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Thurston maps
A Thurston map is a postcritically finite branched cover
f: S? — S? of the 2-sphere.

Recall
= J f(Crit )
n>1
and f is postcritically finite if #P(f) < +oc.
Thurston’s theorem: combinatorial characterization of Thurston
maps which are “equivalent” to rational maps.

Examples
» f(z) = q(z; a postcritically finite rational map.
» Alattésmap g(z) =2zasg:C/Z—-C/Zand z ~ —z

C/A—2~C/A
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» Bonk-Meyer: Expanding Thurston maps. Rigidity for
measure of maximal entropy.

» Haissinsky-Pilgrim: coarse expanding conformal (cxc)
systems. General axioms in metric space, not postcritically
finite. Existence and uniqueness of measure of maximal
entropy.

» Przytycki, Urbanski: ergodic theory of rational maps for
hyperbolic potentials

» Rivera-Letelier, Inoquio-Renteria: ergodic theory of
Collet-Eckmann rational maps

» Z. Li: ergodic theory of expanding Thurston maps.
Existence and uniqueness of equilibrium measures.
Note: he works directly on the sphere, estimating the PF
operator.
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Finite branched coverings

Let f: Y — Z be a continuous map of loc. connected spaces.
The degree of f is defined as

deg(f) := sup{#f~'(2) : z€ Z}.
Given a point y € Y, the local degree of f at y is
deg(f;y) := istup#{f‘1(z) NnuU : zefU)}

where U ranges over all open neighborhoods of y.
A point y is critical if deg(f; y) > 1.
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Finite branched coverings

Definition
Themap f: Y — Z is afinite branched cover of degree d if
deg(f) = d < o and

1. forany z € Z,

>~ deg(f; y) = deg(f)
yef=1(2)

2. forany yp € Y there are compact neighborhoods U, V of yy
and f(yo) such that

> deg(f;y) = deg(f: yo)
yeU,f(y)=z
forall z e V.

We define the branch setas By :== {y ¢ Y : deg(f; y) > 1}
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The setting
Let f: Wy — W, be a finite branched covering.
Definition
The repellor is

X =) F"(W)

n>0

If U is a cover of Wy, then

Up := {connected components of f~"(U/)}
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Haissinsky-Pilgrim axioms
A finite branched cover f : W; — W, which satisfies:

» [Expanding]: There exists a cover U/ of W; such that
“diam(U,) — 0"

Formally: For any other cover V there exists N such that
for any n > N, every element of U, is contained in some
element of V.

» [Irreducibility]: For any x € X and any open set W > x,
there exists n such that f"(W) 2 X.

» [Degree]: 3C > 0 s.t.
deg(ff:U— V)< C

forany U € Upik, V € Un.
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Weakly coarse expanding (wxc) systems

» [Expanding]: There exists a cover U/ of W; such that
“diam(i,) — 0"

Formally: For any other cover V there exists N such that
for any n > N, every element of U, is contained in some
element of V.

» [Irreducibility]: For any x € X and any open set W > x,
there exists n such that f"(W) 2 X.

» [Finiteness]: B is finite

Note: If Wy C S2?, then [Finiteness] is automatic (Whyburn).
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From topological to metric

Definition
A metric p on X is exponentially contracting if 3C, o > 0 such
that

diam,(U) < Ce "
for any U € U,.

Lemma
For any weakly coarse expanding system f : Wy — W, there
exists an exponentially contracting metric p on the repellor X.

Definition
A metric p on X is a visual metric if 3C¢, Co, o > 0 such that

Cie " < diam,(U) < Coe™"

for any U € U,.
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Examples of weakly coarse expanding systems - I

» Polymodials (Blokh-Cleveland-Misiurewicz)
z

f(z) = )\\z|

+1

with |A| > 1.

» Semigroups of rational maps (Atnip-Sumi-Urbanski)
Let fi, ..., fy be rational maps.

F-{1,...,di¥xC—{1,...,d}" xC

F(w,2) := (0(w), £,(2))
Finiteness holds under certain conditions: e.qg. if

f(2)=22+2,h(z) =22 -2
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Let f: X — X the dynamics, and ¢ : (X, p) — R be Holder
function called a potential.
If 1 is an f-invariant measure on X, its pressure is

Pule) = () + [ o dn
and the topological pressure is

Ptop(‘P) = Sup P;L(‘:O)

peM(f)
Definition
A measure p which achieves the sup is called an equilibrium
state.

> ¢ = 0: Piop() is top. entropy, 1. is measure of maximal
entropy

» ¢ = —slog|f'|: 1 is a conformal measure of dimension s =
compute Hausdorff dimension of X
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Letf: Wy — W, be a wex system with Wy C S, let X be its repellor,
p an exp. contr. metric on X, and let ¢ : (X, p) — R be Hélder. Then:

1. there exists a unique equilibrium state ., for ¢ on X.

Lety : (X, p) — R be a Holder continuous observable, and

denote
n—1

Snp(x) =Y (f(x)).

k=0
Then there exists the finite limit

1 2
g2 = nILmOO E/X (S,ﬂ/)(X) - n/z/; du¢> dp, >0

such that the following statistical laws hold:
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Theorem

1. (Large Deviations, LD) For every t € R,

. 1
im ~log 1, {x € X : sn(t)Sy(x) > sgn(t)n/ Vg ) =
n—oo N X

= —t/xw le"P""“b + Ptop(QD + tw) - Ptop(‘?)'

2. o0 =0 if and only if there exists a continuous u : X — R such that
¢—/¢du¢:Uof—u.
X

3. ey = g, ifand only if there exists K € R and a continuous
u: X — R such that

(,01—302=U0f—U+K.

In (2) and (3), u is Hélder continuous w.r.t. the visual metric.
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Statement of results - IV

Theorem

Letf: Wy — Wy be a wex system with no periodic critical points, let
X be its repellor, p an exp. contr. metric on X, andlet ¢ : (X,p) = R
be Hélder. Then we have:

1.

o~ w0 DN

there exists a unique equilibrium state p, for o on X.
Central limit theorem

Law of lterated Logarithm

Exponential Decay of Correlations

Large Deviations
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Let f: Wy — W, be wex of degree d. Let ¥~ = {1,...,d}N and
o : X — ¥ the shift. Then there exists a semiconjugacy

T —= X
such that
moo=form

Idea: geometric coding
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Proof: the geometric coding
Let f: Wy — W, be wex of degree d. Let ¥~ = {1,...,d}N and
o : X — ¥ the shift. Then there exists a semiconjugacy

X =X

such that
moo=form

Idea: geometric coding
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Proof: no periodic critical points — no entropy drop
Lemma (No entropy drop)
For any invariant measure 1, we have
hu(g) = ho*u(f)
For a finite orbit (x;), we call an e-singular time an index i s.t.
exists y with f(x;) = f(y) and d(x;, ¥) < e.

Lemma
For any 0 < ¢ < 1 there exists € s.t.

#{i <n : Xxjis e —singular } < ¢n
Lemma = S, := #{n-cylinders intersecting 7~ (x)}
—
nIL)moo B |Og Sn7x = O

“fiber is subexponentially small” — no entropy drop



Periodic critical points

Warning: for periodic critical points entropy may drop for some
measure .
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The blowup procedure

Suppose f(p) = p is a critical point.

Construct 7 : Y — X by blowing up critical point to a circle
Define g: Y — Y as g(f) := df on 7~ (p).

Extend the dynamics on the preimage of the critical orbit.

r
€

Y = Siérpinski carpet — X = sphere
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The blowup procedure

» Since (Y, p) is weakly coarse expanding, one constructs
semiconjugacies:
Y=Y —->X

» Then g: Y — Y is wex without periodic critical points
hence it satisfies the hypotheses of the first version of the

theorem.
» Then: for any equilibrium measure 1 on ¥, there is no
entropy drop.

» The general theorem follows.
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Further directions

» Do you have equidistribution of preimages? (Z. Li)

» Can you extract geometric information on the repeller X
(i.e., its Hausdorff dimension)? Then you need to consider
the geometric potential log |f'| which is not Holder
(for rational maps: F. Przytycki, J. Rivera Letelier, ...)

» Do you have a prime number theorem, i.e. counting

periodic points according to period and/or multiplier?
(Z. Li-T. Zheng)

» (D. Meyer) Can you identify the Lebesgue measure from
the thermodynamics?




The end

Thank you!



