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Also,

Tn other words, {fm, fn) = Omn- ¢

1.

- inequality and the triangle inequality.
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6. Complete the proof of Theorem 6.1.

x om 7. Complete the proof of Theorem 6.2.
L[ memigg— L [ 1ar=1
<fn,fn>=§;/ dt:é}/o o
0

8. Provide reasons why each of the following is not an inner product on
the given vector spaces.
(a) ((a,b),(c,d)) = ac— bd on R2.
(b) (A,B) =tr(A+ B) on Maya(R).

(c) (f(z),g(z)) = fol f(t)g(t) dt on P(R), where ’ denotes differentia-
tion.

EXERCISES

Label the following statements as true or false.

(a) An inner product is a scalar-valued function on the set of ordered

airs of vectors. ;

(b) in inner product space must be over the field of real or complex

numbers. '

(c) An inner product is linear in both components. i

(d) “There is exactly one inner product on the erctor space. R™.

(e) The triangle inequality only holds in finite-dimensional inner prods

uct spaces. N . o transpose

f) Only square matrices have a conjugate- Ta; . ‘

((g§ If z, y, and z are vectors in an inner product space such th

) )

z,y) = (z,2), then y = 2. ~

(h) §f ,(x, y) = b for all z in an inner product space, then y = 0.

9. Let (3 be a basis for a finite-dimensional inner product space.

(a) Prove that if (z,2) = 0 for all z € 3, then z = 0.
(b) Prove that if (z,z) = (y,z) for all z € §, then z = y.

0.7 Let V be an inner product space, and suppose that = and y are orthog-
onal vectors in V. Prove that ||z + y||2 = [z]|> + |y||2. Deduce the
Pythagorean theorem in R2.

. Prove the parallelogram law on an inner product space V; that is, show
that

l|lz + .U“2 +lz—y|* = 2|]:B||2 + 2|yl for all z,y € V.
Let o = (2,1+14,4) and y = (2 —,2, 1 4 2i) be vectors in C3. Comp

h . . . 2?
et 2 et sl Thon verify both the Cauchy—Schy: What does this equation state about parallelograms in R

2. Let {vy,va,... ,Ur} be an orthogonal set in V, and let a1,as,...,a be

' lars. P that
In C([0,1]), let f(t) = t and g(t) = e'. Compute (f,9) (as defined oS, Frove e

Example 3), ||fll, lgll, and ||f -+ g|| Ther-l verify both the Cau
Schwarz inequality and the triangle inequality.

2

k
E a;V;
i=1

k
: :ZlaiP“sz-
. . " 1 1::1
(a) Complete the proof in Example 5 that (-, +) is an inner prod
(the Frobenius inner product) on My xn(F). ,

(b) Use the Frobenius inner product to compute A, |1 B, and

for
1 2+ _(tte 0

In C2, show that (z,y) = zAy" is an inner product, where

(1)

Compute (z,y) for z = (1 —4,2+3i) and y = (2+14,3— 20).

 Suppose that (-, ), and (-, -), are two inner products on a vector space
V. Prove that (-,-) = (-, ), + (-, -), is another inner product on V.

Let A and B be n x n matrices, and let ¢ be a scalar. Prove that
(A+cB)* = A* +-eB*.

a) Prove that if V is an inner product space, then | (z, y) | = = - |lyih
if and only if one of the vectors z or y is a multiple of the other.
Hint: If the identity holds and y # 0, let

(z,y)

R TER
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16.

17.

18.

19.

20.

21.
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thogonal and 22. Let V be a real or complex vector space (possibly inﬁnite—dimensional),
andlet 2 == = ay. Prove thaty and 2 axe rihos and let 3 be a basis for V. For z,y € V there exist V1,02, .., € 3
[Edl such that
al = -
= T . ]
: ise 10 to ||z||? = |jay + z||* to obtain ||z|| = 0. T Za v; and y Z )
Then apply Exercise ) = llz|| + |lyll, and i=1 i=1
(b) Derive a similar result for the equality ||z + y|| = ||z yil
generalize it to the case of n vectors. Define

(a) Show that the vector space H with (-, -} defined on page 332 is an

inner product space.
(b) Let V =C([0,1]), and define

(a) Prove that (-,-) is an inner product on V and that 8 is an or-
thonormal basis for V. Thus every real or complex vec
may be regarded as an inner product space.

(b) Prove that if V= R™ or V = C" and B is the standard ordered

basis, then the inner product defined above is the standard inner
product.

(f,9) = F(£)g(t) dt. tor space
0

Is this an inner product on V?

Let T be a linear operator on an inner product space V, and suppose
that | T(z)|| = [|z|| for all 2. Prove that T is one-to-one.

Let V=F" and let 4 ¢ Moy (F).

(a) Prove that (z, Ay) = (A*z,y) for all 2,y € V.

(b) Suppose that for some B & My xn(F), we have (
for all 7,y € V. Prove that B = A*.

(¢) Let o be the standard ordered basis for V. For any orthonormal

basis @ for V, let Q be the n x n matrix whose columns are the
vectors in 8. Prove that Q* = Q1.

(d) Define linear operators T and U on V by T(z) = Az and U(z) =
A*z. Show that [U]s = [T]5 for any orthonormal basis B for V.

Let V be a vector space over F, where ' = R or F' = C, z;??}_ }e\t/ V_\/}s\e/
an inner product space over I with inner product {- ,) : N
is linear, prove that (z,7)" = (T(x), T(y)) defines an inner produc

V if and only if T is one-to-one.

Let V be an inner product space. Prove that .
(@) fzxy)?=lzl*+28{z,y) + lyl|? for all z,y €V, where <m"y->;

denotes the real part of the complex number (x,%).
(b) [zl = lyll] < llz — yll for all 2,y € V.

Let V be an inner product space over F'. Prove the polar identities: F
all z,y €V, - s efinition. Let V be a vector space over F', where F is either R or
() (z,9)=}ilz+yl*—ile—yl* HF=K _

) Hegardless of whether V is or is not an
. . . _ ] —1. ﬁ . _ 7,
=154 kg 4 iky||2  if F = C, where i ne a norm ||| as a real-valued function
(b) (z,9) =3 Xkt | nditions for all z,y € V and ¢ € F-

he following definition is used in Exercises 24-27.

inner product space, we may still

on 'V satisfying the following three
x n matrix. Define

Le‘g A beann [z]] >0, and Izl = 0 if and only if 2 = 0.

lazfl = a| - .

lz -+ yll < |zl + Jlyll.

: 1
1 * = —(A— A*).

5 = = A, +iAs. Would it
htA*:Al,A—Ag,andA 1 - /

® f:;s\(r)ilzblae to define Ay ;nd As to be the real and imaginary pat

tively, of the matrix A? o

(b) ﬁj‘f 2340 };Zea};l n X n matrix. Prove that the representatlfn 1%(3)»

unique. That is, prove that if A = By + 1B, where B = by

B; = Bg, then Bl = A1 and Bg = Az.

Prove that the following are norms on the given vector spaces V.
@) V=M (F); 4] = max|Ay| forall Aev
. . 4,9
(B) V=C(0,1]); I/ = max [£(8)] forall fev
! t€[0,1]
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() V=c(o,1)); wm=Alﬂmﬁ
(d) V=RZ [(ab)] = max{lal, o]}

Use Exercise 20 to show that there is no inner prodl}ct (+,+) on R2
such that ||z]|2 = (z,z) for all z € R® if the norm is defined as in

Exercise 24(d).

forall feVv
for all (a,b) €V

Let ||-|| be a norm on a vector space V, and define, fo.r each ordered pair
of vectors, the scalar d(z,y) = ||z — y||, called the distance between z
and y. Prove the following results for all z,y,z € V.

(a) d(z,y) 20

(b) d(xa y) = d(ya '77)

(c) d(z,y) < d(z,2) +d(zy)-

(d) d(z,z)=0.

() dlz,y)#0ifa#y.

Let ||-|| be a norm on a real vector space V satisfying the parallelogram
law given in Exercise 11. Define

(@9 = ¢ [l + 9l = llo — 9P

Prove that (-, -) defines an inner product on V such that ) = (z,z)
for all z € V. '

Hints:

(a) Prove (z,2y) =2 (z,y) forall z,y € V.
(b) Prove (z+u,y) = (z,y) + (u,y) for all T,y € V.
(¢) Prove (nz,y) = n{z,y) for every positive integer n and ever

z,y €V. -
(d) Prove m <%m,y> = (z,y) for every positive integer m and ever
z,y € V. ‘ ‘
(e) Prove (rz,y) = r(z,y) for every rational number r and ever
-z, y V. ‘ . ’
(£) Prove | {z,y) | < llzllllyl| for every z,y € V. Hint: Condition (3)
the definition of norm can be helpful. E
(g) Prove that for every ¢ € R, every rational number r, and evel
z,y €V,
le () — (em, 9 | = [(e=r) {2, ) — {(e=r)z,y) | < 2le—rll]lY
(h) Use the fact that for any ¢ € R, |c — 7| can be made arbitr

small, where r varies over the set of rational numbers, to estab
item (b) of the definition of inner product.

Sec. 6.2 Gram-Schmidt Orthogonalization Process
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Let V be a complex inner product space with an inner product {+, ).
Let [+, -] be the real-valued function such that [z,y] is the real part of
the complex number (z,y) for all z,y € V. Prove that [-, -] is an inner

product for V, where V is regarded as a vector space over R. Prove,
furthermore, that [z,iz] = 0 for all z € V.

Let V be a vector space over C, and suppose that [-,-] is a real inner
product on V, where V is regarded as a vector space over R, such that

[z,4z] = O for all £ € V. Let (-,) be the complex-valued function
defined by

(@,y) = [z,9] +ifz,5y] forz,yeV.

Prove that (-, -) is a complex inner product on V.

Let ||-|| be a norm (as defined in Exercise 24) on a complex vector
space V satisfying the parallelogram law given in Exercise 11. Prove

that there is an inner product (-, ) on V such that |z||? = (z,z) for
allz € V.

Hint: Apply Exercise 27 to V regarded as a vector space over R. Then
apply Exercise 29.

THE GRAM-SCHMIDT ORTHOGONALIZATION PROCESS
AND ORTHOGONAL COMPLEMENTS

n previous chapters, we have seen the special role of the standard ordered
ases for C™ and R™. The special properties of these bases stem from the fact
hat the basis vectors form an orthonormal set. Just as bases are the building
olocks of vector spaces, bases that are also orthonormal sets are the building
locks of inner product spaces. We now name such bases.

Let V be an inner product space. A subset of V is an

honormal basis for V if it is an ordered basis that is orthonormal.

'he standard ordered basis for F” is an orthonormal basis for F*.

{5eve) (G5v))

orthonormal basis for R2. 4




