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Notations: k is a field (geom) or k = Z (arithm)

K is a field with [K : k] < oo geom., #K < oo arithm. cases.
9, fiy s fm € K[X] := K[Xq, .., xn] , | =(fy,...fm) ideal in k[X] .
VI:={h e K[X]: h" € I for some n} .

Vk(l) :={Vae K" (f(a)=0:Vfe )} , V() :=Ux (/).
Spec(R) := {p C R:pisaprimeideal} .

Specm(R) := {m C R : mis a maximal ideal} .

my = {h e k[X]: h(a) =0,ae K"} .



HN Thm: V(g) > V(/)=ge VI. pc Spec(R)andbe R/yp :
1. R/p[b~"] afield = p € Specm(R) (true if R field or Z).

1. Abstract HN (AHN) S := R[y]. i) 17 = 1S.

i) S/nfield = m:=n R e Specm(R) ; iii) [S/n: R/m] < co .
2. m € Specm(k[X]) & m = m, for some ac K".
3. (Mo kme Specm(k(z])) ™ = Np> ipeSpec(ki]) P -

4. Moo rpespeciiizy P = V1 -



Proof of AHN. 5 € B:= S/p, p € Spec(S) .

We prove i) b e B\{0} , Blb~"] afield = Bis afield.

ii) A == Ri(p (" A) is a field. i) [B: A] < cc.

Proof. B=A[5] = B=Ax]/q, q € Spec(Alx]) .

q# 0! Otherwise, Ax][b~ "] is field = (A)[x][b~"] is field
= Vfe (AX\{0},3 é”n ge (A, nez, .
Using (A)[x] UFD = ?!So, q#0.



Reduction to a "detour".

3 P(x) € 9\{0}, P() =0 = (A)[7] s field.

(B) = B[b~"] = (A7) = (A1 = [(B): (A <.

a € R'is integral over R C R’ iff P(a) = 0, monic P € R[x]
Detour: R := {a € R’ : a integral over R} is a ring.

Prop. R D Sisfield = Ris field («< is clear for S = R[a]) .



Conclusion of Step 1.

Say P(X) = pnX" + ..., Q(X) = gmx™ 4+ ..., Q(b~") =0
and pn - gm # 0, P(x) and Q(x) € A[x]

= B[b~'] = A[5, b~ "] is integral over A[(Pmqm)~'] =: K
= K isfield = A isfield (see (i)) = B is field,

directly from Proposition. [



Proof of ‘Detour’ = Proposition.

Hint: to show that o, S integral = « -8 and o + 3 are integral
use symmetric polynomials evaluated on ‘conjugates’ of o, 3 .
Proof of Proposition: Sis afield = R is a field.

Sayae R,a-y=1,~v¢€ S, fe R[x] monic minimal s. th.
f()=0,f(x)=x"+bp_1x""+...+by = 0=a-f(y) =

A" by 24+t bi+a by = n=1=~y=becR. [



AHN (many generators) via induction on their #

Assume AHN with S := R[vyo, ..., Yn-1] -

To show AHN with S’ := S[v,] pick n € Specm(S’)
= m:=n[)S e Specm(S) = n(\R < Specm(R) .
Also, [S'/n: S/m] < ocand [S/m: R/(n( R)] < o0

= [S§'/n: R/(nNR)] < o . Finally, 1f = 15 =15 . [



HN 2: m € Specm(k[X]) & m =m,,ac K"

Proof "<". K[x] is finitely generated over k[X] (Z,[X] if k = Z) .
n:={heK[x]: h(a) =0} = K[x]/n=K, mg:=nk[X].
This completes proof in geometric case, i.e. when k is a field.
Fork =7 set ¢ : Z[X] — Zp[X] .

ma = ¢~ (n N k[X]) € Spec(Z[X]) , which completes the proof.



Continuation of Proof "=" with k a field or Z .

m € Specm(k[X]) = [k[X]/m: k/(mNk)] <.
m N k = {0} for k field and k/(m N k) = Z, for k = Z (AHN).
With ¢ : k[X] — K[X]/m let X == ¢(x;) , @:= (X1, ..., Xp) -

Px)em < P(a=0=m=m,,

which completes the proof of HN 2.



HN 3: mm)/:meSpecm(k[)?]) m= ﬂpjl:peSpeC(k[)?]) p

To prove it is sufficient to show that:

17 = Vp e Spec(R) : p = Nuopmespecm(r) ™ -
Proof: Pick p € Spec(R) and M = (e specm(R):mop M -
Then M = p . Otherwise, letting h € M — p and

X={b:pCbe Spec(R), h¢ b} choose bg maximalin X .

h¢ by = by ¢ Specm(R) = S := R/by is no field.



Step 3 continued

a¢bg= by ¢ Specm(R) = S := R/bg is not a field.
Let H be the class of hin S. Then S[H~ '] is a field.
Otherwise, 3 {0} # ¢ € Spec(S[H™])

= 307&%€c, beS,neZ,=becS+#{0}
= b not maximal in X ?! So S[H~"] is a field.

S not field and S[H~ '] is field =?! with 1f,soM =p. O



Lemma: (,cspec(r) P = Nil(A) .

Def: nil(R) := {r € R: r" =0 for some n} .
Show nil(R) C (yespec(r) P -

Proof: x”=0and 0 € p prime = xor x" ' cp.
Next show (¢ specm) P C Nil(R) -

Proof: f € (,cspec(r) » f € Nil(A) otherwise,

X :={lidealsof R:¥n:f1¢ I} . (Note:0 e S.)



Proof of Lemma continued
C(chain) C X, = Uy 1 € X
= Jp € X : pis maximal in X (Zorn’s Lemma).
Then p € Spec(R) . otherwise 3a-becpwitha bé¢p
= fTe(ap)¢ Xand f" e (b,p) ¢ X
= fM"ec(a-bp)=p=p¢ X="7 So,pe Spec(R) .
Since f ¢ p (Definition of X) and V q € Spec(R) = f € q ?!

So f € nil(R). Which complete the lemma.



Proof HN 4: N, .. spectipiny P = V1 -

(ﬂp)l:peSpeC(k[)?]) p)/1 = mpeSpec(k[)?]/l) p = nil(k[x]/]) =

Ic mpjl:peSpec(k[S{]) p and / C \ﬂ , ds required in HN 4.

Proofs of HN parts 1,2,3 and 4 complete.

Vi,



