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Note. In the following U,V ,W always denote open sets.

Definitions

Let X be a topological space. A presheaf S on X satisfies:

(i) For U open in X , S(U) is a commutative ring.

(ii) To each inclusion V ⊂ U, there correponds a morphism

resV ,U : S(U)→ S(V ).

(iii) resU,U = idS(U).

(iv) W ⊂ V ⊂ U ⇒ resW ,V ◦ resV ,U = resW ,U .
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Moreover S is a sheaf and (X ,S) a ringed space if: Let (Ui)i∈I

be an open covering of U and let Ui,j := Ui ∩Uj for i , j ∈ I, then

(i) (Local identity) For s, t ∈ S(U), sections of S over U, if

s|Ui = t |Ui ∀i ∈ I, then s = t .

(ii) (Gluing) If (si) ∈
∏

Ui is such that si |Ui,j = sj |Ui,j for all

i , j ∈ I, then ∃s ∈ S(U) s. th. s|Ui = si .
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Given a ringed space (X ,OX ) a sheaf of modules

(OX -modules), S, is a sheaf s.th. S(U) is a module of OX (U)

and for V ⊂ U, resV ,U is a morphism of modules.

For x ∈ X we define the stalk at x , Sx , as:

Sx := {(s,U), x ∈ U, s ∈ S(U)}/ ∼

where (s,U) ∼ (t ,V ) if ∃W ⊂ U ∩ V s. th. x ∈W and

s|W = t |W . Sx comes with a natural module structure.
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S is of finite type if for any x ∈ X , ∃U 3 x s.th. ∃s1, . . . , sr

sections of S over U s.th. for all y ∈ U, Sy is generated by

s1y , . . . , sry .

S is of relation finite type if for any U ⊂ X , n ∈ N and any

morphism ψ : On
X |U → S|U , ker ψ is of finite type.

S is coherent if it is of finite type and relation finite type.

We will have particular interest in sheaf of ideals.
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Setting for complex spaces.

For a complex space M, OM is defined for an open set U as the

ring of holomorphic functions on U. It is a coherent sheaf.

Let f : M → N be a holomorphic map between complex spaces,

and S a sheaf on M. The direct image sheaf f∗S on N is given

by f∗S(U) := S(f−1(U)). It is a sheaf of ON -modules.

Fact 1. Direct Image Thm: f proper, S coherent⇒ f∗S

coherent.
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Fact 2. If S is a sheaf on N, then there are a sheaf of ring f ′ON

on M and a sheaf of f ′ON -modules f ′S with stalks

f ′ON,m = ON,f (m) and f ′Sm = Sf (m), for m ∈ M.

Then the pullback f ∗S := f ′S ⊗f ′ON OM is a sheaf of

OM -modules. Note that f ∗ON = f ′ON ⊗f ′ON OM
∼= OM .

If I is a sheaf of ideals on N then there is an induced injection

f ∗I → f ∗ON = OM and the image, f−1I, is a sheaf of ideals.

Fact 3. If I is coherent, then so is f−1I.
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Blow-up of Cn+1 at the origin.

Let (y0, . . . , yn) be coordinates on Cn+1 and [ξ0 : · · · : ξn]

homogenous coordinates on Pn then the blow-up of Cn+1 at 0 is

the subset C̃n+1 ⊂ Cn+1 × Pn satisfying equations yiξj = yjξi .

π1 : C̃n+1 → Cn+1 and π2 : C̃n+1 → Pn are the holomorphic

maps induced by projections.

Fact 4. If I is a sheaf of ideals on C̃n+1 then π1∗I is a sheaf of

ideals on Cn+1.
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Chow’s theorem for ideals.

Main Thm. Let U be an open nbhd of 0 in Cr , X an analytic

subset of U × Pn, I a coherent sheaf of OX -ideals on X . Then

I is relatively algebraic, i.e. I is generated (after shrinking U

if necessary) by a finite number of homogeneous polynomials

in homogeneous Pn-coordinates, with analytic coefficients in

U-coordinates.

Rem 1. I may be considered as a coherent sheaf on U × Pn.
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Fact 5. Oka coherence thm: The sheaf

IX (V ) = {f ∈ O(V ), f |X∩V ≡ 0} on an anlytic set X is coherent.

Rem 2. With Oka coherence thm the main thm (for U of dim=0)

implies Chow’s thm.

Notations. Let σ1 := idU × π1 : U × C̃n+1 → U × Cn+1 and

σ2 := idU × π2 : U × C̃n+1 → U × Pn.

Then J := σ1∗(σ
−1
2 I) is a coherent ideal sheaf on U × Cn+1.
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Let Ĩ := σ−1
2 I and J̃ := σ−1

1 J , and note that J̃ ⊂ Ĩ in general.

Since σ1 is biholomorhic off σ−1
1 (U × {0}), J̃ = Ĩ in this

domain.

Let x = (x1, . . . , xr ) and y = (y0, . . . , yn) be coordinates on U

and Cn+1. If F (x , y) is a holomorphic function in a nbhd of

(0,0) in U × Cn+1 and λ ∈ C∗, let F (λ)(x , y) := F (x , λy).

Lemma 1. F ∈ J(0,0) =⇒ F (λ) ∈ J(0,0), ∀λ ∈ C∗.
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Proof. Let H be holomorphic in a nbhd of (0,0), then H ∈ J(0,0)

iff σ∗1H is a section of Ĩ over some nbhd of σ−1
1 (0,0) ∼= {0} × Pn

iff σ∗1H ∈ (σ−1
2 I)p, ∀p ∈ σ−1

1 (0,0) (using properties of sheaves).

Let p ∈ σ−1
1 (0,0), q := σ2(p) and [ξ0 : · · · : ξn] homogeneous

coordinates on Pn s.th. q = (0, [1 : 0 : · · · : 0]).

Let W := {ξ0 6= 0}, then wi := ξi/ξ0 are nonhomogeneous

coordinates on W . σ−1
2 (U ×W ) ∼= U × C×W is a nbhd of p in

U × C̃n+1 with coordinates (x , y0,w).
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We have: σ1(x , y0,w) = (x , y0, y0w) and σ2(x , y0,w) = (x ,w).

I is coherent⇒ ∃ G1, . . . ,Gs generating I over a nbhd of q

⇒ σ∗2G1, . . . , σ
∗
2Gs generate Ĩ over a nbhd of p = (0,0,0).

Since σ∗1F ∈ J̃ ⊂ Ĩ, ∃ A1, . . . ,As, holomorphic on a nbhd of p

s. th. σ∗1F (x , y0,w) =
∑

i Ai(x , y0,w)σ∗2Gi(x , y0,w).

Fix λ ∈ C∗, then for y0 small enough

σ∗1F (λ)(x , y0,w) =
∑

i

Ai(x , λy0,w)σ∗2Gi(x , λy0,w)

=
∑

i

Ai(x , λy0,w)σ∗2Gi(x , y0,w)

13 / 19



So σ∗1F (λ) ∈ (Ĩ)p,∀p ∈ σ−1
1 (0,0) and F (λ) ∈ J(0,0). �

For F holomorphic on a nbhd of (0,0) in U × Cn+1 write:

F (x , y) =:
∑

k
∑
|α|=k aα(x)yα =:

∑
k Fk (x , y).

Lemma 2. F (λ) ∈ J(0,0), ∀λ ∈ C∗ ⇒ Fk ∈ J(0,0), ∀k ∈ N.

Proof. Let A := OU×Cn+1,(0,0). It is a Noetherian local ring. Let

(y) := (y0, . . . , yn) and J := J(0,0) two ideals of A. For λ ∈ C∗ let

Jetm(F (λ)) :=
m∑

k=0

λkFk

and note that F (λ) − Jetm(F (λ)) ∈ (y)m+1.
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Note. J = ∩m≥m0(J + (y)m),∀m0 ≥ 0 by a corollary of Krull’s

Theorem.

Since Jetm(F (λ)) ∈ J + (y)m+1 for all λ ∈ C∗, by taking m + 1

different values for λ we get Fk ∈ J + (y)m+1 for k ≤ m.

Fix k ∈ N, then Fk ∈ ∩m≥k+1(J + (y)m) = J. �

Consequently J(0,0) is generated by elements of A

homogeneous in y . Since A is Noetherian, J(0,0) is generated

by a finite number of these polynomials.
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Due to the coherence of J they generate J over a nbhd of

(0,0). So we’re left to prove:

Lemma 3. If F1, . . . ,Fs are homogeneous in y and generate J

over a nbhd of (0,0), they generate I over a nbhd of {0} × Pn.

Proof. It is enough to verify that F1, . . . ,Fs generate I on a

nbhd of q, ∀q ∈ {0} × Pn (by properties of sheaves).
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Let q ∈ {0} × Pn and ξ homogneneous coordinates on Pn s.th.

q = (0, [1 : 0, . . . ,0]). Let w be the associated

nonhomogeneous coordinates on W := {ξ0 6= 0}.

We have local coordinates (x , y0,w) on σ−1
2 (U ×W ) and:

σ1(x , y0,w) = (x , y0, y0w), σ2(x , y0,w) = (x ,w).

Let G ∈ Iq, then σ∗2G is a section of σ−1
2 I on a nbhd of

σ−1
2 (q) = {(0, y0,0), y0 ∈ C}.
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F1, . . . ,Fs generate J on a nbhd of (0,0)⇒ σ∗1F1, . . . , σ
∗
1Fs

generate J̃ on a nbhd V ⊂ U × C̃n+1 of σ−1
1 (0,0).

This means that they generate Ĩ on V \ σ−1
1 (U × {0}).

Pick ỹ0 6= 0 s.th. p := (0, ỹ0,0) ∈ V . Then σ∗2G ∈ Ĩp = J̃p, so ∃

A1, . . . ,As holomorphic on a nbhd of p s. th.

σ∗2G(x , y0,w) =
s∑

i=1

Ai(x , y0,w)σ∗1Fi(x , y0,w)
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But σ∗2G(x , y0,w) = G(x ,w) and

σ∗1Fi(x , y0,w) = Fi(x , y0, y0w) = ydi
0 Fi(x ,1,w) since Fi are

homogeneous.

So let ai(x ,w) := ỹdi
0 Ai(x , ỹ0,w). Then

G(x ,w) =
s∑

i=1

ai(x ,w)Fi(x ,1,w)

and F1(x , ξ), . . . ,Fs(x , ξ) generate I on a nbhd of q. �
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