
Problem 1. Let κ be an infinite cardinal. Show that κ+ is a regular cardinal.

Problem 2. A family F ⊆ P(ω) is called a splitting family if for every infinite
X ⊆ ω there is a set A ∈ F such that |X ∩A| = |X \A| = ω. The splitting number
s is the minimal cardinality of a splitting family. Show that ω < s ≤ 2ω.

Problem 3. Let A,B be subsets of ω. We write A ⊆∗ B when A \ B is finite.
A sequence 〈Aα | α < κ〉 of distinct infinite subsets of ω is a tower if Aβ ⊆∗ Aα
whenever α < β. The tower number t is the minimal length of a maximal tower (a
maximal tower is one for which no further set is almost contained in every member
of the tower).

(1) Show that ω < t ≤ 2ω.
(2) Show that t is a regular cardinal.

Problem 4. Show that b is a regular cardinal.

Problem 5 (*). Show that there is a MAD family of cardinality 2ℵ0 .
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