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1 Fourrier Analysis on Groups

Let’s G be a finite abelian group

Example 1. Zy, Zy, Z,
The crux of this section is to consider the set consisting of all the functions

f:G—C

For C-vector space and dim = |G].

1.1 Fourrier basis
A function x : G — C is called a character if x is a homomorphism from G to C¥.

x(a+0b) = x(a) + x(b),¥a,b € G

Example 2.
e G=7Z,={0,1,...,p—1} and a is any element of Z,

Xa(j) _ eZTriaj/p _ waj

Where w is p* root of unity. This gives us all characters of Zyp, p of them. We can add a
remark denoting that:

XaXb(x) = Xa—&-b(x)

Which is the group of character (Hom).



o G =7%={(x1,...,2,)| each x,, € Z — 2}. The homomorphism gives us that for any x we
should have the following:

x(1,0,0,...,0) € {1}
x(0,1,0,...,0) € {£1}
x(1,1,0,...,0) € {1}

+1 if # 17s in x is even

-1 if # 1’s in x is odd

We need to check that xs(x+vy) = xs(x)+ xs(y). For a general collection of characters, pick
(a1,...,an) € 75 and define xq(z) = (—1)2i=1%%  Therefore, we have the following:

Hence, xs(x1,...,xn+) = {

Xao ) = (- Tt = (C)Tiaes 4 (C)ELa < (@) - xaly)
Remark 3. R/Z is the circle. x : R/Z — CX. For n € 7 we have x,(r) = e*™ne
Lemma 4. Let G be a finite abelian group. x, X' be characters of G. Then:
N {1 if x =X

!
xIEE'ZG[X(ﬁU)X (@)] = 0 otherwise

Here, we consider I to be the average on the cardinality of G. Since xX' is also a character of G

since if w is a root of unity then @ = w™'. Hence, if we can denote it by xx' = 1, we have the

following:
1 ifh=1
IIEGW%)] N {O otherwise
Proof. .
B =i 2 0@
1
*@ :CEZGIb(x “Y)
1
—MWQME%M@)
= Vy, (V(y) — 1)(Q_¢(x)) = 0. Therefore, if ¢ # 1, then Y - 1(x) =0 O
So for G € Zy,G = 7Zy,
{Xala € Z5}



{Xala € Z*}

Form orthonormal basis for function {f : G — C}. Thus, for any f : G — C we can write

[= Z f(a)Xa

a€Zy

Where f(a) = (f,z) = Eeealf(@)Ya(2)]

f : Zyy — C is called the Fourrier transform.

1.2 Perseval’s Identity

I£113 = mIEEGHf(x)!Q] =Y [If@P1= /13

a€Zy
Proof. )
Y IF@P1=>" !Ig[f(w)ia(fr)HQ

a€Zy

Denote that if z = 2, then )" (Xa(2)Xxa(2')) = |G|, else it is 0. Hence, we have:

1113 = E [f(@)/f(@) Y (Xa(@)xa(@))]

a

=,G1|2Z|f<x>|2<|c|>
— E [|f()

ze€G

Hence we have that Eqcq||f(2)|?] = Zaez;[\f(a)lz] which gives us that ||f]|2 = || f||2 O

1.3 Convolution

For functions f : G — C and h : G — C we define the convolution to be a function fxh: G — C
by given by the following:



zeG

= E[ >, fWh)a(@)
it

1 1

=G 3 e WZM FW)h(2)Xa(y + 2)]
y+z=x
\G|2Z > FWh(2)Xaly + 2)]
T y s.t
Z=T—Y

‘G|2 ZZf ( )Xa(l' - y)]
‘GPZZJ‘ X0 a(2)]

\GP Zf )OO h(2)Xa(2))]
=f(a)- ( )

This shows that it is indeed a homomorphism.

For A C G we have the following:

Ly # La() =|C{,| S La@)La(z)

Y,z S.t.
y+z=x
1 yrs
=13 # ways of writting x asy € A
G z€ A

_J>0 ifre A+ A
=0 ifr¢g A+ A

Where support(l4 x14) = A+ A.



2 Linearity testing

Let f be a function:

[iZ5 — Lo
Example 5.
1. f(z)=0
2. f(x) =7
3. fla) = 2isy @i
4. f(x) =<a,x >

We want to check if f is a linear function by evaluating f at some points.

Remark 6. Need 2™ queries into f for the deterministic checks, and Q(2™) queries into f for random
checks with success probability 0,99.

2.1 BLR linearity test

Pick z,y € Z% uniformly at random, and check if f(z) + f(y) = f(z + )

Theorem 7.

1. If f(x) is linear, then the test accepts with probability 1;

2. If f differs in €2™ evaluations from every linear function, then the test rejects with probability
at least €;
Proof. Take f such that it passes the test with probability at least 1 —~. Let F' : Z§ — C be a
function defined by F(z) = (—1)/®
Plan: express what we know in terms of F.
1= = E (Uas)=r@)+1)
1+ F(x+y)F(z)F(y)

= E( 9 )
"E7y
- % + ;EJ(F(m +y)F(z)F(y)

A~

Write F' =), F(a)Xa



x’y

(F(z + ) F@F(y) = E (3 Fle)xa@+y) > F®) Y0 Fexe(y)

b
= E () F(a)F0)F(¢)xa(z +y)xo(@)xe(y))

=Y (F(@)F(5)F () E(xa(®)xa(y)xs(x)xc(¥))

=Y (F(@)F () F () E(xa(®)xs(x)) E(Xa(y)Xe(y))

So, we obtained that

WTS:if ), F(a)? is close to 1, then exists some a s.t. f agrees with < a,- > on most inputs.

Using Parseval’s equality we get that

1= Ig(\F(fv)IQ) =Y |F(a)?
Therefore,

1-2y 3" F(0) < max (@)Y [F(a) ) = max F(a)
Lemma 8. If |{z: f(z) =< a,z >}| = (1 — 6)2" then F(a) =1— 25

Proof. .
F(@) = B(F(@)x,(x)
- 2%(#{3; Cfx) =<a,x >} —H#{z: f(z) #< a,x >})
1

= (102" —52") =125



So max, F'(a) > 1 — 2, for that a the set:

{z: fe) =<a,z >} = (1-7)2"



