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In this document, we give a short proof of the Halpern-Lauchli theorem. We
hope that this is clearer than the proofs found in [2] and [1], although the contents
appear to be roughly the same. Thanks to Jing Zhang for explaining the outline of
the proof.

The proof is by induction on the dimension d of the product. For each d, we
define three versions of the Halpern-Lauchli theorem: SDd, DSd and SSd. These
stand for somewhere dense, dense set and strong subtree, respectively.

Every tree T below is countable and finitely branching. For x ∈ T , ht(x) is the
height of x. The words “above” and “below” refer to the natural tree order on
whatever product of trees is relevant.

In what follows we use
∏

i<d Ti and
∏lev

i<d Ti to distinguish between non-level
and level products of trees. As the name suggests, a level product is a subset of
the full product where every tuple consists of points of the same height/level.

For x̄ ∈
∏

i<d Ti and k ∈ N, sets Xi ⊆ Ti for i < d form a k-x̄-dense matrix if
for all t̄ ∈

∏
i<d Ti(k) above x̄ there is ȳ ∈

∏
i<d Xi above t̄.

Definition 1 (SDd). For every coloring c :
∏

i<d Ti → r, there are x̄ and k ∈ N
such that there is a monochromatic k-x̄-dense matrix.

Definition 2 (DSd). For every coloring c :
∏

i<d Ti → r, there is x̄ such that for
all k ∈ N there is a monochromatic k-x̄-dense matrix.

For a tree T , a subset S ⊆ T is a strong subtree if there is A ⊆ N infinite such
that:

(1) For all s ∈ S, s ∈ T (n) for some n ∈ A and for all n ∈ A, S ∩ T (n) 6= ∅.
(2) If m < n are consecutive elements of A and s ∈ S ∩ T (m), then every

immediate successor of s in T has a unique extension in S ∩ T (n).

We call A the level set of S.

Definition 3 (SSd). For every coloring c :
∏lev

i<d Ti → r, there are strong subtrees

Si ⊆ Ti with the same level set such that c is constant on
∏lev

i<d Si.

The workflow is as follows:

(1) Prove SD1.
(2) For all d, SDd implies DSd.
(3) For all d, DSd implies SSd.
(4) For all d, DSd implies SDd+1.

As listed it looks like there is some redundancy but SSd will be used in the proof
of item (4).

Claim 1. SD1
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Proof. Let c : T → r be a coloring and suppose SD1 fails for this coloring. Starting
at the root of T build an increasing sequence ti for i ≤ r in T such that for all i,
c � (T � ti+1) avoids color i. Then tk cannot take any color, a contradiction. �

Claim 2. SDd implies SDd where the sets in the k-x̄-dense matrix share a common
level.

We call this a level matrix.

Proof. Fix a product of trees
∏

i<d Ti and a number of colors r. A straightforward
compactness argument shows that there is l such that letting T ′i be the restriction
of Ti to the first l levels we have: For all colorings c :

∏
i<d T

′
i → r there are

x̄ ∈
∏

i<d T
′
i and k < l for which there is a monochromatic k-x̄-dense matrix.

Let c∗ :
∏

i<d Ti → r be a coloring. For each x ∈ Ti below level l, choose
hi(x) ∈ Ti(l). Let c :

∏
i<d T

′
i → r (with T ′i as above) be given by c(〈yi | i < d〉) =

c∗(〈hi(yi) | i < d〉).
By the choice of l, there are x̄ ∈

∏
i<d Ti and k such that

∏
i<d T

′
i contains a

monochromatic matrix Xi for i < d. It is straightforward to check that hi[Xi] for
i < d is a monochromatic matrix for c∗ and all of whose points are on level l. �

Remark 1. The level product is an example of a dense “subproduct” of the full
product. The same proof can work to find dense matrices in other dense “subprod-
ucts”.

Remark 2. In versions of Halpern-Lauchli where we end up finding a monochro-
matic level matrix, it is enough consider colorings of the level product to begin with.

Claim 3. For all d, SDd implies DSd.

Proof. We argue by contradiction. Let c :
∏

i<d Ti → r be a coloring for which DSd

fails. Then for all x̄ ∈
∏

i<d Ti there is kx̄ such that for all k ≥ kx̄ no k-x̄-dense
monochromatic matrix exists.

Construct an increasing sequence of levels ln by induction on n. Let l0 = 0 and
let ln+1 = maxx̄ kx̄ where the maximum is over all nodes in x̄ are on level at most
ln.

Let L = {ln | n ∈ N}. Let T ′i be the obvious restriction of Ti to levels from L.
We apply SDd to the restriction of c to

∏
i<d T

′
i to get x̄ ∈

∏
i<d T

′
i and n ∈ N such

that there is a monochromatic n-x̄-dense matrix Xi for i < d in
∏

i<d T
′
i .

It follows that Xi for i < d is a monochromatic ln-x̄-dense matrix in
∏

i<d Ti,
contradicting our choice of ln. �

We note that the same argument implies a version of DSd where every witnessing
matrix is a level matrix as in Claim 2

Claim 4. For all d, DSd implies SSd.

This is a straightforward inductive construction.

Proof. Fix a coloring c :
∏

i<d Ti → r. Let x̄ witness DSd with level matrices. By
induction choose an infinite sequence kn and monochromatic level matrices Xn

i for
i < d which are kn-x̄-dense and such that kn+1 is above the level of Xn

i for i < d.
By the pigeonhole principle, we can assume that every matrix is monochromatic
with the same color.
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From this sequence it is straightforward to construct a sequence of strong sub-
trees Si for i < d with a common level set such that c is monochromatic on∏lev

i<d Si. �

Claim 5. For all d, DSd implies SDd+1.

Proof. Let c :
∏

i≤d Ti → r be a coloring. For each t ∈ Td we can define a coloring

ct :
∏

i<d Ti → r by ct(x̄) = c(x̄ _ t).
By a straightforward fusion argument, we can find strong subtrees Si ⊆ Ti for

i < d with a common level set and the following property: For all t ∈ Td and all

x̄ ∈
∏lev

i<d Si with ht(x̄) ≥ ht t, ct is constant on
(∏

i<d Ti

)
� x̄. We note here that

the ht(x̄) is as computed in
∏lev

i<d Si.
Next, we derive a different family of colorings. For each b ∈ [Td], we define a

coloring fb :
∏lev

i<d Si → r by fb(x̄) = c(x̄ _ y) for the unique y ∈ b with height
ht(x̄). We apply DSd to this coloring to obtain x̄b and a color ib < r such that for
all k, there is a k-x̄b-dense level matrix which is monochromatic with color ib.

We pause for a claim.

Claim 6. Let T be an infinite, finitely branching tree and g : [T ]→ N be a coloring.
There are t ∈ T , a dense subset D ⊆ T � t and j ∈ N such that for all s ∈ D, there
is b ∈ [T ] such that s ∈ b and g(b) = j.

Proof. Otherwise, for all t and all colors j there is t′ above t such that c � [T � t′]
avoids color j. From this it is straightforward to construct a branch b ∈ [T ] which
is uncolored. �

Apply this claim to the coloring of [Td] which takes b to (x̄b, ib). Let t ∈ Td,
D ⊆ Td � t dense, x̄ ∈

∏
i<d Si and i < r witness the claim.

We construct a k-(x̄ _ t)-dense matrix as follows. Enumerate the immediate
successors of t as tk for k < n. From the conclusion of the previous claim, we can
build sequences

(1) bk ∈ [Td] with tk ∈ bk,
(2) ht(x̄) + 1-x̄-dense level matrices Xk

i ⊆ Si for i < d such that each u ∈ Xk
i

has a unique extension in Xk+1
i and

∏
i<d X

k
i gets color i under fbk .

(3) sk ∈ bk is the unique element whose height in
∏lev

i<d Si is the same as the

common height of the Xk
i .

By the choice of the trees Si, we have that for k < k′, c takes color i on the

set
(∏

i<d X
k′

i

)
× {sk} since csk takes color i on

∏
i<d X

k
i and every element of∏

i<d X
k′

i is above an element of
∏

i<d X
k
i .

It follows that
(∏

i<d X
n
i

)
× {sk | k < n} is monochromatic under c with color

i. �
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