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Abstract

Let g(X) be a polynomial over a finite field F, with degree o(¢*/?), and let x be the quadratic residue
character. We give a polynomial time algorithm to recover g(X) (up to perfect square factors) given the
values of x o g on F,, with up to a constant fraction of the values having errors. This was previously
unknown even for the case of no errors.

We give a similar algorithm for additive characters of polynomials over fields of characteristic 2. This
gives the first polynomial time algorithm for decoding dual-BCH codes of polynomial dimension from a
constant fraction of errors.

Our algorithms use ideas from Stepanov’s polynomial method proof of the classical Weil bounds on
character sums, as well as from the Berlekamp-Welch decoding algorithm for Reed-Solomon codes. A
crucial role is played by what we call pseudopolynomials: high degree polynomials, all of whose derivatives
behave like low degree polynomials on IF,.

Both these results can be viewed as algorithmic versions of the Weil bounds for this setting.

1 Introduction

This paper is about efficient algorithms for some noisy polynomial interpolation problems over finite fields,
where only a small amount of information about each evaluation is available.

Let ¢ be an odd prime power, and let x : F, — {0,£1} be the quadratic residue character (which takes
values 0 on 0, +1 on nonzero perfect squares, —1 on everything else). Let g(X) € F4[X] be an unknown
polynomial of degree at most d <« g. We consider the problem of computing g given a noisy version of
xog :F, — {0,£1}. Concretely, given r : F, — {0,£1}, such that for 99% of the a € F, we have
r(a) = x(g(a)), can we efficiently recover g(X)?

There is an immediate obstacle to recovering ¢: it may not be uniquely specified by r. This arises because
X cannot detect perfect square factors of g. Indeed, if g1(X), g2(X) € Fy[X] of degree at most d satisfy
g2(X) = g1(X) - h*(X) for h(X) € F,[X], then whenever h(«) # 0:

xog2(a) = (xog1(a)) - (xoh*(@)) =xog(a),

and so the Hamming distance A(y o g1,x0¢2) < d < g.

The deep and fundamental Weil bounds for character sums imply that this is essentially the only obstacle
to uniqueness. It states that if f(X) is a polynomial of degree at most d that is not of the form X - h?(X)
for A € F, and h(X) € F,[X], then:

S x(f(@)] < 243
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(In words, if d is small, a random « € F, has f(a) being a perfect square with probability approximately
1/2).
Thus if ¢1(X), g2(X) € Fy[X] are distinct, monic (the leading coefficient is 1), squarefree (no irreducible

factor appears with multiplicity > 2), and of degree at most o(,/g), then x o g1 and x o g2 are not only
distinct, they are almost orthogonal:

[(x ©g1,x092)| = Z x(g1(a)) - x(g2(a))| = Z X((91 - g2)(@))| < O(dy/q) = o(q).

a€ly a€ly
This implies that as g varies among the monic, squarefree polynomials of degree at most d = o(,/q), the
vectors y o g € {0,+1}9 have all pairwise Hamming distances A(x o g1, x 0 g2) at least (% — Q(i)> -q. This

Va
defines an error-correcting code, and makes the problem of finding ¢ given a noisy version of x o g that of

unique decoding of this error-correcting code.

We give a polynomial time algorithm for recovering such g from x o g in the presence of a constant fraction
of errors.

Theorem 1
Let € > 0. Let g(X) € Fy[X] be monic, squarefree, with deg(g) < €,/q.
Suppose r : F, — {0, £1} is such that:

A(r,xog) < (é—e)q.

There is a poly(q) time algorithm, which when given r, computes g(X).

If g(X) is a general monic polynomial of degree d < ¢,/q and r is such that A(r,x o g) < (é — €)q,
then this algorithm will find the unique monic squarefree polynomial §(X) of degree at most d such that

A(xog.xog) <d.
Such an algorithm was previously unknown even for the case of no errors. The previously fastest known

algorithm was given by Russell and Shparlinski [RS04] and ran in O(d? - ¢*+°()) time. This algorithm made
use of the Weil bounds as a black box, and improved upon the trivial O(¢?*!) time brute force search.

In [VDHIO6], van Dam, Hallgren and Ip gave efficient quantum algorithms to solve the d = 1 case in time
poly(log q), which is sublinear in the input size. Russell and Shparlinski [RS04] showed that the general d
case can be solved with O(d) quantum queries, but as far as we understand this does not lead to a fast
quantum algorithm. Further results in this direction were given in [BGKS12, IKS™18].

We also prove an analogous result for additive characters over fields I, of characteristic 2. Here the underlying
codes are the classical dual-BCH codes, which are the duals of the classical BCH codes [BRC60, Hoc59].

Let ¢ = 2%, and let Tr : F, — Fy be the Fa-linear field trace map given by Tr(3) = Zf;& ﬁ2i. Additive
characters v of F, are closely related to Tr (they are of the form ¥(3) = (—1)™@#)) and for notational
convenience, we formulate our problem in terms of Tr instead of 1.

Let g(X) € F,[X] be an unknown polynomial of degree at most d. Suppose for each o € F, we are given a
value r(«), such that for 99% of the a € Fy, r(a) = Tr(g(a)). Can we efficiently recover ¢g(X)?

Again, there is an immediate obstacle coming from the fact that r (or even Trog) does not uniquely identify
g(X). This arises because Tr cannot distinguish between a polynomial and its square. Indeed, if g1 (X), g2(X)
are such that g2(X) = g1(X) + h(X) + h?(X) for some h(X) € F,[X], then! for all a € Fy:

Troge(a) = (Trogi(a)) + (Tr o(h+ hz)(a)) =Tro g (),
I This is because Tr(3 + $2) = 0 for all 8 € Fy.




and so Trog; = Tro gs.

The Weil bound for additive character sums tell us that this is the only obstacle to uniqueness. It says that
if f(X) € Fy[X] is of degree at most d and not of the form A + h(X) + h(X)? for A € F, and h(X) € F,[X],
then:

Z (_1)Tr(f(a)) < (d—1)/q.
a€cl,
(In words, if d is small, a random « € F, has Tr(f(«)) being roughly equally likely to be 0 and 1).

Thus if ¢1(X), g2(X) € F,[X] are distinct polynomials with only monomials of odd degree, and of degree
d = o(y/q), then Tro g; and Tr o g5 are not only distinct, they are almost as far apart as random vectors:

Z (_I)Tf(gl(a)—gz(a)) — Z (_1)Tr((91—92)(0é)) < O(d\/a) = o(q),

a€l, a€l,

and so:

A(Trogy,Trogs) € (; + O(%)) -q.

This gives us the definition of the dual BCH code. For an odd integer d, codewords are indexed by polynomials
g9(X) of degree at most d with only odd degree monomials:

g(X)=a1X +azX®+ ... +agX?,

and the codewords themselves are the functions Tro g : F; — [F5. This is a linear code over Fg, and has
length ¢ and Fa-dimension % logy q. The problem of finding g given a noisy version of Tr o g is thus the
problem of unique decoding of this dual BCH code.

We give a polynomial time algorithm for recovering g from Tr o g in the presence of a constant fraction of
errors.

Theorem 2
Let € > 0. Let g(X) € Fy[X] be a polynomial with only odd degree monomials, and with deg(g) < €,/q.
Suppose r : Fqg — Fy is such that:

A(r,Trog) < <; —e) q.

There is a poly(q) time algorithm, which when given r, computes g(X).

If g(X) is a general polynomial of degree d < ¢,/q with 0 constant term, and r is such that A(r, Tro g) <
(% —€)q, then this algorithm will find the unique polynomial g(X) of degree at most d with only odd degree
monomials such Trog = Trog.

There were several previously known results for this problem (namely, the problem of decoding dual BCH
codes).

e For all d < O(,/q), if there are no errors at all, then g(X) can be found in time poly(g). This is because
the map g(X) — Tro g is Fa-linear; so g(X) can be found from Tr o g by solving a system of linear
equations over Fy.

e For all d < O(,/q), if the number of errors is at most O(%), then there is a poly(q) time algorithm to
recover g(X). This is a consequence of efficient decoding algorithms for Reed-Muller codes (multivariate
polynomial codes over F3). The key fact is that the function Trog is a b-variate Fo-polynomial of degree
at most [log, d] when F, is viewed as F} via an Fy-linear isomorphism.



e For small d, the work of Kaufman-Litsyn [KL05], Kaufman-Sudan [KS07] and Kopparty-Saraf [KS10]
gave sublinear time algorithms for decoding dual BCH codes from a constant fraction of errors. The

running time of these algorithms is O(d? - poly(logq)). For d = O(lolgoi‘éq), they run in time poly(q),

while for slightly smaller d they run in time ¢°(").

These algorithms use the fact that there are many short linear dependencies between the coordinates of
codewords; namely, that their duals have many low weight codewords. Interestingly, they use decoding
algorithms for BCH codes as a subroutine.

Theorem 2 gives the first algorithm to decode from a constant fraction of errors in poly(q) time for d >

l ;.
w(logolgoléq)'

Our results can be viewed as algorithmic versions of Weil-type bounds for character sums. To the best of
our knowledge, the only known proof that the error-correcting codes underlying Theorem 1 (for d > 3) and
Theorem 2 (for d > Q(log q)) have distance Q(q) go through the Weil bounds. Any algorithm that decodes
these codes from (q) errors must either use a Weil-type bound or prove a Weil-type bounds. Our results
fall in the latter category.

We use ideas from Stepanov’s polynomial method proof of the Weil bounds, as well as from the Berlekamp-
Welch decoding algorithm for Reed-Solomon codes. A crucial role is played by what we call pseudopolyno-
mials: high degree polynomials, all of whose derivatives behave like low degree polynomials on F,.

The number of errors that these algorithms can handle falls short of the unique decoding radius of these
codes, which is about (i — e) q. It would be interesting to get efficient decoding from these many errors.

1.1 Related Work

The Weil bounds on character sums were proved by Weil [Weid1, Weid8, Weid9] as a corollary of his proof
of the Riemann hypothesis for curves over finite fields. They capture some very basic pseudorandomness
phenomena in finite fields in a very strong quantitative form. For this reason, they have found extensive
applications in the explicit constructions of pseudorandom objects. We mention some notable applications
in theoretical computer science: the universality of the Paley graphs by Graham and Spencer [GST71], the
construction of epsilon biased sets by Alon, Goldreich, Hastad and Peralta [AGHP92], and the construction
of affine extractors by Gabizon and Raz [GROS].

Another remarkable application is the dual-BCH code, mentioned above. Dual-BCH codes are Fy-linear

codes of length ¢ with ¢(4+1)/2 codewords and minimum distance at least (% — d;\/al)) - q. For small d these

are unmatched codes: without the Weil bounds, there is no known proof of existence, for all constant ¢, of
binary codes of length n with n' codewords and minimum distance (3 — Ot(ﬁ)) -n. (A nonlinear binary code
with similar strong parameters can also be made out of the quadratic residue character applied to squarefree
polynomials over fields of odd characteristic; one just has to replace the small number of 0 coordinates with
either +1 or —1, arbitrarily.) This also yields n? unit vectors in R” with pairwise inner products all at most
O(t/+/n). This is an even smaller upper bound on the maximum inner product than what random vectors

would achieve, O(4/(logn)/n).

The original proof of the Weil bounds used machinery from algebraic geometry. Many years later, Stepanov [Ste69,
Ste70, Ste74] discovered an elementary proof of Weil-type bounds. This used a very clever version of what

is now known as the polynomial method (with multiplicities) — understanding a set of interest by first in-
terpolating a polynomial vanishing on that set (with high multiplicity), and then studying that polynomial.
Subsequently Schmidt [Sch76], Bombieri [Bom73] and Stohr-Voloch [SV86] strengthened, simplified and gen-
eralized Stepanov’s method greatly. See [Sch76, HKT08, LN97] for excellent introductions to this and related
topics. Our algorithms are heavily influenced by ideas from Stepanov’s method.

In recent years, a number of extensions of the Weil bounds for character sums were developed for applications
in theoretical computer science and coding theory, see [Kopll, KL11, CGS16, KTSY24, CDGM25] and



[Kop10, Chapter 6].

The problems we consider in this paper are a kind of noisy polynomial interpolation problem. This is an
old and very well studied topic in coding theory and theoretical computer science. Our algorithms are also
heavily influenced by the polynomial method (with multiplicities) techniques from this domain, especially the
“interpolation + algebra” framework of the fundamental Berlekamp-Welch and Guruswami-Sudan decoding
algorithms for Reed-Solomon codes [BW86, Sud96, GS99].

The Guruswami-Sudan algorithm solves a polynomial reconstruction problem of a very general type that
nicely captures the problem of recovering polynomials from character values. We now describe this problem,
known as the list-recovery problem for Reed-Solomon codes. In list-recovery of Reed-Solomon codes, for
every o € I, we are given a set S, of size at most ¢, and we want to find all polynomials f(X) € F,[X] of
degree at most d with

{a € F, | f(a) € S}l = 0.99%.

The Guruswami-Sudan algorithm [GS99)] efficiently finds all such f(X) in time poly(q), provided ¢ < (0.99)%%
(and in particular, proves that the number of such f(X) is at most poly(¢) ). When we are given r : Fy —
{0, £1} with A(x o g,r) < 0.01¢ for some low degree g(X), the problem of finding g(X) translates into a
list-recovery problem as follows. For each o € Fy, let S, = x~!(r(c)). Then the set of all f(X) of degree at
most d satisfying

{o € Fy | f(0) € Su}| > 099,

contains ¢g(X) (and in fact all such f(X) are of the form X - g(X) - h%(X)). Thus the problem of recovering
g is a special kind of list-recovery problem.

In this setting, |S,| < ¢ = (¢ —1)/2, and d = w(1), so we are outside the range of where the Guruswami-
Sudan algorithm applies. Our result can be viewed as a way of using the extra algebraic structure of the S,
to nevertheless enable some kind of list-recovery.

Our algorithms use higher order derivative information about the polynomials being interpolated. In this
sense, they are related in spirit to a recently flourishing line of work on decoding algorithms for multiplicity
codes [RT97, Nie01, KSY14, GW13, Kopl4, Kopl5, KRZSW23, BHKS23, Tam24, BHKS24, GHKS24, CZ25,
Sri25, GHK 25, AHS25] (Multiplicity codes are error-correcting codes based on evaluations of polynomials
and their derivatives).

The dual-BCH code C' with d = ©(¢%!) is a binary code that has: (1) block length n, (2) dimension
k = Q(n%logn), (3) distance (1 — o(1)) n, and (4) dual distance (i.e., distance of C*) Q(n%!). Theorem 2
shows that it also has: (5) efficiently decoding from Q(n) errors.

Explicit binary codes with distance 2 —o(1), dual distance n*"), and efficiently decodable from Q(n) fraction
errors were not known until quite recently. The first such codes were constructed by Kopparty, Shaltiel, and
Silbak [KSS19]. These codes, known as raw Reed-Solomon codes, are closely related to dual-BCH codes; their
codewords are formed by taking juxtapositions of related dual-BCH codewords, and their minimum distance
is proved by appealing to the same Weil bounds. The efficient decoding algorithm for these codes, which can
actually list-decode from (2 — o(1))n errors, is based on a suitable instantiation of the Guruswami-Sudan
algorithm mentioned above.

If we relax the distance requirement on the code to simply be €(n), then one can even achieve this with
dual distance Q(n) using algebraic-geometric codes; this is an important result of Ashikhmin, Litsyn and
Tsfasman [ALTO01] discovered in the context of quantum codes (see also Guruswami’s appendix to [Shp09)]).

1.2 Techniques

Let q be odd. Let g(X) be a monic squarefree polynomial of degree d = ¢°-1. We first describe the algorithm
to recover g when we are given y o g with no errors.



Let G(X) = (9(X))@ /2, Then? yog(a) = G(a) for each a € F,. Our input thus gives us ¢ evaluations of
the polynomial G(X). However G(X) has much higher degree ~ d, and this is not enough to interpolate
G from degree considerations alone.

To motivate the algorithm, we begin by noting something striking about the derivative? of é(X ). We

calculate:
G'00) = 5 g0 (x) = - L G,

Thus for all a € Fy:

Gt =5 2 (xogte),

Let Sp, S1,5-1 be the subsets of I, where G takes values 0,1, —1 respectively. We know that Sy is tiny, and
that Sy, S are both of size about  (by the Weil bounds). The above calculation shows that there is a
very low degree rational function h(X) = f%g’ (X)/g(X), such that the huge degree polynomial G’ agrees
with h on S; and agrees with —h on S_;. This is a very special kind of behavior: not only is a huge degree
polynomial becoming a low degree rational function on the large sets S; and S_1, the two rational functions
themselves are closely related. This phenomenon continues for the higher derivatives too. Our algorithm
will be based on this.

First some small adjustments. To avoid denominators, we pick an integer M = O(d) and define G(X) =
(g(X))a=1/2+M - Instead of standard derivatives, we will use Hasse derivatives, which work better over
finite fields. Let GI/(X) denote the ¢-th (Hasse) derivative of G(X). Then we have the following fact: for
each ¢ with 0 < ¢ < M, there is a polynomial V;(X) of degree at most O(dM) < g such that:

GY(a) = (x o g(a)) - Ve(e) (1)
for all a € IFy.

This gives the first step of the algorithm: by solving a system of linear equations, we search for a polynomial
F(X) of degree at most d- ((¢ —1)/2+ M), and polynomials Uy(X), U1 (X),...,Un—1(X) of degree at most
O(dM), such that for all a € F,, Fl(a) = (x 0 g(a)) - Us().

We know these equations have a solution, since G and the Vj satisfy them. But whatever solution F' and the
Uy the algorithm finds may not equal G and the V4. This could really happen: if (X)) and ho(X) are very low
degree polynomials, and f(X) is of the form g(X)-hy(X)?, then taking F(X) to be hy(X)-(f(X))le-D/2+M
also yields a valid solution to these equations.

The next step of the algorithm recovers g(X) from F(X) by factoring F(X) and inspecting the factor
multiplicities of FI(X). Let g(X) = [], g:(X) be the factorization of g(X) into distinct irreducible factors.
We show that the set of g;(X) is exactly the set of all irreducible factors of F(X) whose factor multiplicity,
after reducing mod ¢, is approximately ¢/2. This is clearly true if F(X) = G(X). That it holds for any
F(X) found by the first step of the algorithm is the main step of the analysis.

The proof of this is quite indirect. First, using a polynomial interpolation argument, we show that there are
special polynomials A(X), B(X) € F,[X] such that:

A(X) - F(X) = B(X) - G(X). (2)

These special polynomials are what we call pseudopolynomials. They are of the form C(X) =), C;(X)(X7—
X)t, with C;(X) having low degree k (much lower than ¢). The choice of this class of polynomials, as well
as the idea of the interpolation argument, come from Stepanov’s method. Pseudopolynomials have two key
properties that we use:

2We now view the character x as Fq-valued.
3This is just the standard derivative of polynomials, defined by (X*)’ = iX*~1, and extended by linearity.



e For each ¢, there is a polynomial Cy(X) of degree at most k such that the ¢-th derivative Cct and
C g agree on all points of F,. This is used in the interpolation argument, to get the identity (2).

e Every irreducible factor of C(X) has factor multiplicity approximately a multiple of q. This ensures,
using (2), that the only factors of F' with multiplicity approximately ¢/2 mod ¢ are the factors of G
with multiplicity approximate ¢/2 mod ¢, as we want.

This completes the sketch of the proof in the error-free case.

To handle errors, we use the idea of the Berlekamp-Welch decoding algorithm for Reed-Solomon codes.
However, instead of using an error-locator polynomial to zero out the errors, we have to use a high multiplicity
error-locator pseudopolynomial E(X). Then ensures that the derivatives of F(X)-G(X) also have a property
similar to the property of G(X) given in Equation (1).

For the additive character case, the algorithm becomes slightly more complicated. To recover g given a
noisy version r of Tr o g, we set up a system of linear equations capturing some special low-degree property
of the derivatives of the polynomial G(X) = Zi:ol g% (X). Specifically, we search for nonzero polynomi-
als F(X) and E(X), where F(X) is a pseudopolynomial, such that there exist low degree polynomials
Uo(X), ey UMfl(X) with:

Fl(a) = E¥(a) - r(a) + Uy(e)

for all & € Fy. If E(X) is a high multiplicity error-locator pseudopolynomial and F(X) = E(X) - G(X),
then the above equations are satisfied. However the solution found by the algorithm may not be this one.

From this solution to this system of equations, we try to recover g(X); however, unlike in the case of the
quadratic residue character, where the relevant problem was factoring polynomials and there was an off-the-
shelf algorithm known, we have to work a little harder. Here we only manage to use the solution of the
system of equations to extract the largest degree coefficient of g(X). We can then peel it off and repeat, and
thus get the whole of g(X). The analysis again uses an interpolation argument involving pseudopolynomials.

Our presentation of the algorithms and their analyses in Sections 3 and 4 is done from scratch and does not
explicitly use the language of pseudopolynomials. Later, in Section 5, we formally define pseudopolynomials
and the pseudodegree, state some basic properties, and explain some ideas from previous sections in a cleaner
context. We also formulate Stepanov’s proof of the Weil bounds in this language.

In the appendix, we briefly describe how these algorithms generalize to the m-th power residue character
and additive characters over finite fields of small characteristic.

1.3 Questions

Below we highlight some interesting questions.

1. Is there an efficient algorithm to decode these codes from a (i — ¢)-fraction of errors? This is the

unique decoding radius for these codes.

2. More ambitiously, we could ask whether there is an efficient algorithm for list-decoding these codes
from a (3 — O(y/€))-fraction of errors. This is the (binary) Johnson radius for these codes, so we know
that there are only O.(1) codewords within this radius of any given function 7.

In some ways, our result is analogous to the Berlekamp-Welch algorithm decoding algorithm for Reed-
Solomon codes. Is there an analogue of the Guruswami-Sudan algorithm for this context?

3. Both the decoding problems that we give algorithms for are instances of the following more general
problem.

Let G(X,Y) € F,[X,Y] be an unknown polynomial of degree d. Suppose we are given as input the
projection S = IIx (G), where:

IIx(G) ={x € F, | Jy € F, with G(z,y) = 0}.



Can we find, in time poly(q), some polynomial F'(X,Y") of degree at most d such that |IIx(F)AS]| <
04(1)?

Such sets are definable sets with complexity O4(1) in the sense of Chatzidakis, van den Dries and
Macintyre [CVDDM92] and Tao [Taol4, Taol3]. The results of [CVDDM92], which are based on more
general forms of the Weil bounds, imply that the symmetric difference of any two such definable sets
is of size either O4(1) or 4(g). This suggests that one could even hope to solve this given a noisy
version of ITx (G).

4. Let g be a prime, and let H C F, be the set {0,1,...,(¢ — 1)/2} and let 1y : F, — {0,1} be its
indicator function. Suppose g(X) is an unknown polynomial in F,[X] of degree at most d, and we are
given all evaluations of (1g) o g: Fg — {0,1}.

The additive character sum Weil bounds over F, imply that if d < O(q=7°), then g(X) is uniquely
determined, up to the constant term, by the function 15 o g.

Can we find g(X) (up to the constant term) in time poly(q)?

To the best of our knowledge, the only elementary proofs of the uniqueness statement above are very
indirect, involving the Stepanov method in multiple extension fields Fye. It will be very interesting to
find a more direct proof, and adapt it to the algorithmic problem above.
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2 Preliminaries

[y denotes Iy \ {0}.

For two functions ry, 7o : Fy — Iy, we define their Hamming distance to be the number of evaluation points
where they disagree:
A(ry,r2) = {a € Fy [ ri(a) # ra(a)}].

We use poly(n) to denote an expression bounded by A -n? for absolute constants A, B.

2.1 Polynomials, Hasse Derivatives and Multiplicities
Let F be a field.

We use deg(A) to denote the degree of a polynomial A(X) € F[X]. For polynomials A(X), B(X) € F[X],
we will use A(X) mod B(X) to denote the remainder when A(X) is divided by B(X).

We now define Hasse derivatives, a notion of higher-order derivative that is suited for polynomials over finite
fields. See [HKTO08, DKSS13] for more on this.

Definition 2.1 (Hasse Derivatives). For a polynomial A(X) € F[X], we define the {-th Hasse derivative of
A(X), denoted AN(X), to be the coefficient Ay(X) € F[X] of Z* in the expansion:

AX+2)=A(X)+ A(X)Z 4+ ...+ A(X)Z" + ...



Definition 2.2 (Multiplicity). For a nonzero polynomial A(X) € F[X] and o € F, we define the multiplicity
of vanishing of A(X), denoted mult(A, @), to be the largest r € N such that (X — a)" divides A(X).

Equivalently, it is the largest r such that for all £ with 0 < { < r,
Al (o) =0,

and Al"l(a) # 0.
Lemma 2.3 (Hasse derivative rules). Let A(X), B(X) € F[X], and o, 5 € F. Then for all £ > 0:

(@A + BB)(X) = A (X) + B (X).

(A-B)m(X) - Z A[fl](X) .B[Z2](X).
by +lo=/
41,6220
Now we specialize to the finite field ;. Here the polynomial
AX)=X7-X
plays a special role.

We recall some basic derivative calculations.

For A(X) = X%
Al (x) = (Z) xit,

For A(X):

AX) £=0

—1 =1

A (x) = ¢
1 {=q
0 otherwise

Lemma 2.4. Suppose U(X),V(X) € F,[X], deg(V) < g, i > 0, and:

U(X) = V(X) - A(X),

Then for 0 < £ < q: _ '
Ul(X)= (1) vI-(X) mod A(X),
(where we adopt the convention that V(X)) =0 if j <0.)

Proof. By the product rule for Hasse derivatives:

i

vtl(x) = Z viel(x). HA[ZJ](X)_

Lo, b1yl j=1
S 0=0
If £ < i, then in every term in the sum one of 41, ..., ¢; must equal 0, and thus all the terms are multiples of

A(X). So UM(X) is a multiple of A(X), as claimed.



If £ > i, then we will see that all but at most one of these terms is a multiple of A(X).
Since ¢ < g, every term has all the ¢; < q.

By our computation of derivatives of A, the only terms that are nonzero must have f1,...,¥¢; all equal to
either 0 or 1.

If at least one of ¢1,...,¢; equals 0, then A(X) is a factor of the term.

The only term remaining is {1 = ¢y = ... =/{; = 1, and ¢y = ¢ — i, and this term equals:

V(X)) - (-1
This completes the proof of the lemma. O

2.2 The quadratic residue character over fields of odd characteristic
Let ¢ be an odd prime power.

Let x : Fy — {0,£1} be the quadratic residue character:

+1 B € F} is the square of an element of Fy
Xx(8) = ¢ =1 [ is not the square of an element of F,
0 B=o.

Usually the range is viewed as a subset of C, but we will view it as a subset of F,. Then we have the formula:

X(8) = paVI2,

Let g(X) € Fy[X] with g of degree d. We will use x o g to denote the function from F, to {0,£1} C F,
whose values are given by:

x o g(@) = x(g())-
(We will never use x o g to refer to the polynomial g(?=1/2(X).)
For an arbitrary nonzero g(X) of degree d, we can write it as:
9(X) = X-g(X) - h(X)?

where A € F, g(X), h(X) € F,[X], satisfy:

e §(X) is monic and squarefree,

e h(X) is monic.
g(X) is the “squarefree core” of g(X), and essentially determines y o g.
Indeed, for all & where h(a) # 0,

xog(a)=x(A) xog(a).

Thus, either A(xog,x0g) <dor A(xog,—xog) <d.

10



2.3 Additive characters in fields characteristic 2
Let ¢ be a power of 2, say q = 2°.
Let Tr : F; — IF5 be the field trace map:

b—1
() =) 8.
=0

Let TR(X) € F,[X] be the polynomial:

b—1
TR(X) =) X*.
=0

For a polynomial g(X) € F,[X], we will use Tr o g to denote the function from F, to Fy whose values are
given by:
Trog(a) = Tr(g(a)).
(We will never use Tr o g to refer to the polynomial TR(g(X)) = Zf;é (g(X)%)
For an arbitrary nonzero g(X) of degree d, we can write it as:
9(X) = A +g(X) + h(X) + h*(X),
where A € F, and §(X), h(X) € Fy[X] satisfy:
e §(X) has only odd degree monomials,

e 1(X) has 0 constant term.

This is proved by repeatedly taking the highest even degree monomial ag; X?* and writing it as the sum

of (aé{in) and (a;i/in + a;X?") — the former having lower degree, and the latter being of the form
h(X) + h*(X).

g(X) is the “odd degree core” of g(X) and essentially determines Tr o g.

Indeed, for all o € [Fy,
Trog(a) = Tr(A) 4+ Tro g(a).

Thus either Trog=Trogor Trog=1+ Trog.
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3 Xxoyg
Let ¢ be an odd prime power.

Let g(X) € Fy[X] be a monic squarefree polynomial. In this section, we give an efficient algorithm to recover
g(X) given access to a noisy version r of x o g.

Algorithm A:
Parameters: degree d < O(e,/q), error-bound e < (% — 6) q.
Input r : F, — {0,£1}

1. Set
o M =14
co= M
e h=2-e.

D=d-((g—1)/24+M)+cqg=(1+0()) - %M -q,
o u=h+dM =2¢+O(L).

2. Solve an F, system of linear equations to find polynomials F(X),Up(X),...,Un—1(X) € F4[X], not
all zero, where:

e deg(F) <D
e for each ¢, deg(Uy) < u
e ForallaeFy, 0 <0 < M:

Fll () =r(a) - Upa). (3)

3. Factor F'(X) into irreducible factors:

F(X)=X]]H (X),

where the H;(X) € F,[X] are distinct and monic, and \ € F}.
4. Define s 7
J = {j such that p; € [Sq, Sq] mod q}.

5. Set
FX) = [ Hi(X).

jeJ
6. Return f(X).

It is clear from the description of the algorithm (and the fact that factoring univariate polynomials of degree
D over Fy can be done in time poly(g, D) [Ber70]), this algorithm can be implemented to run in time poly(q).

We now show correctness.
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3.1 Correctness of the Algorithm

Theorem 3.1. Let € > 0, and suppose:

FESWN
ce<(z-¢a
Suppose g(X) € F,[X] is a monic squarefree polynomial with degree < d such that A(x o g,r) <e.
Then Algorithm A returns g(X).

Proof. The proof has three steps.
Let G(X) = (g(X))@1/2+M,

First, using the hypothesis that r is close to x o g, we show that the system of linear equations in Step 2 has
a nonzero solution. Specifically, we carefully design polynomials F(X) (which is a kind of high multiplicity
error-locator pseudopolynomial) and Vo (X),. .., Var—1(X) so that F(X) = E(X)-G(X) and U;(X) = V;(X)
satisfies the linear equations. Thus the algorithm will find a nonzero solution in that step.

The algorithm may not find the above mentioned “intended” solution. In the second step of the proof, we
show that whatever solution (F, Uy, ...,Up—1) it does find, F(X) has some nontrivial relation to G(X).

Finally, we use this nontrivial relation to show that the multiplicities of irreducible factors of F' are closely
related to those of G, and hence of g, and deduce the result from that.

We now proceed with the details.

Step 1: The system of linear equations has a nonzero solution.

The key observation is that if the received word r : F; — {0, £1} had been exactly x o g, then F' = G would
have given a valid solution to the system of equations. Instead, our received word r is merely close to x o g.
So, following the idea of the Berlekamp-Welch decoding algorithm for Reed-Solomon codes, we will zero out
G at the error locations to get a valid solution.

Let S ={a e F, | xog(a)#r(a)} be the error set. Let Zg(X) be the error locator polynomial:

acsS

Recall that ¢ = M/2 and h = 2L = 2¢. We now take E(X) to be a nonzero multiple of Z2!(X) of the form:

c

c—1

E(X) =Y Ej(X)\'(X),

=0

with deg(E;) < h. (Recall that A(X) = X?— X). Such an F(X) exists, since vanishing mod Z3 (X)) imposes
eM constraints on the c¢-(h+1)-dimensional Fy-linear space {(Eo(X), ..., E.—1(X)) € F,[X]° | deg(E;) < h},
and ¢-(h+1) >ch=eM.
This gives us two nice properties:
e El(a) =0 for all @ € S and £ with 0 < £ < M. This is because E is a multiple of Z(X), and thus
of (X —a)M.

e For each £ with 0 < ¢ < M, there is a polynomial E(X) € F,[X] of degree at most h = 2e such that
for all o € Fy:
Euy(a) = E(a).

13



Indeed, by Lemma 2.4:

c—1
EN(X) =3 (-1)'E (X)) mod A(X),
=0
and thus if we define: .
By (X) = Y (-1 B0,
i=0
we have for all o € Fy,:
c—1 ) )
Efa) =Y (-1)'Ef(a) = By (o).
i=0

We will take our solution F'(X) to be:

(recall that G(X) = gla=1/2+M (X)),

Before we compute its derivatives, we need a quick lemma.

Lemma 3.2. Let g(X) € F,[X] be a polynomial of degree at most d. Then the {-th derivative of ¢’ (X) is
of the form: 4 4
(9 (X) = Hyje(X) - g(X) ™,

where Hy ; ((X) € Fy[X] has degree at most df — £.
Proof. Using the product rule for Hasse derivatives. O
Set w = (¢ —1)/2+ M. Then by the above lemma:
GUU(X) = Hy o 0(X) - g~ (X) = Hgupp(X) - g"7H(X) - g7 D2(X),
and so for all o € Fy:
GY(a) = Hywe(a) - g™ (@) - V2 () = (Hgwe(a) - g™~ (@) - x 0 g(a). (4)
Now we compute the derivatives of E- G at o € [Fy:

(E-G)(a)= Z Efl(a) - Gll(q)

Ly +Llo=4
= Y Eun(@) - Hywis(a) - 9" 2(a) - x 0 g(a)
b1+lo=L
= ( Z E(21>(0¢) : Hg,w,éz (a) 'gM_éz (04)) *X© g(a>
Oy +Lo=1
= xog(a) - Vi(a), (5)

where we defined:
ViX) = 3 By (X)) Hyy (X) - g™ (X).
O +b=t
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It is easy to check that:
-1
deg(E-G) <d- <(12+M> +c-q=D,

deg(Vy) <h+d-M =u.
We now show that for all « € F,; and all £ with 0 </ < M:

(B- &) (a) = r(a)  Vi(a). (6)

For a ¢ S, we have r(a) = x o g(«), and so (6) follows from Equation (5).

For o € S, we have that Vy(ar) = 0 (since E,)(a) = Bl (a) =0 for all ¢; < ¢ < M). Thus (E-G)¥(a) =0
too (by Equation (5)), and again we get (6) for this case.

Thus the tuple (F - G, Vo, ..., Var—1) satisfies the Equations (3), as desired.

Step 2: Relating F' and G
It turns out that whatever F|(X) the algorithm finds must be somewhat related to G(X).

First we quickly note that F(X) must be a nonzero polynomial. We know that at least of one of F' and
the Uy is nonzero. If some Uy(X) is nonzero, then using the facts that (1) x o g has at most d zeroes, (2)
A(xog,r) < §q, (3) Ug(X) has at most h < }q zeroes, we get (x o g(a)) - Ug(c) must be nonzero for some
a: and Equation (3) tells us that F(X) is nonzero.

Now choose t, k € N as follows:
3
t=—-M.
8
k=e+4dM.

We will show that there exist nonzero polynomials A(X), B(X) of the form:

AX) = Y A(0OA(X),

t+c—1

B(X)= > Bi(X)A(X),
i=0

with deg(A4;) < k, deg(B;) < k + 2e, such that:

We do this by dimension counting again. The number of coefficients of the A; and B; together is:
N=(@t)-(k+1)+(t+c)-(k+2e+1)
> %M~(e+4dM)+ gM (3e +4dM)
=3Me + 5dM?. (7)

and we treat them as unknowns. By imposing at most N — 1 homogenous linear constraints on these
unknowns, we will ensure that for each ¢ with 0 < ¢ < M, and each a € F \ S:

(4-F)(a) = (B-6)(a). (8)
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This latter equation implies that the polynomial (A - F — B - G)(X) vanishes with multiplicity M at each
a €F,\ S, and thus has at least

M-|FQ\S|2M~(q—e)><;—|—e)Mq

roots, counting multiplicity. But the degree of (A F — B - G)(X) can be bounded as:

deg(A-F — B-G) < max(deg(A- F),deg(B - G))
< max(tq+ D, (t+c)g+ ((¢g—1)/2+ M) - d)
< max(tq + D,tq + D)

3

qu—l—d'((CI—l)/Q—kM)—i—cq
7 €

This implies that (A-F — B-G)(X) =0.

It remains to show how to ensure equations (8) using at most N — 1 linear constraints on the coefficients of
the A; and the B;.

First, observe that for each £, there are polynomials A (X), By (X), of degrees at most k, k+-2e respectively
(and whose coefficients are homogenous linear combinations of the coefficients of A, B), given by:

t—1

A (X) =S (-1iaf I (x)

=0
i pll—1
Biy(X)= Y (-1) B"(x)
such that for all a € F:
Al(a) = Ay (a).
B(a) = By (a).

(Here we used Lemma 2.4 to compute A} and B} and evaluate them at o € F,).

Next, recall that Fl%(a) = r(a)Us(a) for all @ € F, and all £ with 0 < £ < M. Then:

(A-F) f] Z A[&] [éz( )

b1 +Lla=1

C Y Ay (@)U (). (9)

b1 +Lo=F

Similarly, GI(a) = y o g(a) - Hy . e() - g™ () for all o € F, and all £ with 0 < ¢ < M. Then:

(B G[a Z Bm G[Zz()

by +Llo=/

=xog(@)- > Buy(@)Hguwe(a) g 2(a). (10)
b1+bo=¢
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We can now write down the linear constraints that we impose on the coefficients of the A; and the B;. We
ask that for each ¢ with 0 < ¢ < M, the following equality of polynomials holds:

> Auy(X)UL(X) = Y Byy(X)Hguw e (X)g™ 2 (X). (11)
Li+La=L O1+La=4

The coefficients of all these polynomials are homogoeneous linear combinations of the coefficients of the A;
and the B;.

The polynomials on the left hand side of the equality are of degree at most
k+u=Fk+dM+h=3e+dM.
The polynomials on the right hand side of the equality are of degree at most
(k4 2¢) + dM = 3e + dM.
Thus the total number of Fy-linear constraints imposed by these M equalities is at most:
M - (3e+dM + 1) < 3Me + 5dM?.

Combining this with Equation (7), we get that there exist A(X), B(X), not both 0, satisfying Equations (11).

Finally, from Equations (9), (10) and (11), and using the fact that r(a) = x o g(«) for each a € Fy \ S, we
conclude that Equation (8) holds. This gives us the desired polynomial identity:

Step 3: Relating the factor multiplicities of F' and G

Finally, we use the identity and the special form of A and B to relate the factor multiplicities of F' and
G. Lemma 3.3 below shows that both A and B have the special property that every irreducible factor
has multiplicity being approximately a multiple of ¢q. On the other hand, the irreducible factors of g(X)
appear in G with a multiplicity mod ¢ being approximately ¢/2 (this is the crucial step where we use the
squarefreeness of g(X)). This lets us identify the nonsquare factors of g(X), and hence g(X).

Lemma 3.3. Let k < q. Let C(X) € Fy[X] be a nonzero polynomial of the form:

t—1

> CiX)A(X),

i=0
where deg(C;) < k for all i.
Let H(X) € Fy[X] be an irreducible polynomial. Let u be the highest power of H(X) which divides C(X).
Then p mod q € [0,k +t—1].

Proof. Let a € F, (the algebraic closure of F;) be a root of H(X).

Then we have:
= mult(C, a).

By definition of multiplicity,
Cl(a) £ 0.

We will show that C1(X) = 0 whenever £ mod ¢ € [k+t,q—1]. This implies that z mod q € [0, k41t — 1].
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Suppose £ mod q € [k +t,q—1].

We now compute?*, using the product rule for Hasse derivatives:

~+
=

Cix) =3 (G- A (x)

<.
(e}

t—

—

Y ) LA (x)

i=0 \ £o,01,....0;
> l=t

We now see that all terms in this sum are 0.
e Every summand with ¢y > k is 0, since each C; has degree < k.

e Every summand where at least one of ¢q,...,¢; does not lie in the set {0,1,¢} is 0 (because that
derivative of A is 0).

Thus if any summand is nonzero, it must have ¢y € [0,k] and ¢4, ...,¢; € {0,1,q}.

But if £ mod ¢ € [k+1t,q — 1], then we cannot have ¢ written as the sum of one integer in [0, k] and at most
i <t —1 integers from the set {0, 1, q}.

Thus if £ mod q € [k+t,q — 1], CI(X) = 0, as claimed. O

Now let H(X) be any irreducible polynomial in F,[X]. Let pup, pta, 1B, e, ttg be the highest power of H(X)
that divides F(X), A(X), B(X),G(X), g(X) respectively. By our squarefreeness assumption on g, we have
that p, € {0,1}.

Then by the identity AF = BG,
KUF = §G + UB — HA-
By Lemma 3.3,
U € q~Z+[0,3e+4dM+%M],

3
MA€q~Z+[O,e+4dM+§M].

Thus pp € pg +q-Z + [—e — 5dM, 3e + 5dM].
Note that pug = ((¢ —1)/2+ M) - p14, and thus:
o if uy, =1, then:
pe =q/2+ (M —-1)/2,

and thus:
up €q-Z+q/2+[—e—5dM,3e+6dM]| C q-Z + (3q/8,7q/8).

o if u, =0, then:
e =0,
and thus:
wr €q-Z+|—e—>5dM,3e+5dM] C q-Z+ (—q/8,3¢/8).

4We cannot use Lemma 2.4 here, since that only talks about derivatives of order < ¢. But it is the same idea.
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Here we used the fact that e < (% — 6) q and 6dM < 96% < €q.

Thus the set J created in Step 4 ensures that {H; | j € J} is exactly the set of all irreducible factors H(X)
that divide the squarefree polynomial g(X).

This means that the f(X) found in Step 5 equals g(X), as desired. O

3.2 A remark

An alternate analysis, which is quantitatively slightly weaker and conceptually slightly simpler, is given in
Section 5.6. It replaces the slightly opaque interpolation argument of Step 2 with another use of a high
multiplicity error-locator pseudopolynomial.
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4 Trog

Let g be a power of 2.
Let g(X) € F,[X] be a polynomial of degree at most d with only odd degree monomials:

9(X) =a1 X +a3 X%+ ... +ag X%

In this section, we give an efficient algorithm to recover g(X) given access to a noisy version r of Tro g.

The main subroutine, Algorithm B, finds the monomial of g(X) of degree d. Given that, we can subtract Tr
of that monomial from r and repeat: this recovers the full polynomial g.

Algorithm B:
Parameters: degree d < O(e,/q) (an odd integer), error-bound e < (§ — €) ¢.
Input r : Fy — TFy

1. Set
o« M=15gq
° c:%~M
e h=2-e

o u:h—&—dM:Qe—l—O(d—:).
2. For each h* € [0, h]

e Try to solve a system of IF,-linear equations to find polynomials F'(X), E(X), Up(X), U1(X),...,Un-1(X) €
F,[X], where:

— F(X) has degree exactly (d/2 + ¢)q + h*.
— E(X) has degree exactly cq + h*, and is of the form:

S E(X)A(X),
=0

where each deg(E;) < h.
— each Uy(X) has degree at most u.
— Foralla € Fy, 0 <4 < M:

F(a) = r(a) - EY(a) + Up(a), (12)

3. If no such h* exists, return 0 - X<.

4. Otherwise take one solution F(X), F(X) with degrees Dg, Dp.

5. Let a- XPF b- XP# be the leading monomials of F(X), F(X) respectively.
Set ag = (a/b)%.

6. Return aqX<.
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We now give the main algorithm, which repeatedly invokes the above subroutine.

Algorithm C:
Parameters: degree d < O(e,/q) (an odd integer), error-bound e < (3 — €) q.
Input r : Fy — Fy

1. Initialize:
fX

) =0.
d=d.

.
.
o T=r.

2. While d > 0

Run Algorithm B on 7, with parameters CZ e.

Let aJX d be the monomial it returns.

Update f(X) = f(X)+azX9.

For each a € F,, update:

e Update d=d—2.
3. Return f(X).

It is clear from the description of the algorithm that it can be implemented to run in time poly(g). In the
next subsection show correctness.

4.1 Correctness of the Algorithm

Our main theorem about Algorithm C'is as follows.
Theorem 4.1. Let € > 0, and suppose:
e d < {5./q is an odd integer,
ce=(L—q
Suppose g(X) € Fy[X] is a polynomial with degree < d and only odd degree monomials such that A(Trog,r) <
e.

Then Algorithm C returns g(X).
The key claim is about the behavior of Algorithm B.
Theorem 4.2. Let € > 0, and suppose:
e d < {5./q is an odd integer,
o= (i-90
Suppose g(X) € Fy[X] is a polynomial with degree < d and only odd degree monomials such that A(Trog,r) <
e.

Then Algorithm B returns aqgX®.
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Given Theorem 4.2, the correctness of Theorem 4.1 is quite easy.

_€> q,

The algorithm maintains the invariant that:

ool =

AF Tro(g— 1) < (

and: ~
deg(g — f) < d.
By the end, we have f = g.

We just demonstrate the first step below. Suppose g(X) has only odd degree monomials and equals a; X +
azX?+ ... +agX Let ¢/(X) =a1 X +a3X>+ ... +ag_2X%2 and ¢"(X) =aqX? Sog =g —g".

Then Theorem 4.2 shows that Algorithm B on input r returns agX?. Next, it updates ¥ = r — Trog”. Then
we have:

1
AT, Trog)=A(r—Trog" Trog—Trog") = A(r,Trog) < (8 e) q,

and deg(g') = deg(g — ¢"”) < d — 2, as desired.

We now prove Theorem 4.2 about the correctness of Algorithm B.

Proof. We begin by handling the (main) case where a4 # 0.
The proof has three steps.
Recall that TR(X) is the Trace polynomial:

b—1

TR(X) = X7,
=0

where g = 2°.

Let G(X) = TR(g(X)), which is of degree exactly d- 4 (because of our assumption ay # 0).

First, using the hypothesis that r is close to Tro g, we show that for some h*, the system of linear equations
in Step 2 of Algorithm B has a nonzero solution. Similar to the case of the quadratic residue character, we
find the polynomials Ey(X),..., E.(X) so that E(X) is a high multiplicity error-locator pseudopolynomial
polynomial, and Vy(X),...,Vasr—1(X) so that with this choice of the E;(X), we have that F(X) = E(X) -

G(X) and U;(X) = V;(X) satisfy the linear equations. Thus the algorithm will find a nonzero solution in
that step.

The algorithm may not find the above mentioned “intended” solution. In the second step of the proof, we
show that whatever solution (F, E, Uy, ...,Upr—1) it does find, F(X) and E(X) have some nontrivial relation
to G(X).

Finally, we use this nontrivial relation to extract the coefficient of X in g(X) from F and E, and deduce
the result from that.

We now proceed with the details.
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Step 1: The system of linear equations has a nonzero solution.
We now show that for some h* € [0, h], the system of linear equations in Step 2 has a nonzero solution.

The key observation is that if the received word r : Fy — Fy had been exactly Tr o g, then F(X) = G(X),
E(X) =1, Uy(X) = 0, would have given a valid solution to the system of equations. Instead, our received
word r is merely close to Tr o g. So, following the idea of the Berlekamp-Welch decoding algorithm for
Reed-Solomon codes, we will zero out G at the error locations to get a valid solution.

Let S ={a e F, | Trog(a) # r(a)} be the error set. Let Zg(X) be the error locator polynomial:

Zs(X) = [[(X = ).

a€esS

Recall that ¢ = M/2 and h = <L = 2e. We now take E(X) to be a nonzero multiple of Z} (X) of the form:

B(X) = Y Bi(X)A(X),
=0

with deg(E;) < h. Such an E(X) exists, since vanishing mod Z3(X) imposes eM constraints on the
(c+1) - (h+ 1)-dimensional Fy-linear space {(Eo(X),..., E.(X)) € F,[X]°T! | deg(E;) < h}, and (¢ + 1) -
(h+1) >ch=eM.

Whatever the degree of E(X) is, it is of the form iq+ j for some i € [0,¢] and j € [0, h]. By multiplying this
E(X) by A°"(X), the degree becomes cq + j. We will show that the linear equations have a solution when
h*=j.

Exactly as in the case of the quadratic character, this F(X) has two nice properties:

e Ell(a)=0forall a € Sand ¢ with0<¢< M.
e There is a polynomial Ey(X) € Fy[X] of degree at most i = 2e such that for all a € Fy:

Euy(a) = EY(a).

We will take our solution F'(X) to be:

(recall that G(X) = TR(g(X))).

Before we compute its derivatives, we need a quick lemma.

Lemma 4.3. Let g(X) € F,[X] be a polynomial of degree at most d. Then the (-th derivative of G(X) =
TR(g(X)) is of the form:
G(X) =0

(@10 = {H J(X) €>0

where Hy o(X) € Fy[X] is a polynomial of degree at most d - £.

Proof. The £ = 0 case is immediate.
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Now assume ¢ > 1. Using the product rule for Hasse derivatives, we have:

(gZi)[é](X) — Z (ggifl)[gl](X) ) (921'71)[62]()()

01 +0o=1
. - 0 { is odd
2- (g7 H)II(X) - (7)) + N RN
£1<th/2 ((92 ) (X)> / is even.
0 £ is odd

= i—1\ [¢/2] 2
<(92 ) (X)) { is even.

) 2 )
P )A(x) = (921(x))" 2 divides ¢

0 otherwise.

This implies that

If ¢ =25 (2¢' +1) > 1, we can then explicitly write:

min(s,b—1) ) i
GY(X) = Hyo(X) = (621x))" .
=0

Inspecting the degrees of the terms in this expression, we see that deg(Hy ) < d-2° < d- ¢, as claimed.

Now we compute the derivatives of - G at o € Fy:

(E~G)m(a): Z E[fl](a).G[fz](a)

L1 +Lo=F

= EW()G(a)+ Y EMl(a)-G)(a)
Oy +Lo=1
<t

where we defined:

Then:
deg(V)) <h+d-M = u.

Since deg(G) =d - (%), we get:

)

deg(F) =deg(E-G) = (cq+h")+d- g

We now show that for all @ € F,; and all £ with 0 < ¢ < M:

Fi(a) = (E-&)(a) = r(a) - E¥(a) + Vi(a).
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For a ¢ S, we have r(«) = Tro g(a), and so (14) follows from Equation (13).

For o € S, we have that Ell(a) = 0 and V;(a) = 0 (since Eyy(a) = Ell(a) =0 for all /; < ¢ < M). Thus
(E -G (a) =0 too (by Equation (13)), and again we get (14) for this case.

Thus F=FE -G, E, Uy=Vy,...,Un—1 = Va1 satisfies the Equations (12), as desired.

Step 2: Relating F, F, and G

Let F(X), E(X) be the polynomials that the algorithm found. By our constraints on the degrees, deg(F') —
deg(E) = dgq/2. It turns out F(X) and E(X) must be somewhat related to G(X).

Concretely, choose t,k € N as follows:

t=S.
8

k=e+4dM.

We will show that there exist nonzero polynomials A(X), B(X) of the form:

t+et+d—1

BXO= Y BONX),

with deg(A;) < k, deg(B;) < k+ h+ dM, such that:

A(X) - <F(X) — B(X)- G(X)) = B(X).

The proof is analogous to what we did in the quadratic residue character case; namely, setting up a system
of homogenous F,-linear equations with more unknowns than constraints.

The total number of unknown coefficients of A(X), B(X) equals:
N=tk+1)+(t+c+(d/2) - (k+h+dM+1)
> %M (e +4dM) + gM (3e + 5dM)
> 3eM + 5dM?. (15)

By imposing at most N — 1 homogenous linear constraints on these unknowns, we will ensure that for each
¢ with 0 < ¢ < M, and each a € F \ S:

(A-(F-E-6)"(a) = BY(a). (16)

This latter equation implies that the polynomial A(X) - (F(X) — E(X) - G(X)) — B(X) vanishes with
multiplicity at least M at each oo € Fy \ S, and thus has at least

M~|Fq\S|ZM~(q6)>(;+e)Mq
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roots, counting multiplicity. But the degree of A(X) - (F(X) — E(X)-G(X)) — B(X) can be bounded as:

deg(A- (F — EG) — B) < max(deg(A) + deg(F — EG), deg(B))
< max(tq + ((c + (d/2))q + h), (t + ¢+ (d/2))q)
<

(t+ec+(d/2)g+h
Mg+ (d/2)g+ 2e
7T €
-+ - | Mg.
“(5+3)m
This implies that A(X) - (F(X) — E(X) - G(X)) = B(X).
It remains to show how to ensure Equations (16) using at most N — 1 linear constraints on the coefficients

of the A; and the B;.

First, observe that for each ¢, there are polynomials A (X), By (X), of degrees at most k,k + h + dM
respectively (and whose coefficients are homogenous linear combinations of the coefficients of A, B), given
by:

t—1

Ay (X) =" (-1 A (x)

1=0
t4c+(d/2)—1
i pll—1i
By(X)= Y (-1'BIX)

i=0
such that for all o € [Fy:
Al () = Ay (a) (17)
B a) = Byy(a). (18)

(Again, we used Lemma 2.4).

Next, observe that our assumed form on E(X) implies the existence of similar low degree polynomials
Ey(X) € F4[X] whose evaluations match E!¥) on F,. Namely, (recalling the definition of the E; from
Algorithm B) define:

(&

Ey(X) = Z(—l)iEy*i] (X),

and notice that deg(E,) < h, and:
E[Z](Oz) = E(g) (a)

Finally, recall that FI¥(a) = r(a)E¥(a) + Us(a) for all « € F, and all £ with 0 < ¢ < M.
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Thus, for any o € Fg \ S:

(F—E-G)Ya) = (r(a)EW (@) + Ug(a)) - Y Ell()@)(a)
l1+0o=¢

= (r() - Egy(@) + Us(@)) = | B (@)G(e@)+ Y Ey,y(a)Hy, (@)

L1 +Lla=L
<t

= (r(@) = G(a)) - By (a) + | Uela) = Y Epyy(@)Hye,(a)

b1+bo=¢
<t

=0+ We(a)

= Wy(a), (19)
where W;(X) is the polynomial of degree at most h + dM given by:

Wi(X) =Un(X) = > E)(X)Hg, (X).
by +Llo=4
l1<t

and we used the fact that r(o) = G(a) for all @ € Fy \ S.
So for any a € F, \ S, we have:

(A-(F-E-G)(a)= > A"()(F-E-6)*(a)
G la=t

= D Auy(@) - Wela). (20)

b1 +Lo=F

We can now write down the linear constraints that we impose on the coefficients of the A; and the B;. We
ask that for each ¢ with 0 < ¢ < M, the following equality of polynomials holds:

D Ay (X)We, (X) = By (X). (21)
b1 +Lo=¢

The coefficients of all these polynomials are homogenous linear combinations of the coefficients of the A; and
the Bi~

The polynomials on the left hand side of the equality are of degree at most
k+ (h+dM)=3e+ dM.
The polynomials on the right hand side of the equality are of degree at most
k+h+dM =3e+ dM.
Thus the total number of Fy-linear constraints imposed by these M equalities is at most:
M - (3e+dM +1) = 3eM + dM? + M < 3eM + 5dM>.

Combining this with Equation (15), we get that there exist A(X), B(X), not both 0, satisfying Equa-
tions (21).

Finally, from Equations (18), (20) and (21), we conclude that Equation (16) holds. This gives us the desired
polynomial identity:



Step 3: Relating the leading coefficients of F', £ and G

From the above identity, we have:

deg(A) + deg(F — E - G) = deg(B).
By choice of A and B, we have:

1
deg(A)€q-Z+[0,k]=q-Z+1[0,e+4dM] Cq-Z+ {0’8(])’

3
deg(B)€eq-Z+1[0,k+h+dM]Cq-Z+[0,3e+5dM) Cq-Z+ {O,8q>.

Thus

1 3
deg(F — E-G) =deg(B) —deg(A) € ¢- Z + (—8q, 8q) .

Now we study deg(F') and deg(E - G).
By design, and using the fact that d is odd:

1 3
deg(F):deg(E-G)z(c+d/2)q+h*Eq-Z—k[g,g—k%} Cq-Z+ [Qq,4q>.

Now for the crucial point. Since the intervals (f%q, %q) and (%q, %q) are (comfortably®) disjoint mod ¢, we
have that deg(F — E - G) # max(deg(F),deg(E - G)).

This means that F' and E - G must have the same leading monomial!

We have F' and F in our hands with leading coefficients a, b # 0, and so the leading coefficient of G (which
we know equals a?/?)

Thus:

must equal 7.

9 a\?
ag=al = (ag/ )2 = <7> ,
which is as computed by the algorithm.

This shows that Algorithm B correctly returns aq X% whenever aq # 0.

Finally we have to show what happens if aj = 0. We show that there is no h* for which the system of linear
equations is solvable (and thus it will return 0 - X¢, as desired).

If there was a solution F, E found, then deg(F) — deg(E) = dq/2, and by our Step 2 and Step 3 of our
proof above, F(X) and E(X)G(X) have the same leading monomial. However a4 = 0 implies that deg(G) <
dq/2 = deg(F) — deg(E), a contradiction.

This completes the proof of correctness of Algorithm B. O

5There is some slack here. The decoding radius can be improved a little bit (but not much) by tuning the choices of c, h in

the algorithm and k,t in the analysis, to % (1 — % — e) -q =~ (0.145 — €)g, with slightly more complicated calculations and no

new conceptual ideas. This improved decoding radius equals %(J(1/2) —€) - g, where J(9) is the alphabet-free Johnson radius
for codes of relative distance 4.
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4.2 A remark

Recall Step 2 of the proof of correctness of Algorithm B, where we deduced that G was related to F, E via
a relation of the form:

with A(X), B(X) of a special form.

It turns out that this information already implies that g is uniquely deterimined by F, E. However, we do
not know how to efficiently find g from just F' and E. This is why we had to take the longer route of just
getting the leading coefficient of g, and then repeating (which involves solving for a new F, E).

Why do F and E uniquely determine g7 Suppose not, and that g1, go are distinct polynomials with only
odd degree monomials such that G; = TR(g1(X)), G2 = TR(g2(X)) both satisfy equations as above:

A (X)(F(X) = BE(X)G1(X)) = Bi(X),
A(X)(F(X) = E(X)G2(X)) = Ba(X),

Eliminating F(X), we get:

A4(X) As(X)E(X) (G1<X> - G2<X>) - (Bo(X) Ay (X) — Bu(X)A(X)) = 0.

This kind of polynomial was explicitly considered by Stepanov, and he showed that it cannot equal 0.

The key point is that G1(X) — G2(X) is a nonzero polynomial with degree in q-Z + ¢/2.

This means that the two polynomials A; (X)As(X)E(X)- <G1 (X)—G2(X) | and B1(X)A2(X)—B2(X)A1(X)

cannot have equal degrees: the former has degree in the interval [q/2,q/2 + 2k + h] mod ¢, while the latter
has degree in the interval [0,2k + h] mod ¢, and these are disjoint intervals mod g.

Therefore their sum cannot be zero, and we get a contradiction to the assumption that g was not uniquely
determined.
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5 Theory of Pseudopolynomials

The results of the previous sections made extensive use of high degree polynomials, all of whose derivatives
behaved like low degree polynomials on FFy.

We call these objects pseudopolynomials. In this section, we formally define them and build up some basic
theory. We hope this will be useful for other algebraic and algorithmic problems involving polynomials over
finite fields.

Definition 5.1 (Pseudoderivative). Let A(X) € F,[X].
Define the {-th pseudoderivative of A, denoted Ay (X), to be the unique polynomial of degree at most q — 1
whose evaluations on Fy agree with the evaluations of AlY (X). Ezxplicitly:

Ay (X) = (AW (X) mod A(X)) ,

where A(X) = X9 - X.

Abusing notation, we will sometimes use Ay to denote the function
A<g> : Fq — ]Fq,

defined by Ay (o) = Al(a).

Definition 5.2 (Pseudodegree). Let A(X) € F,[X].

We define the pseudodegree of A, denoted pdeg(A) to be:

max deg(Ar).

We say A(X) is a k-pseudopolynomial if
pdeg(A4) < k.

With this notation in place, we now list an assortment of useful facts about pseudopolynomials.

5.1 Basic Properties
e pdeg(A + B) < max(pdeg(A), pdeg(B)).
e pdeg(A - B) < pdeg(A) + pdeg(B).
e We have the following algebraic characterization of pseudodegree.

Lemma 5.3. Let A(X) € Fy[X], and let

A(X) = A(XA(X),
i>0
with each deg(A;) < g, be the base-A(X) expansion of A(X).
Then
pdeg(A) = max deg(A;).

The proof appears in Appendix A.
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e For polynomials A(X) of moderate degree, the pseudodegree can be approximately expressed in terms

5.2

5.3

of the standard monomial expansion of A(X).

If A has pseudodegree < k and degree D, then A(X) can be written in the form

where deg(ﬁi(X)) < k+ |D/q]. In the reverse direction, if A(X) can be written in the form

t
Z A\Z(X)qua
=0

-~

with deg(A;) <k, then A(X) has pseudodegree at most k + ¢ and degree at most tq + k.

For all the applications in this paper, we could have worked with the standard monomial basis with
negligible losses.

Suppose A(X) € F,[X] with deg(A) < Mgq. Suppose deg(A ) < k for all £ with 0 </ < M. Then A
has pseudodegree < k.

That is, to check that A has small pseudodegree, it suffices to check low degreeness of A for £ up to
[deg(A)/q].

This follows from the proof of Lemma 5.3.

Multiplicities

Suppose A(X) € F,[X] has pseudodegree < k and degree at most D. Let H(X) € F,[X] be irreducible,
and let p be the highest power of H(X) that divides A(X). Then:

D
1 mod g € [O,kJrq].

This is Lemma 3.3.
Suppose A(X) € F,[X] has pseudodegree < k. Then:

deg(A) mod q € [0, k.
This is immediate from Lemma 5.3.
This is the analogue of the previous fact for the place at infinity.
The number of high multiplicity zeroes

For any S C IFy, and any c, k, M satifying:

c

=k

Sl< 2k,

there exists a nonzero A(X) € F,[X] with deg(A4) < cq and pdeg(A) < k such that for all & € §,

mult(4, «) > M.

This follows from dimension and constraint counting. We saw this in the construction of the error-
locating pseudopolynomials in Step 1 of the proofs of both Theorem 3.1 and Theorem 4.2.
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e In the reverse direction, the next theorem shows that when ¢ is prime, every nonzero A(X) with
deg(A) < cq and pdeg(A) < k has at most 247k roots of multiplicity at least M. The bound improves
to almost (1 + €)47k when ¢ < O(e)M or ¢ > (1 — O(e)) M.

Theorem 5.4. Let q be prime.

Let A(X) € F,[X] be a nonzero polynomial with deg(A) < cq and pdeg(A) < k. Let M be such that
c< M <q.

Then:
c

[{a € Fy [ mult(4,a) > M}| < min (M+1 '

k+c, k:)

The proof uses an argument of Guruswami and Kopparty [GK16] on ranks of Wronskians, originally
discovered in the context of subspace designs and multiplicity codes.

It seems plausible that there is an upper bound much closer to 17 - k. We also do not know whether
the primality of ¢ is needed for the above statement.

e There is a natural error-correcting code here, closely related to multiplicity codes. There are 4 governing
parameters: q, M,c, k.

Let ¥ = F}. The codewords of this code will lie in $"¢. For each A(X) € F,[X] with deg(A) < cq
and pdeg(A) < k, we define the codeword y4 : F; — X by:

ya(a) = (A%a), All(a), ..., A=l (q).

This code has cardinality |E|C’“/ M block length ¢, rate R = - %, and minimum distance at least

l—min (& ¢ k,c ¢
q7 M*C+1 q q7 M q7

which is always at least (1 — 2R) - q.

When k = ¢, this is a multiplicity code, and the distance of the code is (1 — R) - g. When ¢ = M this
is an interleaved Reed-Solomon code, and the distance of the code is (1 — R) - q. Maybe the distance
of this code is always (1 — R)q?

5.4 Twisted pseudopolynomials

Towards presenting (a mild varation of) Stepanov’s proof of the Weil bound for multiplicative character sums,
we now define twisted pseudopolynomials and demonstrate a clean version of the interpolation argument
that we saw in Section 3.

e Suppose r : F, — F, is a function. Let k < ¢. We say F(X) € Fy[X] is an r-twisted (h, M)-
pseudopolynomial, if for all £ < M, there is some U;(X) € F,[X] of degree at most h such that:

Fyy=r1-U,.
e The following lemma shows that any two r-twisted (h, M )-pseudopolynomials with degree at most cq
are very closely related, provided h and ¢ are small enough.
Lemma 5.5. Let ¢, h, M be parameters, with ¢ < M/2. Let r :F, — F,.
Suppose F(X),G(X) € Fy[X] with deg(F'),deg(G) < cq are both r-twisted (h, M)-pseudopolynomials.
Suppose

M_Qc~(h—|—1).
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Then there exist nonzero k-pseudopolynomials A(X), B(X), with deg(A), deg(B) < Mg, such that:

Proof. If k > q then the result is trivial, so we may assume that k < q.

Suppose for each ¢ < M, we have:
Fw) =Tr: Ug,

G(Z) =T: ‘/b
where Uy(X), Vy(X) € F,[X] have degrees at most h.
We search for the polynomials A, B of the form:

M—c—1

AX) = Y AN (X),
i=0

M—c—1 )
B = 3 BONX),

=0
where deg(A;),deg(B;) < k.
The number of unknowns is strictly greater than 2- (M —¢) - k.

We now apply homogeneous F,-linear constraints to these unknowns. These constraints are meant to

express the equality:
(A-F)uy = (B-G),

for each ¢ < M. Both sides of this can be expanded in terms of the pseudoderivatives of A, B, F, G,
the latter two of which can be written in terms of r - Uy and r - V.

All these constraints can be written compactly in the ring F,[X, T] as:

( Z A(Zl)(X) .T€1>.< Z ng(X) _T€2> — < Z B“S)(X) .T€3>.< Z Vg4(X) .T€4> mod TM

<M lo <M l3<M la<M

There are M equalities of polynomials of degree at most h + k in F,[X], each having coefficients
being homogenous linear combinations of the coefficients of the A; and B;. Thus there are a total of
(h+k+1) - M F,linear constraints.

By choice of k, we have:
(h+k+1)- M<2k-(M-c),

and so this system of equations has a nonzero solution.

Finally, we show that A- F = B - G. By design of A and B, for each ¢ < M we have:
(A-F—=B-G), =0.
Thus mult(A- F — B - G,a) > M for each o € Fy. On the other hand,
deg(A-F—B-G) <cqg+ (M —c)g < Mg.

This means that A- F = B - G, as desired.
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e The next lemma shows that if we have many r-twisted (h, M)-pseudopolynomials with degree at most
cq with ¢, h small, then they are nontrivially related. The smallness requirement on c is weaker, but
the deduced relation is also weaker.

Lemma 5.6. Let m,c, h, M be parameters, with ¢ < mT_lM Letr :Fqg — Fy.
Suppose F1(X),...,Fn(X) € F,[X] with deg(F;) < cq are all r-twisted (h, M)-pseudopolynomials.

Suppose

Then there exist k-pseudopolynomials A1(X),..., A (X) with deg(A;) < Mg and not all zero, such

that:
D A(X)Fi(X) =0.

The proof is exactly like that of Lemma 5.5, which is the m = 2 case.
e The exact same argument also gives us robust versions.

Lemma 5.7. Let ¢, h,y, M be parameters, with ¢ < (1 —2v)M/2. Let r1,ry : Fy — Fy, with:

A(ry,re) < vg.

Suppose F(X),G(X) € Fy[X] with deg(F),deg(G) < cq which are ri-twisted and ro-twisted (h, M)-
pseudopolynomials respectively.

Suppose

M
k>—(1—27)M—2c'(h+1)'

Then there exist nonzero k-pseudopolynomials A(X), B(X), with deg(A),deg(B) < Mg, such that:

The only change to the proof is that now we search for A(X) and B(X) of degree less than ((1—~)M —
¢)q, so that the fewer agreements we are given still translate into a polynomial identity.

Lemma 5.8. Let m,c, h,v, M be parameters, with ¢ < WM Let ri,...,rm : By — Fy, with:
H{a € Fy | ri(a) # rj(a) for some i, 5} < vq.

Suppose F1(X), ..., Fn(X) € Fy[X] with deg(F;) < cq are r;-twisted (h, M)-pseudopolynomials.

Suppose
M
. 1).
k> (m—1—mvy)M —mc (h+1)

Then there exist k-pseudopolynomials A1(X), ..., An(X), with deg(A;) < Mg, not all zero, such that:

> A(X)F(X) =0.
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5.5 The Weil bounds

e We can now prove the Weil bound for the quadratic residue character.

Let f(X),9(X) € Fy[X] be distinct monic squarefree polynomials of degree at most d < O(e,/q). We
will show that

A(xo f,xog) > <;—6> q.

Set M = 2d, c =d. Let F(X) = f(X)=1/2+M G(X) = g(X)la-1)/2+M
Then F and G are (x o f)-twisted and (x o g)-twisted (dM, M )-pseudopolynomials respectively.
Now set h =dM and v = % —e. If A(xo f,xog) < g, then Lemma 5.7 tells us that for:

k=L e <o)<

q
€ €2 4’

there exist nonzero k-pseudopolynomials A(X), B(X), with deg(A),deg(B) < Mg, such that:
A(X) - F(X) = B(X) - G(X),

Let H(X) be a polynomial that divides one of f(X), g(X) but not the other.
Lemma 3.3 applied to H(X) and the above identity then gives us a contradiction.
e Next we prove the Weil bound for the m-th power residue character x,,, for m prime.

Suppose f, g € F,[X] are of degree at most d < O,,(e,/q), and are distinct, monic, with each irreducible
factor appearing with multiplicity € {1,2,...,m — 1}. This last condition generalizes squarefreeness
in the case m = 2. We will show that

1
A(xm o f,xmog) > <1—€>q.
m

Let M = Oy (), ¢ = Oy (d). Let F(X) = fla-D/m+M(X) G(X) = gla-D/m+M (X)),
Let r1,...,rm : Fg — Fy be given by:

ri(e) = (' o f(@) - (i 0 g(a).

Let F1(X),..., F,(X) be given by:
Fi(X)=F~1(X)-G™{(X).

Then F; is a ry-twisted (O, (dM), M)-pseudopolynomial.

Now set h = Oy, (dM) and v =1 — % —€ If A(xmo f,xm o g) <7g, then
{a € Fy | ri(e) # rj(a) for some i, j}| < g,

Then the Lemma 5.8 tells us that for:

d? q

k:%«h+@g0@@<

2m’
there are k-pseudopolynomials A;(X), with deg(A;) < Mg, not all zero, such that:

Xm: A(X)-F7HX)-G™Y(X) = 0.

=1
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Let H(X) be an irreducible polynomial that appears with distinct factor multiplicity in f(X) and g(X).
Then Lemma 3.3 tells us that all the nonzero terms in the above sum have distinct factor multiplicity
of H(X) (because they are distinct mod ¢), and thus the sum cannot be 0, a contradiction.

e A similar argument can be given for the Weil bounds for additive character sums over fields of small
characteristic. We just give a sketch.

Let g have characteristic p. Let Tr : F, — F, and TR(X) € F,[X] be the field trace map and trace
polynomial respectively.

Let r : F; — F, be a function. We call a polynomial F'(X) an r-guided (h, M)-pseudopolynomial if: for
all £ < M, there exists Uy(X) € F,[X] with deg(Uy) < h, such that whenever a € F, satisfies r(a) =0,
we have:

Fy(a) = Uga).
Let f(X) € Fy[X] have degree d < Op(e,/q) and all monomials having degree relatively prime to p.
We will show there are at most (% + e) g values of o € Fy such that Tro f(a) = 0. (By linearity, this
gives us a lower bound of (1 - % — e) q on the distance between any two distinct Tro f and Tro g of
this form).
Let F(X)=TRo f(X).
Then we have that for all i € [1,p—1], F¥(X) is a (Tro f)-guided (dM, M)-pseudopolynomial. Further,

deg(F?) = % -q < dg, and thus the F* for i € [1,p — 1] have degrees mod ¢ that differ pairwise by
at least %.

Suppose Tro f(a) = 0 for more than (% + ¢)g values of a € F,.

Now let Ag(X),. .., Ay_1(X) be unknown polynomials with deg(A;) < ((% + 5) M — d) g and pdeg(A;) <

O(d—i”) < &. By counting constraints, we can ensure that the polynomial:

B(X) =) A(X)- F/(X),

i=0

which has degree at most (% + %) Mg, vanishes with multiplicity M at all a € F, where (Tro f)(«) = 0.
(We use the (Tr o f)-guidedness of F* here.) This means that the polynomial B(X) equals 0.

The final contradiction come from the fact that the degrees of the different terms in B(X) are distinct
mod ¢, and hence the sum cannot be 0.

5.6 Alternate analysis of Algorithm A

We now present a slightly different (and possibly more conceptual) analysis of Algorithm A, using some
of the language that we just developed. For the case of zero errors this is perhaps the simplest proof of
correctness.

This analysis can handle a smaller (but still (g)) number of errors. For simplicity of exposition, let we
assume that g(X) does not have any degree 1 irreducible factors — and thus x o g is only {+1}-valued. We
will also assume that r is only {£1}-valued.

We keep notation from the proof of Theorem 3.1, and pick up at the beginning of Step 2 of the proof.
The F(X) found by the algorithm is an r-twisted (h, M)-pseudopolynomial. We know that G(X) is an
(x o g)-twisted (O(dM), M)-pseudopolynomial.

36



Then (F - G)(X) is an (r - (x o g))-twisted (h + O(dM), M)-pseudopolynomial.

Now observe that the function r - (x o g) : F, — F, is close to the constant 1 function. It evaluates to 1
on at least ¢ — e values of o € F,. Had it been 1 valued everywhere, (F' - G) would have been a genuine
pseudopolynomial.

We can fix it using a high multiplicity error-locator pseudopolynomial, as in Step 1 of the proof. Let ¢/, b/, be
given by ¢ = M /4, k' = 4e. Then, since ¢ (h'+1) > eM, we can get a polynomial E'(X) with deg(E’) < g
and pdeg(E’) < b’ that vanishes at all points of S with multiplicity M.

Then (E' - F - G)(X) has the property that for all £ < M:
deg((E' - - G) ) (X)) < I + h+ O(dM).

Furthermore, deg(E' - F - G) < dq+cqg+2d-((¢—1)/2+ M) < Mg.

By the facts in Section 5.1, this means that (E- F -G)(X) is a genuine (h+ h’' + O(dM))-pseudopolynomial.
Thus we get the equation:
E'(X) F(X)-G(X) = B(X),

where E'(X) is an (k' 4+ O(dM))-pseudopolynomial and B(X) is a (h+ h’' + O(dM))-pseudopolynomial, and
deg(E'),deg(B) < Mg.

Applying Lemma 3.3 to E'(X) and B(X) to analyze factor multiplicities, we get that all irreducible factors
of (F' - G)(X) have factor multiplicity approximately a multiple of ¢, as desired.

5.7 Proof of Theorem 5.4
Recall the statement of Theorem 5.4.
Theorem 5.4. Let q be prime.

Let A(X) € Fy[X] be a nonzero polynomial with deg(A) < cq and pdeg(A) < k. Let M be such that
c< M <q.

Then:
c

[{or € Fy | mult(4, @) > M}| < min (M——i—l

k+c, k)

Proof. First we prove the easier bound:
Ha e Fy | mult(4,a) > M} <k.

Since A is nonzero of degree at < Mg, there exists some £ < M and some ag with A (ag) = All(ag) # 0.
For this /£, we have that A (X) is a nonzero polynomial of degree at most k, and thus there are at most &

values of o where Al¥l(a) = Ay (a) = 0. Thus mult(A,a) > ¢ for at most k values of e € Fy, as desired.
Now we prove the other bound. Write A(X) = Z‘;g A (X)X, where deg(A;) < k+ M.
Then for £ < M,

I
—

Cc

Alx) =S Al (x)xia,
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Let R(X) be the M X ¢ matrix, with rows indexed by ¢ € {0,1,..., M — 1}, and columns indexed by
i€{0,1,...,¢c— 1}, whose (¢,%) entry is AEE](X).

Let v(X) be the vector (1, X, X2 ..., X1).

Then mult(A, «) > M if and only if:

namely, if:

v(a) € ker(R(«)).

We now bound the number of such a. Let W C IFZ be the set of all vectors (wo,...,we—1) € Fy with
> wiA;(X) = 0. Then for every w € W,
R(X) -w=0.
Thus for every o € Fy,
W C ker(R(«)).

Our bound for the number of a € Fy for which v(a) € ker(R(«)) then follows from the following two claims.

Claim 5.9. The number of a € Fy for which ker(R(a)) # W is at most =17 - k.

Claim 5.10. The number of a € F, for which v(a) € W is at most c.

The latter claim simply follows from the fact that dim(W) < ¢, and that the moment curve in Fy does not
intersect any proper subspace in more than ¢ points.

It remains to prove the first claim.

Let I € {0,1,...,c¢ — 1} be the maximal subset with (A4;(X)),.; linearly independent over F,. Then
[I| + dim(W) = ¢, and |I| > 1.

Let S(X) denote the submatrix of R(X) consisting of those columns indexed by I.

Now suppose « is such that the columns of S(a) are linearly independent. We get that rank(R(«)) =
rank(S(«)) = |I|, and thus dim(ker(R(a))) = ¢ — |I| = dim(WW). This means that ker(R(«)) = W.

To finish the proof, we show that there can be at most ;=55 - k values of « for which the columns of S(«)
are linearly dependent. This is simple case of the argument from Theorem 17 of [GK16] (see also [BCDZ25]).

Now we use the primality of q. By the Wronskian criterion for linear independence (see [BD10]), the top
|| x |I] submatrix of S(X) has nonzero determinant H(X). If « is such that the columns of S(«) are linearly
dependent, then « is a root of multiplicity at least M —c+1 of H(X). This is because for each ¢ < M —c+1,
H"(q) is a linear combination of determinants® of |I| x |I| submatrices of S(«a), which are all 0. But H(X)

is a nonzero polynomial of degree at most ck. Thus there can be at most 37="77 - k such .

This completes the proof of the first claim, and with that, the theorem. O

6Here we use the product rule for Hasse derivatives, the multilinearity of the determinant, and the formula for iterated Hasse
derivatives: (FI)U(X) = (“;J)F[Pr]] (X).

38



References

[AGHP92)
[AHS25]
[ALTO1]

[BCDZ25]

[BD10]
[Ber70]
[BGKS12]

[BHKS23]

[BHKS24]

[Bom73]
[BRC60]
[BWS6]

[CDGM25)

[CGS16]
[CVDDM92]

[CZ25]

[DKSS13]

Noga Alon, Oded Goldreich, Johan Hastad, and René Peralta. Simple constructions of almost
k-wise independent random variables. Random Structures & Algorithms, 3(3):289-304, 1992.

Vikrant Ashvinkumar, Mursalin Habib, and Shashank Srivastava. Algorithmic improvements
to list decoding of folded reed-solomon codes. CoRR, abs/2508.12548, 2025.

Alexei Ashikhmin, Simon Litsyn, and Michael A Tsfasman. Asymptotically good quantum
codes. Physical Review A, 63(3):032311, 2001.

Joshua Brakensiek, Yeyuan Chen, Manik Dhar, and Zihan Zhang. From random to ex-
plicit via subspace designs with applications to local properties and matroids. arXiv preprint
arXw:2510.13777, 2025.

Alin Bostan and Philippe Dumas. Wronskians and linear independence. The American Math-
ematical Monthly, 117(8):722-727, 2010.

Elwyn R. Berlekamp. Factoring polynomials over large finite fields. Mathematics of Computa-
tion, 24(111):713-735, 1970.

Jean Bourgain, Moubariz Z Garaev, Sergei V Konyagin, and Igor E Shparlinski. On the hidden
shifted power problem. STAM Journal on Computing, 41(6):1524-1557, 2012.

Siddharth Bhandari, Prahladh Harsha, Mrinal Kumar, and Ashutosh Shankar. Algorithmizing
the multiplicity schwartz-zippel lemma. In Nikhil Bansal and Viswanath Nagarajan, editors,
Proceedings of the 2023 ACM-SIAM Symposium on Discrete Algorithms, SODA 2023, Florence,
Ttaly, January 22-25, 2023, pages 2816—-2835. SIAM, 2023.

Siddharth Bhandari, Prahladh Harsha, Mrinal Kumar, and Madhu Sudan. Decoding multivari-
ate multiplicity codes on product sets. IEEE Transactions on Information Theory, 70(1):154—
169, 2024.

Enrico Bombieri. Counting points on curves over finite fields.  Séminaire Bourbaksi,
1972/73(430):234-241, 1973.

Raj C. Bose and Dwijendra K. Ray-Chaudhuri. On a class of error correcting binary group
codes. Information and Control, 3(1):68-79, 1960.

Elwyn R. Berlekamp and Lloyd R. Welch. Error correction for algebraic block codes. Technical
report, US Patent 4,633,470, 1986. Filed 1983.

Gil Cohen, Dean Doron, Noam Goldgraber, and Tomer Manket. Tracing AG codes: Toward
meeting the Gilbert—Varshamov bound. FElectronic Colloquium on Computational Complexity
(ECCC), 32:174, 2025.

Arkadev Chattopadhyay, Frederic Green, and Howard Straubing. Circuit complexity of pow-
ering in fields of odd characteristic. Chic. J. Theor. Comput. Sci., 2016, 2016.

Zoé Chatzidakis, Lou Van Den Dries, and Angus Macintyre. Definable sets over finite fields.
J. reine angew. Math, 427:107-135, 1992.

Yeyuan Chen and Zihan Zhang. Explicit folded Reed—Solomon and multiplicity codes achieve
relaxed generalized singleton bounds. In Proceedings of the 57th Annual ACM Symposium on
Theory of Computing (STOC). ACM, 2025.

Zeev Dvir, Swastik Kopparty, Shubhangi Saraf, and Madhu Sudan. Extensions to the method
of multiplicities, with applications to kakeya sets and mergers. SIAM Journal on Computing,
42(6):2305-2328, 2013.

39



[GHK*25]

[GHKS24]

[GK16]
[GROS]
[GST1]
[GS99]
[GW13]
[HKTO8]
[Hoc59]
IKS+18]

[KLO5)]

[KL11]

[Kop10]

[Kop11]

[Kop14]

[Kop15]

[KRZSW23)

Abhibhav Garg, Prahladh Harsha, Mrinal Kumar, Ramprasad Saptharishi, and Ashutosh
Shankar. An exposition of recent list-size bounds of FRS codes. CoRR, abs/2502.14358,
2025.

Rohan Goyal, Prahladh Harsha, Mrinal Kumar, and Ashutosh Shankar. Fast list-decoding
of univariate multiplicity and folded Reed—Solomon codes. In Proceedings of the 65th IEEE
Symposium on Foundations of Computer Science (FOCS), pages 328-343. IEEE Computer
Society, 2024.

Venkatesan Guruswami and Swastik Kopparty. Explicit subspace designs. Combinatorica,
36(2):161-185, 2016.

Ariel Gabizon and Ran Raz. Deterministic extractors for affine sources over large fields. Com-
binatorica, 28(4):415-440, 2008.

Ronald L. Graham and Joel H. Spencer. A constructive solution to a tournament problem.
Canadian Mathematical Bulletin, 14(1):45-48, 1971.

Venkatesan Guruswami and Madhu Sudan. Improved decoding of Reed-Solomon and Algebraic-
Geometry codes. IEEE Transactions on Information Theory, 45(6):1757-1767, 1999.

Venkatesan Guruswami and Carol Wang. Linear-algebraic list decoding of Reed—Solomon
codes. IEEE Transactions on Information Theory, 59(10):6415-6427, 2013.

James W. P. Hirschfeld, Gdbor Korchméaros, and Fernando Torres. Algebraic Curves over a
Finite Field. Princeton University Press, Princeton, NJ, 2008.

Alexis Hocquenghem. Codes correcteurs d’erreurs. Chiffres, 2:147-156, 1959.

Gabor Ivanyos, Marek Karpinski, Miklos Santha, Nitin Saxena, and Igor E Shparlinski. Poly-
nomial interpolation and identity testing from high powers over finite fields. Algorithmica,
80(2):560-575, 2018.

Tali Kaufman and Simon Litsyn. Almost orthogonal linear codes are locally testable. In Pro-
ceedings of the 46th Annual IEEE Symposium on Foundations of Computer Science (FOCS),
pages 317-326. IEEE Computer Society, 2005.

Tali Kaufman and Shachar Lovett. New extension of the weil bound for character sums with
applications to coding. In Rafail Ostrovsky, editor, IEEE 52nd Annual Symposium on Founda-
tions of Computer Science, FOCS 2011, Palm Springs, CA, USA, October 22-25, 2011, pages
788-796. IEEE Computer Society, 2011.

Swastik Kopparty. Algebraic Methods in Randomness and Pseudorandomness. Ph.d. thesis,
Massachusetts Institute of Technology, Cambridge, MA, 2010. Advisor: Madhu Sudan.

Swastik Kopparty. On the complexity of powering in finite fields. In Lance Fortnow and Salil P.
Vadhan, editors, Proceedings of the 43rd ACM Symposium on Theory of Computing, STOC
2011, San Jose, CA, USA, 6-8 June 2011, pages 489-498. ACM, 2011.

Swastik Kopparty. Some remarks on multiplicity codes. In Discrete Geometry and Algebraic
Combinatorics, volume 625 of Contemporary Mathematics, pages 155—-174. American Mathe-
matical Society, 2014.

Swastik Kopparty. List decoding of multiplicity codes. Theory of Computing, 11(1):149-182,
2015.

Swastik Kopparty, Noga Ron-Zewi, Shubhangi Saraf, and Mary Wootters. Improved list decod-
ing of folded Reed—Solomon and multiplicity codes. SIAM Journal on Computing, 52(2):515—
549, 2023.

40



[KS07]

[KS10]

[KSS19]

[KSY14]
[KTSY24]
[LN97]
[Nie01]
[RS04]
[RT97]
[Sch76]
[Shpo9)]

[Sri25]

[Ste69]

[SteT0]

[Ste74]

[Sud96]

[SV86]

[Tam?24]

Tali Kaufman and Madhu Sudan. Sparse random linear codes are locally decodable and
testable. In Proceedings of the 48th Annual IEEE Symposium on Foundations of Computer
Science (FOCS), pages 590-600. IEEE Computer Society, 2007.

Swastik Kopparty and Shubhangi Saraf. Local list-decoding and testing of random linear codes
from high-error. In Proceedings of the 42nd Annual ACM Symposium on Theory of Computing
(STOC), pages 511-520. ACM, 2010.

Swastik Kopparty, Ronen Shaltiel, and Jad Silbak. Quasilinear time list-decodable codes for
space bounded channels. In Proceedings of the 60th Annual IEEE Symposium on Foundations
of Computer Science (FOCS), pages 302-333. IEEE, 2019.

Swastik Kopparty, Shubhangi Saraf, and Sergey Yekhanin. High-rate codes with sublinear-time
decoding. Journal of the ACM (JACM), 61(5):28:1-28:20, 2014.

Swastik Kopparty, Amnon Ta-Shma, and Kedem Yakirevitch. Trace Hermitian codes have
vanishing bias. Electronic Colloguium on Computational Complexity (ECCC), 31:69, 2024.

Rudolf Lidl and Harald Niederreiter. Finite Fields, volume 20 of Encyclopedia of Mathematics
and Its Applications. Cambridge University Press, 2nd edition, 1997.

Rasmus Nielsen. List Decoding of Algebraic-Geometric Codes. PhD thesis, Technical University
of Denmark, 2001.

Alexander Russell and Igor E Shparlinski. Classical and quantum function reconstruction via
character evaluation. Journal of Complexity, 20(2-3):404-422, 2004.

Mikhail Yu. Rosenbloom and Michael A. Tsfasman. Codes for the m-metric. Problems of
Information Transmission, 33(1):45-52, 1997.

Wolfgang M. Schmidt. Equations over Finite Fields: An Elementary Approach, volume 536 of
Lecture Notes in Mathematics. Springer-Verlag, 1976.

Amir Shpilka. Constructions of low-degree and error-correcting e-biased generators. Compu-
tational Complexity, 18(4):495-525, 2009.

Shashank Srivastava. Improved list size for folded Reed—Solomon codes. In Proceedings of
the 2025 Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 1560-1578.
SIAM, 2025.

S. A. Stepanov. On the number of points of a hyperelliptic curve over a finite prime field.
Math. USSR-Izv., 3(5):1103-1114, 1969. Classic elementary method applied to Weil bounds
over finite fields.

S. A. Stepanov. Elementary method in the theory of congruences for a prime modulus. Acta
Arithmetica, 17(3):231-247, 1970. Another foundational exposition of his elementary approach.

S. A. Stepanov. An elementary method in the theory of equations over finite fields. In Pro-
ceedings of the International Congress of Mathematicians, volume 1 of ICM, pages 383-391,
1974. Conference presentation summarizing the technique.

Madhu Sudan. Decoding of Reed-Solomon codes beyond the error-correction bound. In Pro-
ceedings of the 37th Annual IEEE Symposium on Foundations of Computer Science (FOCS),
pages 164-172. IEEE Computer Society, 1996.

Karl-Otto Stohr and José Felipe Voloch. Weierstrass points and curves over finite fields. Pro-
ceedings of the London Mathematical Society, 3(1):1-19, 1986.

Itzhak Tamo. Tighter list-size bounds for list-decoding and recovery of folded reed-solomon
and multiplicity codes. IFEE Transactions on Information Theory, 70(12):8659-8668, 2024.

41



[Tao13)

[Tao14]
[VDHIO6]
[Weid1]
[Weids)]

[Weid)]

Terence Tao. A spectral theory proof of the algebraic regularity lemma.
https://terrytao.wordpress.com/2013/10/29/a-spectral-theory-proof-of-the-algebraic-
regularity-lemma/, 2013. Blog post.

Terence Tao. Expanding polynomials over finite fields of large characteristic, and a regularity
lemma for definable sets. Forum of Mathematics, Sigma, 2:e1, 2014.

Wim Van Dam, Sean Hallgren, and Lawrence Ip. Quantum algorithms for some hidden shift
problems. SIAM Journal on Computing, 36(3):763-778, 2006.

André Weil. On the riemann hypothesis in function-fields. Proceedings of the National Academy
of Sciences, 27(7):345-347, 1941.

André Weil. On some exponential sums. Proceedings of the National Academy of Sciences of
the USA, 34(5):204-207, 1948.

André Weil. Numbers of solutions of equations in finite fields. Bulletin of the American
Mathematical Society, 55:497-508, 1949.

A Algebraic characterization of the pseudodegree

We now prove the algebraic characterization of the pseudodegree.

Lemma 5.3.

Let A(X) € Fy[X], and let

AX) =D A(X)N(X),

i>0

with each deg(A;) < g, be the base-A(X) expansion of A(X).

Then

Proof. Using

pdeg(A) = maxdeg(4;).
>0

the product rule for Hasse derivatives:

Alx) =3 (429 (x)

i>0

- Z Z Ayo] (X) - ﬁ A (x)
) j=1

120 \ £Lo,Ll1,...,¢;
> l=t

Reducing these terms mod A(X), the only terms that survive have all £1,...,¢; € {1,¢}, and thus ¢ > i and

ly € [O,K—i}.

42



So

4 i
AN(X) mod A(X) =) > Al xy T AW (x)
=0 ly,...,0;€{1,q} Jj=1
=0—(b1+...+£;)
£ 0—i
IILLLE B
i=0 £o=0 l1,0.00:€{1,q} Jj=1

(br4...4+4;)=L—Lo

0 e
2] .

E E [ o] ) Cireq for some integer C; g 0.4

1=0 £p=0

£—1 £—i
= (—1)fA,(X) + Z AN(X) . Cyppyq isolating the i = £,6p = 0 term  (22)
=0 £o=0

Thus if all the A; have degree at most k, we get that Al mod A(X) = Ay (X) has degree at most k.

In the reverse direction, the above formula lets us express Ay(X) as £ Ay (X )+ a linear combination of Agj ]
with ¢ < £. By induction on /, we get that deg(A,) has degree at most max;<, deg(Ay).

O

B m-th power residue character

Let ¢ be a prime power. Let m be a prime dividing (¢ — 1). Let I, be the set of m’th roots of 1 in Fy. Let
Xm : Fy — {0} UT,, be the (F,-valued) m-th power residue character given by: y,(a) = ala=1/m,

Let g(X) be monic of degree at most d < Oy, (€,/q), with each irreducible factor appearing with multiplicity
ef{1,2,...,m—1}.

The following algorithm can efficiently find g(X) given an r : F; — {0} UT,,, with A(x o g,7) being at most
a small enough constant fraction of q. As in the case of m = 2, this decoding radius falls short of the unique
decoding radius, which is about % (1 — %) q.

Algorithm A,,:

Parameters: degree d < O(:£,/q), error-bound e < (& —€) ¢.
Input r: Fg — {0} UT,,

1. Set
° M:%dm
cc=d
e h=2-ec.

e D=d-((¢q—1)- =L+ M)+cq=(1+0(€) -5 -M-q,
o u:h+(m—1)dM:26+O(de2).
2. Foreach v € {1,2,...,m —1}:

e Solve an F, system of linear equations to find polynomials F,(X),U,o(X),..., U, m-1(X) €
F,[X], not all zero, with:
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— deg(F,) <D,
— for each ¢, deg(U, ) < u,
— Foralla € Fy, 0 <4 < M:
Fll(a) =r"(a) - U, (). (23)
3. Factor F,(X) into irreducible factors:

F,(X) =\ [[H! (X),

where the H;(X) € F,[X] are distinct and monic irreducible polynomials, and A € Fy.

4. For each j, define p1; € {0,1,...,m — 1} to be the unique number such that for all v € {1,...,m — 1},

we have: . ;
VR I 2
Hu,j m (¢g—1) € ( (12 e> q, (12 e) q) mod q.

5. Set

6. Return f(X).
The analysis is very similar to the analysis in Section 3.
Let G(X) = gla=D/m+M(X) which is a (X, © g)-twisted (O(dM), M)-pseudopolynomial.

To show that the linear equations have a solution, we first interpolate a high multiplicity error-locator
pseudopolynomial E(X) with deg(E) < ¢q and pdeg(FE) < h. Then we show that taking F,, = F - G¥ yields
a solution to Equations (23).

Next we show that whatever F, the algorithm finds is related to G. Exactly as in Section 3, we find
polynomials A, (X), B,(X) with deg(A,) < 2Mgq, deg(B,) < Mg, and pdeg(A,) < e, pdeg(B,) < 3e +
O(dM) such that:

A,(X) - F,(X) = By(X) - G*(X).

From these equations, we will be able to extract all the irreducible factors of g(X). Let H(X) be an irreducible
polynomial, and let a4, , ur,, 1B, , G, iy be its factor multiplicity in A,, F,, B,, G, g respectively. Then the
above identity gives us:

q—1

KA, T HF, = [1B, TV fg —
Thus for all v:

q—1 1 3
BE, =V g == =B, — HA, GQ'Z+[—€,3€+O(dM)]C(I'Z+<— (12—6>q, (12—6>Q>«

Thus p, is a solution found in Step 4 of the algorithm. Why is there no other solution? Suppose p' €
{0,1,...,m — 1} is distinct from p, and satisfies:

ERRVEN Sl (L 3 _
PE, =V € Z+< (12 e>q7 (12 6)(1)

for all v. Then subtracting the two equations and setting ;" = p/ — 4, we get that for all v € {1,...,m—1}:

-1 1 1
ot ez (= (G2 (5-2) ).

This is impossible: for any " € {1,...,m — 1}, there is a v € {1,...,m — 1} such that % eZ+ [%, %]
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C Additive characters over fields of small characteristic p

We only give the analogue of the main subroutine, Algorithm B, from Section 4.
Let ¢ = p® with p prime. Let Tr: F, — I, be the field trace map.

Let g(X) be a polynomial of degree at most d < O,,(€e,/q), with only monomials of degree relatively prime
to m.

The following algorithm can efficiently find the leading coefficient of g(X) given an r : F, — F, with
A(Tro g,r) being at most a small enough constant fraction of %q. For p = O(1) this is a constant fraction
of ¢, but for growing p it is far from satisfactory. The distance of the underlying code is about (1 — %)q (it
actually grows with p), and there ought to be an efficient unique decoding algorithm to radius half of that.
Algorithm B,:

Parameters: degree d < O,(€,/q) (an integer not divisible by p), error-bound e < (é - 6) q.

Input r : Fy = T,

1. Set
o M =18g
° c:%~M
e h=2-¢

) u:h+dM:2e+O(d?2).
2. For each h* € [0, h)

e Try to solve a system of F,-linear equations to find polynomials F(X), F(X),
(Ue(X))eejo,a1-1), where:

— F(X) has degree exactly (d/p+ ¢)q + h*.
— E(X) has degree exactly ¢q + h*, and is of the form:

> E(X)N(X),
=0

where deg(FE;) < h.

each Uy(X) has degree at most u.
Foralla € Fy, 0 <4< M:

Fl(a) = r(a) - E¥(a) + Uy(a), (24)

3. If no such h* exists, return 0 - X<

4. Otherwise take one solution E(X), F(X), with degrees Dg, D respectively.

5. Let a- XPr b- XPE be the leading monomials of F(X), E(X) respectively.
Set ag = (a/b)P.

6. Return aqX<.

The proof of correctness is essentially identical to the proof of Theorem 4.2 in Section 4, and is omitted.
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