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Note. In the following U, V, W always denote open sets.
Definitions

Let X be a topological space. A presheaf S on X satisfies:
(i) For Uopenin X, S(U) is a commutative ring.
(i) To each inclusion V C U, there correponds a morphism
resy y : S(U) — S(V).
(iii) resy,u = idsu)-

(iv) Wc VcUs= resw,yoresyy=resyuy.
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Moreover S is a sheaf and (X, S) a ringed space if: Let (U))¢/

be an open covering of U and let U;; := U;n U, for i,j € |, then
(i) (Local identity) For s, t € S(U), sections of S over U, if
S|y, =ty Vi€ I, thens = t.
(i) (Gluing) If (s;) € T[] U; is such that s[y,, = sj|y,, for all

i,j €l then3s e S(U) s. th. s|y, = s;.
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Given a ringed space (X, Ox) a sheaf of modules
(Ox-modules), S, is a sheaf s.th. S(U) is a module of Ox(U)
and for V C U, resy y is a morphism of modules.

For x € X we define the stalk at x, Sy, as:

Sx ={(s,U),xe U,scSU)}/ ~

where (s,U) ~ (t,V)if3IW c Un Vs. th. x € W and

S|lw = t|w. Sx comes with a natural module structure.
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S is of finite type if for any x € X, 3U > x s.th. 3s¢,...,s,
sections of S over U s.th. for all y € U, Sy is generated by
Sty Sry-

S is of relation finite type if for any U C X, n € N and any
morphism 1) : O%|y — S|u, ker 1 is of finite type.

S is coherent if it is of finite type and relation finite type.

We will have particular interest in sheaf of ideals.



Setting for complex spaces.

For a complex space M, O is defined for an open set U as the
ring of holomorphic functions on U. It is a coherent sheaf.

Let f : M — N be a holomorphic map between complex spaces,
and S a sheaf on M. The direct image sheaf £.S on N is given
by £.S(U) := S(f~'(U)). ltis a sheaf of Oy-modules.

Fact 1. Direct Image Thm: f proper, S coherent = £.S

coherent.
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Fact 2. If S is a sheaf on N, then there are a sheaf of ring Oy
on M and a sheaf of fOn-modules 'S with stalks

f'Onm = On,f(my and 'Sm = Sg(m), for m e M.

Then the pullback S := f'S ®7, Oum is a sheaf of
On-modules. Note that F*On = fOn ®10, Om = Opy.

If 7 is a sheaf of ideals on N then there is an induced injection
T — f*On = O) and the image, f~'Z, is a sheaf of ideals.

Fact 3. If Z is coherent, then so is f~'Z.
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Blow-up of C"*' at the origin.

Let (yo,...,¥n) be coordinates on C"t1 and [¢g : - - - : &
homogenous coordinates on P" then the blow-up of C"*' at 0 is
the subset C™1 ¢ C™' x P" satisfying equations y;¢; = y;¢;.

my : €M1 — €1 and mp : €™ — P are the holomorphic
maps induced by projections.

Fact 4. If Z is a sheaf of ideals on C™ then 7,7 is a sheaf of

ideals on C"+1,
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Chow’s theorem for ideals.

Main Thm. Let U be an open nbhd of 0 in C’, X an analytic
subset of U x P", 7 a coherent sheaf of Ox-ideals on X. Then
7 is relatively algebraic, i.e. 7 is generated (after shrinking U
if necessary) by a finite number of homogeneous polynomials
in homogeneous P"-coordinates, with analytic coefficients in
U-coordinates.

Rem 1. 7 may be considered as a coherent sheaf on U x P".
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Fact 5. Oka coherence thm: The sheaf

Ix(V) = {f € O(V),f|xnv = 0} on an anlytic set X is coherent.
Rem 2. With Oka coherence thm the main thm (for U of dim=0)
implies Chow’s thm.

Notations. Let oy := idy x m : U x C"' — U x C™" and

oo = idy x mo : U x CM1 — U x P

Then J := a1*(0§1I) is a coherent ideal sheaf on U x C"*1,
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LetZ :=0,'Tand J := oy '7, and note that 7 7 in general.

Since o is biholomorhic off o' (U x {0}), J = Z in this
domain.

Let x = (x4,...,x,)and y = (yo, ..., ¥n) be coordinates on U
and C™'. If F(x, y) is a holomorphic function in a nbhd of
(0,0)in U x C™"and X € C*, let FM(x, y) := F(x, \y).

Lemma 1. F € J00) = F®Y € Ji0,), VA € C".
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Proof. Let H be holomorphic in a nbhd of (0, 0), then H € g o)
iff o3 H is a section of Z over some nbhd of 01‘1 (0,0) = {0} xP"
iff oTH € (051I)p,Vp € 0(1 (0,0) (using properties of sheaves).
Letp e 01‘1(0,0), g :=o2(p)and [& : - - : &x] homogeneous
coordinates on P" s.th. ¢ = (0,[1:0:---:0]).

Let W := {& # 0}, then w; := &;/&, are nonhomogeneous
coordinates on W. o, ' (U x W) = U x C x W is anbhd of p in

U x C"*1 with coordinates (x, yo, w).
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We have: o1(x, yo, W) = (X, Yo, Yow) and oa(X, yo, W) = (X, w).
T is coherent = 3 Gy, ..., Gs generating Z over a nbhd of g
= 03Gy,...,03Gs generate 7 over a nbhd of p = (0,0,0).
Since oiF € J € Z,3 Ay, ..., As, holomorphic on a nbhd of p
s. th. a7 F(x, ¥o, W) = >_; Ai(X, Yo, w)o3 Gi(X, yo, W).

Fix A € C*, then for yy small enough

01F X » Yo, W ZA X AYO> UzGi(X,AYO,W)

= Ai(x, \yo. w)o3Gi(X, yo, W)
i
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So o5 FX € (I)p, ¥p € 07 1(0,0) and FX € Fg ). O

For F holomorphic on a nbhd of (0,0) in U x C™*" write:
F(X.y) =2k Xojaj=k @a(X)y* =1 22 Fk(X. ).

Lemma 2. FV ¢ J(0,0); VA € C* = Fi € J(0,0), VK € N.
Proof. Let A := Oy, i1 (0,0)- Itis @ Noetherian local ring. Let

(¥) == Vo, ---,¥n) and J := Jo,0) two ideals of A. For A € C* let
Jetn(FX) : ZA" Fi

and note that F®Y) — Jet,(FM) e (y)™+1.
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Note. J = Nm>m,(J + (¥)™),Vmy > 0 by a corollary of Krull’s
Theorem.

Since Jetyn(FN) e J + (y)™ for all A € C*, by taking m + 1
different values for A we get Fx € J + ()™ for k < m.

Fix k € N, then Fx € Npsi1(J + (¥)™) = J. O

Consequently J(o,0) is generated by elements of A
homogeneous in y. Since A is Noetherian, J(q0) is generated

by a finite number of these polynomials.
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Due to the coherence of 7 they generate 7 over a nbhd of
(0,0). So we're left to prove:

Lemma 3. If /4, ..., Fs are homogeneous in y and generate J
over a nbhd of (0, 0), they generate Z over a nbhd of {0} x P".
Proof. It is enough to verify that F4, ..., Fs generate Z on a

nbhd of q,vq € {0} x P" (by properties of sheaves).
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Let g € {0} x P" and £ homogneneous coordinates on P" s.th.

g=(0,[1:0,...,0]). Let w be the associated
nonhomogeneous coordinates on W := {¢y # 0}.

We have local coordinates (x, yp, w) on 051 (U x W) and:
o1(X, Yo, W) = (X, Yo, YoW), o2(X, Yo, W) = (X, w).

Let G € Z,, then 03 G is a section of o, 'Z on a nbhd of

75"(g) = {(0,%,0), yo € C}.
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Fi,...,Fs generate J on a nbhd of (0,0) = o{Fq,...,07Fs
generate J onanbhd V c U x C™" of 677(0,0).

This means that they generate Z on V \ o7 (U x {0}).

Pick jio # 0 s.th. p := (0, 0,0) € V. Then 03G € Zp = Jp, S0 3

A1, ..., As holomorphic on a nbhd of p s. th.

G(x, Yo, w ZA X, Yo, W)oiFi(X, Yo, W)
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But 05 G(x, yo, w) = G(x, w) and
i Fi(X, o, w) = Fi(X, Yo, Yow) = y§ Fi(x, 1, w) since F; are
homogeneous.

So let a;(x, w) := 73 Ai(x, Jo, w). Then
S
G(x,w) =) ai(x,w)Fi(x,1,w)
i=1

and Fi(x,§),..., Fs(x,&) generate Z on a nbhd of q. O
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