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Special Weierstrass Div. Thm(S.W.D.) = W.D.Thm

d
V f € C{x,y} (conv. power series) and P9(\,y) := y¥ 4+ 3 Ayd=FK
k=1
exists Q9(x, \,y) € C{x, \,y} and RZ(x,)) € C{x, A} s. th.
d .
f(x,y) = Pd()\,y)Qf’(x, Ay)+ .Zle,j(Xv )\)yd—J _ (o)
J:

Weier. Prep. Thm (W.P.Thm.): If £(0,y) = y9h(y), h(0) #0 —
exist unique {\e(x)}, , A, (0) =0 and Qr € C{x,y} s.th. Qf(0,0) #0
and f(x,y) = PYA(x), y)Qr(x.y) .

W.D.Thm: Division of g(x,y) € C{x, y} by f with remainder of deg, < d
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Special W.D. Thm = W.P.Thm. Pick Q¢(x,A,y) and R (x, \)

Proof: Plugin x =0, A=0ineqn. (¢) =

d .
y9h(y) == y?!Qf(0,0,y) + _ZIRFJ(O,O))/""J
J:
= all R{;(0,0) =0, Qf(0,0,y) = h(y) and Qf(0,0,0) #0 .

Pluginx:O,)\:Oinai)\’_eqn. (0) =

ORY

d .
0=y 7 QI(0,0, ) + y? 30,0, ) + 3 (0, 0)y -
j=1

SV > (0,00 = 0, 9(0,0) = —h(0) = det(%54)(0,0) £ 0.

I.F.Thm.
— 0.

3 Aj(x) € C{x} , sth. A(0) =0, R,E’J(X,)\(x))
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Almost W.D.Thm.(Newton Inter.):Say f € C{x,y} and

pd(u,y) = TI (v — i), where u := (u1,...,1q) . Then
1<i<d

() = F3) = P0G ) + S ™ )

with ¢@ € C{x, u%, y} and rjd € C{x, 9} . (We skip writing x.)

Proof Obvious ford =1: f(y) = (y — Ml)% + fu1) -

Let ALf(x; p1,y) = f)=fGu) (A}‘i""lf) = A},(A;’)(ud; Hd+1,Y) -

(y—pa)
Note AL f(x; p1,y fo 5, 6Ty + (1= 1)u)dr € C{x, p1, v} .
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Proof of Newton Interpolation: Suffices (x)¢ = (%) "1
Apply d =1 case to q9(u9, y) with respect to y and plug into ()¢
q% (1%, y) = (v = pa+1)A,q% (17, a1, y) + a7 (1%, pay1)

— (1)@ with 4T (udT, y) = (AGFLF)(pd™, y) and

d+1 ) d ] d
2 My = Ryt T = ) (A0, ra)
J= J= =
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All Newton's divided differences AYf(u?t!) are symmetric!

Proof: Induction on d and the case of d = 2 suffice:

flun) — f(p2)  fus) — f(p2)

2 3) — 1 — K2 H3 — p2
Clearly AJf(p°) = =3

is symmetric in p1, pp, 3. For induction replace f by A}‘f_2f .

Cor All rjd(,ud) of the Almost W.D.Th. are symmetric with respect to u :

Since p?, f and g9 are symmetric in u9 | so is rﬂ(ud) .
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P(o(pn9),y) := p?(1u9, y) defines Elem. symm. poly.'s
Thm 1 SPy := {hom. symm. pol. of deg. k} = o*(WHj) , where

WHk = {Wk . Wk(O’) = 25227:1j5j=k Cgafl .. .0’5‘1}
(called weighted hom. pol. of deg. k with weights wt o; =7 ).

Cor 1: Every symm. formal > 72 o Hi(1) = > pe o Wi(o (1)), Wi € WHj

Cor 2: Weierstrass Div. Thm. version with formal expansion

Qd(x7 O-vy)|o—:o—(u) = qd(Xauay) and i-\?jd(xa U)’o—:g—(u) = rjd(Xau) :
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Claim 1: ker o*|,y, = {0}

Denote o(u?) := (01(1?), ..., 04(u?)) and o*H(u?) := H(o(u?)) .
Proof: H € ker |y, = DH(o(n)) - 52 = 0. P¥(o(u?), 1) =0 .
Fix j and take partials 5 - (Pd(a(,ud) j) = 0 <= in matrix forum

—T = =[5+ (o (u), 1)) = [ 4] - [52(19)] and since

detT = (1)@ @HD/2. ], _ () — pi)? = det(57%) # 0 = o*(DH) =0
= inductively c*(D*H) = 0) = (D*H)(0) = 0 for all ¢, i.e.

ker 0|y, = {0} . (In fact ]det(a"k| =TT iy — il 1)
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Claim 2: dim SP, = dim WH, (Note: o; € SP;)

Fact 1: {0}y, x form a basis of WHy (o = (o, ..., aq) € Z9).

<j<a=
Fact 2: Consider i, 8= (B1,...,Bq4) € Z9 with 811 < B;, |B] = k .
Then symmetrizations S(”) form a basis of SP .

Let W(a) =3, where Bj =aj+---+ag,j>1.

Then W is one-to-one and |V(a)| = a1 +2a2 + -+ + dag .
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W.D.Thm. (Formal) = W.D.Thm. (Convergent)
Proof: Via Thm: If 0*G(p) € C{u} = G(0) € C{p} (I owe you).

= 0*Q4(0) := q¥(u) , a*(Rg’j) = rjd = Q¢ € C{x,0,y}, RﬁJ(C{x,a} .
d
o {f(x,y) = [P9(0,y)Qf (0,y) + X RE\(x, o)y} = 0. ker o* = {0}
k=1

d
= f(x,y) = P¥0,y)Q¢(o,y) + > ng(x, o)y?=% W.D.Thm(conv).
k=1

Corollary: C{x} is a UFD.

Via W.P.T. and Gauss Thm: R is UFD = R[y] is UFD. (I owe you.)
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Resultants: Say P(c(\, i), y) := PI(\,y) - P9, y)
and let A(\,y) := P9(\,y) , B(p,y) :== P99(u,y) . Note:

S g )y K =y By y) Xy G\ )y TR =y TA )
Define linear map Resa g(A, 1) : (Pol,_y & Pol,_, 1) — Pol,_; ,

by matrix % (in basis y/) ;ie. (F,G)— F-B(u,y)+ G-A(\,y)
Thm. Aacom. rt. of A(\%,y) and B(1®,y) < det Resag(\% 1u%) #0 .
Proof: Since both < A non-triv. sol. to F - B(u%,y) + G- A\, y) =0.

Cor. (RC) 3\, pi* € C{c — (A% 1)} sth. p?(c,y) = AN, y)B(1*,y)
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Newton-Puiseux Thm(NP): Say f = p?(A(x),y) , A(0) = 0 and
V(f) := {f(x,y) = 0} C (C2,0) . Then
1. 3k € N and y(t) € C{t} s. th. y(0) =0 and f(tX,y(t)) =0;
2. If f(x,y) is irred. in C{x}[y] then
F(td,y) =TI (y — y(€1))
where € = e2™/9 is the primitive root of ¢? =1 .

Cor. Can describe V/(f) C (C2,0) for f € C{x,y} : WP then NP Thm.’s.

lan Hung (2011) eierstrass Preparation Theorem, Resultants Nov. 24, 2011 12 /15



Lemma: f(x,y) =y?+ 3%, ci(x)y?", ci(x) € C{x} .

If for a p € Z, all x'P divide ¢;(x) then define d;(x) := ¢;(x)/x" and
g(x.y) =y + Xy dix)y? .

Then fis irred. = g(0,y) = (y +a)9 .

Proof: Otherwise g(x, y) factors in C{x}[y] (by Cor. RC).

Let po(h) be the largest int. p s.th x* divides h € C{x}, oo if h=10.

Cor. If c1(x) =0 for f as before and p = miny<j<qpo(ci)/i € N then

lan Hung (2011) eierstrass Preparation Theorem, Resultants Nov. 24, 2011 13 /15



show f is not irreducible. Followed by proof of NP 1 .
Proof If fis irred. by prev. g(0,y) = (y +a)? = a=0, but p < 0o = 7!
Proof of 1. in NP Thm. We may assume that f is irreducible.

By translation y’ = y + ¢1/d may assume ¢; = 0 (then ¢; # 0 for some /) .
Also mina<j<q(po(ci)/i) =: p/q, where gcd(p,q) =1 . Then g > 1.
Since po(ci(t9)) = q - po(ci(t)) = fi(t,y) = f(t9,y) is reducible =
(induction) 3 k', y(t) € C{t} s.th. y(0) =0 and A(tX, y(t)) =0,

so letting k = gk’ completes the proof.
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Proof of 2 in NP Thm.

Choose k , y(t) = Y22, a;jthi s.th. f(t*,y(t)) =0

j=1
and k, kq, ... are positive integers with no common divisor =
f(th,y) = Hj-‘zl(y —y(dt))g(t,y) (Since y(€'t) are distinct) .

Claim: If fis irreducible then g(t,y) =1 and k = d.

Suffices to show that Hj-‘zl(y — y(€t)) € C{t*}[y]. Each coefficient

of t"y* is a linear comb. of terms ¢® := [ o;(u¥)® evaluated at
wt(a)=r
pk = (e,€%,...,€), ie. PX(o,y)=ykK —1=0*=0unless r € k- Z.
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