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The strip criterion gives a condition on a group compactification to be maximal
with respect to a finite first logarithmic moment and finite entropy measure. It
is a useful tool to identify the group compactification with its Poisson boundary.
We will sketch a proof for the strip criterion and present two examples of its
application.

1 Definitions

For this section, let G be a countable separable group and let G = G ∪ ∂G be its
compactificaiton. We start by defining some conditions on the group.

Definition 1.1 (CP). The compactification satisfies the (CP) condition, or projec-
tivity, if a sequence (gn) ∈ G converges to a point from ∂G in the compactfication
G implies the sequence gnx converges to the same limit for any x ∈ G.

Definition 1.2 (CS). The compactification satisfies the (CS) condition if there is
a G-equivarient Borel map S assigning to pairs of distinct points (b1, b2) from ∂G
“strips” S(b1, b2) ⊂ G such that for any 3 distinct points b0, b1, b2 ∈ ∂G there exist
neighbourhoods b0 ∈ O0 ⊂ G and b1 ∈ O1 ⊂ ∂G, b2 ∈ O2 ⊂ ∂G such that

S(b1, b2) ∩O0 = ∅ for all b1 ∈ O1, b2 ∈ O2.

The strip S(b1, b2) is often taken to be the union of all bi-infinite geodesics in
G with b1, b2 as their end points.

Definition 1.3 (gauge). An increasing sequence G = (Gk)k≥1 of sets exausting a
countable group G is called a gauge on G. There is a corresponding gauge function

|g| = |g|G = min{k : g ∈ Gk}

A gauge is temperate if all gauge sets are finite and the gauge sets grow at
most exponentially:

sup
k

1

k
log |Gk| < ∞
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Definition 1.4 (CG). The compactification satisfies condition (CG) if there exists
a left-invariant metric d on G such that the corresponding gauge on G is temperate
and for any two distinct points b− ∕= b+ ∈ ∂G

1. There exists at least one geodesic with b− as its negative limit point and b+
as its positive limit point.

2. There exists a bounded set A = A(b−, b+) such that any geodesics from b−
to b+ intersects A(b−, b+).

2 Proof of the Strip Criterion

We now state the strip criterion .

Theorem 2.1. Let G = G ∩ ∂G be a separable compactification of a countable
group G satisfying conditions (CP), (CS), (CG), and µ be a probability measure
on G such that

1. the subgroup gr(µ) generated by its support is nonelementary with respect to
this compactification,

2. the measure µ has a finite entropy H(µ),

3. the measure µ has a finite first logarithmic moment with respect to the gauge
determined by the metric d from condition (CG).

Then the compactification G is µ-maximal.

We will first see the uniqueness of the measure λ and convergence, which im-
plies that (∂G,λ) is a µ-boundary. The proof will only use the (CP) and (CS)
conditionns.

Theorem 2.2. Suppose the compactification G satisfies conditions (CP) and (CS),
and µ is a probability measure on G such that the subgroup gr(µ) generated by its
support is nonelementary with respect to this compactification. Then for the in-
duced measure on the space of random walks P, P-a.e. sample path {xn} converges
to a limit Πx ∈ ∂G. The limit measure ΠP is purely nonatomic, (∂G,λ) is a
µ-boundary, and λ is the unique µ-stationary probability measure on ∂G.

Proof. Since ∂G is compact, there is a µ-stationary probability measure λ on ∂G.
We first show that λ is purly nonatomic. Suppose the contrary and let m be the
maximal weight of its atoms and Am the set of atoms of weight m. Since λ is
µ-stationary, λ(b) =

!
g µ(g)λ(g

−1b) for any b ∈ Am. Am is finite, so this shows
that Am is gr(µ)-invariant, which contradicts that gr(µ) is non-elementary.
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We now show that P-a.e. sample path converges to a limit Πx ∈ ∂G. Since λ is
µ- stationary, P-a.e. sequence of measures xnλ converges weakly to a probability
measure λ(x). Let Πx be the limit of a sequence (xn), we claim that λ = δΠx.
Suppose not, then there would be distinct b1, b2 ∈ ∂G such that xnb1 → b1 ∕= Πx
and xnb2 → b2 ∕= Πx. Let y ∈ S(b1, b2), then by (CS), the limit of xny can only be
b1 or b2. But xn → Πx, contradicting (CP).

Lastly, we show uniqueness, i.e. ΠP = λ. ΠP is the limit measure, so (∂G,ΠP)
is a µ-boundary. Since λ is µ-stationary

λ = µnλ =
"

g

µn(g)gλ =

#
xnλdP(x) →

#
δΠxdPx = ΠP.

The proof of maximality depends on the following theorem.

Theorem 2.3. Suppose that G is a subadditive temperate gauge on a countable
group G, and µ is a probability measure on G. Let (B−,λ−) and (B+,λ+) be µ̌-
and µ-boundaries, and there exists a measurable G-equivariant map B− × B+ ∋
(b−, b+) +→ S(b−, b+) ⊂ G. If the measure µ has finite first moment

!
|g|µ(g), and

for λ− ⊗ λ+ -a.e. (b−, b+)

1

k
log |S(b−, b+) ∩ Gk| → 0

then the boundaries (B−,λ−) and (B+,λ+) are maximal.

The last condition can be interpreted as the strips S(b−, b+) grow subexponen-
tially with respect to G.

Proof. The theorem follows from a direct calculation.

|S(b−, b+)g ∩ G|xn|| = |S(b−, b+) ∩ G|xn|g
−1 ≤ |S(b−, b+) ∩ G|xn|+|g−1||

So
1

n
log |S(b−, b+)g ∩ G|xn|| → 0.

This implies that the boundary (B+,λ+) is maximal.

We are now ready to prove the maximality in Theorem 2.1.

Proof of maximallity. We have already shown the uniqueness of λ+ and that (∂G,λ+)
is a µ-boundary. One can check that the reflected measure µ̌ also satisfies the con-
ditions in Theorem 2.1. So λ− is the unique µ̌-stationary measure on ∂G.
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Since λ− and λ+ are purely nonatomic, λ− ⊗ λ+({(b, b) ∈ ∂G × ∂G}) = 0.
Together with condition (CG), we have that for λ− ⊗ λ+-a.e. (b−, b+) ∈ ∂G× ∂G
there is a minimal M such that all geodesics from b− to b+ intersects a M -ball in
G. The map (b−, b+) +→ M is G invariant, so it is a.e. constant = M0.

Define S(b−, b+) ⊂ G to be the union of all balls B of diameter M0 such that
any geodesics from b− to b+ passes through B. This map is G-equivariant, and for
any geodesic α from b− to b+, S(b−, b+) ⊂ NM0(α). This shows that S(b−, b+) have
linear growth, so the conditions of Theorem 2.3 is satisfied and the boundaries are
maximal. This completes the proof of the strip criterion.

3 Examples

3.1 Gromov Hyperbolic Groups

We will see two applications of the strip criterion. The first one is on Gromov
hyperbolic groups. We start by checking the CP, CS, CG conditions.

Proposition 3.1. The hyperbolic compactification (Gromov boundary) of a nonele-
mentary hyperbolic group satisfies conditions (CP), (CS), (CG).

Proof. (CP) Let (gn) be a sequence that converges to the Gromov boundary, and
consider the sequence gnx where x ∈ G is arbitrary. Then the Gromov product
with respect to the basepoint p

(gnx, gn)p =
1

2
(d(gn, p) + d(gnx, p)− d(gnx, gn))

=
1

2
(d(gn, p) + d(gnx, p)− d(x, 1))

Since gn converges to the Gromov boundary, (d(gn, p) + d(gnx, p)− d(x, 1) → ∞.
By definition of the Gromov boundary, the two sequences are equivalent.

(CS) Let the strip S(b1, b2) be the union of all bi-infinite geodesics in G with
b1 and b2 as their endpoints. For b0, b1, b2 ∈ ∂G, we can find a geodesic separating
b0 from b1 and b2. See Figure 1. Let O1, O2 be small neighbourhoods of b1
and b2 in ∂G that don’t intersect the separating geodesic, and let O0 be a small
neighbourhood of b0 in G that doesn’t intersect the separating geodesic. Then by
the quasi-convexity of geodesic hulls in ∂G, for b1 ∈ O1, b2 ∈ O2, S(b1, b2) does not
intersect the the separating geodesic either. Hence, S(b1, b2) doesn’t intersect O0.

(CG) The word gauge on G is temperate since G is finitely generated, and
every word is the combination of finite powers of generating elements. Now for
any b−, b+ ∈ ∂G, there is a geodesic from b− to b+. And any other geodesic from
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Figure 1: (CS) condition for the Gromov boundary

b− to b+ is within a uniformly bounded distance from this geodesic by the Morse
property of Gromov hyperbolic spaces.

Applying Theorem 2.1 gives us the following result

Theorem 3.2. Let G be a hyperbolic group. Let µ be a probability measure on
G such that the subgroup gr(µ) generated by its support is nonelementary. Then
almost all sample paths {xn} converge to a random point x∞ ∈ ∂G, so that (∂G,λ)
is a µ-boundary with the induced limit measure λ.

Moreover, if µ has finite entropy and finite first logarithmic moment, then
(∂G,λ) is isomorphic to the Poisson boundary of (G, µ).

3.2 Groups with Infinitely Many Ends

Definition 3.3. In a graph Γ, the space of ends is defined to be the set of equivalent
classes of rays. Two rays r1, r2 are equivalent if there is no finite set X that
separates infinitely many vertices of r1 from infinitely many vertices of r2.

Intuitively, two geodesic rays are equivalent if they eventually lie in the same
connected component after removing a finite set from the graph. Using this defi-
nition, we can define the space of ends for a finitely generated group.

Definition 3.4. Let G be a finitely generated group. The space of ends E(G) is
defined to be the space of ends of its Cayley graph with a finite generating set.

For this section, we are interested in groups whose space of ends is infinite.

Example 3.5. For d ≥ 2, the free group Fd is a group of infinitely many ends.

Remark 1. Notice that Fd is hyperbolic, and E(Fd) corresponds to the Gromov
boundary. So the result of hyperbolic groups directly applies here. But groups
with infinitely many ends are not generally hyperbolic. For example, Z2×Z is not
hyperbolic.
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Proposition 3.6. The end compactification of a finitely generated group with in-
finitely many ends satisfies conditions (CP), (CS), (CG).

Proof. (CP) Let (gn) be a sequence that converges to an end in the space of ends,
and let x ∈ G. Then there is a path from gn to gnx for each n. A set separating
(gn) and (gnx) must contain at least a point from each one of those paths. Since
(gn) converges to an end, this set is infinite.

(CS) We again choose S(b1, b2) to be the union of all geodesics with b1 and b2
as their endpoints.

For any finite set K ⊂ G and any point b ∈ ∂G, define C(b,K) to be the
connected component of G − K containing b. Now let b0, b1, b2 be three distinct
points in ∂G, by definition of the equivalence relation we can find a finite set
K ⊂ G such that C(b0, K) is distinct from C(b1, K) and C(b2, K). Then take O1

and O2 to be neighbourhoods of b1 and b2 in (G). Any geodesic joining points in
O1 and O2 must be separated from C(b0, K) by K.

(CG) We again choose the word gauge, which is temperate for the same argu-
ment as the Gromov hyperbolic group example.

Now by definition of the space of ends, the set of all bi-infinite geodesics be-
tween two boundary points lie in the same connected components after removing
a bounded (finite) set. So this bounded set intersects all geodesics between the
two boundary points.

Therefore, applying the strip criterion we have

Theorem 3.7. Let G be a finitely generated group with infinitely many ends, and
µ be a probability measure such that the subgroup gr(µ) fenerated by its support
is nonelementary. then almost all sample paths {xn} of the random walk (G, µ)
converge to a random end x∞ ∈ E(G), so that the space of ends E(G) with resulting
limit measure λ is a µ-boundary.

Moreover, if µ has finite entropy and finite first logarithmic moment, then the
space (E(G),λ) is isomorphic to the Poisson boundary of (G, µ).
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