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Enticement

Want ‘geometric desing.” of X C M, i.e. ¢ : M' — M with

Sing(X) = Sing(¢) and 'lifted’ X’ := cl(¢~1(X \ SingX)) nonsing.

This talk: algebraic desing., i.e. det(Jy) - (Ix o ¢) locally monomial

and ¢ a composite of blowings-up with nonsing. centres
Remark. (Process of) algebraic desing. = (Weak) geometric desing.:

Stop blowing up when inv{** constant on resp. X’ C M’

inv{** constant on X’ = X’ nonsingular
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Year 0. Effect of blowing-up revisited: ‘maximal contact’
No:=M> U > a; =) F(a) = A{(f, pa(F))}: v1(a) = py(F) = 1 (a)

(in gen., F(a) = {(F.1,)} eg x = (e i) g = mingi(6)

F(a)is chosen's. th. vy(-) ata~ F(a) ,ie
{x () = n(a)} = S, (a) "2 Sy = {x wlF) > g L (Foar) € F(a)}

d
3, € F(a) sth. p,(f) = pg =:1d = %(a) # 0 (after lin. tran)
n

Passage to codim 1, same as Slide 6 of Talk 1 (in year 0, Fy(a) := F(a)) :

991, dIf 0<q<ps,
Ny = {W = 0} 0 Gi(a) = <Cf,q = ol oM q) :
n n- 1Ny (f7 ,u,f) S .7:0(3)

Ex. Inyear 0, f = x2 — x2x3 at a=0; N, = {x3 =0}; G,(0) = {(x3x3,2)}
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Year k. Set-up

a=ia, +— a_; = o > a e a_ - ag
M, 2 oM, 22 Iy o T My = U,
) = ) = = oma) < yla) Eotd for vy = {Hj}j<i
(0; bl.-up with centre C;_;) H; == 0;71(C;_,) (index 'lifted’ to M,)

Flak) = F(ay_y) = {(f":= y,;k"f(f 00y) s pe =)} for (f,ps) € Flak—1)
Ny(ak) = Ny(a,_q) ¢k=i>1i

G1(ak) = Gi(a,_1)'

EYay) = {H € Eyy tor v tak € H} C E(ay), sp(ak) == #E(ak)

Ei(ak) = E(ax) \ E*(ax)
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Year k. Set-up cont'd. invy 5(ax) := (v1(ak), s1(ak); v5(ak))

. tay ,(8)
po(ak) = min (“) = vy(ak) + Z pan(ak) , where
(& 1)CG(a0) \  Hg HE £ (ak)
. order to which y,, factors from g
Hop(ak) = min H » In=(yn)

(&, 1g)€G,(a,_1) Mg

Fi(ak) == (+) U{(Dy(ai), 1 — va(ax)} , where Dy(a) = [ wie™
He & (ak)

and (x) == {(Dy(ak) " - g, v2(ak) - 11g) - (& 1) € Ga(aK)}

Consequently invy 5(-) at ax ~ Fy(ax)

E2(ak) = {H (S Eo tag € H} C El(ak) B sz(ak) = #EQ(ak)

Id for NV, g

& (a) = &(ax) \ E*(ax)
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Year 0. v, ,E" s, &, at a defined recursively
Ex. In year 0, vy(a) = pp(a) = 3 ; Fi(a) = {(4x3,5)} ~ {(xq, 1), (. 1)}
To N, : Ny(a) = Ny(a) 1 {x, = 0}; G(a) = {(x, 1)} Fa(a) = Gy(a)
inv 5(a) = (2,0;5/2);  inva(a) = (invy5(a),0)
To N Ny(a) = Ny(a) N fx, = 0} = {a}; G5(a) = 0 = F5(a)
inv(a) = (inva(a); 1,0; ).

Year k : Last v, ; =o0or 0. If co, bl.-up with centre Sinv,(a) =N,

Ex. In year 0, oy : M; — M, with ¢, = {a}
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Year 1. ‘New' for invy s and ‘old’ for inv; s exc. div.

Ex. Inyear 1, M; := BICO(UO) D U;; Yexc = Vi Hy = {Yexc = 0}
b:=0¢€ U; 01|U11 X1 =Y1, X =Wy, X3=¥1)3
fi=1f=y;—yiy3 = n(b)=w(a) =2 = H € &(b); invy(b) = (2,0)

Year k : ‘Account for' exc. hypersurfaces (similar to Slide 15 of Talk 1)

H e & (ak) (‘new for invy5') :  In def. of Fy(ak)

H € E*(ay) (‘old forinvys)) - Fi(a) = Fi(a) U ( |J {lvw,1)})
HeE?(ay)

inv,(-) at ax ~ Fi(ak)
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Years 1 and 2. Case inv,(a) = (...;0)

Ex. In year 1, Ny(b) = {y; =0} ; Gi(b) = {033 . 2} vy(b) =3 = Hi € E*(b)

Dy(b) = 17" FiB) = {02, 2: )} ~ {02, D)} Fi(6) ~ {021, b, D}

To N, : Ny(b) = Ny(b) N {y, = 0} ; Ga(b) = {(r1,1)} = Fa(b) = F5(b)
increase codim (x—1) increase codim

Recursion:  —— N, (ax) — G,.(ak) — D,(ak) — F.(ak) — Fi(ax

Ex. In year 1, inv,(b) = (2,0;3,1;1,0;00) ; G, = {b}

Talk 1
Year k : inv(ax) =(...,0) Slide 9 Sinv (@) =UsZ; , where Z, is component of S, (ax) .
!

Ji={HeE@):H>Z}, Z,=Sp(@a)n[H
HeJ
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Year 2. Case inv,(a) = (...;0) continued

Ex. In year 2, 0=:ceUpy; az\Ulz N =221, Yo=2Zy, Y3=273; f=22 22}
E(c) =& (c) = {Hy , By}, Hi={z=0}; Ny(c) ={z;=0}; Gi(c) ={(z7 .2)}
3
inv,(c) = (2,0;0) because D;(c) = 27z = Fi(c) = {(Dy(c),1)}

Sinv,(c) = (Sinv,(c) N Hy) U(Sinvl(c) N H,)

Year k : Subsets of £ := {H;}1<j<k can be totally ordered

Take G := 2,y for J(ak) == max{J : Z, is a component of sinv,(a")}

Ex. Inyear 2, G, := 5inv,(c) N H,;
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Effect of blowing-up (Slides 6-8 & 10-11 of Talk 1) shows

Year k: invi(a)=(..;iv(a): D,y(a)= [ v
He &, (ak)

Case 1: v,(ak) = 00 = Sinv,(ak) = N,(ax) = inv, decreases (‘above’ ay)

Case 2: v, (a) =0 = S, (ak) =UyZ, = inv, decreases after at most finitely
!

many blowings-up ‘controlled’ by the numerator of Z e
He &, (ak)
(Just as in Talk 1 : decrease of Q| with r = 2)

In each year: pass to higher codim. until Case 1 or Case 2 holds
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Proof of invariance — main technique in an example

Ex. M:=U:=A?%; f=fh=x{—x7, p<q; 0=a€U

Show pp(a) = £ is invariant

Up:=UxAl; yg:={a} xAl . Forj>1, 7; := 'lifting’ of 7;_; to Blcj_l(Uj_l) , where U,

is coord. chart containing v;(0) =: C;

In Uy : X1=WnzZ, Xx=yz, z=z — f1:y2p—

After k such blowings-up, f, = y§ — quz(q*p)k in Ux

St =1y =01,52,2) 1y, =0, 11, (v 2(9=Pk) > p}
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Proof of invariance — continuation

Hy := ‘Last exc. hypersurface’ = {z = 0}
‘Invariant’ question: Is Hy N S(fk ,p) Nonsing. of codim. 1 in H?

— q _
Yes <= (q—plk=2p <= (§-1)k=>1

If 'yes', Hk N S(r,  p) coincides with {y, =0, z =0} =: Cyp ; Uo=U,

)

— — — — P q_(q—p)k—
InUki, “H=wv,Yo=Wwz, z=2 = fk,l*V2 —vlz(q pYk=p
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Proof of invariance — conclusion

After s such blowings-up, f, = v§ — vy z(9Pk=Psin U, _
St .p) = {vi=(v1,»n,z):vu=0, uv(vlqz(q_”)k_f’s) > p}

H,.={z=0}. Ask the same ‘invariant question':

=14+ su s+l Done
p 3
k,s with ' Yes’
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Globalization via inv§*(ax) := (inv,(ax) , J(ax))

General fact: Slnvsxt(ak) Zj(a) + i-€. is nonsingular

(We used this to show “algebraic desing. = (weak) geometric desing.")

In year k, M, Compact => inv{** takes on maximum value inv{**(M, )

Choose as ‘global’ centre Cy := va""(M ) ={y € My : inv&*(y) = inv{*(My)}

Nonsingular locally = nonsingular
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Algebraic desing.: det(J,) - (Ix o ¢) locally monomial in y;,

(i). From Talk 1: By construction, Vj CJ has ‘normal crossings’ with exc. divisors EJ

(ii). After fin. many blowings-up := ¢ , max invgs =0 <= Iy, loc. gen. by invertible f
(i) and (i) = (Ix 0 ¢) loc. monomial in i, (up to an invertible factor)

Say ¢ i= 010+ 00, , where o} is bl.-up with centre Gj_1 := {x =+ = x, = 0}

oly xa=yu, =yypL<i<m), x=y (i>m) = det(Jal):y/'-In_l

By Chain Rule and multiplicativity of det, det(J¢) = H det(J,) = H y,_",]_ji:l
15j<q Toagj<e

with (i) = Done
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