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1. Classical Inverse Mapping Theorem

Suppose D C R" open, ¢ € C1(D,R"), a € D and det (D¢ (a)) # 0.
3¢~ at ¢ (a), but for what r >0 3 := ¢~ 1 € C*(B, (¢ (a)), D),
where B, (b) = {y : lly — b]| < r}

Say 6 € C°(D,R) and T € C°(D, lin(R™")) such that

9. T=6-1d, eg. §(x):=det (%ﬁ) = T(x):= (@)#



2. Notations and Tools



3. Explicit Inverse Mapping Theorem

-1

do € Lip(D,R"), K C D compact, (; = m|}r(12 > 0.

(3 @)

%(a+2)- %) <ia

CO > 0 s.th Co : sup
aeK, |z|<Gold(a)|

Theorem: Vae K, 0 < ¢ < (y and r:= |6 (a)],

I (b(Bcr (a)) > BClch ((;5 (a))

I ¢ : Ber (3) — ¢ (Ber (3)) is 1:1.

Cor: 3¢~ € CY (Bg,er2 (¢ (a)), Ber (3)).



4. Claims r(a) =sup{r|(a,B,(a),B,(a)) C Z},

{G@x ) IVea (x, 0 < 330 {(ax,y) [ 1d + Va (x, y)ll < 3}

7 =
= {1 (32@) vown| < 2p@n}n
{@xnis@u-1(5@) votn)| < 2156

Claiml: r(a) > Gyl (a)]

Claim2: Vc:0<c<1 = a ¢5:Bqam)(a) = Beay(o(a) isl1:1

b. ¢a( cr( a)( )) ) B%r(a) (¢(a))



5. Claims = Theorem

6(x) = 6(a) = 2 (5 (3)) (¢ (x) — 0 (2)), and

6 (x) = & (a)] < cr(a)[d(a)l Co = [da(x) = da(a)|

<31|(52@)| 1ot -sa)
(@) w@sEa<i|(e)
< %cr(a) since (% (8))_1H 0(a)] G2 <3

cr(a)[d(a)l o




6. Claims =Theorem
ie. da(X) € B s (6 (3)) @ ¢a( er(a) (3))
%) X € Bar(a) (3) = 6 (x) € 6 (Bera) (3)
Summarizing: ¢ (Ber(a) (2)) 2 Ber(a)ls(a)ic (¢(a))
With Claim 1 and cr (a) = ¢ 5 (a)| = (1), with 0 < ¢’ < G

%, ¥ € Bera) (3), 62 () = 62 (y) B x = y

= o(x)=0(y) = x=y=(l)



7. Claim Limax{|x|, |y|} < G|d(a)],z: =tx+ (1 —1t)y

(@)

(% (a))# (Vé(a+x,a+y)—Vo(aa)) -

< (Ve (a+x,a+y)—Veo(aa)
< H Jo 52 (t (a+x)+(1—t)(a+y))—%(a)dtH

<Hf18¢ (a+2) - dtHggg—

-1

<l@Iia <@l (2 @)




Combine with, (% (a)># Vo (a,a)=0(a)ld =

(%f (a))#v¢(a+x,a+y) ~4(a) IdH < 10(a)l

=

() Volrxatr)| <36@I .

Moreover,

H(5 ) Volarratn - 156 <die

=

501§ (3 @) Vol raty)| <3G (1),
Now max {|x|, [y[} < Go|5 ()], (*) and (**)= (a,a+ x,a+y) € Z =

r(a) > Go|d ()], as required.



9. Proof of Claim 2a:

For x € Ber(s) (a), |2 (x) — ¢ (a)| = [Va (x, a) (x — )

< Vs (x,a)| Ix —a| < Fer(a) < cr(a) =

$a (Ber(ay (3)) C Ber(a) (#(a)). Say x,y € Ber(a) (a) and ¢, (x) = 2 (y)
= Voa(x,y) (x—y) = 0= (Id + Vga (x,y)) (x —y) = x —y

= |x—y|l=ld+ Vo (x, V)l Ix—y| = |x—y|[ < 3 |x—y|=x=y



10. Proof of Claim 2b:

Let b € Be,(5) (¢(a)) and set f, (x) := x + ¢a (x + a) — b.
Then, f, (x) = fo (y) = (Id + V¢ (x + a,y + a)) (x — ).

For x € Ber(a) (0), [fp (X)] < [x + ¢a (x + a) — ¢a (a)] +[¢(a) — b]
< ||ld + Ve, (x+a,a)|l|x| + 2cr(a) < 2cr(a) + £r(a) = cr(a)

So, f, (Bcr(a) (0)) C Bcr(a) (0)



11. Proof of Claim 2b:

For x,y € Bey(a) (0),

o (x) = fo (V)| = (1 + Va (x + 2,y +2)) (x = y)| < § Ix —yl,
Let X =0, xk :=f, (xk_l) for k > 1.

Ix* € Beya) (0) st xK — x* and £, (x*) = x*

It implies ¢, (x* +a) = b



12. Example
Say o : M — K =¢ (M) eR™.
Jp (x) = X .. xgm = x* locally. Say g (y) := dist (y, R™\K).
Question: Estimate 1 < s < oo s.th.
Jeg >0, Vb e 0K, V0 < t < ¢
Jyt=|y—-b<eand|g(y) 2|y —-b"=t">0

Claim: s = max2|al.



13. Proof

a=0, b=¢(0). Locally g (¢(x)) 2 s (x)* = |x*[?,

by Exp. Inv. Mapping Thm. |g (y)| = [g (y) — & (b)|

2 x— a2 16 (x) = ¢ (a)** = |y = bI**!, provided y := ¢ (x)
with |x — 3!l 2 [x2|, e.g. when [x1| = ... = |xi|, and since

[0 (x) —¢(a)] < clx— 4



