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We prove that the Poisson boundary of a random walk with finite en-
tropy on a nonelementary hyperbolic group can be identified with its hyper-
bolic boundary, without assuming any moment condition on the measure. In
this generality, this identification result is new even for free groups. We also
extend our method to groups with an action by isometries on a hyperbolic
metric space containing a WPD element; this applies to a large class of non-
hyperbolic groups such as relatively hyperbolic groups, mapping class groups
and groups acting on CAT(0) spaces.

1. Introduction. Let G be a group that is equipped with a probability measure μ. The
μ-random walk on G is the sequence of random variables

wn = g1g2 · · ·gn,

where gis are independent and identically μ-distributed. One of the fundamental objects
to study the long-term behavior of a random walk is the Poisson boundary that provides a
representation, via the Poisson formula, of the space of bounded harmonic functions on a
group. The study of the Poisson boundary goes back to the work of Blackwell [5] and Feller
[14]; however, it was Furstenberg [19, 22] who extensively developed this theory and used it
as a tool to prove rigidity results.

One of the main and challenging problems in the theory of random walks has been iden-
tifying the Poisson boundary of a given random walk on a given group (see, e.g., [12, 49]).
For instance, so-called Choquet–Deny groups, that is, groups whose Poisson boundary is triv-
ial for all measures, have been characterized recently by [20]. At the opposite end, when a
group carries a natural compactification (e.g., hyperbolic groups), it is a leading question in
the field to ask whether the compactification with the hitting measure is a model for the Pois-
son boundary. Among the extensive research devoted to the Poisson boundary identification
problem see, for instance, [9, 13, 18, 31, 34, 36, 38–41], and the references therein.

One of the most significant steps is due to Kaimanovich, who introduced an entropic crite-
rion for when a candidate boundary is the Poisson boundary. Using this criterion, he proved
the identification of the Poisson boundary of hyperbolic groups with their hyperbolic bound-
ary for all random walks with both finite entropy and finite logarithmic moment [28]. His
proof uses the strip approximation technique ([30], inspired by [1]), generalizing the earlier
ray approximation technique and has been widely extended to many classes of groups with
hyperbolic-like properties, as in [9, 23, 26, 31, 34, 36, 41], among others. All these appli-
cations depend heavily on the finite logarithmic moment assumption, which is needed for
strip approximation. Forty years ago, Kaimanovich and Vershik asked whether the Poisson
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boundary of the free group can be identified with the hyperbolic boundary for more gen-
eral measures ([33], Section 6.8, [29], p. 157), and this problem was reiterated, for example,
during the 2022 AIM workshop “Random walks beyond hyperbolic groups.”

Going beyond these assumptions, there have been few results: first, Forghani and Tiozzo
[17] identified the Poisson boundary for random walks on a free semigroup, under the condi-
tion that the projection to the distance to the origin has finite entropy. This, for instance, holds
if the measure has either finite entropy or finite logarithmic moment. Second, Erschler and
Kaimanovich [13] constructed a forest on any ICC group, and identified the Poisson boundary
for any measure, which is appropriately “adapted” to the forest that includes certain infinite
entropy measures.

These cases are quite restrictive; in general, even for free groups, the Poisson boundary
identification is still unsolved beyond finite entropy and finite logarithmic moment. Note
that the strip approximation technique requires the random walk to “track” certain bilateral
geodesics, or more general “strips,” in the ambient space: if one drops the moment condition,
one can no longer attain such geometric control (at all times, at least), hence a new method
is required. On the other hand, the proof for the free semigroup relies on the fact that the
length at time n is a random walk, which in turn uses the fact that length is a semigroup
homomorphism, and this is no longer the case even for the free group.

The goal of this paper is to solve the identification problem for random walks on hyper-
bolic groups with finite entropy, without the finite logarithmic moment assumption. A finitely
generated hyperbolic group is called elementary when it is finite or virtually cyclic.

Recall that a hyperbolic group G is equipped with a hyperbolic (Gromov) boundary ∂G,
and the hitting measure of a Borel set A ⊆ ∂G is defined as the probability that a sample path
converges to a point of A.

THEOREM 1.1. Let μ be a probability measure with finite entropy on a nonelementary
hyperbolic group G, and suppose that the group generated by the support of μ equals G. Let
∂G be the hyperbolic boundary of G, and let ν be the hitting measure on ∂G of the random
walk driven by μ. Then the Poisson boundary of (G,μ) is given by (∂G,ν).

To our knowledge, this theorem gives the first examples of non-Choquet–Deny groups
where the Poisson boundary is identified for all measures with finite entropy; in particular, it
is new even for free groups.

Our proof uses a version of the zero-entropy criterion for random walks on groups from
[27], but does not use strip approximation. Instead, we use the following “pin down approx-
imation” method. A boundary point ξ ∈ ∂G determines, up to bounded distance, an infinite
geodesic ray γ converging to ξ . The main idea is that, once we condition the random walk
to converge to ξ , we can reconstruct the position of the random walk at time n by adding a
small amount of information, which we encode in an additional sequence of partitions (𝒫n).
Let 𝒜n be the partition on the path space that assigns the same equivalence class to those
sample paths with the same nth step wn. We say that the sequence (𝒫n) of partitions pins
down the random walk if the conditional entropy Hξ(𝒜n|𝒫n) grows sublinearly in n. In order
to construct (𝒫n), we use results from [24], showing that a sample path of a random walk
on a hyperbolic group can be thought of as a concatenation of long geodesic-like segments,
attached along so-called “pivots.” The partition (𝒫n) is essentially obtained by recording the
distance between consecutive pivotal points.

Since the pivotal technique is also developed in groups that need not be hyperbolic, but
which act by isometries on hyperbolic spaces, we are able to extend Theorem 1.1 beyond
hyperbolic groups as follows. Many groups that are not hyperbolic nonetheless admit an
action on a (possibly nonproper) hyperbolic space. However, in most cases at least some
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elements satisfy a much weaker properness condition: following [4], an element g is called
WPD (weakly properly discontinuous) for the action on X if it is loxodromic and the set of
elements that coarsely fixes two sufficiently far points along its axis is finite (see Definition
5.1).

Recall that a measure μ on a countable group G is generating if the semigroup gener-
ated by the support of μ equals G. Moreover, an action of G on a hyperbolic space X is
nonelementary if G contains two loxodromic elements with disjoint fixed sets.

We obtain a boundary identification for all actions with at least one WPD element.

THEOREM 1.2. Let G be a countable group with a nonelementary action on a geodesic
hyperbolic space X with at least one WPD element. Let μ be a generating probability mea-
sure on G with finite entropy. Let ∂X be the hyperbolic boundary of X, and let ν be the hitting
measure of the random walk driven by μ. Then the space (∂X, ν) is the Poisson boundary of
(G,μ).

The theorem applies to many nonhyperbolic groups. More specifically, it applies to every
acylindrically hyperbolic group, as defined by Osin [44].

Important examples are the following (for a survey, see the Appendix in [44]).

COROLLARY 1.3. Let G be:

1. a free group G = F∞ on countably many generators, and X its Cayley graph with respect
to a free generating set;

2. a countable group acting properly discontinuously on a proper hyperbolic space X (for
instance, the fundamental group of a hyperbolic manifold);

3. a nonelementary relatively hyperbolic group, and X the coned-off space;
4. an irreducible, noncyclic right-angled Artin group, and X the contact graph;
5. a countable group acting properly and nonelementarily by isometries on a CAT(0) space

with a rank-one element, and X the curtain model;
6. a mapping class group of a surface S of finite type, and X the curve complex of S;
7. the group Out(Fn) and X the free factor complex;
8. a countable subgroup of the Cremona group containing a WPD element and X the Picard–

Manin hyperboloid.

Let μ be a nonelementary, generating measure on G with finite entropy. Then the hyperbolic
boundary of X equipped with the hitting measure is a model for the Poisson boundary of
(G,μ).

PROOF. All these results follow immediately from Theorem 1.2, once we show that the
group G contains a WPD element. (1) By [43], Corollary 4.3, every nontrivial element of
F∞ acts as a WPD element on its Cayley graph. For (2), note that a properly discontinuous
action on a proper metric space is always WPD. (3) By [44], Proposition 5.2, the action of a
nonvirtually cyclic relatively hyperbolic group on its coned-off space is acylindrical, hence
WPD. (4) For the action of right-angled Artin groups on the contact graph, acylindricality is
due to [2], following [37]. (5) As shown by [48], a group acting properly on a CAT(0) space
with a rank-1 isometry is acylindrically hyperbolic. Recently, [46] construct for any group of
isometries of a CAT(0) space a hyperbolic space, called the curtain model, where all rank-1
isometries act as loxodromic WPD elements. (6) The action of the mapping class group on
the curve complex is acylindrical by [7]. (7) The action of Out(Fn) on the free factor complex
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contains WPD elements by [3]. (8) WPD elements in the Cremona group have been discussed
by Cantat–Lamy [8]. □

Theorem 1.2 directly generalizes [42], Theorem 1.3, where the same result is proven under
the assumption of finite entropy and finite logarithmic moment, using the strip approxima-
tion.

Note that a construction of pivots, albeit in a restricted setting, appeared already in [25].
A theory of pivots beyond actions on hyperbolic spaces has been very recently developed by
Choi [10] for any action with two independent contracting elements and by Péneau [45] for
actions of linear groups; it seems plausible that these techniques can be combined with ours
to extend the Poisson boundary identification beyond actions on hyperbolic spaces, but we
will not attempt to do this here.

1.1. Sketch of the argument. Fix a boundary point ξ ∈ ∂G, and consider the conditional
random walk, conditioned to hit ξ at infinity.

Roughly, an element (wn) of the sample path is a pivot if it lies close to the limit geodesic
[o, ξ) and, moreover, its increment is aligned in the direction of the geodesic ray.

We divide the interval [0, n] in time intervals Ik,α of size a large number α. For each path,
we keep track of some additional information, essentially as follows:

1. for each k, if there is a pivot in the kth interval, we record the distance between the two
consecutive pivots;

2. if there is no pivot in Ik,α , then we record all increments in the time interval Ik,α , as well
as in the intervals immediately before and after: Ik−1,α and Ik+1,α .

For each n and ϵ > 0, this information is encoded in a new partition, which we denote as
𝒫n. Then we show the following two facts:

1. for each n, the boundary point and the additional pivotal data 𝒫n is enough to pin down
the location of the nth step wn of the walk; namely, recalling that 𝒜n is the partition
determined by identifying two infinite paths if their nth steps coincide, the conditional
entropy satisfies

Hξ(𝒜n|𝒫n) ≤ ϵn;
2. the added information 𝒫n has low entropy, that is, H(𝒫n) ≤ ϵn; this is in part due to the

fact that intervals without pivots (that we call bad intervals) appear quite rarely.

This implies that the asymptotic conditional entropy of the walk, conditioned on hitting ξ , is
zero, thus showing the maximality of the hyperbolic boundary.

Our argument bears some superficial resemblance to that of Lyons–Peres [40]. In both
arguments, one breaks up time into large intervals, during most of which the random walk
exhibits “typical behavior” which has small entropy, and uses other methods to bound the
entropy during “bad” intervals. This strategy is, however, executed in very different ways: for
instance, in our case we define the good intervals in terms of pivots and we control them using
hyperbolic geometry, both ingredients that are missing for lamplighter groups. Nonetheless,
the methods in the present paper have been recently used by Frisch–Silva [21] to generalize
some results of Lyons–Peres.

1.2. Structure of the paper. Section 2 includes definitions of the Poisson boundary and
conditional entropies, and a version of the entropy criterion. In Section 3, we provide defini-
tions of hyperbolic spaces and the theory of pivots. In Section 4, we construct a “pin down”
partition and we prove Theorem 1.1. In the last section, we show how to extend our main
theorem to groups with an action by isometries on a hyperbolic metric space with a WPD
element.
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2. Boundaries and entropy.

2.1. Boundaries. We always assume G is countable group. Suppose μ is a generating
probability measure on G, that is, the semigroup generated by the support of μ is G. Let m

be an (auxiliary) probability measure on G such that m(g) > 0 for every element g in G.
Consider the μ-random walk on G with initial distribution m, that is, the stochastic process
(wn) with

wn = g0g1 · · ·gn,

where gis are independent and g0 has the law of m and g1, . . . , gn have the law of μ. Let
(Ω,ℙm) be the space of sample paths of the μ-random walk with initial distribution m. Two
sample paths 𝒘 = (wn) and 𝒘′ = (w′

n) are equivalent if there exist k and k′ such that wi+k =
w′

i+k′ for all i ≥ 0. Let ℐ be the σ -algebra of all measurable unions of these equivalence
classes (mod 0) with respect to ℙm. Rokhlin’s theory of Lebesgue spaces [47] implies that
there exist a unique measurable space (up to isomorphism) ∂μG with a σ -algebra 𝒮 and a
measurable map 𝒃𝒏𝒅 : Ω → ∂μG such that the preimage of 𝒮 under 𝒃𝒏𝒅 is ℐ .

Moreover, let us denote as ℙ the measure on the space Ω of sample paths for the μ-random
walk with initial distribution the δ-measure at the identity.

DEFINITION 2.1. The Poisson boundary of the random walk (G,μ) is the probability
space (∂μG,ν), where ν is the image of the probability measure ℙ under the measurable map
𝒃𝒏𝒅 .

Note that the measures m and ℙm are only auxiliary tools to give this definition, and will
not be used in the rest of the paper. Since the group G acts on sample paths and it preserves
equivalence classes, the action of G extends to a natural action on the Poisson boundary.
Moreover, the definition above implies that ν is μ-stationary, that is,

μ ∗ ν = ∑︂
g

μ(g)gν = ν.

Bounded μ-harmonic functions can be represented by the Poisson boundary. A real-valued
function f on G is called μ-harmonic if it satisfies the mean value property:

P μf (g) := ∑︂
h∈G

f (gh)μ(h) = f (g) for any g ∈ G.

Let H∞(G,μ) denote the space of all bounded, μ-harmonic functions. Then the Poisson
formula [22] states that the map

(1)
H∞(G,μ) → L∞(∂μG,ν),

f ↦→ f̂

defined by f̂ (𝒃𝒏𝒅(𝒘)) = limn→∞ f (wn) is an isometric isomorphism, with inverse given by
f (g) = ∫︁

∂μG f̂ dgν.

DEFINITION 2.2. A μ-boundary for (G,μ) is a measurable G-space (B,λ), which is the
quotient of the Poisson boundary with respect to a G-equivariant measurable partition.

Similar to the construction of the Poisson boundary, there exists a natural measurable map,
called the boundary map, πB : Ω → B such that the image of ℙ under πB is λ. By the defini-
tion above, the Poisson boundary is the maximal μ-boundary.
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Now suppose that G acts by isometries on a metric space X with a base point o, and almost
every sample path (wno) converges to a point in a suitable topological compactification ∂X

of X. Then one defines the hitting measure λ on ∂X by setting for any Borel A ⊆ ∂X,

λ(A) := ℙ

(︂
lim

n→∞wno ∈ A
)︂
.

Then (∂X,λ) is a μ-boundary. In order to prove it is also the Poisson boundary, we need to
show it is maximal. The main tool to prove maximality of a μ-boundary is the entropy theory.

2.2. Entropy. Consider a μ-random walk on a countable group G. Let (Ω,ℙ) be the
space of sample paths associated to the μ-random walk, starting at the identity element of
G. We shall use the language of partitions to define entropy. Let ρ = (ρi) be a countable
partition on the space of sample paths. Denote the entropy of ρ as

H(ρ) := −∑︂
i

ℙ(ρi) logℙ(ρi).

Recall that the partition 𝒜n is defined as follows: two sample paths 𝒘 = (wi) and 𝒘′ =
(w′

i ) are 𝒜n-equivalent when wn = w′
n. Note that the distribution of wn is μ∗n, the n-fold

convolution of μ, and hence

H
(︁
μ∗n)︁ = H(𝒜n) = −∑︂

g

μ∗n(g) logμ∗n(g).

2.3. Conditional entropy. Let (B,λ) be a μ-boundary with boundary map πB : (Ω,ℙ) →
(B,λ). Then for λ-almost every ξ in B the conditional probability measure ℙ

ξ exists and

ℙ =
∫︂
B
ℙ

ξ dλ(ξ).

Let ρ = (ρi) be a countable partition, and define the conditional entropy given ξ ∈ B as

Hξ(ρ) := −∑︂
i

ℙ
ξ (ρi) logℙξ (ρi).

We define the conditional entropy of ρ given the boundary B as

HB(ρ) :=
∫︂
B

Hξ (ρ)dλ(ξ).

Note that by convexity we have HB(ρ) ≤ H(ρ) for any μ-boundary (B,λ).
We use the following criterion to determine whether a μ-boundary is the Poisson boundary.

The criterion goes back at least to [27], Theorem 2 (see also [28], Theorem 1), but the exact
formulation we are citing can be found in [32], Theorem 2.17.

THEOREM 2.3. Let (B,λ) be a μ-boundary. If H(μ) is finite, then there exists the limit

hB := lim
n→∞

HB(𝒜n)

n
.

Moreover, hB = 0 if and only if (B,λ) is the Poisson boundary.

2.4. A general lemma about entropy. The following lemma, which is basically a uniform
integrability argument, will be crucial for our entropy estimates.
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LEMMA 2.4. Let A be a countable set, and a ∈ A. Let Z : (Ω,ℙ) → A \ {a} be a random
variable, with entropy H(Z) < +∞. Then, for any ϵ > 0, there exists δ > 0 such that, for any
measurable set E ⊆ Ω such that ℙ(E) < δ, the random variable

Y(ω) :=
{︄
Z(ω) if ω ∈ E

a if ω /∈ E,

satisfies H(Y) < ϵ.

PROOF. Define φ(t) := −t log t , which is increasing on [0,1/e] and decreasing on
[1/e,1]. Since Z has finite entropy, there exists a finite subset U ⊆ A \ {a} such that∑︂

x /∈U

φ
(︁
ℙ(Z = x)

)︁
< ϵ/2.

Let us also pick δ < 1/e. Hence, if ℙ(E) < δ, we obtain

H(Y) = φ
(︁
ℙ

(︁
Ec)︁)︁ + ∑︂

x∈A

φ
(︁
ℙ

(︁{Z = x} ∩ E
)︁)︁

= φ
(︁
ℙ

(︁
Ec)︁)︁ + ∑︂

x∈U

φ
(︁
ℙ

(︁{Z = x} ∩ E
)︁)︁ + ∑︂

x∈Uc

φ
(︁
ℙ

(︁{Z = x} ∩ E
)︁)︁

≤ φ
(︁
ℙ

(︁
Ec)︁)︁ + ∑︂

x∈U

φ
(︁
ℙ(E)

)︁ + ∑︂
x∈Uc

φ
(︁
ℙ

(︁{Z = x})︁)︁

≤ φ(1 − δ) + #U · φ(δ) + ϵ/2.

Now we can choose δ small enough so that φ(1−δ)+#U ·φ(δ) < ϵ/2, completing the claim.
□

REMARK 2.5. In the previous proof, the value of δ depends only on ϵ and the law of Z;
this fact will play an important role in our application of Lemma 2.4.

3. Hyperbolic geometry and pivots.

3.1. Pivots: The free group case. The notion of pivots is essential in our construction of
the pin down partition. For the sake of exposition, let us first define pivots in the simpler
case of a free group; in this case, this notion does not require any knowledge of hyperbolic
geometry.

Let G = Fk be a free group of finite rank, and consider its action on its own Cayley graph
for the standard generating set. Such a Cayley graph is a tree of valence 2k, which we will
denote as T . We take as a base point o ∈ T , the identity element. We also fix a constant
M ≥ 0.

Given a point p ∈ T , we define the shadow Sp centered at p as the set of points x ∈ T

such that the geodesic joining x and o passes within distance M of the point p.
Let us now consider the sample path (wn) for a random walk on G.

DEFINITION 3.1. Given an integer n ≥ 1, we define the set Pn of pivotal times as follows.
An integer k ∈ {1, . . . , n} is a pivotal time if for any h with k ≤ h ≤ n, the point wh lies in the
shadow Swk

of wk .

DEFINITION 3.2. We say a time k is pivotal from infinity if, for any n ≥ k, the point wn

lies in the shadow Swk
. The point wk is called a pivotal element.
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Note that, if we denote as ξ ∈ ∂T the limit point of the sample path (wn), then for any
pivotal time from infinity k, the element wk lies within distance M of [o, ξ).

Let us point out that, for a random walk on a free semigroup, every time is a pivotal time.
Of course, this is no longer true passing from the free semigroup to the free group; however,
we shall show that pivotal times are somehow abundant.

In the general case of a group G acting on a hyperbolic space X, the constant M also
depends on the geometry of X. In the general case, not only does wk lie within distance M

of [o, ξ), but so does wks for one choice among finitely many group elements s ∈ G. This
allows us to apply our argument, for instance, to F∞.

To explain the notion of pivots carefully in this case, we need some background on hyper-
bolic geometry.

3.2. Hyperbolic spaces. Let (X,d) be a metric space and o ∈ X a base point. For x, y

and z in X, define the Gromov product as (x, y)z := 1
2(d(x, z)+d(y, z)−d(x, y)). Let δ ≥ 0.

The metric space (X,d) is called δ-hyperbolic if for every x, y, z and o in X,

(x, y)o ≥ min
{︁
(x, z)o, (y, z)o

}︁ − δ.

We say that (X,d) is hyperbolic if it is δ-hyperbolic for some δ ≥ 0. A group G is hyper-
bolic if it is generated by some finite set Σ and the Cayley graph Γ(G,Σ) is hyperbolic. By
increasing δ if necessary, we can also ensure that all triangles are δ-thin.

DEFINITION 3.3. Given constants C,D ≥ 0, a sequence of points x0, . . . , xn is a (C,D)-
chain if (xi−1, xi+1)xi

≤ C for all 0 < i < n and d(xi, xi+1) ≥ D for all 0 ≤ i < n.

The following “local-to-global principle” for geodesics is well known.

LEMMA 3.4. Let x0, . . . , xn be a (C,D)-chain with D ≥ 2C + 2δ + 1. Then (x0, xn)xi
≤

C + 2δ and

d(x0, xn) ≥ n.

DEFINITION 3.5. Let y, y+, z ∈ X. We say that z belongs to the C-chain-shadow of
y+ seen from y if there exists a (C,2C + 2δ + 1)-chain x0 = y, x1, . . . , xn = z satisfying
(x0, x1)y+ ≤ C.

3.3. Hyperbolic boundary. A sequence (zn) in X is divergent if lim infn,k→∞(zn, zk)o =
∞ for some o in X. Two divergent sequences (zn) and (z′

n) are ≃-equivalent when
limn→∞(zn, z

′
n)o = ∞. We denote by ∂X the hyperbolic boundary of X, that is, the quotient

of the set of divergent sequences with respect to the equivalence relation ≃. If the space X

is proper and geodesic, the boundary ∂X can be also described as the space of geodesic rays
γ : [0,∞) → X with γ (0) = o, modulo the equivalence relation that identifies two geodesic
rays γ1(t), γ2(t) if supt>0 d(γ1(t), γ2(t)) < ∞.

Let G be a group acting by isometries on a hyperbolic metric space (X,d), with a
base point o ∈ X. Recall that an element g is loxodromic if its translation length τ(g) :=
limn→∞ d(gno,o)

n
is positive. A semigroup acting by isometries on a hyperbolic metric space

is nonelementary if it contains two loxodromic elements with disjoint fixed sets on ∂X. A
measure on G is nonelementary if the semigroup generated by its support is nonelementary.
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3.4. Semigroups. Note that in Theorem 1.1 we do not assume the measure μ to be gen-
erating, but rather that the support of μ generates G as a group.

Note when the probability measure μ is not generating, one can still define the Poisson
boundary. In this case, one should replace in the Poisson formula (equation (1)) the group
G with the semigroup Γμ = ⟨supp μ⟩+ generated by the support of μ. Thus, Γμ acts as a
semigroup on the Poisson boundary, and the Poisson formula holds for the bounded harmonic
functions on Γμ.

The following lemma guarantees that if the support of μ generates a nonelementary hy-
perbolic group G as a group, it also generates a nonelementary semigroup. Then the rest of
the proof proceeds as in the case of generating μ.

LEMMA 3.6. Let G be a countable group which admits a properly discontinuous, nonele-
mentary isometric action on a proper, δ-hyperbolic space X and let μ be a measure on G,
whose support generates G as a group. Then the semigroup Γμ = ⟨supp μ⟩+ is also nonele-
mentary.

We use the following lemma.

LEMMA 3.7 ([11] Proposition 7.3.1). Suppose that X is a δ-hyperbolic space and L is
a semigroup of Isom(X). If the limit set ΛL ⊂ ∂X of L is nonempty and L does not have a
finite orbit in ∂X, then L is nonelementary.

PROOF OF LEMMA 3.6. We show that Γμ does not leave invariant any finite Σ ⊂ X∪∂X.
Indeed, if gΣ = Σ for any g ∈ Γμ, then Σ must actually be G-invariant. But then G is a
nonelementary subgroup of Isom(X) fixing a finite set in X ∪ ∂X, which is impossible. In
particular, for any x ∈ X, the orbit Γμx is infinite, and hence unbounded by properness.

Also by properness, the space X ∪ ∂X is compact, so there exists a sequence (gn) ⊆ Γμ so
that gnx converges in ∂X, and hence ΛΓμ ⊂ ∂X is nonempty.

Thus, by Lemma 3.7, Γμ contains two independent loxodromic elements. □

Note that we used the properness of the space on which G acts, and hence we cannot
similarly relax the assumption in Theorem 1.2, since there we do not assume the space X to
be proper.

3.5. Schottky sets. The notion of Schottky set arises from [6] and is used in [24] to define
pivots.

DEFINITION 3.8. Let ε,C,D ≥ 0. A finite set S ⊂ Isom(X) is (ε,C,D)-Schottky if:

1. For all x, y ∈ X, we have #{s ∈ S|(x, sy)o ≤ C} ≥ (1 − ε)#S.
2. For all x, y ∈ X, we have #{s ∈ S|(x, s−1y)o ≤ C} ≥ (1 − ε)#S.
3. For all s ∈ S, we have d(o, so) ≥ D.

Recall the following fact.

LEMMA 3.9 ([24], Corollary 3.13). Let μ be a nonelementary measure on a countable
set of isometries of a δ-hyperbolic space X. For all ε > 0, there exists C > 0 such that for all
D > 0, there exist ℓ > 0 and an (ε,C,D)-Schottky set in the support of μ∗ℓ.

Then by setting N = 2ℓ we can write the decomposition μ∗N = αμ∗2
S + (1 − α)τ where

μS is the uniform measure on some (ε,C,D)-Schottky set. We choose D sufficiently large
depending on δ and C (for instance, D > 100C + 100δ + 1 suffices).
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3.6. Alternating random walks and stopping times.

PROPOSITION 3.10. Let μ be a nonelementary probability measure on G, a countable
set of isometries of a Gromov-hyperbolic space. For any ε > 0, there exists C > 0 such that
for any D > 0, there exists a probability measure θ on G with the following properties:

1. There exists a (ε,C,D)-Schottky set S such that θ = κ ∗ μ∗2
S , where κ is a probability

measure on G and μS is the uniform probability measure on S.
2. The Poisson boundary of θ is the same as the one of μ.
3. If μ has finite entropy, then the entropy of θ is finite.

PROOF. Consider the decomposition from our remark after Lemma 3.9: μ∗N = aμ∗2
S +

(1 − a)τ for some probability measure τ, N and 0 < a < 1. Define

κ := a

∞∑︂
n=0

(1 − a)nτ∗n.

Parts (2) and (3) follow from a stopping time trick (we stop the random walk when we select
an increment from S2) [15, 16]. In particular, part (2) follows from [17], Proposition 6.3, and
part (3) follows from [15], Theorem 2.4. □

From now on, we shall call a measure of type

θ := κ ∗ μ∗2
S ,

where μS is the uniform measure on some Schottky set S, and κ any probability measure on
G, an alternating measure.

3.7. Pivots: General definition. We now define pivotal times for general group actions
on hyperbolic spaces, following [24], Section 4.

To any infinite sequence (w0, a1, b1,w1, a2, b2,w3, . . . ) with wi ∈ G and ai, bi ∈ S, we
associate for any integer n ≥ 0 a set Pn, called the set of pivotal times, as follows.

First, we set P0 := ∅. Given Pn−1, we define Pn inductively as follows. Let k =
max(Pn−1) be the last pivotal time before n if Pn−1 ≠∅, and k = 0 if Pn−1 = ∅.

Given a base point o ∈ X, we set y0 = o and for any i ≥ 1, si := aibi and

y−
i := w0s1...si−1wi−1o,

yi := y−
i aio,

y+
i := y−

i aibio.

We say that the local geodesic condition is satisfied at time n if

(yk, yn)y−
n

≤ C,
(︁
y−
n , y+

n

)︁
yn

≤ C, and
(︁
yn, y

−
n+1

)︁
y+
n

≤ C.

If the local geodesic condition is satisfied at time n, we set Pn := Pn−1 ∪ {n}. Else, we
backtrack to the largest pivotal time m ∈ Pn−1 such that y−

n+1 is in the (C + δ)-chain-shadow
of y+

m seen from ym. In other words, we set Pn := Pn−1 ∩ {1, . . . ,m}.
Recall the following fact.

LEMMA 3.11. Let Pn = {k1 < · · · < kp}. Then the sequence e, yk1, y
−
k2

, yk2, . . . , ykp , y−
n+1

is a (2C + 4δ,D − 2C − 3δ)-chain.
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This combined with Lemma 3.4 implies that (e, y−
n+1)y−

ki

≤ 2C + 6δ and (e, y−
n+1)yki

≤
2C + 6δ. In other words, both y−

ki
and yki

lie within a uniformly bounded neighborhood of

the geodesic [e, y−
n+1].

DEFINITION 3.12. We say that a time k is pivotal from infinity if k ∈ Pm for all m ≥ k.

If ki is a pivotal time from infinity and ξ := limi→∞ yki
∈ ∂G exists, then yki

lies within
a uniformly bounded neighborhood of any geodesic connecting e and ξ ∈ ∂G; that is, there
exists a constant M := 2C + 9δ, which does not depend on ξ , such that, for any geodesic γ

between e and ξ ∈ ∂G and any pivot from infinity yki
, we have

(2) max
{︁
d
(︁
y−
ki

, γ
)︁
, d(yki

, γ )
}︁ ≤ M.

4. The entropy argument.

4.1. Defining the partitions. Let G be a nonelementary hyperbolic group, and fix a
choice of finite generating set Σ. Let X = Γ(G,Σ) be the corresponding Cayley graph and
fix a geodesic ξ connecting e to ∂G. Let us consider an alternating measure θ = κ ∗ μ2

S on
G, and let (wn) be a sample path for a random walk driven by θ .

Let α be a constant to be fixed later. All the following quantities will depend on an infinite
sample path ω ∈ Ω.

DEFINITION 4.1. Let n ≥ 1. For each 0 ≤ k ≤ ⌈ n
α
⌉, let us denote the time interval

Ik,α := (α(k − 1), αk] ∩ [0, n].
Moreover, let tk be the time of the first pivot from infinity inside Ik,α , if one such pivot exists;
in this case, let us denote as

pk := wtk

the pivotal element; for k = 0, let p0 := e; if k > 0 and there is no pivot inside Ik,α , let us set
tk := −1.

We denote as 𝒯 α
n := (t1, . . . , tn/α) and we call it the set of pivotal times.

Let L be a constant to be fixed later.

DEFINITION 4.2. We say an interval Ik,α for 1 ≤ k < n
α

is L-good if there is a pivot in
Ik,α , and if

d(wj−1,wj ) ≤ L for all j ∈ Ik,α.

Finally, by construction we declare I0,α = {0} to be L-good. Otherwise, the interval is L-bad.
Note that by construction we define the last interval, that is the one containing n, to be L-bad.

Let us define the good distance as the sum of the distances between consecutive good
pivots:

Dα,L
n := ∑︂

Ik,α,Ik+1,α

L-good

d(pk,pk+1),

where the sum is over all k with 0 ≤ k < ⌈n/α⌉ such that both Ik,α and Ik+1,α are L-good
intervals, and d is the word length.
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DEFINITION 4.3. For each L-bad interval Ik,α , let Jk,α := (Ik−1,α ∪Ik,α ∪Ik+1,α)∩[0, n]
and define as bk the finite sequence of group elements

bk := (gi)i∈Jk,α
.

Let us define the (α,L)-bad intervals ℬα,L
n as the sequence

ℬα,L
n := (bk1, . . . , bks ),

where Ik1,α, . . . , Iks,α are the L-bad intervals up to time n.

The key property of bad intervals is that they are somewhat rare, since pivots are abundant.
The following lemma makes this precise.

LEMMA 4.4. Consider the random walk driven by an alternating measure θ on a nonele-
mentary hyperbolic group G. For any δ > 0, there exists α0 > 0 such that for any α ≥ α0

there exists L ≥ 1 for which we have

ℙ(Ik,α is L-bad) ≤ δ for any n ≥ 1, for any k <

⌈︃
n

α

⌉︃
.

PROOF. Recall that, for any n, j, k ≥ 0, Gouëzel’s paper [24], Lemma 4.9, shows

(3) ℙ(#Pn+j ≥ #Pn + k) ≥ ℙ

(︄ j∑︂
i=1

Ui ≥ k

)︄
,

where (Ui) are i.i.d. random variables with 𝔼[U1] > 0 and 𝔼[e−t0U1] < ∞ for some t0 > 0.
Hence, there exists t > 0 with 𝔼[e−tU1] < 1. Standard large deviation estimates yield

ℙ

(︄ β∑︂
i=1

Ui ≤ 0

)︄
= ℙ

(︁
e−t

∑︁β
i=1 Ui ≥ 1

)︁ ≤ 𝔼
[︁
e−t

∑︁β
i=1 Ui

]︁ = (︁
𝔼

[︁
e−tU1

]︁)︁β
.

Hence, we can apply it to our situation and obtain, setting m = α(k − 1),

ℙ(there is no pivot from ∞ in Ik,α) ≤ ℙ(∃β ≥ α : #Pm+β ≤ #Pm)

≤
∞∑︂

β=α

ℙ(#Pm+β ≤ #Pm)

≤
∞∑︂

β=α

ℙ

(︄ β∑︂
i=1

Ui ≤ 0

)︄

≤
∞∑︂

β=α

(︁
𝔼

[︁
e−tU1

]︁)︁β

= (𝔼[e−tU1])α
1 −𝔼[e−tU1] < δ/2

if α is large enough. Moreover, one can choose L large enough so that

ℙ
(︁
d(e, g1) ≥ L

)︁ ≤ δ

2α
;
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hence, since the (gi) are i.i.d.,

ℙ
(︁
d(wj−1,wj ) ≥ L for some j ∈ Ik,α

)︁ ≤
α∑︂

j=1

ℙ
(︁
d(wj−1,wj ) ≥ L

)︁

≤
α∑︂

j=1

ℙ
(︁
d(e, g1) ≥ L

)︁

≤ α · δ

2α
= δ

2

hence, combining the two statements, we get the claim. □

Given two partitions 𝒜 and ℬ, we denote by 𝒜 ∨ ℬ := {a ∩ b : a ∈ 𝒜, b ∈ ℬ} their join.
When 𝒜 = (Ai) and ℬ = (Bi) are two measurable countable partitions on the path space,

define ℙ
ξ (Ai |Bj) := ℙ

ξ (Ai∩Bj )

ℙξ (Bj )
. Then we define the associated conditional entropy as

Hξ(𝒜|ℬ) := −∑︂
i,j

ℙ
ξ (Ai |Bj) logℙξ (Ai |Bj), and HB(𝒜|ℬ) :=

∫︂
B

Hξ (𝒜|ℬ) dλ(ξ).

PROPOSITION 4.5. Let G be a hyperbolic group, and ∂G its hyperbolic boundary. Then,
for any α ≥ 1, L ≥ 1 the join of the partitions 𝒯 α

n , Dα,L
n and ℬα,L

n pins down the location wn

of the walk, in the following sense:

(4) H∂G

(︁𝒜n|𝒯 α
n ∨ Dα,L

n ∨ℬα,L
n

)︁ = o(n).

PROOF. Let us fix a boundary point ξ ∈ ∂G, and let us split the set [0, ⌈n/α⌉] of indices k

for Ik,α as a disjoint union of indices of L-good intervals and maximal chains of consecutive
indices of L-bad intervals. Let ki, . . . , ki+r be a maximal chain of consecutive indices of L-
bad intervals, except for the last one (i.e., so that Iki+r ,α does not contain n). Then t− := tki−1

and t+ := tki+r+1 are pivotal times, and p− := wtki−1
and p+ := wtki+r+1

are pivotal elements.
Consider the word

Wi := gt−+1 · . . . · gn · . . . · gt+ .

Record di := d(e,Wi) the word length of Wi . Now let us pick a geodesic ray γ = [e, ξ)

connecting the origin with ξ . Since every pivot lies in the M-neighborhood of γ and there
are at most n/α pivots, the sum

Dα,L
n + ∑︂

i L-bad

di

yields the distance from the origin of the last pivot plast before wn, up to an additive error of
at most 2Mn/α.

Recall the constant M , which depends only on C and δ, from equation (2). Since by def-
inition plast lies in an M-neighborhood of γ , the point plast lies in the union of 4n

α
balls of

radius 2M in G, and hence there are at most 4n
α

· #B(2M) choices for plast.
By definition, all intervals Ik,α after the last pivot are L-bad, so we also record

Wlast := gt−+1 · · · · · gn;
hence, we have

wn = plastWlast
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pinned down up to at most 4n
α

· #B(2M) choices, and hence

Hξ

(︁𝒜n|𝒯 α
n ∨ Dα,L

n ∨ℬα,L
n

)︁ ≤ log
(︁
(4n/α) · #B(2M)

)︁ = o(n)

which, after integrating over ξ , proves the claim. □

PROPOSITION 4.6. Let G be a hyperbolic group, let ∂G be its hyperbolic boundary and
consider a random walk driven by the alternating measure θ := κ ∗μ∗2

S . If θ has finite entropy,
then for any ϵ > 0, there exists α0 > 0 such that for any α ≥ α0 there exists L ≥ 1 such that

(5) lim sup
n

H(𝒯 α
n ∨ Dα,L

n ∨ℬα,L
n )

n
≤ ϵ.

PROOF. Since each pivotal time ti has at most α + 1 choices, and we record at most n
α

pivotal times, we get

H
(︁𝒯 α

n

)︁ ≤ n

α
log(α + 1).

Moreover, the value of Dα,L
n is an integer between 0 and Ln; hence,

H
(︁
Dα,L

n

)︁ ≤ log(Ln + 1).

Let us consider for each k ≤ ⌈n/α⌉ the variable

Yk := (gα(k−2)+1, . . . , gα(k+1))1{Ik,α is L-bad}
and for each j ≤ n, k ≤ ⌈n/α⌉ the variable

Yj,k := gj 1{Ik,α is L-bad}.

Fix ϵ > 0, and let δ > 0 be given by Lemma 2.4 applied to Z = g1, which has finite entropy
by assumption. Now, by Lemma 4.4, if α and L are sufficiently large, then

ℙ(Ik,α is a L-bad interval) ≤ δ for every k < ⌈n/α⌉.
Thus, we can set Ek := {Ik,α is a L-bad interval} and, noting that all (gj ) for 1 ≤ j ≤ n have
the same distribution, we get, by Lemma 2.4,

H(Yj,k) ≤ ϵ for any k < ⌈n/α⌉, any j ∈ Jk,α.

Thus, by summing over all j , we obtain

H(Yk) ≤ ∑︂
j∈Jk,α

H(Yj,k) ≤ 3ϵα for any k < ⌈n/α⌉

and by summing over all k,

H
(︁ℬα,L

n

)︁ ≤ ∑︂
k≤⌈n/α⌉

H(Yk) ≤ 3ϵn + 3αH(θ).

Hence,

lim sup
n

H(𝒯 α
n ∨ Dα,L

n ∨ℬα,L
n )

n
≤ lim sup

n

H(𝒯 α
n )

n
+ lim sup

n

H(Dα,L
n )

n
+ lim sup

n

H(ℬα,L
n )

n

≤ log(α + 1)

α
+ 0 + 3ϵ

so the lim sup is bounded by 4ϵ if we choose α large enough. □
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THEOREM 4.7. Let G be a hyperbolic group, let ∂G be its hyperbolic boundary and
consider a random walk driven by the alternating measure θ := κ ∗μ∗2

S . If θ has finite entropy,
then we have

lim
n→∞

H∂G(𝒜n)

n
= 0.

PROOF. Fix ϵ > 0. By (4) and (5), we can choose α, L large enough so that, if we denote
𝒫n := 𝒯 α

n ∨ Dα,L
n ∨ℬα,L

n , we have

lim sup
n→∞

H∂G(𝒜n)

n
≤ lim sup

n→∞
H∂G(𝒜n ∨𝒫n)

n

≤ lim sup
n→∞

H∂G(𝒫n)

n
+ lim sup

n→∞
H∂G(𝒜n|𝒫n)

n

≤ lim sup
n→∞

H(𝒫n)

n
+ lim sup

n→∞
H∂G(𝒜n|𝒫n)

n
≤ ϵ

from which the claim follows. □

As a corollary, the space of asymptote classes of geodesic rays emanating from the identity
is a model for the Poisson boundary.

PROOF OF THEOREM 1.1. By Proposition 3.10, there is a decomposition μ∗N = aμ∗2
S +

(1 − a)τ, with 0 < a < 1 and μS uniform on a Schottky set S. Consider the random walk
driven by the alternating measure θ := κ ∗ μ∗2

S . Since the support of θ is nonelementary, the
random walk converges to the hyperbolic boundary ∂G; let λ be the corresponding hitting
measure. By Theorem 4.7, for the random walk (G, θ) we have

lim
n→∞

H∂G(𝒜n)

n
= 0;

hence, by Theorem 2.3, the space (∂G,λ) is the Poisson boundary. Finally, by Proposition
3.10, the Poisson boundary of (G,μ) equals the Poisson boundary of (G, θ); hence, it is also
given by (∂G,λ). □

5. Actions on hyperbolic spaces with WPD elements. Let G be a group of isometries
of a geodesic hyperbolic metric space (X,d). We now extend the previous proof to the more
general case that G only contains a WPD element. This includes a very large class of non-
hyperbolic groups, such as relatively hyperbolic groups, right-angled Artin groups, mapping
class groups and Out(Fn).

Given K > 0 and x, y ∈ X, we define the joint coarse stabilizer as

StabK(x, y) := {︁
g ∈ G : d(x, gx) ≤ K and d(y, gy) ≤ K

}︁
.

DEFINITION 5.1. An element g ∈ G is WPD if it is loxodromic and for any x ∈ X, any
K ≥ 0 there exists P ≥ 1 such that StabK(x, gP x) is finite.

The main theorem of this section is the following, which is also Theorem 1.2 in the Intro-
duction.

THEOREM 5.2. Let G be a countable group with a nonelementary action on a geodesic
hyperbolic space X with at least one WPD element. Let μ be a generating probability mea-
sure on G with finite entropy. Let ∂X be the hyperbolic boundary of X, and let ν be the hitting
measure of the random walk driven by μ. Then the space (∂X, ν) is the Poisson boundary of
(G,μ).
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Let us start with a simple geometric lemma in δ-hyperbolic spaces.

LEMMA 5.3. Let X be a δ-hyperbolic metric space. Let a be a point which is within
distance C of a geodesic segment γ connecting points x, y ∈ X. If g ∈ Isom(X) satisfies
d(x, gx), d(y, gy) ≤ K , then d(a, ga) ≤ 2C + 2K + 4δ.

PROOF. Pick a point t ∈ [0, d(x, y)] such that d(a, γ (t)) ≤ C. Consider the quadrangle
[x, gx] ∪ [gx,gy] ∪ [gy, y] ∪ [y, x]. Since X is δ-hyperbolic, then we can find some point
z ∈ [x, gx] ∪ [gx,gy] ∪ [gy, y] such that d(γ (t), z) ≤ 2δ.

If z ∈ [x, gx], then we have

d(a, ga) ≤ d
(︁
a, γ (t)

)︁ + d
(︁
γ (t), z

)︁ + d(z, gx) + d
(︁
gx,gγ (t)

)︁ + d
(︁
gγ (t), ga

)︁
≤ C + 2δ + K + (2δ + K) + C

= 2C + 2K + 4δ

and likewise if z ∈ [gy, y].
Now suppose that z ∈ [gx,gy], so that z = gγ (t ′) for some t ′ ∈ [0, d(x, y)]. Then we have

t = d
(︁
x, γ (t)

)︁ ≤ d(x, gx) + d
(︁
gx,gγ

(︁
t ′

)︁)︁ + d
(︁
gγ

(︁
t ′

)︁
, γ (t)

)︁
≤ K + t ′ + 2δ,

so that t − t ′ ≤ 2δ + K . Likewise, considering d(y, γ (t)), we have t ′ − t ≤ 2δ + K .
Therefore,

d(a, ga) ≤ d
(︁
a, γ (t)

)︁ + d
(︁
γ (t), gγ

(︁
t ′

)︁)︁ + d
(︁
gγ

(︁
t ′

)︁
, gγ (t)

)︁ + d
(︁
gγ (t), ga

)︁
≤ C + 2δ + (2δ + K) + C

= 2C + K + 4δ.

Either way, we have d(a, ga) ≤ 2C + 2K + 4δ. □

Given a loxodromic element g, we denote

VC

(︁
g+)︁ := {︁

x ∈ X : (︁
x, g+)︁

o ≥ C
}︁
,

where g+ ∈ ∂X is the attracting fixed point of g.
By slightly modifying Gouëzel’s argument, we get the following.

LEMMA 5.4. Let o ∈ X be a base point. For any 0 < ϵ < 1, there exists C such that for
any D there is a finite set S ⊆ G, which is (ϵ,C,D)-Schottky and, moreover:

1. the sets VC(s+) for distinct values of s ∈ S are disjoint;
2. the point so belongs to VC+δ(s

+) for each s ∈ S.

PROOF. The proof is the same as the proof of [24], Proposition 3.12, using a ping pong
argument; the only modification consists in taking p sufficiently large such that (2) holds for
each s = g

p
i . □

LEMMA 5.5. Suppose that G has a nonelementary action on a δ-hyperbolic space X by
isometries, and contains a WPD element. Let o ∈ X. For any 0 < η < 1, there exists C > 0
such that for any D > 0 and for any K > 0 there is a finite set S, which is (η,C,D)-Schottky,
and for any s ∈ S the coarse joint stabilizer StabK(o, so) is finite.
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PROOF. Note that a Schottky set for some D is also a Schottky set for any smaller D, so
we can assume that D > 2C + aδ, where a is a fixed constant whose value can be computed
by looking at the details of the following proof. To avoid keeping track of it, we write O(δ)

to mean a constant that only depends on the hyperbolicity constant δ of X.
Let w be a WPD element. By the WPD property, there exists some P ≥ 1 and h = wP

such that

d(o,ho) ≥ D

and

#StabK1(o,ho) < ∞
with K1 = 2K + 2C + 12δ.

By Lemma 5.4, we can find a finite set S, which is (ϵ,C,D)-Schottky and satisfies (1) and
(2). Let us consider the set

S1 := {︁
s1hs2 : s1 ∈ S, s2 ∈ S,

(︁
s−1

1 o,ho
)︁
o ≤ C,

(︁
h−1o, s2o

)︁
o ≤ C

}︁
.

First, we claim that, if we choose D large enough, any s = s1hs2 ∈ S1 satisfies

d(o, s1hs2o) ≥ D.

In fact, the sequence o, s1o, s1ho, s1hs2o is a (C,D)-chain; hence, by Lemma 3.4 for any
geodesic segment γ joining o and s1hs2o, we obtain

max
{︁
d(s1o, γ ), d(s1ho, γ )

}︁ ≤ C + 4δ.

Moreover, by looking at the corresponding approximate tree, we obtain

d(o, s1hs2o) = d(o, s1o) + d(s1o, s1ho) + d(s1ho, s1hs2o)

− (o, s1ho)s1o − (s1o, s1hs2o)s1ho + O(δ)

≥ 3D − 4C + O(δ) ≥ D

if D ≥ 2C + O(δ).
Second, we claim that the cardinality of S1 satisfies

(6) #S1 ≥ (1 − ϵ)2(#S)2.

Note that by definition of Schottky set, (o, s1ho)s1o = (s−1
1 o,ho)o ≤ C for at least (1 − ϵ)#S

values of s1. Similarly, (s1o, s1hs2o)s1ho = (h−1o, s2o)o ≤ C for at least (1 − ϵ)#S values of
s2.

Now fix s1 and suppose that there exists s2, t1, t2 in S such that s1hs2 = t1ht2. We want
to show that s1 = t1, s2 = t2, which yields (6). Then by δ-hyperbolicity we have, as above,
that both s1o and t1o lie with distance at most C + 4δ of any geodesic γ between o and
s1hs2o = t1ht2o. Thus, both geodesic segments [o, s1o] and [o, t1o] have length at least D

and fellow travel γ for a distance at least D − C − O(δ), which implies that

(s1o, t1o)o ≥ D − C − O(δ) ≥ C + δ

as soon as D is large enough. This also implies that(︁
t1o, s+

1
)︁
o ≥ min

{︁(︁
s+

1 , s1o
)︁
o, (s1o, t1o)o

}︁ − δ ≥ C;
hence, t1o ∈ VC(s1). However, since (t1o, t+1 )o ≥ C by property (2) and definition of VC , we
have

t1o ∈ VC

(︁
t+1

)︁ ∩ VC

(︁
s+

1
)︁
,
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which implies t1 = s1 since the VC(s+) for distinct s ∈ S are disjoint. Then the relation
s1hs2 = t1ht2 also implies s2 = t2.

Now we prove that for any x, y ∈ X,

#
{︁
s ∈ S1 : (︁

x, s±y
)︁
o ≤ C

}︁ ≥ (1 − ϵ))(#S)2.

Let x, y ∈ X. Then by definition of Schottky set, for any s2 ∈ S the number of s1 ∈ S such
that

(x, s1hs2y)o ≥ C

is at most ϵ#S. Hence, the number of s = s1hs2 ∈ S1 such that (x, sy)o ≥ C is at most

ϵ(#S)2 ≤ ϵ

(1 − ϵ)2 #S1.

Also, by definition of the Schottky set, for any s1 ∈ S the number of s2 ∈ S such that(︁
x, s−1

2 h−1s−1
1 y

)︁
o ≥ C

is at most ϵ#S. Hence, the number of s = s1hs2 ∈ S1 such that (x, s−1y)o ≥ C is at most

ϵ(#S)2 ≤ ϵ

(1 − ϵ)2 #S1.

Thus, the set S1 is (η,C,D)-Schottky if we set η = 2ϵ
(1−ϵ)2 .

Now let us check the coarse joint stabilizer. Let s = s1hs2, and suppose g belongs to
StabK(o, so).

Then, since s1o and s1ho lie within distance C + 4δ of any geodesic segment γ = [o, so],
then by Lemma 5.3 we have

d(s1o, gs1o) ≤ 2C + 2K + 12δ, d(s1ho,gs1ho) ≤ 2C + 2K + 12δ,

thus g belongs to StabK1(s1o, s1ho) with K1 = 2C + 2K + 12δ. Since StabK1(s1o, s1ho) =
s1StabK1(o,ho)s−1

1 is finite by the WPD property, the claim follows. □

From the previous lemma, we immediately get the following.

COROLLARY 5.6. Let μ be a nonelementary measure on a countable set of isometries
of a δ-hyperbolic space X such that the semigroup generated by the support of μ contains
a WPD element. For all η > 0, there exists C > 0 such that, for all D > 0 and K > 0, there
exists N > 0 and an (η,C,D)-Schottky set S in the support of μ∗N with the property that for
any s ∈ S the coarse joint stabilizer StabK(o, so) is finite.

To prepare for the next proof, let us recall that in a hyperbolic metric space, any two points
o ∈ X and ξ ∈ ∂X are connected by a (1,10δ)-quasigeodesic ray [35], Remark 2.16, (if the
space is not proper, they may not be connected by a geodesic ray). Now recall that from
Lemma 3.11 and the discussion after it, if we pick an (ϵ,C,D)-Schottky set, then for any
pivotal time from infinity k, the points y−

k , yk are within a M-neighborhood of any (1,10δ)-
quasigeodesic γ joining o and the limit point ξ , where M = M(C, δ) depends only on C and
δ (note that the constant M may be slightly larger than the one in equation (2)). Also, from
Lemma 3.11, the points y−

k , yk are oriented in the “right way” along γ , namely any closest
point projection of y−

k onto γ lies between o and any closest point projection of yk onto γ .

PROOF OF THEOREM 5.2. Let o ∈ X be a base point. From now on, we fix some
(1/100,C,D)-Schottky set S from Corollary 5.6 with D, K sufficiently large. For our pur-
poses, it suffices to take D > 100C + 100δ + 1 and K > 6M + 1 + 30δ where M = M(C, δ)

is as in the previous paragraph.
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By [41], the random walk (wno) converges to ∂X almost surely, and (∂X, ν) is a μ-
boundary. Since by [24], pivots still exist and are abundant, the argument goes through in
most parts, except for the following. First, we need to modify the definition of good distance
to

Dα,L
n :=

⌊︃ ∑︂
Ik,α,Ik+1,α

L-good

d(pko,pk+1o)

⌋︃

by adding the integer parts, and replacing the word metric by the distance d on X. The biggest
modification in the argument is in Proposition 4.5.

We add one more partition as follows. At the final pivot, record the pivotal element s =
(y−

k )−1yk ∈ S. If no pivots exist, record the identity element e. Denote this partition by 𝒮α
n .

Since S is finite, this partition has entropy at most log(#S + 1).
Now let us condition our walk on 𝒯 α

n ∨Dα,L
n ∨ℬα,L

n ∨𝒮α
n . We need to estimate the relative

entropy

Hξ

(︁𝒜n|𝒯 α
n ∨ Dα,L

n ∨ℬα,L
n ∨ 𝒮α

n

)︁
.

As in the proof of Proposition 4.5, we know the distance between o and plasto up to 2Mn
α

,
where M depends only on δ and C. We also know that plastso lies within distance M of any
(1,10δ)-quasigeodesic γ connecting o to ξ .

Let us pick a parameterization γ : [0,∞) → X of such a quasigeodesic. Since we know
the distance between o and plasto up to 2Mn

α
, if we set Δ := 2Mn

α
+ M + 1 + 10δ, we know

a parameter t such that the interval J := [t − Δ, t + Δ] is such that the M-neighborhood
NM(γ (J )) contains all possible choices for plasto.

Now notice that if the action is (uniformly) properly discontinuous, as in the proof of
Proposition 4.5, we can bound the possible number of choices of plast by ⌈2Δ/M⌉ times the
number of orbit points in a ball of radius 2M in X. However, since the action of G on X need
not be properly discontinuous, but it only contains one WPD element, the number of orbit
points contained in a ball of X may be infinite. Thus, we need to use the WPD property to
bound the number of possible choices of plast: that is, we can only bound the number of group
elements that coarsely stabilize both o and so, where s is constructed as in Corollary 5.6 using
the WPD property. This is what we will do in the following.

Cover J by ⌈2Δ⌉ intervals of length 1, and for each interval Ji find a group element gi

such that the point gio is in NM(γ (Ji)), the point giso is contained in NM(γ (J )), and the
projection of gio onto γ lies between o and the projection of giso, if such a gi exists.

Now for any choice p′ for plast, we can find an interval Ji such that p′o ∈ NM(γ (Ji)).
Denote as π a choice of a closest point projection onto γ , and let πi a choice of closest point
projection onto γ (Ji). Then

d
(︁
p′o, gio

)︁ ≤ d
(︁
πi

(︁
p′o

)︁
, πi(gio)

)︁ + 2M ≤ 1 + 10δ + 2M.

We claim that d(p′so, giso) ≤ 6M + 1 + 30δ.
To prove it, let t1, t2, u1, u2 be such that

γ (t1) = πi

(︁
p′o

)︁
, γ (t2) = π

(︁
p′so

)︁
, γ (u1) = πi(gio), γ (u2) = π(giso).

Note that d(gio, giso) = d(p′o,p′so) = d(o, so) and since the points p′o, p′so, gio and giso

lie within distance M of γ , we have⃓⃓
(t2 − t1) − d(o, so)

⃓⃓ ≤ ⃓⃓
d
(︁
πi

(︁
p′o

)︁
, π

(︁
p′so

)︁)︁ − d(o, so)
⃓⃓ + 10δ ≤ 2M + 10δ;

hence, similarly ⃓⃓
(u2 − u1) − d(o, so)

⃓⃓ ≤ 2M + 10δ
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since the projections of the segments [p′o,p′so] and [gi, giso] have the same orientation,
that is, max{t1, u1} < min{t2, u2}. We also obtain

|t2 − u2| ≤ |t1 − u1| +
⃓⃓|t1 − t2

⃓⃓ − |u1 − u2|
⃓⃓

≤ 1 + 4M + 20δ;
so, by definition of quasigeodesic,

d
(︁
π

(︁
p′so

)︁
, π(giso)

)︁ ≤ 1 + 4M + 30δ.

Finally, we get

d
(︁
p′so, giso

)︁ ≤ d
(︁
π

(︁
p′so

)︁
, π(giso)

)︁ + 2M

≤ 1 + 6M + 30δ.

Since K ≥ 6M + 1 + 30δ, then #StabK(o, so) = R < ∞. Since we chose at most ⌈2Δ⌉ ≤
4Mn

α
+ 2M + 3 + 20δ values of gi’s, we have

Hξ

(︁𝒜n|𝒯 α
n ∨ Dα,L

n ∨ℬα,L
n ∨ 𝒮α

n

)︁ ≤ log
(︁
4RMn/α + (2M + 3 + 20δ)R

)︁
which, by dividing by n and taking the limit as n → ∞, implies the claim. □
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