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General Statement of Hilbert's Nullstellensatz

k - field (geometric) or Z (arithmetic)
g f, o fme k], xa] = Pny I ={f, - fr)
IF: VF : dimyF < co(For k=7, |F| <oo)Vae F":
(Vi fi(a) =0) = g(a) =0

THEN (BY H.N.): N € Zog s.t. gV e |

Remark: If k = C, by Fund Thm of Alg, dimcF < oo = F =C



|deas of the Proof of HN

acF", kcCkla, - ,a, =: K CF field = K field
M, :={h € P,: h(a) =0} = M, € SpecmP,
HN-B = Vm € SpecmP,, m is like some M,

& € MNa.common zeroMy = mmjl,mgspecmp,,m

HN-A = g € N m=n Vi

mDI,meSpecmPp pDl,pESpecPp p

3N € Zg s.t. g e 1. Done!



MNpcspecaP = NilA. (i) --- D --- easy.

(i) £ € Nyespeenp- I £ ¢ nilA: 0 S := {ideals £ A: vk, £* ¢ 1}

(U €S. Jmaximal Pc S = Pisprime. If xy € P,x,y ¢ P:

1 €chain I)

fPe(x)+P¢S, fMe(y)+P¢S=f""c(xy)+P=P7

= JP € SpecAs.t. f¢P?N =...C--- Done.

mpESpecF’n/I'D = (mPD’aPGSPeanp>/’ = nil (Pn/l) = \/7/[

=N =1

pDIl,pESpecPp p



Proof of HN-B (1/5): Field-Case (geometric):

HN-B: A:=Pa/i;, m € SpecmA, F :=A/m=

k-field: dimxF < oc0; k=17 |F| < o0
Pf: Field-Case: n=1: 7: k[xq] = A,m=n"'(m),F = kbal/m
k [x1]-PID = m = (g) = x-algebraic over k = dim;F < oo
Assume HN-B for n — 1. Prove for n: Now F = k[x7,- - ,Xp].

If all X; alg over k, k C k[x{] C--- C k[x1, - ,X5] fin. ext. Done.



Proof of HN-B (2/5)

If one X;, say x1, transcendental/k, i.e. k[x1] = k[x1], prove = ?!

K=k(1)=Zk(x1), F=Am=K[x2, %]

By Ind. Hyp. = dimkK [x2, - ,Xp] < 00 = X2, , X, alg/K

= 3f ¢ k[x], £ # 0, £ integral /k [xi] = £X; int/k[x],f = f -,

R = {:l cheR, /e Zzo}! Then all Xj int/k [x1]¢



Proof of HN-B (3/5)
Fact 1: Integral closure R in S of a subring R C S is a subring. =
(K > k[sily > k[G]) V6 € F = k[xil, [, - %], G int/k sl
= 3N € Zsg s.t. VG int/k[x1]
Fact 2: R-UFD, K := field of fractions of R = in K, R=R =

Virred g € k[x1] = k[x1] 3N € Z>o s.t. f’v~1 € Kint/k[x1] =
q

fN
o € k[x1] = g|f but f #0. ?! - Field-Case proved.

Note: Need, k [x1] has co many irreducible polynomials.



Proof of HN-B (4/5): Z-Case (arithmetic)

k=7Z: F=Z[x1, - ,Xa). (i) If p:=charF #0

then F =Z/p[x1, -+ ,X5|. By Field-Case, dimgz/, F < oo

< |F| < co. Done.
(ii) Want to show charF = 0 leads to ?!.

By Field-Case, dimgF < oo = all X; alg/Q



Proof of HN-B (5/5)

=3fe€Z, f#0, fxjint/Z = allX;int/Zs
=If G € Z¢[x1,- - ,xa| = F, then G int/Z¢
= 3N € Zsg s.t. NG int/Z

. 1 ..
Vprime g € Z AN € Z~g s.t. fN‘a €Qisint/Z =

fN
by Fact 2, o €7 = q|f. But f #0. ?! charF # 0.

7Z-Case and thus HN-B proved!



Auxiliary Theorem (Prepared for HN-A)

A = kxaxal/i; M € SpecmA[t],m := M N A= m € SpecmA
Pf: (clearly m € SpecA). Note A/m C Altl/mM embedding
Alt] = Kov ol 1), Al = k[T, o) F = Al = K55, %, ]
F is a field. (i) If k = field: dim,F < co = X;,t alg/k = A/m field.
(i) f k=7: |F| <oo, p:=charF =Xt alg/%Z/p and

F=1Z/p[x, - ,Xa, t]| = Z/p[x1, - ,Xn] = A/m field. Done.



HN_A: rjméSpecmArn - rjpESpecAp (Clearly o D o )
Pf: f €N, cspecma™ = If M € SpecmA[t], then f € MN A
=t € Nyespeomag™ = VM € SpecmA[t] 1 +f -t ¢ M
= 14 f - t invertible
= (1+f-1) <c0+c1t—|—--~+CNtN) =1
=1 a=-f -, aw=(H", en-f=0

= FNAL 0=fenlA=fec mpeSpecAp



Further Elaborations (in anticipation of questions) (1/3)

1. Say, ac F", M, :={he€ P,: h(a) =0} € SpecmP,. Why?
Say ev,: P, — F, then Ker(ev,) = M,. So, k C K := Pa/M, C F
dimgF < 0o = K finite/k. Vte K, eve: k[T] = K =
3(f) = Ker (evy). k[T]is PID = Ker (ev;) € Specmk [T] =
Im (ev;) = k [t] = ¥[TY/Ker(ev:) = k [t] field = t7! € k[t] C K

= K field. (If k = Z, essentially the same, just replace k by Z/p)



Further Elaborations (in anticipation of questions) (2/3)

2. From HN-B: m € SpecmPp, 7w : Py, — Po/m;  xj+— aj =:% € F

=peEmsp(a)=0=>m=M,

3..N m=nN p&

mESpecmPn/l peSpean/l

(mle,mESpecmP" m)/’ = (mpjl,pGSpecP,, P>/I



Further Elaborations (in anticipation of questions) (3/3)

4. Proof of Fact 1: Our instrument is
Lemma: f € Sis int over R C S iff

R[f] C S is finite generated R—module. (= clear)

Pl f€S, RCS, R[f] fingen.R-mod = R[f]=> Re
i=1

f-eiZZa,-jej, det (f-1—A)-I=(f-1-A)"(f-1-A)
j=1

= det(f-1—A)-g=0=det(f -/ —A)=0



Epilogue: The Complex World

Ifk=C: acC" M= (x1 —a1, - ,xnp— an). Why?
feP, q(y)=Ff(Y+a)=>f(X)=q(xX —a)
f(a)=0q(0)=0<qg€(y1," " ,¥n)

Sfe(xy—ar, - ,xXp— ap)

s.m € SpeemCxy, - ,xp] & Ja€C'" m=(xy — a1, , Xy — an)



