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Existence of Morse functions (in Rn) (Lemma)

If f : Rn → R, a = (a1, ..., an) ∈ Rn ⇒

measure({a ∈ Rn|g = f − a1x1 − ...− anxn is not Morse}) = 0.

Proof: Apply Sard to Df ⇒

mes.(Q = {q|Df(p) = q, det(Hess(g(p))) = 0}) = 0.

Let a 6∈ Q and g = f − a1x1 − ...− anxn is not Morse ⇒

∃p, s.t. rank(Dg(p) = [∂f(p)∂x1
− a1...∂f(p)∂xn

− an]) = 0,

det(Hess(g(p))) = 0 ⇒ Dg(p) = 0 ⇒ ∂f(p)
∂xi

= ai ⇒

Df(p) = a ⇒ a ∈ Q⇒ cont. ⇒ if a /∈ Q⇒ g-Morse
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Theorem (Sard)

U - open ⊆ Rn, f : U→ Rp is C∞, p ≥ 1 C:={y ∈ U : rank(Dfy) < p}
⇒ measure(f(C)) = 0. /m(...) := measure(...)

Proof: Base: n=0. Assume for n-1.

C1 := {y ∈ U :
∂fj
∂xi

(y) = 0 ∀i, j}.

Ci := {y ∈ U :
∂kfj

∂xs1 ...∂xsk
(y) = 0 ∀k ≤ i} ⊃ Ci+1.... ∀i, Ci- closed.
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Step 1

measure(f(C − C1)) = 0

If p > 2, x̄ ∈ C − C1 ⇒ ∃ ∂fi
∂xj

, say ∂f1
∂x1

: ∂f1
∂x1

(x̄) 6= 0.

Def. h : U → Rn, h(x) := (f1(x), x2, ..., xn).

det(Dhx) 6= 0⇒ ∃V 3 x̄, V ′ : h : V → V ′ ⊆ Rn-diffeom.

g := f ◦ h−1 : V ′ → Rp ⇒ Cg := {y ∈ V ′ : rank Dgy < p} =

h(V ∩C)⇒ g(Cg) = g(h(V ∩C)) = f ◦h−1(h(V ∩C)) = f(V ∩C).

Fix t, ∀(t, x2, ..., xn) ∈ V ′, g((t, x2, ..., xn)) ∈ {t} ×Rp−1 ⊂ Rp.

4 / 15



Def. gt : ({t} ×Rn−1) ∩ V ′ → {t} ×Rp−1. Then:

∂gi
∂xj

=

(
1 0

∗ (
∂gti
∂xj

)

)
x ∈ {t} ×Rn−1 is crit. for gt iff x is crit. for g.

By ind. hyp. m(g(Ctg := {y ∈ V ′ : rank Dgty < p})) = 0

in {t} ×Rp−1 ⇒ m(g(Cg) ∩ {t} ×Rp−1) = 0

⇒ by Fubbini m(g(Cg) = f(V ∩ C)) = 0.
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We just used standard Theorem (Fubbini)

If A ⊂ Rp = Rp−1 ×R is measurable and

measure((A ∩ (constant)×Rp−1)) = 0 in Rp−1 ⇒

measure(A) = 0 in Rp.
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Step 2

measure(f(Ck − Ck+1)) = 0

Let x̄ ∈ Ck − Ck+1 ⇒ ∃
∂k+1fj

∂xs1∂xs2 ...∂xsk+1
(x̄) 6= 0⇒

w(x) :=
∂kfj

∂xs2∂xs3 ...∂xsk+1
(x̄) = 0. Let s1 = 1.

h(x) := (w(x), x2, ..., xn) : U → Rn diffeom. for V 3 x̄, V ′ ⇒

h(Ck ∩ V ) ⊆ 0×Rn−1.

g := f ◦ h−1 : V ′ → Rp and ḡ : (0×Rn−1) ∩ V ′ → Rp.

∀ x ∈ h(Ck ∩ V ), x ∈ {y ∈ V ′ : rank Dgy < n}.

By ind. hyp., m(ḡ(h(Ck ∩ V )) = f(Ck ∩ V )) = 0.
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Step 3

measure(f(Ck)) = 0 if k > n
p − 1

Let In ∈ U be a cube with edge δ. Let k > n
p − 1.

By Taylor f(x+ h) = f(x) +R(x, h). In - bounded ⇒

||R(x, h)|| ≤ const.||h||k+1, x ∈ Ck ∩ In, x+ h ∈ In, c-constant.

Subdivide In into rn cubes with edge δ
r , let x ∈ I1 ⇒

∀y ∈ I1, y = x+ h; ||h|| ≤
√
n δr , c := constant.
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‖|R(x, h)|| ≤ c||h||k+1 ⇒ f(Ii) ⊆ cube of edge

2c(
√
nδ)k+1

rk+1 centered at f(x)⇒

V (f(Ck ∩ In)) ≤ rn(2c(
√
nδ)k+1

rk+1 )p = (2c(
√
nδ)k+1)prn−(k+1)p ⇒.

If n
p < k + 1⇒ V → 0 as r →∞⇒ m(f(Ck ∩ In)) = 0.

SARD THEOREM PROVED.
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Thm. Sard ⇒ ∃ Morse fun. on compact manifold

Let f̃i : Rn → R, s.t. span{df̃i} = T ∗pR
n ∀p ∈M - k-dim.,

Let fi = f̃i|M ⇒ span{df1, ..., dfn} = T ∗pM .

Thm: Sard ⇒ measure({a ∈ Rn|a1f1 + ...+ anfn is not Morse}) = 0.

Proof: Fix p ∈M . dim(T ∗pM) = k ⇒

∃ {g1, ..., gk} ∈ {f1, ..., fn} : span({dpg1, ..., dpgk}) = (T ∗pM)⇒

a) Dp(g1, ..., gk) is not degenerate. Inv. Map.Thm. ⇒

b) ∃V ⊆M , L ⊆ Rk : φ = (g1, ..., gk) : V → L ⊆ Rk - diffeom.
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Fix (ak+1, ..., an), V ⊆M

({hk+1, ..., hn} ∪ {g1, ..., gk}) = {f1, ..., fn}

ga := a1g1 + ...+ akgk + ak+1hk+1 + ...+ anhn,

g∗a := ga((φ)−1) = a1x1 + ...+ akxk + ak+1h
∗
k+1 + ...+ anh

∗
n.

Apply Lemma ⇒

m({(a1, ..., ak) ∈ Rk : g∗a|L is not Morse}) = 0⇒

m({(a1, ..., ak) ∈ Rk : ga|V is not Morse}) = 0.
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Apply Fubbini ⇒

m({(a1, ..., an) ∈ Rn : ga|V is not Morse}) = 0.

Cover M by ∪Vi ⇒ ∀ Vi, ∃ Di ⊆ Rn : a /∈ Di ⇒

ga is Morse. Take ∪Di.
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Corrolary

Given M - k-dim. manifold, ∃f : M → R Morse.

Reminder

f : M → R is Morse if for some chart φ : V → Rn, f ◦ (φ)−1 is Morse.
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Morse-Smale complex:

Sard ⇒ Smale

Given M-manifold, ∃ Riemannian metric, s.t.

<,> is standard near crit. points; ∀a, b-crit. points, (S(a) t U(b))

∂x

∂t
= (gradf)(x)→

{
S(a) := {x : x(0) = x, limt→∞x(t) = a}
U(b) := {x : x(0) = x, limt→−∞x(t) = b}
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Want to construct differential complex:

A0 → An → ...→ A1 → A0, Ai = Zk, k = # crit. p-ts of index i.

di : Ai → Ai−1 - homomorphism, didi+1 = 0.

Suppose dim(Ai)=n, dim(Ai−1)=m.

{x1, .., xn}-basis of Ai, {y1, .., ym}-basis of Ai−1.

di(xs) = Σm
j=1asjyj .

How to define coefficients? di−1[a] = Σnb[b].
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