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1 Background

For this section, let Γ be a discrete group, and o be the identity element in Γ. Let µ be
a probability measure on Γ. We can define a random walk on Γ.

Definition 1.1. The (right) random walk on Γ with law µ is the Markov chain with
state space Γ and transition probability p(x, y) = µ(x−1y).

Taking the convolution of µ with itself n times we obtain the n-step transition prob-
abilities, denoted p(n)(x, y) = µ(n)(x−1y).

In the case where Γ is finitely generated, we can visualize random walks on a group
by relating it with random walks on its Cayley graph.

Definition 1.2 (Cayley Graph). Suppose Γ is finitely generated. Let X be a symmetric
set of generators of Γ. The Cayley graph X(Γ, S) is the graph with vertex set Γ and x, y
are connected by an edge if x−1y ∈ S.

Notice that every vertex in the Cayley graph has degree |S|, so the Cayley graph is
connected, locally finite, and regular. Consider the group action Γ ↷ X(Γ, S) by left
multiplication. Since the Cayley graph is regular, this makes Γ the group of self-isometries
on X(Γ, S).

Let dS be the graph metric on X(Γ, S). This metric is independent of the choice of
generating sets, that is, if S ′ is another finite generating set, then there are constants
C,C ′ such that

CdS′ ≤ dS ≤ C ′dS′ .

The simple random walk on X(Γ, S) is the same as the random walk on Γ with law µ
equally distributed on S.

Definition 1.3. We define the support of the measrue suppµ = {x ∈ Γ : µ(x) > 0}.
Then µ is irreducible (can get to any point from any other point in finitely many steps)
if and only if

∪∞
n=1(suppµ)

n = Γ.

The recurrence of random walks on a group Γ is independent of the choice of µ, as
long as it is irreducible and symmetric, and the step length distribution has finite second
moment. Hence we may say a group is recurrent.
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2 Spectral Radius

In this section we will mention some results about the spectral radius of reversible Markov
chains. We start by defining the spectral radius of a transition matrix.

Definition 2.1 (Spectral Radius). Let P be a transition matrix. The spectral radius for
P is

ρ(P ) = lim sup
n→∞

p(n)(x, y)1/n ∈ (0, 1].

The spectral radius can be realized as the reciprocal of the radius of convergence of
the Green’s function G(x, y|z) =

!∞
n=0 p

(n)(x, y)zn.
Given a reversible matrix Q = (q(i, j)i,j∈I), we can talk about the action of Q on real

valued functions from the index set (i.e. the vectors) by left multiplication. The norm of
this linear operator is the same as the spectral radius of R.

Lemma 2.2. If Q is symmetric and ρ(Q) < ∞ then Q acts on l2(I) as a bounded linear
operator with norm ||Q|| = ρ(Q).

Specifically, if (X,P ) is a Markov chain with invariant measure m, then the operator
P on l2(X,m) satisfies

||P || = lim
n→∞

||P n||1/n = ρ(P ).

Definition 2.3. The Markov chain (X,P ) with invariant measure a and conductance a
satisfies a strong isoperimetric inequality if there is κ > 0 such that m(A) ≤ κa(∂PA) for
every finite A ⊂ X.

This definition is closely related to the amenability of a graph. The next theorem
gives three equivalent conditions for the spectral radius being less than 1.

Theorem 2.4. Let (X,P ) be a reversible Markov chain, TFAE

a) (X,P ) satisfies a strong isoperimetric inequality.

b) The spectral radius ρ(P ) < 1.

c) The Green kernel defines a bounded linear operator on l2(X,m) by Gf(x) =
!

y G(x, y)f(y).

3 Amenable Graphs and Groups

We will define what it means for a group or a graph to be amenable, and we will sketch
the proof of a theorem that relates the amenability of a group with the spectral radius

Definition 3.1 (Amenable Group). A discrete group Γ is amenable if there is a finitely
additive left-invariant probability measure defined on the family of subsets of Γ.

A common way of determining the amenability of a group is Føner’s Crietrion.

Theorem 3.2 (Følner’s Crietrion). A discrete group Γ is amenable if and only if for every
ε > 0 and every finite K ⊂ Γ there is some finite U = UK,! ⊂ Γ such that |Uy△U | < ε|U |
for every y ∈ K.

Example 3.3. 1. Finite groups are amenable with the counting measure.

2. If Γ is the union of an increasing sequence of amenable subgroups, then Γ is
amenable. (More generally, the direct limit of amenable groups is amenable).
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3. Subgroups of an amenable group are amenable.

Definition 3.4 (Amenable Graph). A graph G = (V,E) is amenable if

inf
A⊂V,|A|<∞

|∂A|
|A| = 0.

This constant is called the isoperimetric constant of G. Notice that a graph is
amenable if and only if it doesn’t satisfy any isoperimetric inequality.

Note that subgraphs of an amenable graph are not necessarily amenable. An example
is the Cayley graph of the lamplighter group Z/2Z ≀Z which is amenable. But it contains
an infinite binary tree, which is non-amenable.

For this reason, the lamplighter group is also an example of an amenable group of
exponential growth. In general, non-amenable groups have exponential growth, but the
lamplighter group is a counter example to the converse. Kesten proved that a countable
discrete group is amenable iff the return probability φΓ(n) ∼ e−n.

The following theorem relates the two concepts.

Theorem 3.5. A finitely generated group is amenable if and only if its Cayley graph with
respect to some ( ⇐⇒ every) finite symmetric set of generators is amenable.

We can determine the amenability of a graph using random walks. Then using the
previous theorem, we have a criterion for when a group is amenable.

Theorem 3.6. Let P be the transition matrix of a random walk which is uniformly
irreducible, and which has an excessive measure ν (νP ≤ ν pointwise) satisfying C−1 ≤
nv(x) ≤ C for all x ∈ X. If ρ(P ) = 1 then X is amenable.

Proof (sketch). Let P̂ = (1/2(I+P ))K . We can check that ν is also an excessive measure
on P̂ , and p̂(x, y) ≥ ε̂0 > 0 for any neighbouring vertices x, y. Let Q = P̂ "P , where P̂ " is
the adjoint with p̂"(x, y) = ν(y)p̂(y, x)/ν(x). Q is substochastic and strongly reversible
with respect to ν, ||Q|| = 1, and q(x, y) > ε for a fixed constant ε whenever x ∼ y.

Now by lemma 2.2, the spectral radius ρ(Q) = 1. Then by theorem 2.4, (X,Q)
satisfies no isoperimetric inequality. In addition, for any finite set A, ∂A ⊂ ∂QA. so we
can deduce that |∂A|/|A| can get arbitrarily small, so the graph is amenable.

And the equivalence of amenability on a group and its Cayley graph (theorem 3.5)
immediately gives us that:

Corollary 3.7. Let Γ be a finitely generated group and µ a probability measure on Γ. If
µ defines an irreducible random walk with ρ(µ) = 1 then Γ is amenable.

Remark 1. The converse of theorem 3.5 and corrolary 3.6 is also true. That is, if Γ us
amenable, and µ is irreducible and symmetric, then ρ(µ) = 1.

This is a result of the following theorem:

Theorem 3.8. Suppose (X,P ) is irreducible and has an invariant measure ν satisfying
C−1 ≤ ν ≤ C, and that both P and P " have tight step length distributions. If X has
bounded geometry and amenable then ||P || = 1.

Remark 2. The corollary in fact holds in higher generality: the (modified) spectral
radius ρ(Lµ) = limn ||Ln

µ||1/n, where Lµ is the left convolution operator induced by the
Borel measure, satisfies ρ(Lµ) = µ(Γ) if and only if the subgroup generated by suppµ of
Γ is amenbale.
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