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Theorem (Distance Formula) 

 

For 𝑃𝑃 a polynomial and 𝑎𝑎, 𝑥𝑥 ∈ ℂ𝑛𝑛 , 

1
2𝑛𝑛

𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≤ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) ≤ √𝑛𝑛 deg(𝑃𝑃)𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) 

where  

𝑉𝑉(𝑃𝑃, 𝑥𝑥) ≔ {𝑧𝑧 ∈ ℂ𝑛𝑛 |𝑃𝑃(𝑧𝑧) = 𝑃𝑃(𝑥𝑥)} 

𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) ≔ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� 

𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≔ min
1≤|𝛼𝛼 |≤deg (𝑃𝑃)

�
𝑃𝑃(𝑎𝑎) − 𝑃𝑃(𝑥𝑥)

1
𝛼𝛼!𝐷𝐷

𝛼𝛼𝑃𝑃(𝑎𝑎)
�

1
|𝛼𝛼 |

 

𝛼𝛼 = (𝛼𝛼1,⋯ ,𝛼𝛼𝑛𝑛) ∈ ℤ+
𝑛𝑛    

|𝛼𝛼| ≔ 𝛼𝛼1 + ⋯𝛼𝛼𝑛𝑛  

 𝐷𝐷𝛼𝛼𝑓𝑓 ≔ 𝜕𝜕|𝛼𝛼 |𝑓𝑓/𝜕𝜕𝑥𝑥1
𝛼𝛼1 ⋯𝜕𝜕𝑥𝑥𝑛𝑛

𝛼𝛼𝑛𝑛  . 
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Motivation for Theorem 

 

Recall that polynomials of degree 1 defined on ℂ𝑛𝑛  satisfy 

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑎𝑎, {𝑧𝑧 ∈ ℝ𝑛𝑛 |𝑃𝑃(𝑧𝑧) = 0}) =
|𝑃𝑃(𝑎𝑎)|

‖𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑎𝑎)‖�𝐿𝐿2 � 
 

This is a special case of a similar well-known formula in ℝ𝑛𝑛 . 

 

 ‖𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑎𝑎)‖�𝐿𝐿2 � ≈ �max𝑗𝑗
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

(𝑎𝑎)�, with a constant that only depends on 𝑛𝑛.  

Hence, when deg(𝑃𝑃) = 1 

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑎𝑎, {𝑧𝑧 ∈ ℂ𝑛𝑛 |𝑃𝑃(𝑧𝑧) = 0}) ≈
|𝑃𝑃(𝑎𝑎)|

�max
𝑗𝑗

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

(𝑎𝑎)� 
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Preliminaries 

Given any value of 𝑃𝑃(𝑥𝑥), we can consider the polynomial 𝑄𝑄(𝑧𝑧) ≔ 𝑃𝑃(𝑧𝑧) − 𝑃𝑃(𝑥𝑥).  

Hence, we may assume that 𝑃𝑃(𝑥𝑥) = 0. 

 

For 𝑎𝑎, 𝜉𝜉 ∈ ℂ𝑛𝑛  with |𝜉𝜉| = 1 we will define a new polynomial 

𝑃𝑃𝜉𝜉(𝑧𝑧) ≔ 𝑃𝑃(𝑧𝑧𝑧𝑧 + 𝑎𝑎). 

 

If 𝑃𝑃(𝑎𝑎) = 0 then 𝑃𝑃(𝑎𝑎) = 𝑃𝑃(𝑥𝑥). Hence, 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) = 0 and 𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) = 0 and so there is nothing to prove.  

Thus, we assume that 𝑃𝑃(𝑎𝑎) ≠ 0 and so 𝑃𝑃𝜉𝜉 (0) ≠ 0. 

 

Now, define the distance from 𝑎𝑎 to 𝑉𝑉(𝑃𝑃, 𝑥𝑥) along the complex line through 𝑎𝑎 in the direction 𝜉𝜉 to be: 

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≔ min
𝑧𝑧∈ℂ

{|(𝑧𝑧𝑧𝑧 + 𝑎𝑎) − 𝑎𝑎|:𝑃𝑃(𝑧𝑧𝑧𝑧 + 𝑎𝑎) = 0}

= min
𝑧𝑧∈ℂ

�|𝑧𝑧|:𝑃𝑃𝜉𝜉(𝑧𝑧) = 0�. 
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Outline of Proof 

Claim 1: 

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≥
1
2

min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

  

Claim 2: 

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≤ deg(𝑃𝑃) min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
 �

1
𝑘𝑘

 

Claim 3: 

√𝑛𝑛 deg(𝑃𝑃) 𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≥ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) 

Claim 4:  
1

2𝑛𝑛
𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≤ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) 
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Proof of Claim 1: 𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≥ 1
2

min1≤𝑘𝑘≤deg (𝑃𝑃) �
𝑃𝑃𝜉𝜉 (0)

1
𝑘𝑘 !𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘
 

First write 𝑃𝑃𝜉𝜉(𝑧𝑧) as a power series expansion 𝑃𝑃𝜉𝜉 (𝑧𝑧) = ∑ 𝑎𝑎𝑘𝑘𝑧𝑧𝑘𝑘𝑚𝑚
𝑘𝑘=0  where 𝑎𝑎𝑘𝑘 = 1

𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0). Then, 
𝑃𝑃𝜉𝜉(𝑧𝑧) = 0 implies 

1 = −�
𝑎𝑎𝑘𝑘
𝑎𝑎0
𝑧𝑧𝑘𝑘

𝑚𝑚

𝑘𝑘=1

 

Hence, 

1 ≤ ��
𝑎𝑎𝑘𝑘
𝑎𝑎0
� |𝑧𝑧|𝑘𝑘 ≤ �(𝑅𝑅|𝑧𝑧|)𝑘𝑘

𝑚𝑚

𝑘𝑘=1

𝑚𝑚

𝑘𝑘=1

 

where  

𝑅𝑅 ≔ max
1≤𝑘𝑘≤𝑚𝑚

�
𝑎𝑎𝑘𝑘
𝑎𝑎0
�

1
𝑘𝑘

. 

Since ∑ �1
2
�
𝑘𝑘

∞
𝑘𝑘=1 = 1, we have 

��
1
2
�
𝑘𝑘∞

𝑘𝑘=1

= 1 ≤ �(𝑅𝑅|𝑧𝑧|)𝑘𝑘
𝑚𝑚

𝑘𝑘=1

≤ �(𝑅𝑅|𝑧𝑧|)𝑘𝑘
∞

𝑘𝑘=1
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Hence, 𝑅𝑅|𝑧𝑧| ≥ 1
2
 and so 

|𝑧𝑧| ≥
1
2

1
𝑅𝑅

≥
1
2

1

max
1≤𝑘𝑘≤𝑚𝑚

�𝑎𝑎𝑘𝑘𝑎𝑎0
�

1
𝑘𝑘

≥
1
2

min
1≤𝑘𝑘≤𝑚𝑚

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

 

 

Recall that 

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≔ min
𝑧𝑧∈ℂ

�|𝑧𝑧|:𝑃𝑃𝜉𝜉 (𝑧𝑧) = 0�. 

Thus, 

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≥
1
2

min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘
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Proof of Claim 2: 𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≤ deg(𝑃𝑃) min1≤𝑘𝑘≤deg (𝑃𝑃) �
𝑃𝑃𝜉𝜉 (0)

1
𝑘𝑘 !𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
 �

1
𝑘𝑘
 

Consider the polynomial 𝑃𝑃�𝜉𝜉(𝑧𝑧) ≔ 𝑧𝑧𝑚𝑚𝑃𝑃𝜉𝜉 �
1
𝑧𝑧
�.  

We can write 𝑃𝑃�𝜉𝜉(𝑧𝑧) in two ways. 

1) 𝑃𝑃�𝜉𝜉(𝑧𝑧) = ∑ 𝑎𝑎𝑚𝑚−𝑗𝑗 𝑧𝑧𝑗𝑗𝑚𝑚
𝑗𝑗=0   

2) 𝑃𝑃�𝜉𝜉(𝑧𝑧) = 𝑎𝑎0 ∏ (𝑧𝑧 − 𝑧𝑧𝑘𝑘).𝑚𝑚
𝑘𝑘=1  

Equating coefficients yields, 

�𝑗𝑗!𝑎𝑎𝑚𝑚−𝑗𝑗 � = �
𝑑𝑑𝑗𝑗

𝑑𝑑𝑧𝑧𝑗𝑗
𝑃𝑃�𝜉𝜉(0)� ≤ |𝑎𝑎0|

𝑚𝑚!
(𝑚𝑚 − 𝑗𝑗)!

𝑀𝑀𝑚𝑚−𝑗𝑗  

where 

𝑀𝑀 ≔  max
1≤𝑘𝑘≤𝑚𝑚

|𝑧𝑧𝑘𝑘 | =
1

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)�
. 
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Thus, 

�
1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)

𝑃𝑃𝜉𝜉(0) �

1
𝑘𝑘

≤ 𝑚𝑚𝑚𝑚,           1 ≤ 𝑘𝑘 ≤ 𝑚𝑚, 

and so it follows that 

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≤ deg(𝑃𝑃) min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
 �

1
𝑘𝑘

. 

Thus, we have proven 

1
2

min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

≤ 𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� ≤ deg(𝑃𝑃) min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

 

which is equivalent to 

1
2
𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≤ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) ≤ deg(𝑃𝑃) 𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) 
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To prove the general case we will make use of the fact that  

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� = min
|𝜉𝜉 |=1

𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)�. 

We now make use of the Cauchy integral formula on polydiscs which states: 

Let 𝐷𝐷 = ∏ 𝐷𝐷𝑗𝑗𝑛𝑛
1  be an open polydisc, let 𝜕𝜕𝜕𝜕 = ∏ 𝜕𝜕𝐷𝐷𝑗𝑗𝑛𝑛

1  denote its boundary, and let 𝑓𝑓 be continuous on 
the closure of 𝐷𝐷. Then, 

𝑓𝑓(𝑧𝑧1, … , 𝑧𝑧𝑛𝑛) =
1

(2πi)n �
𝑓𝑓(𝜁𝜁1, … , 𝜁𝜁𝑛𝑛)

(𝜁𝜁1 − 𝑧𝑧1)⋯ (𝜁𝜁𝑛𝑛 − 𝑧𝑧𝑛𝑛)

𝛿𝛿

𝜕𝜕𝜕𝜕
 𝑑𝑑𝜁𝜁1 ⋯𝑑𝑑𝜁𝜁𝑛𝑛  

By definition 𝑃𝑃𝜉𝜉 (𝑧𝑧) = 𝑃𝑃(𝑧𝑧𝑧𝑧 + 𝑎𝑎) and so 
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)

𝑘𝑘!
= ∑ 𝑏𝑏𝛼𝛼𝜉𝜉𝛼𝛼|𝛼𝛼 |=𝑘𝑘 where 𝑏𝑏𝛼𝛼 = 𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)

𝛼𝛼 !
.  

1
𝛼𝛼!
𝐷𝐷𝛼𝛼𝑃𝑃(𝑧𝑧𝑧𝑧 + 𝑎𝑎) =

1
(2𝜋𝜋𝜋𝜋)𝑛𝑛

�
1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(𝑧𝑧)
(𝜉𝜉1 − 𝑧𝑧1)𝛼𝛼1+1 ⋯ (𝜉𝜉𝑛𝑛 − 𝑧𝑧𝑛𝑛)𝛼𝛼𝑛𝑛+1

𝑠𝑠

𝜉𝜉∈𝑇𝑇×⋯×𝑇𝑇

𝑑𝑑𝜉𝜉1 …𝑑𝑑𝜉𝜉𝑛𝑛  
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By taking absolute values and evaluating at 𝑧𝑧 = 0 we get, 

�
1
𝛼𝛼!
𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)� = �

1
(2𝜋𝜋)𝑛𝑛 �

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)

𝜉𝜉𝛼𝛼𝜉𝜉1𝜉𝜉2 ⋯𝜉𝜉𝑛𝑛

𝑠𝑠

𝜉𝜉∈𝑇𝑇×⋯×𝑇𝑇

𝑑𝑑𝜉𝜉1 …𝑑𝑑𝜉𝜉𝑛𝑛�

≤
1

(2𝜋𝜋)𝑛𝑛 � �
1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)�
𝑠𝑠

𝜉𝜉∈𝑇𝑇×⋯×𝑇𝑇

𝑑𝑑𝜉𝜉1 …𝑑𝑑𝜉𝜉𝑛𝑛

≤ max
𝜉𝜉∈𝑇𝑇×⋯×𝑇𝑇

�
1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)� 

Thus, using the Cauchy integral formula, we have shown that for all |𝛼𝛼| = 𝑘𝑘 

�
1
𝛼𝛼!
𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)� ≤ max

𝜉𝜉∈𝑇𝑇×⋯×𝑇𝑇
�

1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)�  
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Proof of Claim 3: √𝑛𝑛 deg(𝑃𝑃)𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≥ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) 

We know that  

�
1
𝛼𝛼!
𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)� ≤ max

𝜉𝜉∈𝑇𝑇×⋯×𝑇𝑇
�

1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)� 

Then, setting 𝜉𝜉 ′ ≔ 𝜉𝜉
√𝑛𝑛

 yields, 

�
1
𝛼𝛼!
𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)� ≤ �√𝑛𝑛�

𝑘𝑘
max
|𝜉𝜉 |≤1

�
1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)�

= �√𝑛𝑛�
𝑘𝑘

max
|𝜉𝜉 |=1

�
1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)� . 

This implies, 

min
|𝛼𝛼 |=𝑘𝑘

�
𝑃𝑃(𝑎𝑎)

1
𝛼𝛼!𝐷𝐷

𝛼𝛼𝑃𝑃(𝑎𝑎)
�

1
|𝛼𝛼 |

≥
1
√𝑛𝑛

min
|𝜉𝜉 |=1

�
𝑃𝑃𝜉𝜉 (0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

. 
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Therefore, 

𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≥
1
√𝑛𝑛

min
1≤𝑘𝑘≤deg (𝑃𝑃)

min
|𝜉𝜉 |=1

�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

=
1
√𝑛𝑛

min
|𝜉𝜉 |=1

min
1≤𝑘𝑘≤deg (𝑃𝑃)

�
𝑃𝑃𝜉𝜉 (0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

≥
1
√𝑛𝑛

min
|𝜉𝜉 |=1

1
deg(𝑃𝑃)𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)�

=
1
√𝑛𝑛

1
deg(𝑃𝑃) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)� 

Rearranging  yields, 

√𝑛𝑛 deg(𝑃𝑃) 𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≥ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) 
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Proof of Claim 4: 1
2𝑛𝑛
𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≤ 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) 

When |𝜉𝜉| = 1 we have 

�
1
𝑘𝑘!
𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)�
1
𝑘𝑘

= � �
𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)
𝛼𝛼!

|𝛼𝛼 |=𝑘𝑘

𝜉𝜉𝛼𝛼 �

1
𝑘𝑘
≤ � � �

𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)
𝛼𝛼!

�
|𝛼𝛼 |=𝑘𝑘

�

1
𝑘𝑘
≤ max

|𝛼𝛼 |=𝑘𝑘
�
𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)
𝛼𝛼!

�

1
𝑘𝑘
� � 1

|𝛼𝛼 |=𝑘𝑘

�

1
𝑘𝑘
 

This implies, 

�
1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)

𝑃𝑃𝜉𝜉(0) �

1
𝑘𝑘

≤ 𝑛𝑛 max
|𝛼𝛼 |=𝑘𝑘

�
1
𝛼𝛼!𝐷𝐷

𝛼𝛼𝑃𝑃(𝑎𝑎)

𝑃𝑃(𝑎𝑎) �

1
|𝛼𝛼 |

 

After inverting, we get 

1
𝑛𝑛

min
|𝛼𝛼 |=𝑘𝑘

�
𝑃𝑃(𝑎𝑎)

1
𝛼𝛼!𝐷𝐷

𝛼𝛼𝑃𝑃(𝑎𝑎)
�

1
|𝛼𝛼 |

≤ �
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

 

Therefore, 

1
𝑛𝑛
𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≤ min

1≤𝑘𝑘≤deg (𝑃𝑃)
�
𝑃𝑃𝜉𝜉(0)

1
𝑘𝑘!𝑃𝑃𝜉𝜉

(𝑘𝑘)(0)
�

1
𝑘𝑘

≤ 2𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝜉𝜉 (𝑎𝑎,𝑉𝑉(𝑃𝑃, 𝑥𝑥)) 
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Applications 

The Distance Formula can be used when dealing with Markov inequalities to relate algebraic 
quantities purely in terms of geometric ones.  

 

 

Defintion 

Suppose that 𝐾𝐾 ⊂ ℝ𝑛𝑛  is closed. We say that K admits a local Markov inequality of exponent 𝜎𝜎 ≥ 1 (in 
uniform norms) if there are constants 𝐶𝐶𝑘𝑘 ,𝑘𝑘 = 0,1,2,⋯ such that for all polynomials P, 𝑥𝑥 ∈ 𝐾𝐾, 0 < 𝜖𝜖 ≤ 1 
and 0 ≤ |𝛼𝛼| ≤ deg(𝑃𝑃) ≤ 𝑘𝑘, 

|𝐷𝐷𝛼𝛼𝑃𝑃(𝑥𝑥)| ≤ 𝐶𝐶0(𝐶𝐶𝑘𝑘𝜖𝜖−𝜎𝜎)|𝛼𝛼 |‖𝑃𝑃‖𝐾𝐾∩𝐵𝐵𝜖𝜖(𝑥𝑥) 
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Theorem  

The value 𝜎𝜎 in the Markov inequality is directly related to the cuspidality of the set K. 

The Markov inequality can be restated as 

|𝐷𝐷𝛼𝛼𝑃𝑃(𝑎𝑎)| ≤ 𝐶𝐶0(𝐶𝐶𝑘𝑘𝜖𝜖−𝜎𝜎)|𝛼𝛼 |‖𝑃𝑃‖𝐿𝐿∞�𝐾𝐾⋂𝐵𝐵𝜖𝜖(𝑎𝑎)� 

Outline of Proof: 

and also as 

max
x∈K∩Bϵ(a)

𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) ≥ 𝐶̃𝐶𝑘𝑘−1𝜖𝜖𝜎𝜎  

The distance formula allows us to replace the value 𝑑𝑑𝑃𝑃∗ (𝑎𝑎, 𝑥𝑥) by 𝑑𝑑𝑃𝑃(𝑎𝑎, 𝑥𝑥) and so converting a purely 
algebraic quantitiy into an inequality involving the geometric concept of distance. 

Theorem 

There exist Sobolev inequalities and they are equivalent to Markov inequalities for an appropriate 𝜎𝜎.  
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