SUCCESSIVE FAILURES OF APPROACHABILITY

SPENCER UNGER

ABSTRACT. Motivated by showing that in ZFC we cannot construct a special
Aronszajn tree on some cardinal greater than R, we produce a model in which
the approachability property fails (hence there are no special Aronszajn trees)
at all regular cardinals in the interval [R2, R 23] and R 2 is strong limit.

1. INTRODUCTION

In the 1920’s, Konig [11] proved that every tree of height w with finite levels has a
cofinal branch. In the 1930’s Aronszajn [12] showed that the analogous theorem for
wy fails. In particular he constructed a tree of height w; whose levels are countable
which has no cofinal branch. Such trees have come to be known as Aronszajn trees.
The first Aronszajn tree is special in the sense that there is a function f: T — w
such that f(s) # f(t) whenever s is below ¢ in T'. This function f witnesses that T
has no cofinal branch.

These two theorems provide a strong contrast between the combinatorial proper-
ties of w and wy. Konig’s theorem shows that w has a certain compactness property,
while an Aronszajn tree is a canonical example of a noncompact object of size w;.
These properties admit straightforward generalizations to higher cardinals. We
say that a regular cardinal A has the tree property if it satisfies a higher analog of
Konig’s theorem. If A does not have the tree property, then we call a counter exam-
ple a A-Aronszajn tree. The natural question is: Which cardinals carry Aronszajn
trees?

A full answer to this question is connected to the phenomena of independence
in set theory and large cardinals. The first evidence of this comes from a theorem
of Specker [26] which shows that Aronszajn’s construction can be generalized in
the context of an instance of the generalized continuum hypothesis. In particular
if k<% = K, then there is a special k*-Aronszajn tree (for the appropriate general-
ization of the notion of special). On the other hand, the tree property has a strong
connection with the existence of large cardinals. We say that an uncountable cardi-
nal is weakly compact if it satisfies a higher analog of infinite Ramsey’s theorem. By
theorems of Tarski and Erdés [6] and Monk and Scott [15], an uncountable cardinal
A is weakly compact if and only if it is inaccessible and has the tree property.

The invention of forcing provided a method for proving the consistency of the tree
property at accessible cardinals. An early theorem of Mitchell and Silver [14], shows
that the tree property at ws is equiconsistent with the existence of a weakly compact
cardinal. So if the existence of a weakly compact cardinal is consistent, then it is
impossible to construct an ws-Aronszajn tree from the usual axioms of set theory.
Moreover, the assumption that a weakly compact cardinal is consistent is necessary.
This result gives an approach to resolving which cardinals have Aronszajn trees.
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The conjecture is that if the existence of enough large cardinals is consistent, then
we cannot prove the statement that for some A there is \-Aronszajn tree. A weaker
goal which captures many of the difficulties of this conjecture is to show that in
ZFC one cannot prove that there is a cardinal A which carries a special A-Aronszajn
tree.

It is this weaker goal that we address in this paper. We prove

Theorem 1.1. Under suitable large cardinal hypotheses it is consistent that N2 is
strong limit and the approachability property fails for every reqular cardinal in the
interval [Na, R,z 3].

As we will mention below, the failure of the approachability property at a cardinal
A is a strengthening of the nonexistence of special A-Aronszajn trees. So the theorem
represents partial progress towards the construction of a model with no special
Aronszajn trees on any regular cardinal greater than 8y and hence the weaker goal
above.

Our theorem combines two approaches to the problem, which have until now
seemed incompatible. The first is a ground up approach where one constructs
models where longer and longer initial segments of the regular cardinals carry no
special trees (or even have the tree property). The major advances in this approach
are due to Abraham [1], Cummings and Foreman [5], Magidor and Shelah [13],
Sinapova [21], Neeman [17] and the author [29] for the tree property, and Mitchell
[14] and the author [28] for the nonexistence of special trees. This approach cannot
continue through the first strong limit cardinal without some changes suggested by
the second approach.

The second is an approach for dealing with the successors of singular strong
limit cardinals. By Specker’s theorem if v is singular strong limit and there are no
special vTT-Aronszajn trees, then 2¥ > v™. So the singular cardinals hypothesis
fails at v. The singular cardinals hypothesis is an important property in the study
of the continuum function on singular cardinals and obtaining a model where it
fails requires the existence of large cardinals. Any model for the nonexistence of
special trees above Ny must be a model where GCH fails everywhere. Such a model
was first constructed by Foreman and Woodin [7] using a complex Radin forcing
construction.

For some time, a major problem for the second approach was whether it is
consistent to have the failure of SCH at v and the nonexistence of special Aronszajn
trees at vT. This was resolved by Gitik and Sharon [9] and their result was later
improved by Neeman [16] to give the tree property. Note that by our remarks
above such models are required to get the nonexistence of special trees (or the tree
property) at v and v where v is singular strong limit. Further advances in this
area are due to Cummings and Foreman [5], the author [27], Sinapova [21, 20, 22]
and the author and Sinapova [25].

The main forcing in this paper combines the two approaches outlined above.
In particular it combines the ground up approach in [28] with a version of Gitik
and Sharon’s [9] Prikry type forcing. In the jargon, collapses which enforce the
nonexistence of special trees are interleaved with the Prikry points. The main
difficulty of the paper comes from controlling new collapses as Prikry points are
added. This is typically done by leaving some gaps between the Prikry points and
the associated collapses. In the current work, we have no such luxury since we wish
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to control the combinatorics of every regular cardinal below the cardinal which
becomes singular.

The paper is organized as follows. In Section 2, we make some preliminary
definitions most of which are standard in the study of either singular cardinal
combinatorics or compactness properties at double successors. In Section 3, we
describe the preparation forcing and derive the measures that we need for the main
forcing. In Section 4, we describe the main forcing and prove that it gives the desired
cardinal structure. In Section 5, we give a schematic view of an argument for the
failure of approachability at a double successor cardinal. In Section 6, we prove
that the extension by the main forcing gives the desired failure of approachability.
For the double successor cardinals we apply the scheme from the previous section
and for the successor of each singular cardinal we apply arguments from singular
cardinal combinatorics.

2. PRELIMINARIES

In this section we define the combinatorial notions and forcing posets which are
at the heart of the paper. By a theorem of Jensen [10], the existence of a special
ot-Aronszajn tree is equivalent to the existence of a weak square sequence at o.

Definition 2.1. A weak square sequence at o is a sequence (Co | a < o) such
that

(1) Foralla<ot,1<|Cy| <o,
(2) Foralla < ot and all C € Cq, C is a club subset of o of ordertype at most
o and

(3) Forallaw< o™, all C € C, and all B € lim(C), CN B € Cg.

If there is such a sequence, then we say that weak square holds at o.

In this paper we are interested in the weaker approachability property isolated
by Shelah [19, 18]. For a cardinal 7 and a sequence (a,, | @ < 7) of bounded subsets
of 7, we say that an ordinal v < 7 is approachable with respect to a if there is an
unbounded A C v such that otp(A) = cf(v) and for all § < ~ there is @ < 7 such
that AN B = a,. Using this we can define the approachability ideal I[7].

Definition 2.2. S € I[7] if and only if there are a sequence (an | @ < T) and a
club C C 1 such that every v € SN C is approachable with respect to @.

It is easy to see that I[r] contains the nonstationary ideal. We say that the
approachability property holds at 7 if 7 € I[r]. We note that weak square at o
implies the approachability property at ¢ and refer the interested reader to [3] for
a proof.

In the case where o is a singular cardinal, the approachability property at o™ is
connected with the notion of good points in Shelah’s PCF theory. We give a brief
description of this in the case when cf(c) = w, since we will make use of it in the
final argument below.

Suppose that (o, | n < w) is an increasing sequence of regular cardinals cofinal
in 0. A sequence of functions (f, | @ < o) is a scale of length o™ in [], _ oy if
it is increasing and cofinal in [], _,, 0, under the eventual domination ordering. A
remarkable theorem of Shelah is that there are sequences (o, | n < w) for which
scales of length ot exist.
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If fis a scale of length ot in [, on, then we say that  is good for fif there
are an unbounded A C v and an N < w such that for all n > N, (fo(n) | @ € A)
is strictly increasing. A scale f is good if there is a club C C o such that every
v € C with cf(y) > w is good for f. A scale is bad if it is not good. We note that
approachability at o' implies that all scales of length ot are good and refer the
reader to [3] for a proof.

Each of the principles described above can be thought of as an instance of in-
compactness. In this paper we will be interested in the negation of these properties.
We summarize the implications discussed above, but in terms of the negations.

(1) For all cardinals o, the failure of approachability at o implies the failure
of weak square at o.

(2) For all singular cardinals o, there is a bad scale of length ot implies the
failure of approachability at o.

In the arguments below we will either argue for the existence of a bad scale
or directly for the failure of approachability. In particular we will have the fail-
ure of weak square on a long initial segment of the cardinals or equivalently the
nonexistence of special Aronszajn trees on that interval.

We now define some of the forcing posets which will form the collapses between
the Prikry points in our main forcing. The poset is essentially due to Mitchell [14]
from his original argument for nonexistence of special No-Aronszajn trees. We use
a more flexible notation for this poset developed by Neeman [17].

Definition 2.3. Let p < 0 < 7 < n be regular cardinals and let P = Add(p,n).
Let C(P,o,7) be the collection of partial functions f of size less than o whose
domain is a set of successor ordinals contained in the interval (o,T) such that for
all o € dom(f), f(a) is a P [ a-name for an element of Add(c,1)ypa). We order
the poset by f1 < fa if and only if dom(f;) 2D dom(f2) and for all @ € dom(f2),

IFpra fi(a) < fo(a).

Note that such posets are easily ‘enriched’ in the sense of Neeman to give Mitchell
like collapses. The enrichment of C(P, o, 7) by P is the poset defined in the generic
extension by P with the same underlying set as C(IP, o, 7), but with the order f; < fo
if and only if dom(f;) 2 dom(f2) and there is p in the generic for P such that for
all « € dom(f2), p | alF fi(a) < fo(a). If P is P-generic we will write CT7 for the
enrichment of C by P. We will drop the P and just write C* when it is clear from
context which P is required. Note that the poset C(P, o, 7) is o-closed, T-cc if T is
inaccessible and collapses every regular cardinal in the interval (o, 7) to have size
o. Hence it makes 7 into o ™.

For notational convenience we make the following definition.

Definition 2.4. Let p < 0 < 7 be cardinals. If P = Add(p,7) and C = C(P,0,71),
then we write M(p, o, 7) for P+ C™T.

We note that M(p, o, 7) essentially gives the family of Mitchell-like posets defined
by Abraham [1].

We also need two facts about term forcing. For more complete presentation of
term forcing we refer the interested reader to [4]. For completeness we sketch the
relevant definitions. Suppose that P is a poset and Q is a P-name for a poset. Let
A(P, (@) be the set of P-names ¢ which are forced to be elements of Q with the order

¢1 < g2 if IFp “41 < go in Q7.
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We note that P x A(P,Q) induces a generic for P % Q by taking the upwards
closure in the order on P % Q. This means that the extension by any two step
iteration has an outer model which is the extension by a product. The C posets
above can be seen as a kind of term forcing and P * CT can be seen as a kind of
two step iteration. We will use this idea extensively in the proof.

In certain cases, the term poset can be realized as a nice poset in V.

Fact 2.5. If k<" = Kk, A\ > k and P is a k-cc poset, then A(P, Addvp(/ﬁ, A)) is
isomorphic to Add(k, \).

If A is an iteration, then we can define a term ordering on A by a < o’ if the
support of a contains the support of @’ and for every « in the support of a’, it is
forced by A | a that a(a) < a’(«). We call this poset A(A). It is straightforward
to see that A(A) induces a generic for A.

It is straightforward to see that the poset A(A) has many of the same properties
at the iteration. We will need the following fact.

Fact 2.6. Let k be a 2-Mahlo cardinal. Suppose that A is an Faston support
iteration of length x where the set of nontrivial coordinates in the iteration is a
stationary set S. If for every a € S, a is Mahlo and it is forced by A | o that A(a)
is a-closed and a member of V,;, then A(A) is k-cc and preserves the Mahloness of
K.

3. THE PREPARATION FORCING

We work in a model V' and let x be a supercompact cardinal. We assume that
there is an increasing sequence (k; | ¢ < w + 3) such that kg = Kk, Kk, = sup k;,
Kwi1 = k7, and for all i (except w) ki1 is the least Mahlo cardinal above k;. For
simplicity we set 0 = K ,4+3. For inaccessible a, we define (o; | i < w + 3) and
Q13 = 0, as we did for k.

We fix a supercompactness measure U on P.(f) and let j : V. — M be the
ultrapower map. It is straightforward to show that there is a set Z C k such
that k € j(Z) and for every v € Z, «v is 7,+1-supercompact and closed under the
function a — 6,. In particular we have j(a — a;)(k) = &; for all i < w + 3.

We define an iteration with Easton support where we do nontrivial forcing at
each a € Z. Suppose that we have defined A | « for some o € Z. At stage o we
force with (Po(ar) * Cf (@) X (P1() * [Tpei<is C (@) x AddV* oy 05\ 6,)
where

(
(

1) Po(a) = Add(ag, ar2) as computed in V[A | af,
2) Co(a) = (C(]P()(Oé),al, Ckg),
(3) P1(a) = Add(aq,80,) as computed in V]A | ] and
(4) forall i with 0 <i <w+1, (Ci(a) = C(Pl(a)7ai+1,ai+2).

We take the product [ ;<. C; («) with full support.

For ease of notation we let A = A | k, P = Py(k) x P1(k) and in the extension
by P we let C* = [,y C; (k). We will now lift j preserving its large cardinal
properties precisely with one further addition. Let G be A-generic and let H =
(Ho *x Hy) X Hy be (P+C*) x Add(x1,07 \ 0)-generic over V[G].

Lemma 3.1. In V|G x H], there is a generic G* x H* for j(A x (P x CT) x
AddV (k1,01 \ 0)) such that j extends to j : V|G x H] — M[G* » H*| witnessing
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that k is 0-supercompact and for all v < j(k1), there is a function [ : k1 — K1 such
that j(f)(supj“k1) = .

Proof. Much of the proof is standard, so we sketch some parts and give details
where important. To construct G* we note

(1) 5(A k) Tk+1=A]kx*((P*xCt) x Add(ky,0" \ 0)) and
(2) the poset j(A)/G = H is 0T -closed in V|G x H] and has just #7 antichains
in M[G * H].

Standard arguments allow us to build a generic for the tail forcing and thus form
G* which is generic for j(A) over M and such that j lifts to j : V[G] — M[G*].

By closure properties of M, j“(Hp * Hy) € M[G*] and is a directed set there of
cardinality 6. Moreover, j(P x CT) is j(r)-directed closed and hence we can find a
master condition for j“Hy* H;. Another routine counting of antichains allows us to
build a generic Hj x Hy for j(P*C™) over M[G*| containing our master condition.
At this point we can lift j to j: V[G * (Ho * H1)] — M[G* =« (H§ = H7)].

The final difficulty is to lift to the extension by Add(rky,0" \ 6). It is here that
we will control the values of j(f)(supj“k1) for generic functions f from k1 to k.
In preparation for this step we let (n, | v € 7 \ 6) be an enumeration of j(kx1).

By the usual argument counting antichains we can construct a generic I for
j(Add(ky1,0%\ 0)) over M[G* x Hi * Hy]. For each -, let I7 be the restriction of T
to coordinates below j(7). Let H" be the natural modification of 17 which contains
the condition py = U,c;em, P [ 7(7) U{((H(B),supj“k1),ms) | B < v}. Since we
have only changed a small number of coordinates, H” remains generic.

Note that j is continuous at 6%, so that j(Add(k1,07\0)) = U, .o+ Add(k1,5(7)\
j(0)). Moreover the sequence of H” is increasing and hence | , H™ is generic for
Jj(Add(k1,07 \ 0)) over M[G* x H} * Hf] and compatible with j. This is enough to
finish the proof. O

For each n < w we can derive a supercompactness measure U,, on Py (k) from
j in V|G * H]. We let j, : V|G x Hl — M, be the ultrapower map and let
kpn : M, — M[G* x H*] be the factor map. By the way that we lifted j, for n > 1
we have j(k1) + 1 C ran(k,) and hence crit(k,) > j(x1). This property is essential
in the arguments below.

We end the section with a proposition which will help us prove that the relevant
cardinals are preserved by the final forcing.

Proposition 3.2. For every a € ZU{k} and every n < w+ 3 where n is not w or
w + 1, there are an outer model W of V|G * H| and posets Y and Y such that

(1) W is an extension of V by Y x Y,
(2) Y is a,-Knaster,

(3) Y is an-closed and

(4) there is a generic for Y in V|G * H].

Proof. Let a and n be as in the proposition. We work through a few cases. First
suppose that n = 0. It is straightforward to see that the iteration can be broken
up as A | a which is a-cc followed by the rest of the iteration which is forced to be
a-closed. So we can set Y to be A | a and Y to be the poset of A | a-names for
elements of the rest of the iteration.
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Suppose that n = 1. Then there is an outer model of V[G x H] where we have a
generic for A(A [ o, P1(a) x[[;,41 Ci) X A(A | a+1,A | [a+1,k+1)). Note that
this poset is a;-closed in V. So we take it to be Y and set ¥ to be A | « * Po(a).

Suppose that n > 2. Then there is an outer model of V[G x H| where we have
a generic for A(A | o, [],_1<icpq1 Ci) X A(A | a+ LA | [a+1,5+1)). Note
that this poset is a,-closed in V. So we can take it to be Y and set Y to be
AT axPo(a)*Cya) x Pr(a) * [Ti<icp 1 C- O

It is immediate that each such a, is preserved and for all n > 1, a1 = a;f in
V|G x H]. Further standard arguments using the above proposition show that «,
and 41 are preserved for all o« € Z U {k}.

4. THE MAIN FORCING

In order to define a diagonal Prikry forcing we define a collection of Mitchell-like
collapses which will go between the Prikry points. Let Q(«, ) = Q%(c, 8) xQ* (e, B)
where

Q°(e, B) = Add(aw+2, 8) ¥ CT (Add(aw 42, B), a3, B)
Ql(aa B) :Add(aw+3a 61) * (C+(Add(aw+3a ﬁ1)7 ﬁ7 51)

Extremely important to the construction is that we take all these posets as defined
in V. The intention is to force 8 to become a;“+3 and /31 to be 7. We will be
sloppy and write Q(z,y) for Q(k,, ky).

We are now ready to define the diagonal Prikry poset. Let Z,, be the set of x in
P (k) such that k, = Nk € Z and otp(z) is a,, where o = k. Clearly Z,, € U,.
Forn <m, x € Z, and y € Z,,, we write z < y for  C y and |z| < Ky.

Definition 4.1. Let R be a poset where conditions are of the form

<QO7 ZL05,41,T1y---qn—1,Tn—1, fnv Fn+17 Fn+27 cee >
such that
(1) n # 0 implies qo € Coll(w, o) where o = kg, .
(2) foralli<n, x; € Z; and T is <-increasing,
(3) forallie€[1,n), ¢; € Qa;—1,x;),
(4) There is a sequence of measure one sets (A; | i > n) such that dom(f,) =
A, and for alli > n+1, dom(F;) = A;—1 X Ay,
(5) n = 0 implies for all x € A,, fo(z) € Coll(w, o) where a = Ky and
otherwise for all x € Ay, fn(x) € Q(zp—1,2)
(6) foralli>n+1 and (z,y) € dom(F;), Fi(z,y) € Q(z,y).
For a condition p € P we adorn each part of p with a superscript to indicate its
connection with p. For example ¢f), xf, etc. We also let {(p) = n denote the length
of the condition p. For p,r € P we say that p <* r if {(p) = 4(r) =n and

(1
(
(
(
(

) #P ="
) @ <

) f 0rallz>n AP C A,
) [P is below fI on AP,
) [

2
3
4
5 rallz>n+1 Fp<F”0nA _1 X Al



8 SPENCER UNGER

In this case we say that p is a direct extension of r.
For x € A;(T), we define the one point extension of r by x, r —~ x, to be the
condition p of length £(r) + 1 given by
(1) 2 =2" ~x,
(2) =q ~ f[(r)(x);
(3) for alli > L(p), AY = AT,
(4) for alli > U(p) +1, F¥ = F! and
(5) ff(p) = FZQT)+1($, _)'
We let p < 7 if p is obtained from r by a sequence of one point extensions and direct
extensions.

It is straightforward to see that every extension p < r can be written as a single
direct extension of finitely many one point extensions of r. We fix some terminology:

(1) We call the lower part or stem of a condition any sequence of the form
(g0, 0, q1, - - - gn—1, Tn—1) which is an intial segment of some condition. Note
that we have not included f,,.

2) If r is a condition, then we write stem(r) to denote the stem of r.

3) If s ={q0,%0,q1s---Gn-1,Tn—1) is a stem, then we let top(s) = a,_1.

4) We call the one variable functions f? the f-part of p.

) We call the sequence of two variable functions FP the upper part or con-

straint of p.

Remark 4.2. For all n < w, there are k,—1 stems of length n. There are at most
K1 equivalence classes of functions f, which are the f-part of some condition.

For each ¢ > 1, the class of a function F; as above modulo U;_; x U; is a member
of Q; = Q(k, ji—1(k)) as computed in the (external) ultrapower of V by U;_1 x Us.
This forcing is a product of Mitchell-like collapses below j;_1(x1) which is the least
(formerly) Mahlo cardinal above j;_1(k).

We fix some notation. For i > 1, M} ; = UW(V[G * H],U;_1 x U;)) and
Jic1t(M[G* « H*)) = Ult(M;_1,7i-1(U)). By standard arguments there are ele-
mentary embeddings, k : M} | — ji_1(M[G* « H*]) and k : j;_1(M[G* * H*]) —
Ult(V[G x H|,U x U).

Claim 4.3. crit(k o k) > j(k1)

Proof. Note that k can be defined in M;_; as the factor embedding between the ul-
trapower by j;_1(U;) and the ultrapower by j;—1(U), ji;—1(k;). By the elementarity
of j;_1, k has critical point above j;_1(j(k1)) > j(k1) by the way that we extended
the embedding j.

Note that k;_; maps M,;_1 to M[G* x H*] with critical point above j;_1(r1).
Inside M;_1, ji—1(M[G* x H*]) is the ultrapower by j;_1(U). Let m be the ul-
trapower map as defined in M;_;. Tt follows that in M[G* x H*], k;_1(m) is the
definable ultrapower map in to Ult(M[G* « H*], j(U)) ~ U(V[G = H],U x U).
Moreover if a is the generator of j;_1(U) in M;_; then the map k is given by
w(f)(a) = ki—1(m)(ki—1(f))(ki—1(a)). We note that this map is exactly k;—1 ap-
plied on j;_1(M[G* x H*]) and hence the critical point of k is at least the critical
point of k;_; which is at least j(k1) by the way that we lifted the embedding. Tt
follows that the composition k o k has critical point above j(k1). ([
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Corollary 4.4. Fori>1, Q; is Q(k,j(k)) as computed in M.

Proof. Recall that Q; is Q(k,ji—1(k)) as computed in the external ultrapower of
V by U;—1 x U;. Of course using the high critical point of k;_1, ji—1(x) = j(K).
Moreover, by the previous lemma, (ko k)(Q;) = (ko k)“Q; and (ko k) | Q; is
the identity map. Here we use that j;—1(k1) = j(k1) is inaccessible in the inner
model where we compute Q; and hence k o k fixes a bijection between j(k1) and
Vi(x,) as computed in this model. It follows that Q; is Q(k, j(x)) as computed in
Ult(V,U x U). However this ultrapower is highly closed inside M = Ult(V,U) and

the conclusion follows. O

So we have shown that each Q; for ¢ > 1 is in fact the same forcing and we drop
the dependence on ¢ and just write Q. In the course of the proof of the Prikry lemma
below the forcing @ will be represented in different ways in different ultrapowers.
For clarity we record the following remark.

Remark 4.5. For each i > 1, Q is isomorphic to the set {f € M;_1 | dom(f) €
Ji—1(U;) and for all x € dom(f), f(x) € Q(k,Ky) as computed the external ultra-
power of V by U;_1} with the natural ordering. These functions f are the ones
that represent elements of Q; in the ultrapower by j;—1(U;). We note that they
can also be represented as elements of M;_1 using functions from V|G x H| as
Ji—1(F)(Ji—1“ri—1) where F = EF for some condition p.

Next we work towards showing that forcings Q and Q(«, 3) are well-behaved.
Claim 4.6. The full support power Q¥ is < Ky yo-distributive in V|G x H].

Proof. Q is defined in M (hence V') and is xy+2-closed in V' by the closure of M.
Hence Q¥ is k4o closed in V. Let W, Y and Y be the outer model and posets
from Proposition 3.2 applied to s,42. By Easton’s lemma, every < k,,12-sequence
from W@ is in VY, but V[G % H] contains a generic for Y. So we are done. [

A similar argument establishes the following claim.
Claim 4.7. For all a < 8 < K, Q(a, B) is < au,yo-distributive in V[G x H)Q".

Remark 4.8. It is clear from the proof above that the conclusion of the previous
claim holds in any forcing extension by a poset from V' of size less than a,41. The
small poset can be included in Y.

We pause here to prove that the posets Q(«, 8) have the desired effect on the
cardinals between « and (.

Proposition 4.9. In any extension of V|G x H| by a poset of size less than o, 41
from'V, Q(«, B) is B1-cc, preserves the cardinals ay,13 and [ and forces f = aj+3
and B = B+.

Proof. Let Y be a poset of size less than ay,+1 in V. First we consider the outer
model W and posets Y and Y from Proposition 3.2 applied to 8;. In V', the product
Y x Y x Q(a, B) is B1-Knaster. By Easton’s lemma, it follows that Q(a, () is B;-cc
in WY and hence in V[G * H]|¥.

Second we consider the outer model W and posets Y and Y from Proposition
3.2 applied to . Using the definition of the C posets, there is an outer model
of V@A) which is an extension by the partial order Q°(c, 8) x Add(a,43,51) X
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C(Add (a3, 81), 8, B1). Hence WA) is contained in a generic extension of V by
the product of Y x Y x Q%(a, ) x Add(a,3, 1) and Y x C(Add(ay+3,81), 8, 61)-
The first piece is S-cc and the second is S-closed. Hence § is preserved in V[G *
H]YXQ(%B).

The argument that a3 is preserved is similar to the argument that ( is pre-
served, but we split up Q°(c, 3) instead of Q!(a, ) and incorporate Q! (a, 3) into
the closed part.

The argument that cardinals in the intervals (43, 5) and (5, 51) are collapsed
is standard for Mitchell type posets. ([l

Claim 4.10. Forcing with Q¥ over V|G x H| preserves cardinals up to Ky43.

Proof. By Claim 4.6, it is enough to show that k3 is preserved. Recall that Q
is computed in an ultrapower of V' which is closed under 6 = k1 3-sequences. In
particular, it can be written as the projection of a product Add(kt2, (%)) which is
Kwrs-ccin V and C(Add(ky12,7(K)), kw3, j(k)) x QL (k, j(k)) which is k.4 3-closed
in V. Since the iteration to add G * H is k,.3-cc, we have that k3 is preserved
when we force with Q“. [l

We are now ready to prove the Prikry lemma. The main elements come from a
combination of [2] and [23]. Suppose that we force with Q¥ to obtain K = (K, |
n > 1). We let R be the set of conditions r such that ([F"] | n > max(¢(p),2)) €
anmax(e(p),z) K, ordered as a suborder of R. The following claims are straight-
forward.

Claim 4.11. In V[G*H]Qw, R is ky,-centered below any condition of length at least
one.

Note that in R, conditions of length at least one with the same stem and (equiv-
alence class of) f-part are compatible and there are at most k,, such pairs.

Claim 4.12. Q“ * R projects to R.

The definition of the map is clear and the fact that the map preserves the length
of the condition in R allows us to prove the Prikry lemma for R in place of R.

Lemma 4.13. Work in V[G  H|[K]. Letr € R be a condition of length at least
1 and ¢ be a statement in the forcing language for R. There is an r* <* r which
decides .

It is immediate from the lemma that R satisfies the Prikry property. The fol-
lowing claims all take place in V[G * H][K]. We note that the distributivity of K
implies that the measures U,, remain measures and hence their ultrapower maps
lift trivially to this extension. For ease of notation, we denote this slightly larger
ultrapower by M,, and note that j,(R) can be defined there.

In the following claims, we work with conditions in R and its images in various

ultrapowers.

Claim 4.14. There is an ro <* r such that for all p < ro if p is at least a one
point extension of ro and it decides p, then there is an upper part F' such that
stem(p) —~ FZ&) (:cﬁ(p)_l) ~ F decides .
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Proof. We go by induction on the length of extensions of r. Let (") = r. Assume
that we have constructed r” for some n < w. Work in the ultrapower M,, and
consider conditions of length n + 1 of the form

s~ (¢ “kn) ~ (f+,FF)
which are below j,(r").

Note that the collection of possible stems s here is exactly the collection of j,
pointwise images of stems of length n from R, since top(s) < jn “k, implies that
top(s) = jn “x for some z in Py (kn—1). Further, ¢ € Q(x4, k) where z is as above,
which has size 1. It follows that there are at most k,_1 many such pairs s, q.

Note that for f* < j, (2} )(jn“ks) in M, there is a function F* such that
I = Gn(F*) (Gn “hin)-

For each s and g, the set D, , defined as

{ft [if IFT,3fH < f1 such that s ~ (¢, jn “kn) —~ (fTT, FF) decides j, ()

then 3F s ~ (@, Jn “Kn) — (f+7ﬁ++) decides jn ()}

is dense open in Q,41, which is just Q. Here we use Remark 4.5 to see that the
natural forcing defined from functions fT as above is isomorphic to Q,+1 = Q.
In the definition of Ds g4, since we only consider extension of conditions of length
n+ 1 in j,(R), we only need a tail of K to define this restricted poset. Hence
D, can be defined in the model V|G * H][(K; | ¢ > n + 1)] where Q is < Ky 4o-
distributive. So the set D =1, D 4 is dense open in Q. Since D can be defined
in VIG x« H][(K; | ¢ > n+1)] and by the product lemma K11 is generic for Q over
this model, we can take a function F, 11 so that j,(Fpn+1)(jn “kn) € Knt1 ND. We
can assume that Fj, 1 < ngl on a U, x Up41 large set.
By Los’ theorem the set A,, given by

{z | Vs if top(s) = &, IFtIfTH < Foy1(x), s ~ (fT, F) decides ¢
then IF T+, s ~ (F,(z), Ft) decides ¢}

is U,, measure one. We define r"*! by refining ngl to Fr+1 | A and leaving the
rest of ™ unchanged.

We let rg be a lower bound for (r™ | n > £(r)). It is straightforward to check
that ro satisfies the conditions of the claim. O

Claim 4.15. There is an r1 <* ro such that if p < r1 is at least a one point
extension and it decides p, then stem(p) —~ Fg'(lp) (xf(p)il) ~ F™ decides ¢.

Proof. We collect witnesses to the previous claim. Let s be a stem of a condition
which is at least a one point extension of rg. If possible we select an upper part
G* witnessing that the condition with stem s from the previous claim decides .
Using the distributivity of Q¥ (in particular that the sequence of generics K is
closed) and the fact that for each n there are just k, many stems of length n, for
each n > £(rg) + 1 we can find G™ such that for all k > n and all s of length n,
[G}] < [G}]. Tt is straight forward to find a sequence (G}, | k > (1) + 1) such that
for all n > £(ro) + 1, [Gi] < [G}].

For each stem s there is a sequence of measure one sets A® on which G | [0(s),w)
is below G*. We can assume that the sequence A® is contained (pointwise) in the
sets which form the domains of G*. By a standard diagonal intersection argument
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there is a sequence of measure one sets (A,, | n > £(rg) + 1) such that for all z € A,
if s is a stem with s < x, then x € AJ.

We obtain r1 by for all n > £(rq) + 1 restricting F'° to G, | A,. It is straight-
forward to check that this condition satisfies the claim. O

Claim 4.16. There is a condition ro <* r1 such that if p < ro is at least a two
point extension and it decides ¢, then

stem(p) [ £(p) —1 ~ (Fgr(zp)_l(l"g(p)_ga 17?(p)_1)a$é(p)—1) — (Fgr(zp))(xg(p)_l)a F_:Tz)
decides .

Proof. We work by induction on the lengths of possible extensions of r; of at least
two points. Let 71 = (") and assume that we have constructed ™ for some n. We
work in M *! and consider conditions of length n + 2 of the form:

s~ (@, q.y) ~ Gt (Ere) (), an  (E 1 int3,00))

where z* = j7 %, 4% = 5, (Gne1) “In(kns1), ¢ € Q and s is a stem of length n

from R adjoined with an element of Q(kop(s),#). Recall that there are just s, 1
stems of length n in R and there are just k1 possible top collapsing conditions. We
denote this condition above 7y ,.

For each such s, the set Dy

{q | 7s,4 decides j () or for no extension ¢’ of ¢ does 5, decide ™! (p)}

is dense in Q and defined in V[G * H][(K,, | m > n + 1)]. Using the distributivity
of Q in this model, the set D = ﬂz(s):n Dy is dense in Q. So we can find a function

Fn+1 such that [Fn+1] eDnN Kn+1 with Fn+1 S F;,jll»l

Reflecting the configuration from M"! we let r; , ., be the natural condition
with stem given by s ~ (z,¢,y) and constraints given by those from r™.

By Los’ theorem the set

{(,9) | 75,2, 741 (0,y),y decides @
or there is no ¢ < Fy,41(x,y) for which 7, 4, decides ¢}

S

is measure one for U, x U,y;. We fix measure one sets A, Ay | so that every
(x,y) € A5, x A; | with & < y is in the above set. We let A,,, A, 11 be appropriate

n
diagonal intersections and refine ™ to r"*! by replacing F,ﬂ_l with F41 [ A X

Apta.
At the end of the construction we let ro be a lower bound for ™ for n > ¢(rq).
It is straightforward to check that ro has the desired property. O

For a stem s of length n > £(r9) 4+ 1, we partition A’ in to three sets
AL = x| s ~ (F(top(s), @), ) ~ (Fy3,(2), ) I o}
AL = {a |5 ~ (F72(s0p(s), 2),2) ~ (FI, (), F™) I~}
A% ={x| s~ (F2(top(s),z),z) ~ (Frfﬁrl(x),ﬁ”) does not decide ¢}

Let Ag be the unique set above which is U,,-measure one. Let r3 be obtained by
restricting the measure one sets of ro to the diagonal intersections of the A.
Let p* < r3 be an extension of minimal length deciding .

Claim 4.17. £(p*) < {(r3) +1
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Proof. Suppose not. Then p* is at least a two point extension of r3. Let n = £(p*)—1
and s be stem(p*) [ n and let x = :cf:. From our previous claims, the condition

s ~ (Fp(top(s), z),x) ~ (Fy3,(x), F"?)

decides . Without loss of generality we assume that it forces . It follows that
Ay = AY and hence s ~ (F'*(top(s)), F"?) forces ¢, a contradiction to the mini-
mality of the length of p*. ]

Claim 4.18. There is a direct extension of rs which decides .

Proof. For each = € Azfrs), we use the distributivity of Q(:cz(r)_l,x) to record a
condition g < fg(:’rg)(x) such that for all relevant stems s the condition

T(S7Z) =8 (Qwvx) — (F&?;«S)(x)’ﬁrs)
either decides ¢ or no extension of g, in the above condition decides ¢.

For each stem s, there is a measure one set A; of x which all give the same
decision above relative to s. Let A be the diagonal intersection of the As. Let ry
be obtained from r3 by restricting feT(3r3) to the function z — ¢, on A. Now by the
previous lemma there is a one point extension p of r4 which decides ¢. Without
loss of generality we assume it forces p. Let s be stem(p) | ¢(p) — 1. By the
above construction, r(s,z) forces ¢ for all x € A,. It follows that the condition
s~ (fer(;‘l), F"3) is a direct extension of 3 forcing . O

This finishes the proof of the Prikry lemma.

Corollary 4.19. In the extension by R, k = N 2 and if A, =z, Nk and A, ; =
(o = a;)(Ap), then X, ; is preserved for alln < w and i < w + 3.

Proof. By Remark 4.8 and Proposition 4.9, it is enough to show that if X is an R-
name for a subset of some p < & and r is a condition with 1 < A = kNtop(stem(r)),
then 7 forces X is in the extension by [Licoe Qai_y, 27).

By the Prikry Lemma, X can be interpreted by an (R, <*)-generic below the
condition r. By an argument similar to Claim 4.7, the forcing (R, <*) below r
decomposes in to the product of HK@(T) Q(zf_1,27) and a poset Y where Y is
< Ay4o-distributive in the extension by [, ) Q(z]_y, 2}).

So we take a direct extension 7* of r which forces (in the sense of (R, <*)) that
the interpretation of X is in the extension by [], <oy Q(zi_y,27). Hence r* forces
the same as a condition in R. g

Recall that Q“ is the full support product. Clearly both R and Q“ project to
Q¥/fin. Let I be the Q“/ fin-generic induced by K.

Claim 4.20. R/I has the k,11-Knaster property.

Proof. Work in V|G * H|[I] and let (ro | @ < Ky,4+1) be a sequence of elements of
R/I. We can assume that each r, has some fixed length [.

Let ([F;] | i < w)/fin be a condition in I forcing this. By the distributivity of
Q*“/fin we can assume that the F; have the property that for each « there is an
ne such that for all ¢ > n,, [F;] < [F]*]. By passing to an unbounded subset of
the r,, we can assume there is n* such that n* = n, for all a < k,41. Further,
extending each r, if necessary we can assume that [ = ¢(r,) > n*. By passing to



14 SPENCER UNGER

a further unbounded subset, we can assume that for all i < I, [~ = z.” for all a
and f.

Now for each a, ro [ 14 1 essentially comes from the poset [], , Q(z}_;,z}) x
Q(x1—1, j1 “K1) where the latter forcing is computed in (an inner model of) M. This
forcing has cardinality less than x, and hence we can find an unbounded set of «
on which any r, and rg are compatible. (|

Corollary 4.21. R preserves the cardinals Ky41, Kwt2 aNd Kyt3.

By Claim 4.10 all three cardinals are preserved in V'[I] which is an inner model
of an extension by Q“ and by the previous claim they are preserved in the extension
by R.

5. A SCHEMATIC VIEW OF ARGUMENTS FOR THE FAILURE OF APPROACHABILITY
AT DOUBLE SUCCESSORS

In this section we give an abstract overview of arguments for the failure the
approachability property at double successor cardinals. Before we begin, note that
none of the cardinals and posets in this section bear any relation to those defined
elsewhere in the paper.

We begin remarking that the approachability property is upwards absolute to
models with the same cardinals. So to prove that it fails in some model, it is enough
to show that it fails in an outer model with the same cardinals. We formalize this
in the following remark.

Remark 5.1. Suppose that W C W' are models of set theory and X\ is a reqular
cardinal in W'. If X @ I[A] in W', then X\ ¢ I[A\] in W.

We will also use a theorem of Gitik and Krueger [8] which allows us to preserve
the failure of approachability in some outer models.

Theorem 5.2. Suppose that A\ = p* and P is p-centered. If X\ ¢ I[\] in V, then
it is forced by P that X ¢ I[)].

The bulk of this section is devoted to giving an abstract view of the failure of
approachability in the extension by the Mitchell posets as described in Section 2.
In particular we need to show that these posets have approximation properties.

Definition 5.3 (Hamkins). Let P be a poset and k be a cardinal. We say that P
has the k-approximation property if for every ordinal u and every mame & for a
subset of u, if for all z € Pe(u) FpzNz eV, thenltp & € V.

We consider the following general situation. Let p < ¢ < 7 be regular cardinals
with 7 Mahlo and let M = M(p, o, 7) as defined in Section 2. Let X be a poset
such that for all « < 7, X is a-cc in the extension by M [ o. (Here M | 7 = M.)
Suppose that (@, | v < 7) and C are Ml x X-names for witnesses that 7 € I[r].

We assume that there are a club D and subforcings X [ o of X for « € DU {7}
such that for all « € DU {7}, (4, | ¥ < «) is in the extension by M [ a x X | a.
By the 7-cc of M x X we can assume that C is in V, so we rename it C. Since 7 is
Mahlo, there is an inaccessible o in D N C.

It follows that & = o7 in the extension by M | a x X | a and a € I[a] as
witnessed by (ay | ¥ < a) and C' N . Since « is approachable in the extension by
M x X, there is an M/M | o x X/X | a-name A for a subset of a of ordertype o

such that for all 6 < a, AN = a~ for some v < a.
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Since forcing with X over the extension by M | « preserves «, for the failure of
approachability at 7 it is enough to show that M/M | « has the A-approximation
property in the extension by X x M | « for some A < o.

In the arguments for the failure of approachability below the choice of X will
vary, but we can prove a single lemma which captures all of the different choices.
We say that a poset X preserves the A-cc of a poset P if P is A-cc in the extension
by X.

Lemma 5.4. Let p < 0 < 7 be cardinals and let Ml = M(p,0,7). Let A < o be a
cardinal and let X be a poset such that
(1) for all « <7, X is a-cc in the extension by M [ « and
(2) X ~ X x X where X is A\-cc and X is < \-distributive and preserves the A-cc
of Add(p, 1) x X.
Then in the extension by M | a x X, M/M | « has the A-approximation property.

The lemma is immediate from the proof of Lemma 4.1 of [25]. Unfortunately
the proof in [25] has a number of mistakes which are correctable but require ad-
ditional work. We produce a direct proof of the lemma above, which avoids the
complications in [25] with quotients of Prikry type forcing.

Proof. By standard facts about the Mitchell forcing (see [1]), in V[M | a, M/M | «
can be written as the projection of a product P x Q where P is isomorphic to
AddY (p,7) and Q is o-closed. Moreover, the identity map on P x Q is a projection
to M/M | . We note that by the assumptions of the lemma, these properties are
preserved in V[M | a x X].

For ease of notation, we let W be VM | a x X] and work over this model. Let A
be an X x M/M | a-name for a set of ordinals all of whose intersections with sets
of size less than A from W[X] are elements of W [X].

Claim 5.5. In W[X], there is a condition (p, f) € M/M | a such that for any
(po, fo) < (p, f) if (po, fo) decides ANz for some z, then (p, fo) decides AN z.

Proof. Suppose otherwise. Then for any (p, f) there are (po, fo) < (p, f) and z such
that (po, fo) decides A N z, but (p, fo) does not. We can extend (p, fo) to (p1, f1)
which decides A N z to be a different value from the one given by (po, fo). By a
standard construction on names we can find f* such that for ¢ € 2, p; forces that
f* is below f; and f* < f in Q.

We fall back to W and construct antichains A, in X, conditions f, € Q, functions
H, : A, — P? and sets z, as follows. Suppose that we have constructed each of the
above for all « < 5. Let f* be a lowerbound for (f, | @ < ) in Q. This is possible
by the closure of Q in W. Let z* = Ua<5 Zo- Using the closure of Q and the chain
condition of X, construct a condition f** < f* and a maximal antichain B, such
that for all z € B, there is p, € P such that x forces that (p,, f**) decides the
value of AN z*.

Again using the closure of Q and the chain condition of X, we find f*** < f**
and a refinement of B, as follows. For each y € B,, we find a maximal antichain
A, below y such that for any = € A, there are (p§, p7) each below p, and z, such
that « forces that (pZ, f***) and (p?, f***) decide different values for AN z,. This is
possible by our assumption for a contradiction. We let fg = f***, Ag = Uye B. Ay,
26 =Uyea, %o and Hg be the map x — (pf, pf)-
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The closure of Q means that we can continue the construction for A < ¢ many
steps. Note that there may not be a lower bound for the sequence (f, | a < ).

Now we force with X. We consider the set B of all Hz(x) where x is the unique
element Ag in the generic. We claim that B is an antichain in P? of size A in
WIX], a contradiction. For definiteness, let a« < o/ < A\, Hy(z) = (po,p1) and
H,(z') = (p}, p}) be two elements of B and f* = f,.

By construction (pf, f*) and (p}, f*) decide the same value for ANz, but (po, *)
and (p1, f*) decide different values. Hence we cannot have that pg is compatible
with p{, and p; is compatible with p}. O

Let (p*, f*) witness the previous claim.

We assume that over W[X], it is forced that A is not in W[X]. Working below
(p*, f*), we have that for any fo, fi there are extensions f{, f1 (respectively) and z
such that (p*, ) and (p*, f]) force different values for AN z.

Working for the moment in W, we can use the closure of Q to find for every
f a maximal antichain Ay in X, a set z and conditions fy and f; such that for
all z € Ay, x forces that (p*, fo) and (p*, f1) force different values for A N 2. The
antichain Ay is constructed inductively together with a decreasing sequence of pairs
(&, f1). We initialize the construction by setting f = f = f2. Suppose that we
completed the construction for all & < §. If the antichain that we have constructed
so far is maximal, then we stop the construction and for ¢ € 2 let f; be a lower bound
for (f® | a < B). Otherwise we let = be an element of X which is incompatible with
all elements of Ay constructed so far and f; be a lowerbound for (f* | o < ). By
density we can find 2’ < x and for i € 2, fzﬁ < f7 such that 2’ forces that (p*, foﬁ)
and (p*, flﬁ ) force different values for ANz for some set z. By the chain condition of
X, the construction must terminate after fewer than X steps with the construction
of a maximal antichain.

Working in W, we construct a binary tree of conditions (fs | s € 2<°) as follows.
To construct fs—g and fs—~1 from f; we apply the claim from the previous paragraph
and if s has limit length 7, then we let f,; be a lower bound in Q for (fso | @ < 7).

Letting b be the characteristic function of the first subset of p added by P, we
have that (fi)m | n < p) is forced to be a decreasing sequence of elements of Q. A
standard argument shows that it has a lower bound f**. We pass to the generic
extension by X. Let z* be the union of sets Zs,¢ associated to the unique elements
of Ay, in the generic and let a;~; , be the value decided by (p*, fs—~;) for z, » NA as
forced by x. Note that 2<f = p implies that z* has size less than A. Let f*** < f**
be such that (p*, f***) decides the value of AN z* to be a.

We claim that b In+1 =5 ~4if and only if a N 25, = as~;, Where z
is the unique element of Ay, in the generic. This is a straightforward proof by
induction on 1 < p using the fact that the intersection of a with z;, must agree
with exactly one of as—¢, and as—~1 ., where x is the unique element of Ay, in the
X generic object and s is the unique initial segment of b given by induction. This
is a contradiction, since (p*, f***) completely determines b. O

6. THE FAILURE OF APPROACHABILITY IN THE FINAL MODEL

Let R be R-generic. We give notation for the generic objects added by R. Let
(xn | n < w) be the Prikry generic sequence. For all n < w we let A\, =z, Nk and
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for all i <w+3, A\p; = (@ — o;)(\,) where a — «; is the function defined at the
beginning of Section 3.
For n > 1 we have the following generic objects induced by R:

(1) Q, = Q% x QL which is generic for Q°(z,,_1,7,) x QY (x_1, 7).

(2) QY can be written as PO * SO where P? is generic for Add” (An_1.w12, An)
and SY is generic for (C*(Addv()\n,l,wg,)\n),)\n,l,wg,)\n) over the ex-
tension by PY.

(3) QL can be written as P} xS} where P! is generic for Add" (Ay_1.13, An.1)
and S} is generic for Ct(AddY (An_1.043, An1)s Any An.1)-

(4) In a cardinal preserving extension, there are generics C9,C! which are
generic for C(Add" (An_1.042, M)y An—1.w013, An) and C(AddY (An 1,013, An
respectively.

Finally, we let Q9 be the induced generic for Coll(w, Ao ).
Lemma 6.1. In V|G * H|[R], N2y & I[N, 241].

In joint work with Sinapova [24], we provided a sufficient condition for the failure
of weak square in diagonal Prikry extensions. It is straightforward to check that
R is a diagonal Prikry forcing as in Definition 19 and also satisfies the hypotheses
of Theorem 26 from that paper. Hence we have the failure of weak square in the
extension. To prove the lemma above, we give a direct argument for the failure of
approachability and note that the technique generalizes to give a metatheorem for
the failure approachability in extensions by diagonal Prikry type forcing.

Proof. Recall that K is Q“-generic over V[G % H]. Note that in V|G x H][K], & is
Kw+1-supercompact as witnessed by U* the measure on Py (k,41) derived from j
and R is ,41-cc. By Remark 5.1, it is enough to show that approachability fails
when we force with R over V[G* H]|[K]. Assume for a contradiction some condition
1* forces that (G, | @ < Kq1) Witnesses approachability. Let k : V]G * H][K] — M
be the ultrapower by U*. By the construction of R, we can choose a condition
r € k(R) below k(r*) by selecting a point y with k(x) Ny = x. It follows that r
forces that k1 is preserved. We let v = sup k“ky41.

It follows that r forces that  is approachable with respect to k({dq, | @ < Kw41)).
So there is a k(R)-name A for a subset of v all of whose initial segments are
enumerated on the sequence k({(an | @ < ky11)) before stage v. By standard
arguments we can assume that A is forced to be closed. Since cf(y) = Ky41 and
it is forced by r that every club subset of k.1 contains a club from the ground
model, there is a club subset B of v which is forced to be a subset of A. We let
C ={a| k(a) € B}. Tt is straightforward to see that C' is < k-club in k1. Let
be the k,-th element in an increasing enumeration of C.

We can assume that there is an index 7 < k4 such that r forces A N k(n) is
enumerated before stage k(¥) in k((dq | @ < Kwt1)). Now for every x C C N7 of
ordertype w, there is a condition r, € R which forces that = C a, for some o < 7.
Note that for a given x, r witnesses k applied to this statement.

By the chain condition of R, we can find a condition which forces that for
many x, r, is in the generic. This is impossible, since we can assume that each a,

is forced to have ordertype less than £ and hence |, P(@a)| < . O

,1)7 )\n7 )\n,l)
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Remark 6.2. Note that none of the specific properties of R are used in the proof
above and hence the assumptions of Theorem 26 of [24] are enough to show the
failure of approachability.

Next we take care of the successors of singulars below V2.

Lemma 6.3. There is a condition of length 0 in R which forces that for alln > 1,
there is a bad scale of length X,,.,+1 in some product of reqular cardinals.

It follows that for all n < w, Nypi1 & I[Rent1]-

Proof. Working in V[G* H], fix a scale § of length xT<*! in some product of regular
cardinals. By standard arguments there is a Up-measure one set A such that for
all 4 € A, there are stationarily many bad points for ¢ of cofinality é,.1. This is
absolute to M[G*x H*]. Tt follows that & is in the set given by j applied to B = {v |
there is a scale of length 7,41 such that for all 6 € AN~ there are stationarily
many bad points of cofinality d,,11}. It follows that B € Uy.

Now for each i > 1, there is a U;-measure one set A; of x such that k, € AN B.
For any x < y such that for some i < i’ x € A; and y € A;/, we have arranged the
following property. Since k; € AN BNk, and by the choice of A and B, there are
stationary many bad points of cofinality s 1 for some scale of length &y 1.

The condition required for the lemma is any condition length 0 whose measure
one sets are contained in the A;. Work below such a condition and fix n > 1. Let
p be a condition of length n + 1 and fbe a scale of length r,» 11 such that there
is a stationary set S of bad points of cofinality Kg? wy1- By Corollary 4.19, it is

enough to show that f remains a scale with stationary set of bad points S in the
model V|G x H|[[],.,, Qi]. The forcing to add [[,,, @Q; is small relative to £,z 41

and hence it is easy to see that f remains a scale and S remains stationary. So it
is enough to show that every point in S is still bad for f in the extension.

In this extension £,z 1 becomes ®; via Coll(w, lixg’w) and every Nj-sequence of
ordinals in V[G x H|[[[,.,, Q] is in the extension by this collapse. Now a standard
argument shows that for every § € S and every unbounded subset A of § in the
extension there is an unbounded subset of A in V[G x H]. So if A witnesses that
0 € S is good in the extension, then there is an unbounded subset of A witnessing
that § is good in V[G * H]. This is impossible, so we must have the every point in
S is bad in V[G * H][[[,,, Qi]. This completes the proof. O

For the cardinals which are not successors of singulars, we apply the scheme from
the previous section. Throughout the proofs of the following lemmas, we omit the
straightforward but tedious verification that our scheme from Section 5 applies and
that the hypotheses of our preservation lemmas hold.

We make some general remarks about the application of our scheme. Suppose
that 7 is a double successor cardinal in the final model and we wish to prove
7 ¢ I[7]. In each case we have a forced with a Mitchell forcing M(p, o, 7) for some
cardinals p and o. This Mitchell forcing is either defined in the ground model V or
defined at some step of the iteration that we did as preparation. By breaking up
the preparation forcing, we work to apply the lemma in some 7-closed extension of
the model where M(p, o, 7) is defined. Note that passing to a 7-closed extension
preserves the Mahloness of 7 and does not change the definition of M(p, o, 7).

To obtain the appropriate forcings X and X, we use Remark 5.1 and pass to an
outer model to split any remaining forcing which adds subsets to 7 in to a A-cc
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part and a A-closed part for some A < 0. We note that the A-closed part need not
be A-closed, but only < A-distributive and preserve A-cc. For this it is enough for
them to be A-closed in an inner model obtained by A-cc forcing.

In the case of the next two lemmas we will also use Theorem 5.2 to remove the
influence of some centered forcing.

Lemma 6.4. In V|G * H|[R], Ry 242 & I[N 25]

Proof. Note that by Remark 5.1 it is enough to show the conclusion in an outer
model with the same cardinals up to R, 2,5. So we show that it holds in V]G
H]|K][R] where K is generic for Q“ and R is generic for R as defined in the extension
by K. Since R is k,-centered in V|G * H][K], by Theorem 5.2 it is enough to show
that keqo & I[kwyo] in V]G * H|[K].

We write H as Py x Py+] ;<11 C;" where P is generic for P; x Add(k1, 0%\ 0) ~
Add(k1,0"). Again by Remark 5.1, it is enough to show k,12 & I[ky42] in the
extension

VKNG Corrl] ] CAPIIPr T [y, D) [Pr | K + CF-
i<w

Note that in V[K][G][Cy,41] we have that ks is still Mahlo. So in this model we
apply the scheme from Section 5 and Lemma 5.4 where

(1) )\ = K2,

(2) M is the forcing to add Py | kyi2 * CF,

(3) X is the forcing to add Py x Cy x Py [ [kwta,07],

(4) X is the forcing to add [To<ice Ci

Lemma 6.5. In V|G * H|[R], Ry243 & [[N,243]

The proof is similar to the proof of the previous lemma with some changes of
the details.

Proof. Again by Theorem 5.2 and Claim 4.10 it is enough to show that k 13 ¢
I[kwys] in V]G % H][K]. By the proof of Claim 4.10, there is a cardinal preserving
outer model of V[G % H][K] where we have decomposed K as K° x K* which is
generic for the product of &, 3-closed forcing and k4 3-cc forcing both taken from
V. The Ky t3-cc forcing is just Add(ky42,m) for some 7.

As in the previous lemma we pass to an outer model where we have decomposed
H. In particular it is enough to prove that k13 ¢ I[ku+3] in the model

VIKO)G][Po x [T CHEMPL 1 [kusa 6515)[P1 T Fues x Clya)-
i<w

Note that in V[K°][G], k13 = 0 is still Mahlo. So in this model we apply the
scheme from Section 5 and Lemma 5.4 where

(1> A = K2,

(2) M is the forcing to add P | kyy3* Cl,q,

(3) X as the forcing to add Py x Py | [Kwys, £l y3) X [[;<, Ci, and

(4) X as the forcing to add K.
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Lemma 6.6. In V|G x H|[R] for each successor T of a regular cardinal where
TE [NQa Nw2)7 T ¢ I[T]

Proof. There are a few cases based on how close 7 is to the collapses between the
Prikry points. Some cardinals we must treat individually and others we can treat
uniformly.

First we assume that 7 = N;. Note that in V[G % H|[R], Ao w+1 = Nq and
Ao,wt+2 = Na. Notice that any sequence witnessing that Xo € I[N5] is in the extension
VIG T Ao +1][Qo x Q1]. Recall that Qg is generic for Coll(w, Ag,) and @7 is generic
for Ao wy2-closed forcing from V.

By Theorem 5.2 it is enough to show that 7 ¢ I[7] in the model V[G | A\g+1][Q1].
The proof of this is simpler than the proof of the next case, so we continue.

Next we assume that 7 = A, 42 where 0 < n < w. Any sequence witnessing that
7 € I[r] in V[G * H|[R] is in the extension V[G [ Ay, + 1][[[1<,, Qk)[@n+1]. We let
Py x Py be generic for Po(An) x (P1(An) X Add(An 1,05 \6x,)) and [T, Cf be
generic for CT(),,). These are the generics obtained from step \,, of the preparation.

By Remark 5.1, it is enough to show that 7 ¢ I[7] in the model

VIG T A [Cor][@uir] [T T @uIICOIRIIPL T Py 65N [T CillPr T AnosaxCl]
k<n 0<i<w
Note that in V[G | A\p][Cwt1][@n+1], Anw+2 is still Mahlo. So in this model we
apply the scheme from Section 5 and Lemma 5.4 where
(1) )\ is )\n’g,
(2) M is the forcing to add Py | Ao w2 *x CF
(3) X is the forcing to add Py x Py [ [Anw+2,0 ) x Co X [[j<, @k and
(4) X is the forcing to add [To<ico Ci-
This completes the argument that A, 12 & I[Anwt2] for 0 <n < w.

Suppose that 7 = A, w43 for n < w. Any sequence witnessing 7 € I[7] in
V|G % H][R] is in the extension by V|G [ Ay + 1][[[<,41 @k)- Recall that by
passing to an outer model with the same cardinals, we can decompose @, as
Pl x CY.y x Pl xC} i. As before we let Py x Py be generic for Py(\,) X
(Pr(An) x Add(An 1,65\ 6x,)) and [T,,.q Cf be generic for C*(\,).

By Remark 5.1 it is enough to show that 7 ¢ I[r] in the model

Ml [ QullPri1 xChiy xCo PR [Pl [Py T OUTT CRllPr T AnwsxCl ]
k<n k<w

We have that A, .43 is Mahlo in the model V|G | A,][PL,; x C}.; x C24]. So
we apply the scheme from Section 5 and Lemma 5.4 in this model where

(1) A= >\n,w+27

(2) M is the forcing to add P | A 43 % CF w1

(3) X'is the forcing to add Py x Py [ [0x,,05 ) x [Ti<w Ck x [11<, Q@ and

(4) X is the forcing to add P,
This completes the argument that A, 43 ¢ I[An wts] for all n < w.

Next we assume that 7 = A, for n > 1. Any sequence witnessing that 7 € I[7] in

VIG* H|[R] is in V[G | A, +1][[[;<,, Qi]- As before by passing to an outer model,
we can decompose @, as P%* SO x P! x Cl. By Remark 5.1, it is enough to show
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that there are no such sequences in the outer model

VICUYIIZG [ A+ 1[ T QAPA[PY + S7)]

i<n—1

where Y is generic for A(A | A\,, A(\,)) and Z is generic for A(A) [ [An—1+ 1, An).
By Fact 2.6, \,, is still Mahlo in V[C}][Y][Z]. Moreover, the computation of QY =
M(An—1,042 An—1,w+3, An) is the same in V and V[C}][Y][Z], since the forcing to
add Z is closed beyond the first inaccessible above A;,_1 443.
So in this model we apply the scheme from Section 5 and Lemma 5.4 where
(1) A= )\n—l,w+3-
(2) M is the forcing to add P x S9,
(3) X is the forcing to add G | (An—1 +1) x [[;<,,_; Qi and
(4) X is the forcing to add P}.
This finishes the proof that for all n > 1, A\, ¢ I[\,] in V|G = H|[R].
Next we assume that 7 = A, ; for some n > 1. Any sequence witnessing that
7 € I[r] is in the model V|G | A, + 1][[[;<,, @i]. By Remark 5.1 it is enough to
show that 7 ¢ I[7] in the model

VIY]IG T A]IPRIICAIIY R ] [P S,

where Y is generic for the poset of A [ \,,-names for elements of Py (A, ) x Add(Ay, 1, 0;1\
0, ) xC(\,) and Yp, is generic for the poset of A [ A,,-names for elements of Py(A,, ).
By Fact 2.5, we can take the forcing to add Yp, to be Add(\, 0, An,2) as computed
inV.
Note that A, 1 is still Mahlo in V[Y]. So we apply the scheme from Section 5
and Lemma 5.4 in this model where
(1) A=A,
(2) M is the forcing to add P, x S,
(3) X is the forcing to add G | A, x P? x C% and
(4) X is the forcing to add Yp,.
This finishes the proof that A, 1 ¢ I[A, 1] for n > 1.
Next we assume that 7 = A, 5 for n > 1. Any sequence witnessing that 7 € I[7]
in V]G« H|[R] is in V|G | Ap +1[[];<,, Qk]. By Remark 5.1, it is enough to show
that 7 ¢ I[7] in the model

viginl T Gll]] @ = 67

1<iSw+1 k<n

where as before we have written out the generics for step A,, of the preparation.
Note that A, o is still Mahlo in V[G [ Au][[];<;<,4q Ci]- Hence we apply the
scheme from Section 5 and Lemma 5.4 in this model where
(1) A= X1,
(2) M is the forcing to add Py * Cy,
(3) Xis the forcing to add [], .,, @ and
(4) X is the forcing to add P;.

Next we assume that 7 = A, ;41 for 0 < n < w and 2 <7 < w. Any sequence
witnessing that 7 € I[7] in V[G * H|[R] is in V[G [ A + 1][[[,<,, Q&]. By Remark
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5.1, it is enough to show that 7 ¢ I[7] in the model
VIGTMITTCTT @Il TT CellPollPr T isas O )IIPL T Ay x G4
k>i k<n k<i—1
where as before we have written out the generics for step A, of the preparation.
Note that in V[G | Au](I1;s; Ckl, An,it1 is still Mahlo. Hence we apply the
scheme from Section 5 and Lemma 5.4 in this model where
(1) A=,
(2) M is the forcing to add P | A 41 % C;" 4,
(3) X is the forcing to add Hkgn Qrk X [Thei1 Ck x Po X P1 | [Anig1s Q;\rn) and
(4) X is the trivial forcing.
This finishes the proof that for 0 < n < w and 2 < i < w, Ay i+1 & I[A\ni+1] and
with it the proof of Lemma 6.6 ([l
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