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Supplementary : Storyline

F(x,s)hZ= F.hZ

|

[ Parametric-Transversality: ]

3 not deg Vr: Ind, VT = x(M
Morse Generic & 2_:1 bV = x(M)
XEVT (0)
v
Z sign(DV/(p)) homotopy invariant
peV—1(0)
Non-degenerate|zero < isolated when V at p € V71(0) is not degenerate

v
Special case Poincare-Hopf:
X(M) = Zpgvfl(o) lndP(V)

Morse Theorem for Morse f on M

xX(M) =377 o(=1) eri(f)
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Statements of Main Theorems and Lemmas:

1. Constructive proof: Morse functions are dense in C*°(M) ;
2. Parametric Transversality: If Fh Z C N for F: M x S — N and
Fs(x) := F(x,s) , then Fg M Z for a.e. s, shortly almost every s ;

3. Construction of vector fielf V7 with Zpev;l(o) Indy(VT) = x(M) ;

4. deg(0Up > x — &E&) = sign(det[DV](p)) at n-d p € V~1(0) ;

5. Poincare-Hopf via a homotopy between Vr and a v.f Vi , eg. f .
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Regular/Critical points, Transversality, Index, Morse funct

Here F € C*°(M,N) , Z — N, map F is transversal to Z , shortly

F i Z, when (DF)(p)ToM + Tp(p)Z = Tr(p)N for p € F~1(Z) and if

F(M) D> Z = {y} then y is called regular. Our f € C*°(M,R) , critical

points Cr(f) := {p : df, = 0} are non-degenerate, shortly n-d, when

det(Hessy(f)) # 0 and Ind,(f) := # of negative eigenvalues of Hess,(f) ;
~, := O-section of T*M > (p, df(p)) =: j1f(p) . Finally, x = (x1, ..., Xmm)

are local coordinates on M and f is Morse when all p € Cr(f) are n-d’s.
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Examples of Morse functions: f(x) =x? — x5 and f: S""1 5 x — x, .

Claim: f is Morse iff j1f 10}, .
Proof: Say ¢ : M x R™ — R™ is the natural projection. Locally 0}, =
M x {0} < M x R™ . Therefore j1f 1 0}, < for p € (j1f)~1(0},) linear

maps ¥ D(j1f), = Hess,f : T,M — R™ are surjective. B

N Oy

T g

i'f transverse to 0",
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Morse property is generic: V {fi}o<jcy € CP°(M,R) , all T;(M) =

Spang{dfi(p)}1<; = f(p) := fo(p) + X1<; 5ifi(p) is Morse for a.e. s

Proof: Via PTL with F(p,s) := (p, dfs(p)) since F M O}, because maps
YDF( 5)(&,m) = 2o1<jmjdfi(x) + Hessxfs(§) € R™ are onto. B

PTL = Parametric Transversality Lemma: If F € C*°(M x S ,N) and
FthZcCN,then Fsh Z , where Fs(x) := F(x,s) , for almost every s .
Main Theorem, Morse: for f Morse x(M) = 3>7_o(—1)'cr,(f) , where

cri(f) .= #{p € Cr(f) : Ind,(f) =i} and m =dim M .
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Proof of PTL: Let W := F~1(Z) and 7 be the restriction to W of
projection M x S — S . Using Sard’s Thm suffices to show that if b is a
regular value for 7 = F, th Z . So, DF, p)(T(x p) (M x S))+ T, Z = TN
for z := Fp(x) € Z and we assume D7y, : Tx,pyW — TS is onto. Then
VvweT,N 3 (vy,vs) € T(X’b)(M x §)and w € TyM s.th. both

vn — DF(x b)(vm, vs) , DF(xpy(w,vs) € T,Z with (w,vs) € T p)W .
Then vy — D(Fp)x(vm — w) = vy — DF ) [(vmr, vs) — (w,vs) € T,.Z B
Corollary: Restriction of generic height functions to M < R” are Morse.
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Application. Finding x visually for surfaces My — R3 of genus g :

For Morse function f(x,y,z) =z

reRj
Indmaxima = 2, Indminima =0, (0,0,R+r)
Indsaddie = 1 = x(Mg) = (—1)°+
(0,0,R-r) f = height
(-1)' - 2g4(-1)2-1=2-2.-g -
(0,0,-R+r
For a vector field V on
. . (0,0,-R-r)
contractible nbd U with

UnV=10) = {p} let
Indy(V) := deg(dU > x 22 Wod; € S™1) . When det(DV(p)) #0 =
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dv p is homotopic to x % = deg(pv p) = sign(det[DV](p)) .

Lemma: Non-degenerate p € Cr(f) are isolated.

Inv M;g Thm

Indeed, /f(p) =0 and det(Hessy(f)) # 0 3 nbhd U of p

sth. /f|y is a diffeo = f(x) #vf(p)=0VxeU\{p} .M

Morse Theorem follows from Poincare-Hopf degree Thm:

#V~1(0) < oo for vec. fields V on M = x(M) = 3 ,c\-1(g) Ind,(V)

Proof: sign(det[D(7f)](p)) = (—1)"%(") for f Morse, p € Cr(f)

P—H deg Th ,
SETXM) = Yoo Ind(VF) = Xi(=1) eri(f) . @
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Exists VT s.th. Ind(V7) := > pevii(o) Ind, (V1) = x(M)
and det([DV7](p)) # O for p € V;1(0) . Construction of vec. f. V7 :
We start with a triangulation T(M) of M (as in Vitali's talk, page 8).
Denote ¢, the centers and U, nbhds of simplexes o with coordinates (u, v)
centered at ¢, s.th. ¢, € U, # ¢, for simplexes 7, dim 7 > dim ¢ and
T#0;{v=0}Do, while dm{v =0} =dimo . On U, we define
vector fields V,, := 7(|u|? — |v|?) . We then inductively construct Vj on

‘small’ nbds Uy of the k-skeletons of T(M) , k> 1, by extending Vi_1
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from nbhds Uy_1 (perhaps shrinking the latter), and set V1 =V, ,

m = dimM , namely: using the PofU we construct nonnegative C*

functions ©,_1 and ¢, with supports in Ux_1 and Uy s.th Y1 =1

and ©k_1 + ¢x = 1 on nbds of the (k — 1) and of the k-skeletons of T (M)

and define Vj == tpy_1 - Vi1 + ¢k{ ) ) o V, = V7H0) = Us{c,}
o:dim o=

(at p € o with dim o = k , Yk_1(p) - dx(p) # 0 we use that —Vi(p) &

R, - {Vi_1(p)} ) = Ind., V1 = det(DV1(c,) = (=1)¥m 7 forall ¢ =
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Ind(Vr) = 3 (=1)ksx =: x(M) , where s, := #{0 : dim o = k} , as
0<k<m

claimed. (Pict. below illustrates our construction.) B Let V= V7.

Next, constructions and proofs:

1. homotopy of \; to Vi,

2. then Ind(Vp) = Ind(V4) .

Note. We'll use Riemanian metric
on M, functions {f;};>1 from

"Morse property is generic” (page 6) and Xs(p) :=3_;>1 5;(Vf)(p) in a
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similar way: using PT Lemma we conclude for a.e. s € RV | &, :=

(1 -t)V%(p) + tVi(p) + t(1 — t) - Xs(p) and map Fy(p, t) == (p, ®4(p; t))
from M x [0.1] — TM , that F, h Op , where Oy is the O-section of TM .
Consequently: at (p,t) € ®71(0) maps D® (p, t) are onto = &;1(0)
is a finite union of smooth arcs «y closed, or with ends in and tangents &,
transversal to M x {t} , t=0,1 (= &(p,t) € ker[D®4](p, t) ). Pick
continuous T, # & (p,t), (p,t) €7, equal T,M x {0} at t=0,1

= Npt = DO (p, t)TL%’t are isomorphisms equal DV;(p) for t =0,1 .
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We next show 2 for vector field V; not degenerate at all p € V/;*(0) .
Moving along arc «y positive at ¥'s end continuous frame F ; in TLVPJ ,

(p, t) € v, results in the oppositely or similarly oriented frame at the other
end of v depending on ~y returning to the same value of t ,i.e. O or 1, or
not. But orientation of continuous W, ; := A, ¢(Fp¢) in TM is preserved.

Hence, due to the index being the sign of det of the tangent map (p. 9) it
follows that the indexes at the ends of the ‘returning’ arcs cancel, while at

the ends of the ‘other’ arcs equal = Ind(Vp) = Ind(V1) . R
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Ind(Vp) = Ind(Vy) is as required. See Picture:

t=0 t=1
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