C M is
an open set and X (z),..., Xx(x) be continuous vector fileds on U
such that (Xi(z),..., Xk(x)) is a basis of T, M. Define h(x) = +1
if (Xi(x),...,Xk(z)) is a positive basis of T,;(M) with respect to p
and h(x) = —1if (Xy(x),...,Xk(z)) is a negative basis of T, (M)
with respect to p.

Hint: Let f,: V, — U, be a positive parametrization. look at
the vector fields Y1,...,Y; on U, given by Yi(fa(x)) = dfa(x)(e;).
Then Yi(p),...,Yx(p) is a positive basis of T,M for any p € U,
by definition of the orientation p. Then for any p € U N U, we
have that (Xi(p),..., Xx(p)) and (Y1(p),...,Yr(p)) are related by a
k x k matrix A(p) depending continuously on p. Use that det A(p)
is continuous in p.

Let M = {2? +y?+ 22 < 1} in R? with the orientation coming from
the canonical orientation on R? . Consider the induced orientation
on OM and find a positive basis of T,0M at p = (1,0,0).

Further, let N = S? = {(z,y,2)| such that z® + y* + 22 = 1
and z > 0}. Consider the orientation on N coinciding with the
orientation on S? = OM. Consider ON with the induced orientation
from N. Find a positive basis of T,0N for p = (1,0,0).

Let M; C R™, My C R™ 2 be orientable manifolds without bound-
ary. Prove that M; x My C R™ T2 is orientable.

Let M* C R™ be a C™ manifold with boundary. Prove that for any
p € OM there exists an open set W C OM we can construct a C*
unit vector filed N on U tangent to dM such that N(x) L T,0M
for any ©z € W.

Hint: Take a local parametrization f: V — U where V C HF,
U C M and look at the vector fields dfy(e1),...,dfz(ex). Apply
Gramm-Shmidt to those vector fields.



(6) Let M = {2%/9+y?/4+ 22 < 3} in R3. Consider the induced orien-
tation on OM and find a positive basis of T,0M at p = (3,—2,1).

(7) Let M = S? = {22 +4?+ 22 = 1} C R? with the orientation induced
from the ball {2 + y* + 22 < 1}. Let w = zdz A dy. Compute [, w.

(8) Let M be the cylinder {(z,v, 2)| such that 22 +y? = 1and 0 < z < 1}
in R?. Let w = zdx. Fix an orientation on M such that the ey =
(0,1,0),e3 = (0,0,1) give a positive basis of T, M for p = (1,0,0).

Compute [, dw and [, w and verify that they are equal.

Extra Credit: John Nash’s Problem.
Is it true that every closed 1-form on R3\{(0,0,0)} is exact?



