Homework 1

Expanders and Pseudorandom Graphs (Fall 2024)
University of Toronto
Swastik Kopparty

Due Date: October 28.

Read and understand the statements of all questions. Answer any 2 questions.

1. Let Fy be the finite field with 2 elements.

Define the graph G with vertex set V' = F§\ {0} and edge set E = {{z,y} | (x,y) = 0}. (The
inner produce (,-) is over Fy). Let n = |V|.

Show that any vertex x has (1/2 4+ o(1))n neighbors. Show that any two distinct vertices x,y
have (1/4+ o(1))n common neighbors.

Use this to conclude that the number of Cy in G is (1/16 + o(1))n?, and that G is o(1)-Cy-

quasirandom (and hence also o(1)-eigenvalue-quasirandom and o(1)-discrepancy-quasirandom).

2. Let G be a d-regular n-vertex graph and let \;y > Ao > ... > A, be the eigenvalues of its
adjacency matrix.

(a) Show that G is bipartite if and only if A\, = —d.
(b) Show that the size any independent set in G is at most:

)\, ,
d— M\,

This is called the Hoffman bound.

(c) What can you conclude about the number of colors needed to color a d-regular (ed)-
absolute-eigenvalue-expander graph?

3. Let G be a connected d-regular n-vertex graph. Let Ay be the second largest eigenvalue of the
adjacency matrix A of G. Let f : Vi — R be a function with >° f(v) =0and >, f(v)? = 1.

(Thus f is spanned by all the eigenvectors of Aa, ..., \p).
(a) Show that maxy yev, (f(u) — f(v)) > %, for some universal constant C.
(b) Let u and v be vertices witnessing the above inequality. Suppose ¢ is the distance between

u and v. Show that 1
> -
(F.LH 29,

where L is the matrix I — A.

(c) Thus show that in any connected d-regular graph Ao < d — #



(d) Define a lazy random walk on a graph to be the following process. vg is a fixed vertex
v*; for each k > 0, vp1q is chosen as follows: with probability 1/2, vgi1 = vg, and with
probability 1/2; vj41 is a uniformly random neighbor of vy.

Use the bound on As to show that for any vertex w in the connected component of v*,
the lazy random walk visits w within O(n?logn) steps with probability 1 — o(1).

(e) (Not to be turned in): On a cycle of length n, how many steps of the lazy random walk
starting at some vertex do we have to take to have a 1 — o(1) probability of reaching the
diametrically opposite point?

4. Let p € (0,1) be a constant. Use the Chernoff bound and union bound to show that for
G = (V, E) coming from G(n,p),

Pr [3S,T C V such that |e(S,T) — p|S||T|| > 6n2] < exp(—e'n?).
5. Look up the Catalan numbers C}, on Wikipedia.
Show that for any d-regular graph G, if A is the adjacency matrix of GG, then

Tr(A%%) > (d—1)F - Cy.

Conclude that G must have some eigenvalue other than its top eigenvalue have absolute value

at least 2¢/d — 1 — o(1).



