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EXISTENCE OF MORSE FUNCTIONS (IN R") (LEMMA)

Iff:R"—>R,a=(a1,...,ap) € R" =

measure({a € R"|g = f — a171 — ... — ax, is not Morse}) = 0.

Proof: Apply Sard to Df =

mes.(Q = {q|Df(p) = ¢, det(Hess(g(p))) = 0}) = 0.

Let a ¢ Q and g = f — a121 — ... — anTy is not Morse =
Jp, s.t. rank(Dg(p) = %2 — a1.. %2 —q,]) =0,

det(Hess(g(p))) =0= Dg(p) =0 = %g) =a; =

Df(p) =a=a€ @ = cont. = if a ¢ Q = g-Morse
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THEOREM (SARD)

U-open CR", f: U= RPisC®, p>1C:={yeU : rank(Df,) < p}
= measure(f(C)) =0. /m(...) := measure(...)

Proof: Base: n=0. Assume for n-1.

Cr={yeU: gy =0Vij}

Cr={yeU: LL () =0Vk<i} > Cp... Vi, Ci- closed.

8wsl“.8xsk
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STEP 1
measure(f(C —C1)) =0

Ifp>22eC—C =350 say Jb: Gli(z) #0.

Def. h: U — R", h(z) = (fi(z), 22, .., Tn).

det(Dhg) #0 =3V 3z, V': h:V — V' C R*-diffeom.
gi=foh™ 1 :V' = RP=C,:={yeV :rank Dg, < p} =
h(VOC) = g(Cy) = g(h(VNC)) = foh~ ((VNC)) = F(VNC).

Fix t, V(t, 22, ..., xn) € V', g((t, 22, ...,7,)) € {t} x RP~L C RP.
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Def. g : ({t} x R*" 1) NV’ — {t} x RP~!. Then:

9gi 1 0
gr; — \* (52)

x € {t} x R"Lis crit. for ¢* iff x is crit. for g.

By ind. hyp. m(g(C; :={y € V': rank Dgf, <p})=0
in {t} x R~ = m(g(Cy) N{t} x RP~1) =0

= by Fubbini m(g(Cy) = f(VNC)) =0.
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WE JUST USED STANDARD THEOREM (FUBBINI)

If AC RP = RP™! x R is measurable and
measure((A N (constant) x RP~1)) =0 in RP~! =

measure(A) =0 in RP.
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STEP 2
measure(f(Cx — Crg+1)) =0

- okt1f, -
Let 7 € C — C1 = 3 —6%13%2_._5%“1 () #0 =

— " f;
w(x) T 8x328ws3...8x3k+1

() =0. Let s1 = 1.

h(z) := (w(x), z2,....,xy) : U = R™ diffeom. for V >z, V' =
h(CLOV) C0x R

gi=foh™ iV S RPand g: (0x RNV — RP.
Veeh(CpynV),xze{yeV' :rank Dg, <n}.

By ind. hyp., m(g(h(Cr N V)) = f(CLNV)) = 0.
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STEP 3
measure(f(Cy)) =0if k> 2 —1 J

Let I™ € U be a cube with edge §. Let k& > % -1

By Taylor f(z+ h) = f(z) + R(z,h). I" - bounded =
||[R(z,h)|| < const.||h|[**, z € C,, NI,z + h € I", c-constant.
Subdivide I™ into r™ cubes with edge g, let x € 1 =

Vyel,y=xz+h;||h]| < \/ﬁg, ¢ := constant.
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I1R(z, h)|| < cl|p||**! = f(I;) C cube of edge

25(‘7@% centered at f(x) =

V(f(Cen 1) < e (00 = (2e(y/ma)k+typrn=(lp =
If2<k+1=V—=0asr—oo=m(f(C,NI"))=0.

SARD THEOREM PROVED.
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THM. SARD = 3 MORSE FUN. ON COMPACT MANIFOLD

Let f;: R" — R, s.t. span{df;} = T/R" ¥p € M - k-dim.,

Let fi = filar = span{dfy, .., dfn} = T M.

Thm: Sard = measure({a € R"|a1 fi + ... + a, f,, is not Morse}) = 0.

v

Proof: Fix p € M. dim(T; M) =k =

3 {gla a.gk’} € {flw"’fn} : Spa‘n({dpgl> 7dpgk’}) = (T;M) =
a) Dp(g1, ..., gx) is not degenerate. Inv. Map.Thm. =

b)IVC M, LCRF: ¢=(g1,.... 9x) : V — L C RF - diffeom.
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Fix (ags1,.yan), VC M

kgt s b} UG, s g1 }) = {f1, o fu}

Ja = 191 + ... + aggr + agp1hryr + oo+ aphap,
95 = 9a((9)™") = a1x1 + .. 4+ agzy, + apahi, +
Apply Lemma =

m({(a1,...,ar) € R* : g*|1 is not Morse}) = 0 =

m({(a1,...,ar) € R¥ : g,|y is not Morse}) = 0.

o Fanhy,.
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Apply Fubbini =
m({(a1,...,an) € R™ : gq|v is not Morse}) = 0.
Cover M by UV; =V V;,3 D, CR":a¢ D; =

ga is Morse. Take UD);.
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CORROLARY
Given M - k-dim. manifold, 9f : M — R Morse.

REMINDER
f: M — R is Morse if for some chart ¢ : V — R™, fo (¢)~! is Morse.

v
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Morse-Smale complex:

SARD = SMALE

Given M-manifold, 9 Riemannian metric, s.t.

<, > is standard near crit. points; Va, b-crit. points, (S(a) h U (b))

or S(a) :=={z : 2(0) = z,limi—0ox(t) = a}
o~ lgredf)(@) = { Ub) = {2: 2(0) = 2. limy__ou(t) = b}
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Want to construct differential complex:

Ag = A, — ... = A1 — Ag, A; = ZF, k = # crit. p-ts of index i.
d; : A; = A;—1 - homomorphism, d;d;+; = 0.

Suppose dim(A;)=n, dim(A;_;)=m.

{z1, .., xn }-basis of A;, {y1, .., ym }-basis of A;_1.

di(xs) = XL as,y;.

How to define coefficients? d;_1[a] = Xnp[b].
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