Last Passage Percolation and the Slow Bond Problem

by

Sourav Sarkar

A dissertation submitted in partial satisfaction of the
requirements for the degree of
Doctor of Philosophy
in
Statistics
in the
Graduate Division
of the

University of California, Berkeley

Committee in charge:
Professor Alan Hammond, Chair

Professor Fraydoun Rezakhanlou
Professor Nike Sun

Spring 2019



Last Passage Percolation and the Slow Bond Problem

Copyright 2019
by
Sourav Sarkar



Abstract

Last Passage Percolation and the Slow Bond Problem
by
Sourav Sarkar
Doctor of Philosophy in Statistics
University of California, Berkeley

Professor Alan Hammond, Chair

Last passage percolation models are fundamental examples in statistical mechanics where
the energy of a path is maximized over all directed paths with given endpoints in a random
environment, and the maximizing paths are called geodesics. Here we consider the Poissonian
last passage percolation (LPP) and the exponential directed last passage percolation (DLPP),
the latter having a standard coupling with another classical interacting particle system,
the totally asymmetric simple exclusion process or TASEP. These belong to the so-called
KPZ universality class, for which exact algebraic formulae have led to precise results for
fluctuations and scaling limits. However, such formulae are not very robust and studying
the geometry of the geodesics can often provide new insights into these models. Here we
consider three problems in each of these three models; exponential DLPP, TASEP and
Poissonian LPP, and see how geometric and probabilistic techniques solve such problems.

In the first problem, we study finer properties of the coalescence structure of finite and
semi-infinite geodesics for exactly solvable models of last passage percolation. We consider
directed last passage percolation on Z? with i.i.d. exponential weights on the vertices. Fix
two points v; = (0,0) and vy = (0, |k*?]) for some k > 0, and consider the maximal paths
[’y and T’y starting at v; and vy respectively to the point (n,n) for n > k. Our object
of study is the point of coalescence, i.e., the point v € I'y N Ty with smallest |v|;. We
establish that the distance to coalescence |v|; scales as k, by showing the upper tail bound
P(|v|; > Rk) < R~ for some ¢ > 0. We also consider the problem of coalescence for semi-
infinite geodesics. For the almost surely unique semi-infinite geodesics in the direction (1, 1)
starting from vz = (—|k%3], [k¥?]) and vy = (|k*/3], —|k*?|), we establish the optimal tail
estimate P(|v|; > Rk) < R™%3, for the point of coalescence v. This answers a question left
open by Pimentel [70] who proved the corresponding lower bound.

Next, we study the “slow bond” model, where the totally asymmetric simple exclusion
process (TASEP) on Z is modified by adding a slow bond at the origin. The slow bond
increases the particle density immediately to its left and decreases the particle density im-
mediately to its right. Whether or not this effect is detectable in the macroscopic current
started from the step initial condition has attracted much interest over the years and this



question was settled recently in [16] where it was shown that the current is reduced even
for arbitrarily small strength of the defect. Following non-rigorous physics arguments in
[19, 18] and some unpublished works by Bramson, a conjectural description of properties
of invariant measures of TASEP with a slow bond at the origin was provided by Liggett
in [62]. We establish Liggett’s conjectures and in particular show that, starting from step
initial condition, TASEP with a slow bond at the origin, as a Markov process, converges in
law to an invariant measure that is asymptotically close to product measures with different
densities far away from the origin towards left and right. Our proof exploits the correspon-
dence between TASEP and the last passage percolation on Z? with exponential weights and
uses the understanding of geometry of maximal paths in those models.

Finally, we study the modulus of continuity of polymer fluctuations and weight profiles
in Poissonian LPP. The geodesics and their energy in Poissonian LPP can be scaled so that
transformed geodesics cross unit distance and have fluctuations and scaled energy of unit
order, and we refer to scaled geodesics as polymers and their scaled energies as weights.
Polymers may be viewed as random functions of the vertical coordinate and, when they are,
we show that they have modulus of continuity whose order is at most t2/*(log t_l)l/ ® The
power of one-third in the logarithm may be expected to be sharp and in a related problem
we show that it is: among polymers in the unit box whose endpoints have vertical separation
t (and a horizontal separation of the same order), the maximum transversal fluctuation has

order t*/3 ( log t_l)l/ ’ Regarding the orthogonal direction, in which growth occurs, we show
that, when one endpoint of the polymer is fixed at (0,0) and the other is varied vertically
over (0,2), z € [1,2], the resulting random weight profile has sharp modulus of continuity of
order /3 (log t,1)2/3' In this way, we identify exponent pairs of (2/3,1/3) and (1/3,2/3) in
power law and polylogarithmic correction, respectively for polymer fluctuation, and polymer
weight under vertical endpoint perturbation. The two exponent pairs describe [12, 13, /4]
the fluctuation of the boundary separating two phases in subcritical planar random cluster
models.
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Chapter 1

Introduction

The last passage percolation (LPP) is a classical statistical mechanics model where a di-
rected path in independent local randomness maximizes a random energy determined by
the environment and the maximising paths are called geodesics. It has wide applications,
such as in polymer growth models, queueing systems, random matrix theory and random
permutations. In 1986, Kardar, Parisi, and Zhang [53] predicted universal scaling behaviour
for many random growth processes in two dimensions (sometimes interpreted as 141 dimen-
sion), including first and last passage percolation as well as corner growth processes, though
rigorous validation has been subsequently provided for only a handful of them. In such
models, fluctuation in the direction of growth is governed by an exponent of one-third, with
this fluctuation enduring on a scale governed by an exponent of two-thirds in the orthogonal,
or transversal, direction. Baik, Deift and Johansson [(] established the n'/?-order fluctua-
tion of the maximum number of Poisson points on an increasing path from (0,0) to (n,n),
deriving the GUE Tracy-Widom distributional limit of the scaled energy. Later Johansson
[51] proved the transversal fluctuation exponent of two-thirds in this model; he also proved
the n'/? fluctuation and Tracy-Widom scaling limit in directed last passage percolation on
7Z? with i.i.d. passage times distributed according to either Geometric or Exponential dis-
tribution [50]. These are the exactly solvable models, for which many exact distributional
formulae are available, typically using some deep machinery from algebraic combinatorics or
random matrix theory, and certain duality properties from queueing theory in some cases.
Over the last twenty years there has been tremendous progress in achieving a detailed un-
derstanding in these and a handful of other exactly solvable models, and a rich limiting
theory has emerged; see [21] for an excellent survey of this line of works. However, such
exact formulae are not very robust and studying the geometry of the geodesics can often
provide new insights into these models. The two classical exactly solvable models in the
KPZ universality class are the Poissonian LPP and the totally asymmetric simple exclusion
process (TASEP), which can be coupled with the exponential last passage percolation. In
this dissertation, we will focus on three problems in each of these three models: exponential
LPP, Poissonian LPP and TASEP, and see how geometric and probabilistic techniques help
us in understanding and solving these problems. First, we briefly introduce the models.
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1.1 Model Definitions

1.1.1 Poissonian last passage percolation

Let IT be a Poisson point process of unit intensity on R?. Let X,, denote the maximum number
of points in II along any increasing path from (0,0) to (n,n), which we call the energy of
the maximal path; we call all such maximal paths geodesics. Conditional on the number
of points N in the square [0,n])?, X,, is distributed as the length of the longest increasing
subsequence of a random permutation of the first N natural numbers, which associates it to
the classical Ulam’s problem or the Ulam-Hammersley’s problem. If ¢,, denotes the length of
the longest increasing subsequence of a random permutation of the first n natural numbers,
then Hammersley in 1972 [37] first showed that the limit of E¢,,/\/n as n — oo exists by using
Kingsman’s subadditive ergodic theorem. Using a correspondence with Young-Tableaux,
Vershik and Kerov [77] and Logan and Shepp [63] established that

’ El,
1m =
n—00 \/ﬁ

(Aldous and Diaconis gave an alternative proof using interacting particle systems in [2]).
The next breakthrough came with the work of Baik, Deift and Johansson [6] who found the
scaling limit of X,, in terms of the GUE Tracy-Widom distribution, denoted by F,. ' See
[71] for a good exposition on the Poissonian LPP and the Ulam’s problem.

2.

1.1.2 Exponential directed last passage percolation (DLPP)

The exponential directed last passage percolation model on Z? is defined as follows. For each
vertex v € Z? associate i.i.d. weight &, distributed as Exp(1). Define u =< v if u is co-ordinate
wise smaller than v in Z2. For any oriented path v from u to v let the passage time of v be

defined by
f(’y) = Z Evr-
v'ev\{v}
!The Tracy-Widom distribution is defined in terms of the Airy function, a special function in mathe-
matical analysis, given by

Ai(z) = l/ cos <§t3 + xt) dt, (x €R).
0

T
The Airy kernel A : R x R — R is defined by
Ai(z)Ai (yz):gl (z)Ai(y) x # v,
Ai'(2)? — zAi(2)? x=y.

A(z,y) = { (1.1)

Then the cumulative distribution function F5 : R — R is defined as

o _1)” 0 X n
FQ(t) = 1+Z ( /f /t ‘d‘etl(A(xi,xj))dxl...dwn.
n=1 g

n! W=
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For u < v define the last passage time from u to v, denoted T, ,, by T}, , := max, (), where
the maximum is taken over all up/right oriented paths from u to v. Let I',, denote the
(almost surely unique) path between u and v that attains the last passage time T, ,. We call
the path I, the geodesic between u and v. Johansson [50] established the Tracy-Widom
scaling limit for the last passage times in this model.

1.1.3 Totally asymmetric simple exclusion process (TASEP)

Totally Asymmetric Simple Exclusion Process (TASEP) is an interacting particle system
modelling one-way traffic movement. On the line, the dynamics is as follows: each particle
jumps to the right after waiting for a time that is an independent exponential random variable
with rate one provided the site to its right is empty. This process has been studied in detail for
more than forty years in both the statistical physics and the probability literature, and a rich
understanding of its behaviour has emerged. Stationary measures for TASEP were identified

by Liggett [9] as early as in 1976 when he showed that product Bernoulli measures are all
non-trivial extremal stationary measures for the TASEP dynamics. This and a sequence of
works [58, 60, 61, 20] have characterised the stationary measures and proved ergodic theorems

for symmetric and asymmetric exclusion processes for various different settings. Utilizing
this progress, Rost [72] in 1981 evaluated the asymptotic current and hydrodynamic density
profile when the process starts from the step initial condition, i.e., with one particle each at
every nonpositive site of Z and no particles at positive sites. In particular, he showed that

. KT,
lim =

n—oo N

4, (1.2)

where T, is the passage time, that is, the amount of time taken by the particle at position —n
to jump to site 1 starting from the step initial condition. The reciprocal of the expression
in (1.2) is called the current in the TASEP. Subsequently, TASEP was identified [50] to be
one of the canonical ezactly solvable models in the so-called KPZ universality class, and thus
very fine information about the process was obtained using exact determinantal formulae
that included the Tracy-Widom scaling limits for the current fluctuations.

Under the standard coupling between the exponential DLPP and the TASEP, the time
for the particle in the TASEP from position —n to move to 1 starting from the step initial
condition is distributed as the last passage time between (0,0) and (n,n) in exponential
DLPP.

1.1.4 The slow bond problem

Whether a localized microscopic defect, especially if it is small, will affect the macroscopic
behaviour of a system is a fundamental question in statistical mechanics. For the TASEP
on 7, this problem became famous in the physics and mathematics community as the “slow-
bond” problem; when TASEP on Z starting from the step initial condition is imputed with a
slow bond at the origin, that is the wait time of jump for a particle at the origin is increased
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to an exponential with a mean time 1/(1 — €), is this effect detectable in the macroscopic

current? Originally posed by Janowsky and Lebowitz in 1992 in [19], this question was
settled in [16] by showing that the current is reduced even for arbitrarily small strength of
the defect €. That is, if 7). denotes the passage time in the slow bond model starting from
the step initial condition, then [10] shows that for all € > 0
T8
lim —* > 4. (1.3)
n—oo N
For a complete background on this problem, see [16]. We briefly review the background

here. The decrease in jump rate at the origin will increase the particle density to the
immediate left of such a “slow bond” and decrease the density to its immediate right. The
difficulty in analysing this model arises because the model no longer remains exactly solvable.
If ¢ is close to one, it is easy to see that the above limit in (1.3) is strictly greater than 4.
Whether the limit changes for all € > 0, or if there is a critical €. > 0 such that the limit
remains unchanged for all ¢ < ¢, was the subject of intense dispute. The problem can
be posed in various forms: as a stochastic driven transport through narrow channels with

obstructions [36]; as a growth model with defect line [67]; or as a polymer pinning problem
of a one-dimensional interface [17, 1]. In Poissonian LPP, the diagonal is reinforced by an
independent one dimensional Poisson process of intensity A. If X is the maximum number
of points on an increasing path from (0,0) to (n,n), the authors in [16] also showed that, for
all A > 0, .

lim EX, > 2.

n—oo n

For slow bond TASEP, using a non-rigorous mean field argument, Janowsky and Lebowitz
in [13] suggested that the current behaves like (1 —¢)/(2 — ¢)? if the jump rate at the origin
is 1 — ¢, thus they predicted that €. = 0. Theoretical renormalization group arguments
and heuristic “influence percolation” arguments also supported this conjecture in [17] and
[17] respectively. In a more recent work [24], using a non-rigorous theoretical argument and
analysis of the first sixteen terms of formal power series expansion of the current, authors
suggested that for small values of € > 0 the current should behave as 1/4 —vexp(—a/e) with
a~ 2.

By approximating the model with an exclusion process whose rates vary more regularly
in space, an upper bound for £, was derived in [20] . Also [62] provided an alternative bound.
The general hydrodynamic limit results were proved in [75] for all values 0 < & < 1 of the
slow-down. However the hydrodynamic limit cannot answer the question about the critical
value of the slow-down rate.

Simultaneously, a contending class of theoretical arguments, mostly from the theoretical
physics literature, supported also by numerical data, hinted that . > 0. See [52], [30] and

[74].

In a closely related model by Baik and Rains [5], the authors considered the so-called
“symmetrized” version of the maximal increasing sunsequence with a defect line, for which
they showed that A\, = 1.
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1.2 Organization of the dissertation

I end this chapter by briefly describing the contents of all the chapters that follow.

1.2.1 Chapter 2: Coalescence of geodesics.

Coalescence structure of the geodesics in LPP is a central question in this model. Simply put,
what is the distance at which two geodesics, whose starting points are close, meet? Using
the KPZ scaling exponent 2/3 for transversal fluctuation of finite geodesics, one predicts
that the distance to coalescence will scale as k if the distance between their starting points
was k2/3. We prove this in this chapter.

To be precise, consider exponential DLPP on Z2. Fix two points v; = (—|k*3], |k%*3])
and vy = (|k%3], —|k*3]) for some k > 0, and consider the geodesics I'; and I'y starting at
vy and vq respectively to the point (n,n) for n > k. Then the point of coalescence, that is,
the point v € I'; N I’y with smallest ||v||; satisfies

P(lv]ly > RE) < R,

for some ¢ > 0.

We also consider the problem of coalescence for semi-infinite geodesics. For the almost
surely unique semi-infinite geodesics in the direction (1, 1) starting from v; and vy, we es-
tablish the optimal tail estimate

P(||v|, > Rk) =< R™%/3,

for the point of coalescence v. This resolves a problem left open by Pimentel [70] who proved
the corresponding lower bound.
In addition to these theorems, we also prove a local fluctuation estimate for the geodesic,

which is of independent interest (for example, it is used in [15] and [15]). Roughly, it says
that the geodesic from (0,0) to (n,n) has a fluctuation of the order of £2/3 at (¢, ) for any
fixed £ € (0,n). (The global n?3 fluctuation of the geodesic was shown in [51] and [16].)

We solve these using a multiscale analysis of the geometry of the field around the
geodesics, taking advantage of the moderate deviation estimates of the geodesic lengths
from the integrable probability literature [7],[16]. The results here are also crucially applied
in the subsequent chapter. The contents of this chapter appeared in [11] in a joint work with
Riddhipratim Basu and Allan Sly.

1.2.2 Chapter 3: Invariant measures for TASEP with a slow
bond.
Following non-rigorous physics arguments [19], [18] and some unpublished works by Bram-

son, a conjectural description of the properties of the invariant measures of TASEP with
a slow bond at the origin was provided by Liggett in [62]. In this chapter, we establish
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Liggett’s conjectures and in particular show that TASEP with a slow bond at the origin,
started from step initial condition, converges in law to an invariant measure that is “asymp-
totically equivalent” to product measures with different densities far away from the origin
towards left and right. Our proof exploits the correspondence between TASEP and DLPP
on Z? mentioned before, together with the coalescence of geodesics and a novel coupling
argument.

We also prove a central limit theorem for the last passage time 7 in the slow bond
model. The Gaussian scaling limit in this case is in contrast with the Tracy-Widom scaling
limit of the passage time 7,, in the regular TASEP. This chapter is based on a joint work
[15] with Riddhipratim Basu and Allan Sly.

1.2.3 Chapter 4: Modulus of continuity for fluctuations and
weight profiles.

The geometric and continuity properties of the maximizing paths in last passage percolation,
the geodesics, have been of significant interest. Precise modulus of continuity results are
known for Brownian motion paths, for example, but can such precise continuity results be
given for the geodesics in LPP? Clearly, the problem is much harder for LPP due to the lack
of independent increments. In this chapter, we show that it is indeed possible to give precise
modulus of continuity for LPP geodesics and their weight profiles.

The geodesics and their energy in last passage percolation can be scaled so that trans-
formed geodesics cross unit distance and have fluctuations and scaled energy of unit order,
and we refer to scaled geodesics as polymers and their scaled energies as weights. Polymers
may be viewed as random functions of the vertical coordinate and, when they are, we show
that they have modulus of continuity whose order is at most t>/3(logt~")"/3. The power
of one-third in the logarithm may be expected to be sharp and in a related problem we
show that it is: among polymers in the unit box whose endpoints have vertical separation
t (and a horizontal separation of the same order), the maximum transversal fluctuation has
order t*/3(logt~1)'/3. Regarding the orthogonal direction in which growth occurs, we show
that, when one endpoint of the polymer is fixed at (0,0) and the other is varied vertically
over (0, 2), z € [1,2], the resulting random weight profile has sharp modulus of continuity of
order t'/3(logt~1)*3. In this way, we identify exponent pairs of (2/3,1/3) and (1/3,2/3) in
power law and polylogarithmic correction, respectively for polymer fluctuation and polymer
weight under vertical endpoint perturbation. The two exponent pairs describe [12, 43, 4]
the fluctuation of the boundary separating two phases in subcritical planar random cluster
models. This chapter is based on a joint work [15] with Alan Hammond.



Chapter 2

Coalescence of geodesics

2.1 Introduction

Coalescence of geodesics has been an interesting tool to study the geometry of first and last
passage percolation models. In first passage percolation, the study was initiated by Newman
and co-authors as summarised in his ICM paper [68] which proved certain coalescence results
under curvature assumptions on the limit shape. Much progress has been made in recent
years in understanding the geodesics starting with the breakthrough idea of Hoffman [10]
of studying infinite geodesics using Busemann functions. These techniques have turned out
to be extremely useful, providing a great deal of geometric information on the structure of
geodesics in first passage percolation [28, 1, 27].

In recent years there has been a great deal of interest in studying the coalescence of
polymers (maximal paths which we shall also refer to as geodesics) in last passage percolation
models as well [32, 25, 70]. Much can be established in certain exactly solvable settings
including the existence and uniqueness of semi-infinite geodesics starting at a given point
along a given direction, and coalescence of geodesics along deterministic directions. Some
of these results have recently been proved beyond exactly solvable models as well [35, 34].
Here, we shall restrict ourselves to the exactly solvable setting of Exponential directed last
passage percolation on Z2, and establish the precise order of the distance to coalescence for
two semi-infinite geodesics along the same direction started at distinct points (see Theorem
2) with the optimal tail estimate answering an open question from [70] who proved the
corresponding lower bound. We, however, are also interested in the finite variants of the
question, where we consider distance to coalescence of geodesics from two distinct points to
a far away point. This variant is more important for some applications. We prove a similar
scaling in this finite setting also (see Theorem 1), albeit with a worse tail estimate. Our
arguments combine moderate deviations from the exactly solvable literature with tools from
percolation to understand geometry of a geodesic together with the environment around it.
By way of the proof of this main result we also obtain a local transversal fluctuation result
for the geodesics in last passage percolation (see Theorem 3) that is of independent interest.
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We now move towards precise model definition and the statement of the main results.

2.1.1 Model definition and main results

We recall the exponential DLPP here. Consider the following last passage percolation model
on Z?. For each vertex v € Z?* associate 1.i.d. weight &, distributed as Exp(1). Define u < v
if u is co-ordinate wise smaller than v in Z2. For any oriented path ~ from u to v let the

passage time of v be defined by
6(7) = Z év’-

v'ey\{v}

For u < v define the last passage time from u to v, denoted Ty, by T, := max, {(y) where
the maximum is taken over all up/right oriented paths from u to v. Let I'y,, denote the
(almost surely unique) path between w and v that attains the last passage time 7,,,. We
shall call the path I', ,, the geodesic between u and v. 1

Coalescence of finite geodesics

We now proceed towards statements of our main results. We first state our result in the
finite setting. Let n denote the point (n,n). Let k > 0 be arbitrary and let v; = (0,0) and
vy = (0, k?/3) (assume without loss of generality that k?/3 is an integer, the same result holds
with |£%/3] otherwise). Let v, = (v.1,v.2) be a leftmost common point between T, ,, and
Iy, n (observe that v, ; is well-defined even if there is no unique leftmost common vertex).
Our main result shows that v, is of order k£ when n > k.

Theorem 1. There exist positive constants Ry, C,c > 0 such that for all R > Ry and for all
k > 0 the coalescence location satisfies

limsupP(v,; > Rk) < CR™“.

n—o0

It is natural to predict this scaling from the KPZ transversal fluctuation exponent of 2/3
which says that the geodesic between two points at distance n fluctuates at scale n?/® away
from the straight line joining the two points. However, to prove Theorem 1, we need finer
local control on the transversal fluctuation of the geodesic (see Theorem 3) below.

This coalescence result is robust in the following ways. We do not need to consider
geodesics to have the same endpoint, merely that their distance is at the correct scale of
transversal fluctuation. Thus Theorem 1 will be valid for the leftmost common point of I, »
and L', (, nin2/sy as well. Furthermore, the choice of direction is arbitrary. The same result

!Observe that this is a little different from the usual definition of last passage percolation as we exclude the
final vertex while adding weights. This is done for convenience as our definition allows £(7y) = £(v1) + (72)
where v is the concatenation of v; and 7,. As the difference between the two definitions is minor while
considering last passage times between far away points, and the geodesics are same, all our results will be
valid for both our and the usual definition of LPP.
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holds for geodesics to (n, hn) for any fixed h € (0,00). See Corollary 2.3.2 for a precise
statement. Finally, it would also be clear from the proof that we need not have taken v,
and v, on a vertical line; the same proof would have worked on two points at distance k?/3
on the line z + y = 0, say. As a matter of fact, the same proof will show that a similar tail
estimate works for v, 5 and hence for |v,|; as well, as claimed before.

We also mention that we work with the Exponential last passage percolation merely
for concreteness. Our proof depends only on the Tracy-Widom limit and one point upper
and lower tail moderate deviation estimates for the last passage times (see Theorem 2.1.1
and Theorem 2.1.2) and should work equally well for other exactly solvable models where
such estimates are available. Indeed such estimates are available for Poissonian directed last
passage percolation in continuum [0, 65] and last passage percolation on Z? with geometric
passage times [0, 23], and variants of our results should apply to those models as well.

Semi-infinite geodesics

As already mentioned for the case of semi-infinite geodesics, one can obtain a more precise
asymptotic result. Before a statement of the result in a proper context, we need to introduce
a few definitions and develop some background. The study of semi-infinite geodesics in
last passage percolation with Exponential passage times was initiated in [32, 25] where
the following general picture was established. Starting from any x € Z? there exists an
almost surely unique semi-infinite path I', = {z = x¢, x1, 29, ...} such that for each i < j
the section of I'; between z; and z; is the geodesic between x; = (z;1,x;2) and z;, and

such that lim,,_~ % = 1. Such a path is called the semi-infinite geodesic starting at x

in direction (1,1). Moreover, any sequence of finite geodesics from x to points y, in the
asymptotic direction (1,1) converges to I', almost surely. Finally, this collection of semi-
infinite geodesics {I',},ez2 almost surely coalesce, i.e., for any xz,2’ € Z?, the number of
vertices in I'; AL, is finite (A denotes the symmetric difference between the two sets of
vertices). The same result holds for any positive quadrant direction bounded away from the
coordinate axial directions.

This set of results closely parallels the results of Newman and co-authors in early 90s
as summarized in [08] in the context of first passage percolation under certain assumptions
on curvature of the limit shape. In recent years the coalescence structure of semi-infinite
geodesics has become a central object of study and a lot of progress has been made using
Busemann functions [16, 1, 27, 28]. However, with the help of integrable structure much
finer results can be established in the LPP setting with exponential weights.

Distance to coalescence for semi-infinite geodesics along the same direction is a natural
object of study in the integrable setting and was considered in [70], and a similar scaling was
predicted. Using Burke’s duality, and Busemann functions, [70] established, among other
things, a lower bound to this effect, and the upper bound remained open. For technical
convenience, let us change the setting of Theorem 1 slightly.

Fix k € N. Consider the straight line L = {(z,y) € Zy : « +y = 0}. on L (assume, as
before, without loss of generality that k%% is an integer). For v on the line L, let ', denote the
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almost surely unique semi-infinite geodesic starting at v in the direction (1, 1). Recall that the
collection {I', },er is coalescing, i.e., for any v, v’ € L, almost surely I, and T",s coalesce. Let
c(v,v") = (z(v,v"), y(v,v")) denote the point at which I', and I',s coalesce. Let dist(v,v’) =
x(v,v") + y(v,v') denote the distance to coalescence. Now consider vy = (—k%?, k%3) and
vy = (K3, —Kk*?) (assume without loss of generality that k% € N). Translated to this

setting, [70] proved that limpg o P(dist(vs,v4) > Rk) — 1 as R — 0 uniformly in &, further
it was conjectured that, this is the correct scaling, i.e., limp_,o P(dist(vs,v4) > Rk) — 0 as
R — oo. Moreover, using some calculations in the limiting Airy process, [70] conjectured

that P(dist(vs, v4) > Rk) < R~2/3 as R — oo uniformly in k. Our second main result settles
this conjecture.

Theorem 2. In the above set-up, there exists Cy,Cy, Ry > 0 such that for all k > 0 and
R > Ry, we have
C1R™%3 < P(dist(vs, v4) > Rk) < CoR™%/3,

As a matter of fact a lower bound to this effect was already proved in [70] (see [70, Section
3] for a discussion of the difficulty of the approach therein to get a matching upper bound),
hence the main work goes in proving the upper bound. However we shall also provide a short
proof for the lower bound for completeness.

Observe also that we took the points v3 and v4 on the anti-diagonal line x +y = 0 rather
than on a vertical line as in the set-up of Theorem 1. It is merely for technical convenience,
the same result will still hold for points on the vertical line, as well as for semi-infinite
geodesics in other directions (except the axial directions) with minor changes to the proof.

We finish this subsection with a further discussion about the importance of studying the
coalescence of finite geodesics in models of KPZ universality class. The coalescence structure
of geodesics in exactly solvable polymer models is important in understanding scaling limits
of the random geometric structures. See [70] for connections to this question to the Airy
Sheet. As mentioned above, in Brownian last passage percolation, where one has a strong
resampling property called Brownian Gibbs property [22], detailed structure of coalescent
polymer trees has been explored and used to make progress towards the important question
of Brownian regularity of the Airy processes [39, 10, 38, 411]. Using techniques of [70], local
Brownian regularity has also been explored in [69].

Finally we advocate a further reason for studying the geometry of geodesics in the context
of exactly solvable polymer models. A detailed understanding of the geometry of geodesics,
beyond what can be obtained from the integrable techniques have recently proved useful in
study of certain models that arise from adding local defects to the integrable models. Even
though the local defects destroy the integrable structure, the more geometric understanding
of the geodesics are still useful. One example of this principle was obtained in [16], where
TASEP with a slow bond at the origin was studied using the correspondence to Exponential
last passage percolation, and geometric understanding of the geodesic was used to show that
a slow bond at the origin of arbitrarily small strength changes the current, thus settling
the “slow bond problem”. As a matter of fact, we use the results to study the invariant
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measures of TASEP with a slow bond [15] (see next chapter), and establish a conjecture of
Liggett from [62]. We remark that for these applications, it is crucial to have the coalescence
statement in the finite setting. Hence even without the optimal tail decay in Theorem 1, the
result turns out to be important and useful.

2.1.2 Inputs from integrable probability; Tracy-Widom limit,
and n?/? fluctuations

In this subsection, we recall the basic inputs from the integrable probability literature that

we shall be using throughout. As mentioned before Exponential DLPP is one of the handful

of models for which the KPZ scaling result and much more has been rigorously established.
The Tracy-Widom scaling limit for exponential DLPP is due to Johansson [50].

Theorem 2.1.1 ([50]). Let h > 0 be fized. Let v = (0,0) and v, = (n,|hn]). Then

Tow, — (1 + Vh)?*n 4
—
h=1/6(1 + \/5)4/3711/3

where the convergence is in distribution and Fry denotes the GUE Tracy-Widom distribu-
tion.

GUE Tracy-Widom distribution is a very important distribution in random matrix theory
that arises as the scaling limit of largest eigenvalue of GUE matrices; see e.g. [] for a precise
definition of this distribution. For our purposes moderate deviation inequalities for the
centred and scaled variable as in the above theorem will be important. Such inequalities can
be deduced from the results in [7], as explained in [16]. We quote the following result from
there.

Theorem 2.1.2 ([16], Theorem 13.2). Let ¢ > 1 be fized. Let v,v, be as in Theorem 2.1.1.
Then there exist constants No = No(v), to = to(v0) and ¢ = c(¢) such that we have for all
n > Ny, t >ty and all h € (i,w)

P[|T,.0, — n(1+Vh)?| > tn'/?] < e~

Theorem 2.1.2 provides much information about the geometry and regularity of geodesics
in the DLPP model; which was exploited crucially in [10], and will be extensively used by
us again. Most fundamental among those is the n%? transversal fluctuation of the geodesic
between points at distance n. Let 7 denote the (almost surely unique) geodesic between
two fat away points v and v. For simplicity let us assume v = (0,0) and v = (n,n). The
transversal fluctuation of v, denoted TF,, is defined by sup(, e, |z — y| and denotes the
maximum vertical distance between a point on « to the straight line joining the two points.
It follows from Theorem 2.1.2 that TF,, is an order n?/® random object. The scaling exponent
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2/3 was identified in [51]; it follows from the arguments of [16], c¢f. Theorem 11.1 there (see
also Theorem 2.5 in [10] for an argument using Burke’s duality) that

P(TF, > kn*?) < e~

uniformly in large n for some ¢ > 0.

Observe that Theorem 11.1 in [16] provides a global upper bound on transversal fluc-
tuation. However, from points (z,y) € v with z = ¢ < n, one expects a much smaller
transversal fluctuation of order £2/3. Such a local fluctuation estimate would be useful to us
and is also of independent interest. We now move towards a precise statement to this effect.

Let T be the geodesic from (0,%’) to (n,n + k). For £ € Z, let T'({) € Z be the maxi-
mum number such that (¢,'(¢)) € T and T"'(¢) € Z be the maximum number such that
(T~1(¢),¢) € T. The following theorem is our final main result in this chapter.

Theorem 3. Fix L > 0. Then there exist positive constants ng, gy, sg, ¢ depending only on
L, such that for all n > ng,s > sq V2L, 0 > {y, and |k'| < LE?3,|k| < Ln?/? we have

P[|IT(0) — £] > s?%] < e
P[IT1(0) — ¢] > 50?3 < e

Remark 2.1.3. It will be clear from the proof that the exponent s* here is determined
by the exponents in the moderate deviation tail estimates. In the Poissonian LPP, where
optimal moderate deviation bounds are known [0/, (5], one can improve the bound further to
e~ which is optimal. Using the tails estimates for largest eigenvalue of Laguerre Unitary
Ensemble available in [55], it is possible to get the optimal exponents in for Exponential LPP

as well, however it is not needed for our purposes.

This result is of independent interest as it provides information on local transversal
fluctuation of the geodesics, and has already been useful in several different contexts. For
example, this has been used to study the locally Brownian nature of the pre-limiting Airy
process profile for Exponential LPP on short scales and to study the time correlation of the
same [I1], and also the modulus of continuity for poylmer fluctuations and weight profiles
in Poissonian LPP [15]. For our purposes here we shall need a more refined version of this
estimate; see Theorem 2.2.1 below.

A variant of this result also holds for semi-infinite geodesics; see Proposition 2.6.2. We
shall use this result to prove Theorem 2. Using Proposition 2.6.2, one can also provide an
alternative proof of the lower bound in [70] (see Remark 2.6.5).

2.1.3 Outline of the proof of Theorem 1

We describe now the basic outline of our proof of Theorem 1. For some large fixed number
M, we try to achieve coalescence at length scales Mk for different values of i. We show
that at each scale coalescence happens with probability bounded below independent of ¢,
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and these events are approximately independent, i.e., failure to coalesce at one scale does
not make coalescence at the next scale much less likely. Trying at a large number of length
scales one obtains Theorem 1. More precisely we establish the following.

Let L be a large fixed number. For r € N consider the points a, = (r,r + Lr?/?) and
b, = (r,r — Lr?/3) (assume without loss of generality that /® is an integer). For some large
M € N let I'y denote the geodesic from a, to ays., and I's denote the geodesic from b, to
barr. Let Coal, ps denote the event that I'y and I'y share a common vertex. We have the
following theorem.

Theorem 2.1.4. Fix L > 0. Then for all sufficiently large M and all r > 0 we have
1
P(Coal, pr) > 5

Theorem 2.1.4 says that if the geodesics I'y, , and I'y, , from Theorem 1 does not have
an atypically high transversal fluctuation at distances » and Mr, then with probability at
least %, they coalesce in [r, Mr|. Observe that Theorem 3 says that atypical transversal
fluctuation at a given point is exponentially unlikely, later we establish a refinement of this
showing that such events are also roughly independent if M and r are sufficiently large (see
Theorem 2.2.1), thereby establishing Theorem 1.

Most of the work in this chapter goes into the proof of Theorem 2.1.4. This is done
via a bootstrapping argument. We first show that the probability is bounded below by an
arbitrary small constant independent of r and M (see Proposition 2.3.1). This follows from
showing at some horizontal length scale distance D (where r < D < Mr) with a probability
bounded away from zero there exists a barrier of width O(D) and height O(D?/?) just above
the geodesic I's, such that any path passing through the barrier is penalised a lot. Using
Theorem 3 and the FKG inequality we show that in presence of such a barrier and in
environment that is typical otherwise, I'y will merge with I'; before crossing the barrier
region. The construction of the barrier here is similar to one present in [16], and we shall
quote many of the probabilistic estimates in that paper throughout our proof.

We note here that events forcing coalescence of finite and infinite geodesics have been
studied in a number of works in different settings. Some of these are done using ergodicity in
non-integrable settings and are inherently not quantitative [68, 56, 1], while the preprint [30]
considers a rectangle of size n!T°() x n?/3 and show that best paths constrained to stay within
this rectangle coalesce with rather weak probability lower bound of n=°®). Our approach of
further developing the combination of geometric techniques and integrable inputs, introduced
in [16], together with the control on local fluctuations of geodesics (Theorem 3), in contrast,
leads to a proof that coalescence happens with uniformly positive probability at the correct
length scale.

2.1.4 Notations

For easy reference purpose, let us collect here a number of notations, some of which have
already been introduced, that we shall use throughout the remainder of this chapter. Define
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the partial order < on Z? by u = (z,y) < u' = (z/,y) if x < 2/, and y < y/. For a,b € Z*
with a < 0, let I, ;, denote the geodesic from a to b in the Exponential LPP, and T, ; denotes
the weight of the geodesic I'y .

For an increasing path v and ¢ € Z, v(¢) € Z will denote the maximum number such that
(¢,7(¢)) € v and v~ '(¢) € Z be the maximum number such that (y~'(¢),£) € v. Let £(v)
denote the weight of the increasing path . Also for a < b < ¢ < d € Z, and  an increasing
path from (a,a’) to (d,d'), we define

Vbl ={y(@):b<az<c}

as the part of v between the vertical lines x = b and = = c.
Foru = (z,y) 2 v = (¢/,9') in Z?, let d(u,v’) = (' — z) + (¥ — y) denote the ¢; distance
between u and u’. Define N
Tu,u’ = Tu,u’ - E(Tu,u’>7

fu,u’ = Tu,u’ — 2d(u, Ul).

It is easy to see that fu,u’ < Tu,u" Roughly speaking, if the slope of the line joining u and v’
is close to 1, then T, can be well approximated by ﬁwf (see Section 9 of [10]).

Also for any set R C R?, let T.F' denote the weight of the maximal path from u to v
that avoids the region R. Let %T,,, denote the weight of the maximal path from u to v that
intersects the region R. Also define ifv =T —ET, . and ﬁfv =T, —2d(u,u’). Similarly
define RTW, and Rﬁw.

We shall use the notation [-, -] to denote discrete intervals, i.e., [a, b] will denote [a, b)NZ.
We shall often assume without loss of generality that fractional powers of integers i.e., k%/3
or rational multiples of integers as integers themselves. This is done merely to avoid the
notational overhead of integer parts, and it is easy to check that such assumptions do not
affect the proofs in any substantial way. In the various theorems and lemmas, the values of
the constants C, C’, ¢, ¢ appearing in the bounds change from one line to the next, and will
be chosen small or large locally.

2.1.5 Organisation of the chapter

The rest of the chapter is organised as follows. In Section 2.2 we prove Theorem 3 and also
prove a refinement Theorem 2.2.1. In Section 2.3, we start prove Theorem 2.1.4 by reducing
it to the key Proposition 2.3.1, and use it to establish Theorem 1. The next two sections are
devoted to the proof of Proposition 2.3.1. In Section 2.4, we define a geometric structure
and a number of key events used in the rest of the proof. Section 2.5 constructs a collection
of coalescing paths on a combination of the key events and estimates the corresponding
probabilities, and concludes the proof of Proposition 2.3.1. Section 2.6 contains the proof of
Theorem 2. This final section is independent of the rest of the chapter except that we use a
variant of Theorem 3.
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2.2 Local transversal fluctuation of geodesics

Our objective in this section is to prove Theorem 3 and prove a refinement of the same.
The proof of Theorem 3 is reminiscent of an argument in [6%] in the context of first passage
percolation, however is much stronger than the result there as for first passage percolation one
has much weaker information about fluctuation of passage times and transversal fluctuations.

Proof of Theorem 3. We show only that P[(I'(¢) — ¢) > sr2/3] < e=". The other parts are
similar. Also for convenience, we assume that &' = 0, so that I is the geodesic from (0, 0) to
(n,n + k). For general k' < L¢?/3, the argument is similar.

Choose @ = 25. For j > 0, let B; denote the event that ['(270) — 210 > s((20)70)*/3 and
[(27H10) — 27+ < s((2a)7+H)¥3. Note that as [['(n) — n| = |k| < Ln?*? < sn?? for all
s > 2L, hence,

{0y —¢> s}y C | By
Jj=0

See Figure 2.1.

20 2i+1ly

Figure 2.1: Proof of Theorem 3: the blue curve in the figure is the graph of the function
y = x+s2%3. On the event I'(¢) — ¢ > s¢?/3, there must exist some j > 0 such that I' crosses
the blue curve on the interval [27¢,271¢]. The event B, is a slightly more involved variant
of the event described above. On the event B; one must have points u and v as above such
that the path from (0,0) to w and then to v is atypically long, hence this event is unlikely.

Hence it suffices to show that

2 25/3

]P)(BJ) < ecsTa

Let Bj:y denote the event that
[(270) € Uy := [270+ (s + ) ((20)70)*3,270 + (s + t + 1)((2a)70)*/?]
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and
D27 e V= [2j+1€ + (s =t (2) T3 24 4 (s — ' + 1)((2a)j+1€)2/3} )
for t,# =0,1,2,.... Clearly,

Biww €{ sup  (Toieu) + Ti2iew), @10 — Lo 2i+1ew)) = 0}
u€Us,veVy

If S is the line segment joining 0 to some vertex v € V., then it is easy to see that

j jp < @0 ; ip)2/3
Thus computing expectations, it follows from Lemma 9.4 of [16] 2 and the fact that 2/2 >
a > 1, that there exists some constant ¢; not depending on /¢, s,t,t',j, such that for all
u € Uy, v € Vi, and all s sufficiently large,

2j .
E(T[L(Qj[,u)) + E(T(ng7u)7(2j+1gm)> < E(T07(2j+1g,v)) — cl((s +t+ t’)a?)2(2ﬂ€)1/3.

Using the moderate deviation estimates for supremum and infimum of the lengths of a
collection of paths given in Proposition 10.1 and Proposition 10.5 of [16] (and breaking U,
and Vj into consecutive intervals of length (27¢)%/3 and taking o*/3-many union bounds),
and using similar arguments as in the proof of Lemma 11.3 of [16], this implies,

P(Bjp) < e-clort+a

Summing over t,t’, j gives the result. ]

2.2.1 An improved regularity estimate

Observe that Theorem 3 says that at any given length scale ¢, the geodesic is unlikely to
have a transversal fluctuation that is much larger than ¢23. Our next result will show a
decorrelation between these unlikely events at well separated length scales.

Let T' denote the geodesic from 0 to n. For k, M € Z fixed, and any vertex v € Z2, let
A? denote the event that |T,,(M°k) — M'k| > s(M'k)*3. Also let A; := A%. We have the
following theorem.

2Using similar observations as made in Section 9 of [16] for Poissonian LPP, from Theorem 2.1.1 and
Theorem 2.1.2; it follows that, in Exponential LPP model, for fixed i) > 0, there exists rg = 7o(¢)) such

that for points v = (z,y) and v’ = (2/,y') in Z? such that /' — 2 = r > ro, and L= ¢ (i,w), one has,

E(Tuw) = (V7 + V4 —y)2 +00'3) = d(u,u') +24/7(y —y) + O(r*/3). Hence, Corollary 9.3, Lemma 9.4

and Lemma 9.5 from [16] continue to hold for Exponential LPP as well with the same proof.




CHAPTER 2. COALESCENCE OF GEODESICS 17

Theorem 2.2.1. There exist positive constants sq, My, c, ¢ such that for all s > sq, M > My

and l, k € 7 we have
¢
lim sup P <Z 14, > 26_055) < et

Theorem 2.2.1 will follow from the next proposition.

Proposition 2.2.2. Let F C [{]. Then there exist positive constants c, so, My such that for
all s > so, M > My,

P(|T(M'k) — M| > s(M'k)*’® for alli € F) < eI,

We postpone the proof of Proposition 2.2.2 for now, and first show how Theorem 2.2.1
follows from Proposition 2.2.2.

Proof of Theorem 2.2.1. Let B; s for i € [¢] be i.i.d. Bernoulli random variables with success
probability e~*. Then Theorem 2.2.2 implies that (14,,14,,...,14,) 2sr (B1, Ba, ..., By).
Hence, Zle 14, =57 Zle B;. Theorem 2.2.1 now follows from Hoeffding’s inequality ap-
plied to 3¢_, B;. O

For the proof of Proposition 2.2.2 we will need the following lemma that is basic and was
stated in [16]. As we would have several occasions to resort to this lemma, we restate it here
without proof.

Lemma 2.2.3 ([16], Lemma 11.2, Polymer Ordering). Consider points a = (ay,as),a’ =
(a1,a3),b = (by,b2),b' = (by,b3) such that a; < by and as < az < by < bs. Then we have
Lop(z) < Twy(x) for all x € [ai, bi].

We shall now prove Proposition 2.2.2. Before starting with the technicalities of the proof
let us explain the basic idea which is however simple. Consider the case k = 1 and F' = {1, 2}.
Using constructions as in the proof of Theorem 3, for M sufficiently large we can approximate
the event A, := |['(M)— M| > sM?/3, up to a very small error in probability by an event B,
that depends only on the random field on [0, D] x Z, for some M < D < M?2. The main
point is that even on the unlikely event A, it is very likely that |[I'(D) — D| < s'D?/? for
some s’ that is not too large. This implies the event Ay := [['(M?) — M?| > sM*/3 can then
be well approximated by another unlikely event B, that is measurable with respect to the
random field on [D + 1,n] x Z, and hence independent of B;. The following proof makes
this idea precise.

Proof of Proposition 2.2.2. Without loss of generality we assume k = 1. Also let F' = [/].
For any fixed subset F' C [{], the proof follows similarly. Fix o < 2'/2. Choose C’ large
enough so that a2¢"/3 > 2. Let M = 2¢ where C' is large enough such that a¢" < 26=¢". Let
A} denote the event that I', ,(Mik) — Mk > s(M'k)*3. Also let A} := AP°.



CHAPTER 2. COALESCENCE OF GEODESICS 18

Fix ¢,s. For any r € [¢(] and any 0 < » < M"*! and any s, > s such that s, ((2a) 1)?/% <
s(M™2)23 let Epyy 44 = {0(x) — 1 > 5;2%/3}. Define B, ., similarly with the geodesic
I' replaced by I',,,. Also let 0 < z < x be such that x — 2 > Bz for some fixed positive
constant 3, and let s, be such that s,2%/3 < 2% We claim that for any such  fixed, and
any such z < z fixed and any such sy, sy, and for v = (2, z + s5(2)?/?)

Pl E

r+1,z,s1

m A;v < szrefcslfcs(ﬁfrfl)7 (22)
ie[r+2,4]

where c is some absolute constant.

We prove the statement (2.2) by induction on ¢ —r. Clearly this holds when r = ¢ —1 by
simply applying Theorem 3. Assume (2.2) holds for » = k + 1, we prove this for r = k. Fix
r < MF 2 < r and s; > s such that z — 2z > B2 and s,((2a)% 2)*3 < s(M*+2)2/3, Parallel
to the events in Theorem 3, for v = (z, 24-522%/%), define BY as the event that I', ,, (27 2)—2/z >
51((2a)2)?3 and T, (27 2) — 2010 < 51((22)7+12)?/3 for all j =0,1,2,...,C" — 1. Then

L v "y
B = EkJrl,z,sl ﬂ Az

i€[k+2,0]
c'—1
c Ule N 2y {Fv7n(2clx)—20,x251((2a)0/x)2/3} N A
Jj=0 i€[k+2,4] i€[k+3,4]

Now let U; = {(2/z,y) : y > 2z + 51((2a) )23} and V; = {(2F12,y) : y < 2Hlz +
s1((2a)7*12)2/3} for j < C" — 1. Then, for each j < C' — 1,

B! ﬂ AP

ie[k+2,]

C { sup (Lo + Tuw — Tow) > 0} m U ﬂ A;w

uel;,wev; weV; | i€[k+2,(]

The two events in the intersection are independent. It follows from the proof of Theorem 3
that

uelU;,weV;

P{ sup (Tv,u + Tu,w - Tv,w) Z 0} S 6—051a2j/3-

Also for all j < C' — 1, using the induction hypothesis (2.2) with r = k 4+ 1, §] = s,
2’ = M2 and o' = (2712, 27ty + 5 ((22)7+12)?/?), the topmost vertex of Vj, and using
polymer ordering Lemma 4.3.2,

P U ﬂ A;w <P ﬂ A;’Ul < 2€fkflefcs(ffk71).

weV; | i€[k+2,(] i€[k+2,(]
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Also the fact that o < 2°=¢ and the condition on s; imply that s”((2a)% 2")?/3 <
s(MI*3)2/3 where 2 = 2"z and s = 5,02°/% and {T'(2%z) — 292 > 5((22)%2)?/3} =
Ejy24n¢r. Hence, applying statement (2.2) of the induction hypothesis again,

i {rvvn(zc’) 20"z > 51((22)" 2/3} N A

i€[k+3,(]

= P | Epoary ﬂ AP
1€[k+3,(]
< 2l7kflefcs’1’fcs(€7k72) _ 2l7k71670510420//3705(871972)

Hence, bringing all this together,

Cc'—1
P(B) < § 2€—k—16—cs(€—k—1)e—csla2ﬂ'/3 + 21—’%‘—16—0510420,/3—@(4—1@—2)

=1
Since ?¢’/3 > 2. this proves that
P(B) < 2€7kefcslfcs(€fk71).

This proves statement (2.2) of the induction hypothesis for j = k and completes the induction
and proves the claim.
Hence, with r =0, x = M and s; = 5, 2 =0, we get Ej 11,5 = A}, and from the above

claim,
¢
P (ﬂ A;) < 2femets,
i=1

hence, by taking a union bound over all 2¢ terms,
P(|T(M?Y) — M| > s(M")?/3 for all i € [{]) < 2%e<.
For all s > s, such that $s > log4, one has the result. O

Note that the arguments used in proving Theorem 3 and Theorem 2.2.1 would still go
through if we considered the transversal fluctuation of the geodesic between two points such
that the line segment joining them has slope m bounded away from 0 and co. We state this
without proof in the following corollary.

Corollary 2.2.4. Let ¢ > 1 and m € [i,@b] be fized. Let I' be the geodesic from (0,0) to

(n,mn). Let S be the line segment joining (0,0) to (n,mn). For{ € Z, let S(£) be such that
(¢,S(¢0)) € S.
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(a) Then there exist positive constants ng,lo, So, ¢ depending only on v, such that for all
n > ng,s > 8o, > Lo,
P[|T(0) — S(0)]| > s0*3] < e,

(b) For k,M € Z fized, and any vertex v € Z?, let A’ denote the event that |T'(M'k) —
S(M'k)| > s(Mk)*3. Then there exist positive constants s, My, c,c depending only
on 1, such that for all s > so, M > My and ¢,k € Z we have

¢
lim sup P (Z 1a > 26_'386) <e ¢t

2.3 Coalescence of finite geodesics

In this section we prove Theorem 1 following the strategy outlined in Section 2.1.3. We
prove Theorem 2.1.4 modulo the key Proposition 2.3.1 stated below, and use it to complete
the proof of Theorem 1.

Recall the set-up of Theorem 2.1.4. Let L be a large fixed number. For r» € N consider
the points a, = (r,r + Lr*?) and b, = (r,7 — Lr*?) (assume without loss of generality that
r?/3 is an integer). For some large M € N let I'; denote the geodesic from a, to ays,, and
I'y denote the geodesic from b, to by,.. Let Coal, ys denote the event that I'y and I'y share
a common vertex. We want to show that the probability of this event is bounded below by
1/2, for some suitably large M, uniformly in all large r. We first show that the probability
is bounded below by an arbitrary small constant independent of r and M.

Proposition 2.3.1. Fiz 2,7 € N and 0 < ug < loglogz and 0 < vy < loglog22. Set
ay = (zr,zr + upz?3r?3) by = (2r, 2r — wez?P02/3),ay = (2%, 2%r + vo(22)?3r?3),by =
(221, 2%r — vo(22)?/%r?/3). Let Iy be the geodesic from ai to ay and I}y be the geodesic from
by to by. Let F be the event that I'g and I'y, meet one another. Then there exists an absolute
positive constant o not depending on z,r, such that

P(F) > a > 0.

Proof of Proposition 2.3.1 is rather elaborate and the next two sections are devoted to
it. Roughly the idea is as follows. We show that at some horizontal length scale D (where
r < D < Mr) with a probability bounded away from zero there exists a barrier of width
O(D) and height O(D?/3) just above the geodesic T'y, such that any path passing through the
barrier is penalised a lot. Using Theorem 3 and the FKG inequality we show that in presence
of such a barrier and in environment that is typical otherwise, I's will merge with I'; before
crossing the barrier region. The construction of the barrier here is similar to one present in
[16], and we shall quote many of the probabilistic estimates in that paper throughout our
proof.

We first show how we can conclude Theorem 2.1.4 from Proposition 2.3.1.
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Proof of Theorem 2.1.4. Fix r. By translation invariance, it is enough to look at the geodesic
from ey = (0,Lr*?) to ey = (M — 1)r,(M — 1)r + L(Mr)???) and the geodesic from
go = (0,—Lr*?) to g1 = (M — 1)r, (M — 1)r — L(M7)??). Let T = [y, and IV =T, ,,.

Set NN
i =2%r fori=—,—+4+1,...,N
p r? Oor 7 27 2 + Y Y ?
such that 22" = M — 1, ie., N = clog log(M — 1) for some absolute constant c¢. Also set
a; = (pi, pi —|—p?/3i) and b; = (pi, pi —pf/?’z'), fori=4%,%+1,...,N. Applying Lemma 2.2.4,

it follows that I" and I" pass between a; and b; for all i with probability at least

i

N

1-2 Z e >1—Cle N,
N
=3

From Proposition 2.3.1, with z = 2%, it is easy to see that Loy and Iy, meet with a
positive probability a not depending on 7, 7. Hence, due to polymer ordering (Lemma 4.3.2)
and independence in each block, I" and I'" meet between 0 and (M — 1)r with probability at

least

/ C’
1—(1— N/Q_O/—CN>1_
(1—a) e > —(log M)
for some positive constants C’, ¢ that depend only on L but not on r or M. This proves the
theorem by choosing M sufficiently large. O]

We now complete the proof of Theorem 1. The proof is similar to the proof of Theorem
2.1.4, except that we use Theorem 2.2.1 instead of Theorem 3 and a union bound.

Proof of Theorem 1. Let M > My, sy as in Theorem 2.2.1 and let e™*° = ¢ < %. Let C;
denote the event that |Ty, n(M°k)—Mk| < so(M'k)*? and |Ty, n(M°k)—M'k| < so(M'k)%3.
Let a; = (Mk, Mk + so(M°k)?/3) and b; = (M'k, Mk — so(M'k)?3). Let D; denote the
event that the geodesic from a; to a;;1 meets the geodesic from b; to b;11. By Theorem 2.1.4
and choosing r = M'k, it follows that for M sufficiently large we have P(D;) > 1/2 for all i.
Since D; are independent it follows that for all ¢

¢

¢ :

P (Z 1p, < Z) < et
=1

for some ¢ > 0. Using this together with Theorem 2.2.1 we get

log R(log M)~!

P > lgmp, =0] <R

=1

for some absolute positive constant c¢. This proves Theorem 1. O
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(n,n)

-
~

250(A[‘k)2/3|
~

(K2/3.0) r//i// g
0,00

M'k

Figure 2.2: Merging of paths as in the proof of Theorem 1. Using Theorem 2.2.1 it follows
that the geodesics I'; and I'y are very likely to pass between the points a; and b; for all ¢
sufficiently large. Using Theorem 2.1.4 we show that with a positive probability they merge
in one of those intervals. Proof of Theorem 2.1.4 is similar, except there we choose intervals
growing doubly exponentially and the distance between the points a; and b; much larger.
The argument proceeds by using Proposition 2.3.1 instead of Theorem 2.1.4 and Theorem 3
together with a union bound replacing Theorem 2.2.1.

The idea of the proofs of Theorem 2.1.4 and Theorem 1 is illustrated in Figure 2.2. It
will be clear from our proof that Theorem 2.1.4 works for geodesics in any fixed direction
bounded away from the co-ordinate axes directions. This, together with Corollary 2.2.4
implies the following corollary, which we state without proof.

Corollary 2.3.2. Let L,mq be two fized positive constants and let n > k. Let I' be the
geodesic from (0, Lk*?) to (n,mon + Ln?/®) and T' be the geodesic from (0,—Lk*?) to
(n,mon — Ln*?) in the exponential LPP model. Let v, = (v.1,v.2) be a leftmost common
point between I' and I'". Then,

P(v,1 > Rk) < CR™¢,
for some positive constants C c that depend on mgy, L but not on k,n.

To complete the proof of Theorem 1, it only remains to prove Proposition
2.3.1. This is done over the next two sections. Observe that by scaling of the
process, it suffices to prove Proposition 2.3.1 for r = 1. For the next two sections
we shall always be in this setting even though we might not explicitly mention
it every time.

2.4 Favourable events

First we need to define a set of events that will be key to our proof. Some of these are similar
to the events in Section 3 of [16]. We need to introduce some more notations before we can
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define these events.

More notations

Fix z € N and consider the set up as in Proposition 2.3.1 with » = 1. Define z = 2%/2. In
this section, all the events are constructed for this fixed z. As there is no scope for confusion,
we suppress the dependence of the events on z. Recall that T'y is the geodesic from a; to as
and I') be the geodesic from b; to bs.

Let P(w, ¢, h, s) denote the parallelogram whose leftmost endpoint is (w,w — h), and two
sides are parallel to the diagonal and y-axis and are of length v/2¢ and h+ s respectively, i.e.,
whose endpoints are (w,w — h), (w+{,w+ € —h), (w,w+ s), (w+ £, w+ £+ s). Construct
the barrier B at x of width x/10 and height (4M + S)x?/? as follows,

B = P(x,2/10,2Mz*3 (2M + S)z*/3).
Let us denote the left wall of the barrier as L; and the right wall L,. Also let

Z:{(u,U)GRQ:xgugx—i-l—xO}

be the region bounded by the vertical lines at z and x + {5. Define 2’ = (2 + 1L0 x and let
Ls denote the line segment joining (2', 2" — 2M (2')?/3) and (2/,2" + (2M + S)(2')*/?). See
Figure 2.3 for an illustration of the above definitions.

Choice of parameters

The construction of the favourable events will depend on a number of parameters. In the
definitions that follow H, M, S will denote large positive constants to be chosen appropriately
later (not depending on z). The dependence among these constants are as follows.

1. H will denote a large absolute constant.
2. M will denote a large absolute constant.?
3. S is chosen sufficiently large depending on M and H.

With this preparation we can now define the favourable events, which are divided into
four types. The first three are typical in the sense that they hold with probability close to
1 (for the appropriate choice of parameters) but the final one only occurs with probability
bounded away from 0.

3Note that the parameter M here and in subsequent sections is in no way related to the constant M
used in the earlier Sections 2.2 and 2.3.
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az

(2%,2%)

Ly

be
Ly 2

Mag2/3

10

Figure 2.3: The basic elements of our construction, the barrier B, and the line segments
Ly, Ly and Ls. Notice that = 2z3/2 so the barrier is much closer to the left boundary than
to the right one.

2.4.1 Wing condition

Fix some large absolute constant H to be chosen appropriately later. We say G holds if the
following two conditions hold:

(i) For all u € Ly, the left wall of the barrier,
|1~ﬂa17u| < HVSz'3.

(ii) For all v’ € Ly, and v € Ls,
T | < HVS2/3.

The point of this condition is to ensure that the passage times to the left and the right
of the barrier region behave typically. It follows from Lemma 7.3 in [16] that the event G
holds with high probability, i.e., by choosing H a large absolute constant,

99
P(G) > —.
(@) 2 100
Observe that G depends only on the configuration in Z°¢.

2.4.2 Typical path

Let m = 1%, so that the barrier ends at the vertical line y = ma, and recall 2’ = (m + 1)z.

Let v be an increasing path from by to by. Define,

e~

U(y[x, ma]) := €(y[r, ma]) — B(T(an(2),(mary(ma)));
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and
U(y[z, ma]) := €(y[z, ma]) — 2d((z,7(2)), (mz, y(mz))),

where [z, mx] is the part of v between x and mz and ¢(v) is the weight of v. We say 7 is
typical at location z, if the weight of [z, mx] behave typically, and a series of geometric
conditions hold ensuring v passes through the bottom part of B and fluctuates at the typical
transversal fluctuation scale of geodesics in the region between L, and Ls. More concretely,
we ask for the following conditions:

Weight conditions:

‘E(me])‘ < HVMz'. (2.3)
(e@mx])] < HVMz'2. (2.4)
Geometric Conditions:
x4 Mz*? > ~(z) >z — Ma?/?, (2.5)
max 4+ M(mz)*? > y(mx) > ma — M(mzx)*3, (2.6)
'+ M) > () > o’ — M(a')?3, (2.7)
{(t,y(t)) : x <t <ma} CP(x,x/10,2Mz*3 2M2*3) =: By. (2.8)

Note that conditions (2.3) and (2.4) involve IL,[; ;,,4), the configuration on [z, mz], and
the rest are conditions on the geometric properties of the path 7. See Figure 2.4 for an
illustration. We shall show later that geodesics are typical with high probability.

2.4.3 Path condition

Fix any increasing path v from b; to by. Our next favourable event asks that paths from a,
to ay that have atypical transversal fluctuations in order to avoid crossing the barrier region
will be not competitive with paths that simply cross the barrier region coinciding with ~.

Let T, ;. .mz denote the weight of the best path from a; to ay that coincides with [z, mz]
between x and mx. Let le be the weight of the best path from a; to as that is more than
a distance of (2M + S)z%?3 above the diagonal at x,(i.e., at = is above the left boundary of
B) and stays above [z, mz| in [z, mx]. Let

AL ={F} < Ty pma — VS2'/?}.

Similarly, let Ff be the weight of the best path from a; to ay that is more than a distance
of (2M + S)(mx)?/? above the diagonal at mx, (i.e., passes above the right boundary of B)
and stays above v[x, mx] in [z, mz], and define

A2 = {F? < T, 4o — VS2'/*}

v
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az

L3

ai

L
Figure 2.4: Typical paths and barrier condition: a path v from b; to by is typical if it has
typical transversal fluctuations while crossing the barrier region and whose length restricted
to the barrier region is typical. The barrier condition 2, asserts that the region in the barrier

above 7 is really bad in the sense that any path crossing the barrier from left to right above
~ and is disjoint with + is much smaller than typical length.

Also let F,f be the weight of the best path from a; to as that is more than a distance of

(2M + S)(2")*? above the diagonal at 2/, (i.e., passes above L3) and stays above [z, mz]
between [z, mzx], and define

A3 = {F? < T4 ma — VS2'/?}.

Define
A, =ATNAZN AL

Observe that the event A, is decreasing on the configuration of Z \ {7} conditioned on
the remaining configuration. See Figure 2.5.

Recall that I7) is the geodesic from by to by. Define Ay, similarly with « replaced by I7.
We shall show later that Ar; is a high probability event.

2.4.4 Barrier condition

So far all the events that we have described are events that typically hold. Our final
favourable event is one that ensures any path crossing the barrier disjointly with I'jy will
be penalised a lot. This is not a typical event but one that only holds with constant prob-
ability (independent of z). Fix an increasing path 7 from b; to by satisfying the geometric
conditions (2.5), (2.6) and (2.8). We say the barrier condition R, holds if:
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ai

by

Figure 2.5: Path condition A,: it asserts that a path ¢ which passes above either wall of the
barrier or the line segment L3 must be much smaller than the path ~" which is the longest
path from a; to ay that agrees with v along the barrier.

Any path from the left to the right wall of the barrier B that avoids v and crosses the
barrier is much shorter. That is, for all u € L; and u' € Lo, such that (z,v(x)) = u and
(mx,y(mz)) S o/,

F1o< gl

It follows from Lemma 8.3 of [10], that there exists a constant § > 0 not depending on z
and ~, (depending on M, S), such that

P(R,) > > 0.

Observe that R, depends only on the configuration in Z\ {7} and is decreasing in Z \ {v}.

2.5 Forcing geodesics to merge using favorable events

In order to show that a collection of geodesics coalesce, we shall need the following lemmas
about the events defined in the previous subsection. Recall that z € N is fixed, the set up
is as given in Lemma 2.3.1 with r = 1 and 2 = 2%2. Now we consider the events described
in the previous section. Then we have the following lemmas. The first lemma says that
geodesics are typical with high probability.

Lemma 2.5.1. Let I' be the geodesic from by to by. Then L' is typical with probability at

99
least 00
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Proof. We first show that conditions (2.5), (2.6) and (2.7) each occur with probability at least
%. Enough to show one of them, the others are similar. Let S be the line segment joining
the two points b; and by. Then at the point (z,z) on the diagonal, x > S(z) > = — ixz/:i
(where S(z) is such that (x,S(x)) € S). Hence, by Corollary 2.2.4, (2.5) occurs with
probability at least % by choosing M large.

Next we show that conditions (2.3) and (2.4) hold with high probability. Let S; be the
line segment joining (z, 2 — M2?/3) and (z,x + Mx?/?), and S, be the line segment joining

(mx, mz — M (mx)?3) and (max, mx + M(mz)*?). Let A denote the event that

~ H
sup  |Tuw| < E\/Mxl/?’.

u€St,u' €S2

That P(A) > -5 follows from Corollary 10.4 and Corollary 10.7 of [16] and hence condition

(2.3) holds with high probability. Let A’ be the event that |T(mx) —Ty(z)| < @MU%W?’.
Breaking S; into subintervals of length ‘/THM 1/642/3 using Corollary 2.2.4 for the geodesics
starting from each of the endpoints of the subintervals to by, and polymer ordering (Lemma

4.3.2) and union bound gives that P(A’) > 29 Observe that for any geodesic v from u to

u' with u € Sy,u’ € Sy , such that |[¢(v)] < %901/3 and |y(w') — y(u)| < MY622/3 one
has |€(/\v)| < H+v/Mz'/3. This, together with condition (2.5) gives that condition (2.4) occurs
with probability at least %.

The only thing left to show is that condition (2.8) occurs with probability at least .
Together with polymer ordering (Lemma 4.3.2) and conditions (2.5) and (2.6), it is enough
to show that the geodesic joining (z, 7 — Mx*?) and (ma, mz — M (ma)?/?), and that joining
(z,x + Mz*?) and (mz, mz + M(mz)*?) have transversal fluctuation at most % 2?/* with
high probability. This follows from Theorem 11.1 of [16] by choosing M a large constant. []

The proof of the next lemma is similar to that of Theorem 3.

Lemma 2.5.2. For any fized increasing path ~ from by to by that satisfies the geometric
conditions (2.5), (2.6), (2.7) and (2.8), P(A, |y is typical ) > 2%

100 °

Proof. Observe that for an increasing path v satisfying the geometric conditions in (2.5),
(2.6), (2.7), (2.8), the condition that it is typical depends only on the configuration Il may -
We show that P(A|y is typical) > =%. The bounds for A2 and A3 follow similarly and that
for A, follows by taking a union bound. The proof of this is similar to what we did for the
proof of Theorem 3.

See Figure 2.5. Let ¢ be the best path joining a; and as that is more than a distance
of (2M + S)z*?3 above the diagonal at x and is above y[r,mz] in [z,mz]. Let W be
the straight line segment joining a; and a,. Choose a = 25. For j =0, let B} denote
the event that ((2/z) — W(2/z) > (2M + S)((2a)7x)*? and ( (27 x) — W(291x) < (2M +
S)((20)7 T 2)?/3. Tt is enough to show that on each of these B}, the weight of the union of the
maximal path joining ay to (z,7v(z)), [z, mz|, and the maximal path joining (mzx,~y(mz))
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and (27t1z, ((27t'x)) is larger than the sum of the length of ([z,2/t'z] and v/Sz'/® with
sufficiently high probability.

As before, define U, as the line segment joining (2/z, W(27z) + (2M + S + r)((2a ) x)?/3)
and (22, W(27x) + (2M + S +r + 1)((2a)’x)?3) and V, as the line segment joining
(20 e, W(2H ) + (2M + S — 7)((22)T12)?/3) and (27 e, W(2H ) + 2M + S — r +
1)((2a)7t12)?/3). Note that r here is used as an index variable and, in particular is not
related to the same symbol used in statement of Proposition 2.3.1. Also recall that S; was
the line segment joining (z,r — Mz%3) and (z,2 + Mx%?3) and S, was the line segment
joining (ma, mx — M (mz)??) and (mx, mz + M (mz)?/?). Define

Dx,r,r’,j = sup (Tal,(ij,u) + T(ij,u),(2j+1x,v) - Tal,(m,’uu) - T(ma:,wg),(21+1x,v))

ueUr,weV, w1 €S1,w2€S2

and set

Cj,r,r’ - {Dx,r,r’,j > f(y[m, mx]) - \/§$1/3} .

Recall that ¢(vy) denotes the length of the path v. Computing expectations, it is easy
to see that for some constant ¢; not depending on x,S,r,7’,j (depending on M), for all
u € U,v € Vs, (observe that v(z) € Sy, v(mz) € S,),

E(To 212) + E(T2iz,u),+120) < E(Tuy, @) + BT ea@),omzyme))
—l—E(T(mm’,y(mz))’(Qmew)) — Cl(S +1r+ 7”’)04%(ij)1/3'

Using the moderate deviation estimates for supremum and infimum of the lengths of a
collection of geodesics given in Proposition 10.1 and Proposition 10.5 of [16] and the fact
that 7 is a typical path (hence condition (2.3) holds), this implies, choosing S large enough
compared to M,

S ’ 2
P(Cjpr) < Cemlatrtros
Summing over 7,7, j, and choosing S large enough, gives the result. O

We point out that the argument in the proof of Lemma 2.5.2 is useful in other contexts
also. We already know from Theorem 3 that the transversal fluctuation of a geodesic from
0 to n at 7 < n is O(r?3). The argument above shows the following stronger fact: any
path having transversal fluctuation > r2/3 at scale r will typically be much shorter than the
geodesic. See [11] for an application of such a result.

The next lemma states that Ar; is a high probability event.

Lemma 2.5.3. Let I'y be the geodesic from by to by. Then P(Ar) > 1%

Proof. Let U, be the line segment joining (z,z — Mx%?3) and (x, 2 + M2?/3), U, be the line
segment joining (mx, mx — M (mx)*?) and (mx, mz+ M (mx)?3) and Us be the line segment
joining (', 2’ — 2M (2')%/3) and (', 2’ + 2M (2')?/3).
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Let D; be the event that the geodesic from (mz, ma + M (mx)?/?) to ay and the geodesic
from (ma, mx — M (mx)*?) to ay are within 2M (2')?/? distance from the diagonal at 2. By
Corollary 2.2.4 it follows that P(D;) > %. This, together with polymer ordering, ensures
that all geodesics from some point in U, to as pass through Us with probability at least %.

Let D, be the event such that the followings happen:

For all uq € Uy,

Ty y| < HV M2,
For all uy € Uy and us € (]37

Tys| < HVM2?,

By Lemma 7.3 of [10], it follows that P(Ds) > +he.

Observe that for any vy, vy € Uy and wy,ws € Us, z € Us
E(Tay 1) + E(Toyun) + E(Twy 2) — (E(Tay ) + E(Top ;) + E(Tow,,2))| < CM2$1/3’ (2.9)

where ¢ is some absolute positive constant.

Let Q be the set of increasing paths from b; to by that satisfy the geometric conditions
(2.5), (2.6), (2.7), (2.8). Fix two paths 71,72 € Q. Let 'Y and I'® be the two best
paths from a; to ay that coincide with ~;[z, mz] and [z, mz] between 2 and mx respec-
tively. Let vy = (x,71(2)),v2 = (x,%(z)), w1 = (mz,y1(mx)),wy = (mz,y2(mz)), 2z, =
(2, TD(2"), 20 = (2/,TP(2")). Since Tupay > Tunzy + Toran a0d Ty 0y > Topy oy + Topays it
is easy to see that, on Dy,

|T'Yl,$,m37 - T72,Z7m$| S Sllg) |Tal,v1 + thwl + Twl,z - <T11171)2 + Tvg,wg + Tu@,z)’-
zeUs

If in addition, the configuration on 7 [x, mx] and ~s[z, mz| are such that ~;, 7, are typical,
then on D, one has, using (2.9),

sup | Ty wme — Topwma| < cM223 4 6 HV Ma'/3. (2.10)

V1,72 typical

Next we use Lemma 2.5.2 to show that (N, , ..o Py < Tyome — VSz'/3} is a high
probability event. Recall the region By defined in (2.8). It is easy to see using standard
arguments that the geodesic from (z, (2M + S)z%3) to ay stays above the region By between
x and max with probability at least %. On this event, and on Dy N Dy, because of (2.10),
it follows that (recall that S was chosen much larger compared to H, M), if {F} < Tz me —

2v/Sz'/*} holds for some v typical, then, N, e Fr < Tyame — V/Sz'/3} holds. Hence
using Lemma 2.5.2,

8

IP’( () {F) < Tywme — \/§x1/3}) > 1% (2.11)

v typical
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Now we show that P(All“a) > 5. The bounds for A%B’ A%{) follow similarly and that for

Ary follows by taking a union bound. It is easy to see that,

P(A}) > ]P’( () {F) < Tywme — VS 3y 0Ty s typical})
v typical
Since P(T is typical) > 2= by Lemma 2.5.1, it follows by using (2.11) and taking a union

bound that
97

= 100’
completing the proof. O

P(AL) >

Let I'y be the geodesic from a; to as. The crux of the next lemma is that on the event
that G, R, and A, occur and 7 is typical, I'y merges with .

Lemma 2.5.4. If v is any fized increasing path from by to by, then on the event G N R, N
A, N {y is typical }, Ty, the geodesic from ay to as, meets 7.

Proof. First observe that if Iy gets below ~ at any point, it has to intersect 7. Also note
that, on A, N{y is typical }, the maximal path Iy cannot hit the barrier above (2M + S)z?%/3
distance from the diagonal at = or above (2M + S)(mx)?? distance from the diagonal at
max without hitting v. Also 7 is a typical path and hence hits the walls of B, if I'y(z) or
LCo(max) is below the walls of B, it must already intersect v. Otherwise, I'y enters and exits
through the left and right walls of B. We show that this cannot happen without hitting ~.
See Figure 2.6.

Let the point on the left wall of B where I'g enters the barrier be u; and the point on the
right wall of B where I'g exits the barrier be uy. Also the point where I'y intersects Lz be
ug (I'p must intersect L3 since on A, any path passing above Lj is worse than a path that
merges with 7, and if it passes below Lg, it intersects with -, as -y passes through L3). We
compare the part of the path I'g till Ls with g, (4 () U [z, mz] U I (may(ma))us (DY a minor
abuse of notation we denote by v[x, mx] the part of v between (x,v(x)) and (mx,y(mx)),
it does not affect our calculations in any way). Hence enough to prove

o~ —

Ta1,U1 + Tgl U2 + Tu2 U3 < Ta1 (zy(x)) T 6( [ ID + T(mw,’y(mx)),us' (2-12)
This follows because on G'N R, for v typical,
Tal,m 53 1/3 qul y < S4 1/3 u2 s 531’1/3,

A~

Tossonte = =S58, 03[, ma]) > —HVM", T ey > =522,

Here we have used that since u; < (z,7 + 252%/3), hence for some absolute constant c,
IET,, u, —2d(ay,u1)| < cS?x/3. This, together with the fact that |Ta1,u1| < H+/Sz'/? because
of the event G, one has that |T}, ., | < S3z'/3 by choosing S large. Similar arguments apply

to TUQ,uga Tal,(:v,'y(m)) and T(mm,'y(mx)),ug,-
From here equation (2.12) follows by choosing S sufficiently large compared to M and H.
O
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| iV
2

ai

b

Figure 2.6: Merging of I'g with v in the proof of Lemma 2.5.4. On A,, any path that passes
above the barrier or the line L3 is uncompetitive, and if any path crosses the barrier and hits
the line L3, the red part of the path can be replaced by the blue path which on the good
events and presence of the barrier has larger weight and also merges with ~.

2.5.1 Proof of Proposition 2.3.1

In this subsection we complete the proof of Proposition 2.3.1. As stated earlier, without loss
of generality, we shall prove it for r = 1.

Proof of Proposition 2.3.1. Consider the events G, R, and the barrier B and the event Ar,
as defined in the previous sections. The proof shall follow by conditioning on the lower path
Iy, = ~v. We first define sets Jy, Ja, J3 of increasing paths v from b; to by together with the
configuration I,y on {7} such that it is very likely that I'y € J; N Jo N Js.
Let J; denote the set of all typical paths from b; to by. Then Lemma 2.5.1 gives that
Let J; denote the set of all increasing paths « from b; to b, and configurations II,, such
that P(G|T) =) > 1. Since P(G) > £, one gets by Markov’s inequality,

9
P(T > —.
(I'o € ) = 10
Let J3 denote the set of all increasing paths v from b; to by together with the configura-
tions ITy,y such that P(Ap |y = ~) > 2. Since by Lemma 2.5.3 P(Apy) > 15, by Markov’s
inequality,
7
P(T > —.
(I'o € J3) > 10

Then by union bound, P(Iy € J; NJ, N Js) > 3.
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Fix a particular (v,1L,) € J;1 N J2 N Js.
Since

2
P(A, T = 7) = P(Ary|To =) 2 5,

and P(G|T) =) > 55, hence

1
P(GN ATy =7) > 5. (2.13)

Also as R, is a decreasing event on the configuration of Z\ {7}, and is independent of
the configuration in (Z \ {7})¢, and A, and I'j = 7 are also decreasing in the configuration
of Z\ {7}, by FKG inequality it follows that,

P(Ry M A, AT = vHZ\{1})) = P(R,)P(A, N {T = }(Z2\ {7}))-
As G is (Z)° measurable,
B(R, 1 A, N {T) = 1}/G) > B(R,)B(4, N {T) = 1}G).

Hence,
P(R,|GN A, N{lH=7}) =2 P(R,) > 3> 0.

This, together with (2.13), gives

P(R,NGNA, =7 >==4>0.

™

Now, it follows from Lemma 2.5.4 that on the event R, NG N A, N {v is typical }, Ty
meets y. Hence for any fixed (v,1I,) € J; N Jo N Js,

P(Ty meets y|I'5 =) > P(R,NGNA,|T)=7)>p >0,

where ' = g is an absolute positive constant not depending on the typical path v. Hence,
by integrating over all (v,IL,) € Jy N Jo N Js,

P(Tg meets I'y) > B'P(Ty € J1NJoNJ3) > (/2 =:a>0.

Also observe that o does not depend on z, this completes the proof. O

2.6 Optimal tail estimate for coalescence of
semi-infinite geodesics

In this section we prove Theorem 2 for the semi-infinite geodesics. Before proceeding with
the proof let us briefly recall the setting of the theorem. We had points vz = (k%3 —k?/3)
and vy = (—k?3 k?/?), and we denoted by I',, and T, the semi-infinite geodesics started
respectively from vz and vy in the direction (1,1), and v* = (v],v3) denoted the point of
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coalescence of vz and vy. The distance to coalescence dist(vs, v4) was defined to be equal to
vt 4 v5. As mentioned before to prove that P(dist(vs,v4) > Rk) < CR™2/3 we shall appeal
to the translation invariance of the underlying passage time field.

Observe that it suffices to prove Theorem 2 for all sufficiently large k. Fix now k suffi-
ciently large. Let us now identify the line I with Z via the identification i — u; = 0+i(—1,1).
We call u; € L a k-boundary point if d(u;, u;11) > k; see Figure 2.7. Define a sequence
{Xi(k)}ieZ by setting X; = 1 if w; is a k-boundary point and 0 otherwise. Observe that
translation invariance implies that this is a stationary sequence. The main step of the proof
will be the following proposition.

boundary point

z4+y=0

Figure 2.7: Definition of a k-boundary point. If semi-infinite geodesic starting from two
neighbouring points on x + y = 0 coalesce above the line x 4+ y = k then one of them is a
k-boundary point.

Proposition 2.6.1. There exists Cy,Cy > 0 such that for each i € Z and for each k, we
have o o
2 k) 1
=8 <PX;"=1) < I
We postpone the proof of Proposition 2.6.1 for now and prove the upper bound of The-

orem 2 first, the lower bound of Theorem 2 will be proved at the end of this section.

Proof of Theorem 2: upper bound. Fix R > 1. Clearly, on {dist(vs,vs) > Rk}, there must
exist i € [—k?*?, k*/3] such that u,; is an Rk-boundary point. It follows that

k2/3 K2/3

‘ B (Rk) (Rk) 23 1
P(dist(vs,v4) > Rk) =P 22/3 X, >0| <E Zz/g X; <2k (Rk)2/3
i=—k i=——k
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where the final inequality follows from Proposition 2.6.1. This completes the proof of the
theorem. O

2.6.1 Proof of Proposition 2.6.1

We prove Proposition 2.6.1 in this subsection. This proof is essentially independent of the
rest of the chapter, except we need to use a variant of Theorem 3, that also holds for the
semi-infinite geodesics. We first record this statement.

Proposition 2.6.2. For v on the line L : v +y = 0, let f(v) = (f(v)1, f(v)2) denote the
point the semi-infinite geodesic T, started from v in the direction (1,1) intersects the line
x4y =k. Forh >0, let Aj, = A, denote the event that there exists a point v on IL between
v and vy such that |f(v), — f(v)a] > hk*3. Then there exists hg > 0,c > 0 such that for all
h > hy and all sufficiently large k we have P(Ap) < e=ch?,

We shall not provide a detailed proof of this proposition, but let us indicate how one can
obtain this result by arguing as in the proof of Theorem 3. Without loss of generality take
v = 0. We need to upper bound P(f(0); — f(0)2 > hk*?). Let £ denote the straight line
y = (1 — k~Y/3)x. By definition of I'g, all but finitely many points on it lies to the left of
L, while f(v) lies to its right (for h sufficiently large) in the event f(0); — f(0)y > hk*/3.
We can now use the strategy of Proof of Theorem 3 to show that it is unlikely for the path
to cross the line £, by checking at dyadically increasing scales. Here we need to use the
observation that the proof of Theorem 3 works for paths in the direction other than (1,1)
as explained in Corollary 2.2.4. We omit the details.

The main input of this section however is the following from [I3], a result obtained by
the first and third author jointly with Christopher Hoffman. A slightly stronger version
of the result is used in [13] to show the non-existence of bigeodesics in exponential LPP.
We need some preparation to describe the result. Let Ly denote the line segment joining
(K*3,—k2/3) and (—k*3,k*?). For h € N, let L) denote the line segment (k, k) + 2hlLo.
For points u,v € Ly we say v < v if v = u 4 i(—1,1) for some ¢ > 0, and similarly on Lj.
For ¢ € N, let Cyj, denote the event that there exists points u; < ug < --- < uy on Ly, and
wy < wy < -+ < wpon L such that the geodesics Iy, 4, are disjoint. We quote the following
theorem from [13].

Proposition 2.6.3 ([13, Corollary 2.7]). There exists ko,lo > 0, such that for all k >
ko, KO0t > ¢ > {5 and all h < (Y16 we have P(Cyp) < e~ for some positive constant c.

Observe that this proposition immediately implies that in the same set-up P(Cyp) <
e~ 4 o=k for all £ > fy and h < k%9995 The main idea of the proof of Proposition
2.6.3 is the following: if there are too many disjoint geodesics across a rectangle of size
k x k?/3, there must be one which is constrained to be in a thin rectangle. The proof can
be completed with using the by now well-known fact that paths restricted to thin rectangles
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are unlikely to be competitive [12, 11], together with an application of the BK inequality.
See [13] for the detailed argument, we shall omit this proof.

We shall now complete the proof of Proposition 2.6.1 using Proposition 2.6.3. First we
need the following lemma.

Lemma 2.6.4. There exists ko, ly such that for all k > ko, and € > {y, we have

k2/3
Pl 3 xB>0) <oty

i=—k2/3

Proof. Fix ¢ sufficiently large and set h = min{¢/16, k%9005 Now observe that on the event

K2/3

Yo xP >y

i:—k2/3

we must either have that the event A; from Proposition 2.6.2 holds, or the event Cyj, from
Proposition 2.6.3 holds. Observe that, by Proposition 2.6.2 the probability of the first event
is bounded by e="® 4 e~ and by Proposition 2.6.3 the probability of the second event
is also bounded by e="® 4 ek The proof is completed by taking a union bound. [

We are now ready to prove Proposition 2.6.1.

Proof of Proposition 2.6.1. For the upper bound simply note that by translation invariance
2/3
P(X *) — 1) is independent of i. The proof is now completed by noting that Zf:/_kz/g x® <

2k2/3 and Lemma 2.6.4 implies that E Zi/j s X < € for some large constant C uniformly
in all large k.

For the lower bound, observe the following. By the same argument as in the first part, it
suffices to prove that there exists M sufficiently large such that with w;, = (ME*3, — ME?/?)
and wy = (—ME?3, MKk*3), we have for all k > 0

1
P(dist(thJQ) > l{?) > g, (214)

which ensures that with probability bounded away from 0, there is at least one boundary
point out of the 2M k2/3 between w; and w,. The existence of such an M follows from
Proposition 2.6.2 by noticing that for M sufficiently large the semi-infinite geodesic from w;
in the direction (1, 1) hits the line z +y = k below the point (£, %) with probability at least

272
2/3, whereas the semi-infinite geodesic from w; in the direction (1,1) hits the line z +y = k
above the point (%, %) with probability at least 2/3. O

Remark 2.6.5. Observe that using the same argument as in the proof of the lower bound in
the above proposition, it follows (with notations as in Theorem 2) that one has

lim supy,_, .. P(d(vs,v4) < Rk) < e~“E for some constant ¢ > 0, for R small. It recovers the
lower bound on distance to coalescence obtained by [70], with a better quantitative estimate.
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2.6.2 Lower bound in Theorem 2

It remains to prove the lower bound in Theorem 2. As mentioned before, this has already
been proved by Pimentel [70, 69] using a duality formula but we provide a short alternative
proof using our techniques.

Proof of Theorem 2: lower bound. Starting as in the proof of the upper bound, with same
I?Z/Skz/s Xi(Rk) > O). Let M be as in (2.14).

i=—

notations, we are required to lower bound P (Z

By translation invariance it follows that

k2/3
MRYPP | ST X™ >0 > Pd(w;, wy) > RE) >

i=—kK2/3

Wl

where w| = (M(Rk)?3, —M(RE)*?) and w) = (—M(Rk)*?, M(Rk)?3). The lower bound
k2/3 (REK) 1 —2/3 - . .
P> s Xy >0) > g5 R is now immediate. O

An alternative proof of the above can also be obtained by using the second moment
method.
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Chapter 3

Invariant measures for TASEP with a
slow bond

3.1 Introduction

A topic of contemporary interest in equilibrium and non-equilibrium statistical mechanics
has been to understand how the macroscopic behaviour of a system changes if some local,
microscopic defect of arbitrarily small strength is introduced. As described in the introduc-
tion chapter, a specific such model was introduced in the context of TASEP by Janowsky
and Lebowitz [19, 18] who considered TASEP with a slow bond at the origin where a par-
ticle jumping from the origin jumps at some rate r < 1. It is easy to see that for r small
this model, started from the step initial condition, has smaller asymptotic current; Janowsy
and Lebowitz asked whether the same happens for an arbitrarily small strength of defect,
i.e., values of r arbitrarily close to one. Over two decades, there were disagreements among
physicists about what the answer should be with different groups predicting different an-
swers, and this problem came to be known as the “slow bond problem”. As is typical for
exactly solvable models, much of the detailed analysis of TASEP is non-robust, i.e., the
analysis breaks down under minor modifications to the model. In particular, the study of
the model with a slow bond is no longer facilitated by the exact formulae, and even the
stationary distributions are non-explicit, making the study of the model much harder. This
question was settled very recently in [16] where it was shown using a geometric approach
together with the exactly solvable ingredients from the TASEP (without the slow bond) that
the local current is restricted for any arbitrary small blockage parameter. That is, for any
value of r < 1, it was established that the limiting current is strictly less than }1, which is
the corresponding value for usual TASEP.

Here, we develop further the geometric techniques introduced in [16] to study the sta-
tionary measures for TASEP with a slow bond. Following the works [19, 18] and some
unpublished works by Bramson, the conjectural picture that emerged (modulo the affir-
mative answer to the slow bond problem which has now been established) is described in
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Liggett’s 1999 book [62, p. 307]. The distribution of usual TASEP started with the step
initial condition converges to the invariant product Bernoulli measure with density % The
slowdown due to the slow bond implies that there is a long range effect near the origin where
the region to the right of origin is sparser and there is a traffic jam to the left of the slow
bond with particle density higher than a half. However, it was conjectured that as one moves
far away from the origin, the distribution becomes close to a product measure albeit with a
different density p < % to the right of the origin and p’ > % to the left of the origin. Our
contribution here is to establish this picture rigorously and thus answering Liggett’s question
described above; see Theorem 4, Theorem 3.1.4 and Corollary 3.1.3 below.

As in [16] our argument is also based on the connection between TASEP and directed last
passage percolation (DLPP) on Z? with Exponential passage times, which will be recalled
below in Subsection 3.1.3. We study the geometry of the geodesics (maximal paths) in
the last passage percolation models corresponding to both TASEP and TASEP with a slow
bond. We use the result from [10] to establish quantitative estimates about pinning of certain
point-to-point geodesics in the slow bond model. This establishes certain correlation decay
and mixing properties for the average occupation measures which implies the existence of a
limiting invariant measure. The heart of the argument showing that this invariant measure
is close to product measure far away from the origin is another analysis of the geometry
of the geodesics in the Exponential directed last passage percolation model, together with
a coupling between TASEP with a slow bond and a stationary TASEP. We use crucially a
result about coalescence of geodesic in Exponential LPP, obtained in the companion paper
[14] and discussed in the previous chapter.

We now move towards formal definitions and precise statement of our results.

3.1.1 Formal definitions and main result

TASEP is defined as a continuous time Markov process with the state space {0,1}%. Let
{n:}+>0 denote the particle configuration at time ¢, i.e., for t > 0 and z € Z, let n,(x) = 1 or 0
depending on whether there is a particle at time ¢ on site x or not. Let 9, denote the particle
configuration with a single particle at site z. For a particle configuration n = (n(x) : z € Z),
denote by n®**1 the particle configuration 7 — d, + 6,41, i.e., where a particle has jumped
from the site x to the site x + 1. TASEP dynamics defines a Markov process with the
generator given by

ZLfn) =Y nx) (1 —nlz+ D)) = f(n).

TEZ

Let {P;};>0 denote the corresponding semigroup. A probability measure v on {0,1}7 is
called an invariant measure or stationary measure for TASEP if E,(f) = E,(FP,f) forallt > 0
and for all bounded continuous functions f on the state space. Denoting the distribution of
1; when 1) is distributed according to v by v P, the above says that for an invariant measure
v one has vP, = v. The invariant measures for TASEP can be characterised, see Section
3.1.2 below.



CHAPTER 3. INVARIANT MEASURES FOR TASEP WITH A SLOW BOND 40

TASEP with a slow bond at the origin

We shall consider the TASEP dynamics in presence of the following microscopic defect: for
a fixed r < 1 consider the exclusion dynamics where every particle jumping out of the origin
jumps at a slower rate r < 1. Formally this is a Markov process with the generator

L0 f(n) = rp(0)(1 = (L) (f(™") = f(m) + D> n(@)(L = n(a + 1)) (f(n™* ) = f(n)).
z#0

Denote the corresponding semigroup by {Pt(r)}tzo. For the rest of this chapter we shall treat r
as a fixed quantity arbitrarily close to one. It turns out even a microscopic defect of arbitrarily
small strength has a macroscopic effect to the system, see Section 3.1.2 for more details of
this model. In particular, there is long range correlation near the origin and the invariant
measures for this model, unlike usual TASEP, does not admit any explicit description. As
mentioned above, following [19, 18] and unpublished works by Bramson, Liggett [62, p.307]
described the conjectural behaviour for the invariant measures for TASEP with a slow bond
at the origin. Our main result in this chapter is to confirm this conjecture. We now introduce
notations and definitions necessary for stating our results.

The initial condition 79 = 1(_, (i.e., one particle each at all sites z < 0 and no
particles at sites z > 0) is particularly important to study of TASEP and is called step
initial condition. For 0 < p < 1, let v, denote the product Bernoulli measure on the space
of particle configurations {0,1}* with density p; i.e., v,(n(z) = 1) = p independently for
all x € Z. For measures v on {0,1}2, E C Z and A C {0,1}* we shall set without loss of
generality v(A) = v(A x {0,1}*\F). Also for z € Z, let A® denote the subset of {0,1}*+¥
obtained by a co-ordinate wise translation by x. We shall need the following definition.

Definition 3.1.1. A probability measure v on the configuration space {0,1}% is said to be
asymptotically equivalent to v, at oo (resp. at —oo) if the following holds: for every finite E
and a subset A of {0,1}¥ we have

v(A) = vy(A)
as k — oo (resp. k — —o0).

We are now ready to state our main result which solves part (a) of the sequence of
questions about the invariant measures for TASEP with a slow bond in [62, p.307]. The
other parts of the conjecture also follow from this work and have been outlined in this
chapter, see Theorem 3.1.4 and Corollary 3.1.3 for the statements of parts (b) and (c) of the
question respectively.

Theorem 4. For everyr < 1, there exists a measure v, on {0,1}% and p < % both depending
on r such that v, is an invariant measure for the Markov process with generator £ and v,
is asymptotically equivalent to v, (resp. 11_,) at 0o (resp. —oo). Furthermore, started from

the step initial condition 1y, the process converges weakly to v,, i.e., 5770Pt(r) = U, ast — o0.
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For the rest of this chapter we shall keep r < 1 fixed. The density p in the statement of
the theorem is not an explicit function of r; however, we can evaluate p explicitly in terms
of the asymptotic current in the process with a slow bond; see Remark 3.1.2 below.

3.1.2 Background

As mentioned before, studying the invariant measures is crucial for understanding many
particle systems such as TASEP especially at infinite volume. It is a well known fact that
the set of all invariant measures is a compact convex subset of the set of all probability
measures in the topology of weak convergence and hence it suffices to study the extremal
invariant measures. In [59], Liggett identified the set of all invariant measures for TASEP,
and showed that apart from a few trivial measures, the extremal invariant measures for
TASEP are the Bernoulli product measures {v, : p € (0,1)}. Notice that these are all
translation invariant stationary measures for TASEP, and the measure v, corresponds to the
stationary current J = p(1 — p) where J denotes the rate at which particles cross a bond.
Hence the maximum possible value of the stationary current is Z—i. In particular, started with
the step initial condition 1y = 1(_w,0 TASEP converges in distribution to the stationary
measure vy (cf. Theorem 3.29 in part IIT of [02]). Rost [72] established the hydrodynamic
density profile and asymptotic current for TASEP started with step initial condition. Let
L,, denote time it takes for the particle started at —n particles to cross the origin. Rost [72]
established

EL
lim " =4, (3.1)
n—oo N
Observe that the reciprocal of the number on the right hand side above denotes the asymp-
totic rate at which particles cross the origin, which in this case matches the stationary current

of the limiting measure VL.

Further results

Let L' denote the time it takes for the particle started at —n to cross the origin when the

origin has been imputed with a slow bond; is lim,, % strictly larger that 4 for all values
of r < 1, or there is a critical value r. < 1 below which this is observed? This question
came to be known as the slow bond problem in the statistical physics literature. Recently,
this question was settled in [10] using a geometric approach together with estimates coming
from the exactly solvable nature of TASEP. They showed the following.

[[16], Theorem 2| For any r < 1, there exists € = £(r) > 0 such that

Ly
lim — =4+-¢. (3.2)
n—o0 n
This result does not readily yield any information about the invariant measures for
TASEP with a slow bond. Because of the long range effect of the slow bond, it is expected
that any invariant measure for this process must have complicated correlation structure near
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the origin. Theorem 4 establishes that starting from the step initial condition the process
converges to such an invariant measure v, which, as conjectured, is asymptotically equivalent
to product measures v, at oo and v;_, at —oo for some p = p(r) strictly smaller than %
Although we do not have an explicit formula for p in terms of r, it can be related to € in a
simple manner.

Remark 3.1.2. Let ¢ = €(r) be as in Theorem 3.2. Then p in Theorem Jj is given by the
unique real number less than % satisfying

1
44¢

p(l—p) =

It is easy to see why the above should be true. Since the current at any site under the
stationary measure v, is the same; the current at the origin (equal to 4—J1r€ by Theorem 3.2)
should be same as the current at some far away site both to the left and right. Recall that
the stationary current under v, is p(1 — p) and thus Theorem 4 suggests that p(1—p) = ﬁ.
We shall see from our proof of Theorem 4 that this is indeed the case. Similar considerations
give the following easy corollary of Theorem 3.2 answering part (c) of Liggett’s question in

(62, p.307].

Corollary 3.1.3. Let p = p(r) be as above. For p > p there does not exist an invariant
measure of the Markov process with generator L") that is equivalent to v, at 0o (resp. vi_p
at —o0).

Arguments similar to our proof of Theorem 4 can also be used to settle part (b) of Liggett’s
question in [62, p.307] where Liggett asks if for any p < p(r) (resp. for any p > 1 — p(r))
there exists an invariant measure of (") that is equivalent to v, at 0o (resp. v;_, at +00).
We show that such an invariant measure is obtained in the limit if the process is started
from product Ber(p) stationary initial condition.

Theorem 3.1.4. Let p < p(r) orp > 1 — p(r) be fized. Then there exists an invariant

measure v, of the Markov process with generator L") such that Vth(T) = v, and v, s
asymptotically equivalent to v, at £oo.

Theorem 4, Theorem 3.1.4 and Corollary 3.1.3 answer all parts of Liggett’s question.
However we do not identify all invariant measures for TASEP with a slow bond. A natural
question asked by Liggett [77] is whether or not the invariant measures given in Theorem
4 and Theorem 3.1.4 are the only nontrivial extremal invariant measures of the process.
Another question of interest again pointed out by Liggett [57] is whether similar results
hold for other translation invariant exclusion systems with positive drift, i.e., ASEP. Our
techniques do not apply as there is no known simple polymer representation for ASEP,
and even the question whether or not a slow bond of arbitrarily small strength affects the
asymptotic current is open.
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3.1.3 TASEP and last passage percolation

One can map TASEP on Z into a directed last passage percolation model on Z? with i.i.d.
Exponential weights, and much of the recent advances in understanding of TASEP has come
from looking at the corresponding last passage percolation picture. For each vertex v € Z?
associate i.i.d. weight £, distributed as Exp(1). Define u < v if u is co-ordinate wise smaller
than v in Z2. For u < v define the last passage time from u to v, denoted T, ,, by

T, = max E Eur
™

v'en

where the maximum is taken over all up/right oriented paths from u to v. In particular,
let T,, denote the passage time from (0,0) to (n,n). One can couple the TASEP with the
Exponential directed last passage percolation (DLPP) as follows. For v = (x,y) € Z? let &,
be the the waiting time for the (min(z,y) + 1)-th jump at the site (z — y) (once there is a
particle at # — y and the site  — y + 1 is empty). It is easy to see (see e.g. [73]) that under
this coupling T, is equal to the time it takes for n 4+ 1 particles to jump out of the origin
when TASEP starts with step initial condition, i.e., the time taken by the particle at —n
to jump to site 1. Often, when there is no scope for confusion, we shall denote by 717 the
last passage time from (0,0) to (a,b). In this notation, T),1x , equals the time taken by the
particle at —n to jump to site k£ + 1.

Even when TASEP starts from some arbitrary initial condition, the above coupling can
be used to describe jump times as last passage times, but the more general formula involves
last passage time from a point to a set rather than last passage time between two points;
see Section 3.5 for more details.

Observe that in the coupling described above the passage times of the vertices on the line
x —y =1 describes the weighting times for jumps at site i. Using this it is easy to translate
the slow bond model to the last passage percolation framework. Indeed, we only need to
modify the passage times on the diagonal line x = y by i.i.d. Exp(r) variables independently
of the passage times of the other sites. We shall use T to denote the last passage times in
this model. It is clear from the above discussion that Tér) has the same distribution as L,(f),
where LY is as in Theorem 3.2. For the rest of the chapter we shall be working mostly with
the last passage picture, implicitly we shall always assume the aforementioned coupling with
TASEP to move between TASEP and DLPP even though we might not explicitly mention it
every time. We shall see later how statistics from the last passage percolation model can be
interpreted in terms of the occupation measures of sites in TASEP, and provide information
about invariant measures.

Studying the geometry of the geodesics will enable us to prove facts about the occupation
measure of certain sites in the corresponding particle systems, and thus conclude Theorem
4. A crucial step in the arguments in this chapter would use the coalescence of geodesics
starting from vertices that are close to each other. This result follows from Corollary 2.3.2
of the previous chapter with £ = 1 and R = n. We record it here.
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Theorem 3.1.5 ([11], Corollary 3.2). Let L,L',my > 0 be fized constants. Let T be the
geodesic from (0,L) to (n,mon + L'n??3) and I" be the geodesic from (0,—L) to (n,mon —
L’n2/3) in the Exponential LPP model. Let E be the event that I' and I'" meet. Then,

P(E)>1-Cn"¢,

for some absolute positive constants C,c (depending only on L, L', mqy but not on n).

3.1.4 Outline of the proofs

We provide a sketch of the main arguments in this subsection. The proof of Theorem 4 has
two major components. The first part is devoted to establishing the existence of the limiting
distribution of TASEP with a slow bond at the origin started from the step initial conditions.
In the second part, we show that the limiting distribution is asymptotically equivalent to
a product Bernoulli measures with different densities far away from the origin to the left
and to the right. Throughout the rest of the chapter we shall work with a fixed » < 1 and
e = ¢(r) given by Theorem 3.2.

A basic observation connecting last passage times and occupation measures

The basic observation underlying all the arguments regarding invariant measures in this
chapter can be simply stated in the following manner. The amount of time the particle
starting at —n spends at 0 is T, ,, — T},_1,, (recall our convention that T, is the last passage
time from (0,0) to (a,b) when there is no scope for confusion). In the same vein, the total
time the site 0 is occupied between T, and T, is determined by the pairwise differences
T,i—Tiy;forie {n+1,n+2,...,n+k}. More generally for states I = [—b, b| N Z, where
be Nand A C {0,1}, using the coupling between TASEP and last passage percolation,
it is not difficult to see that the occupation measure at sites I between T, to T, i.e.,
A fTT:*’“ 1(m(I) € A)dt is a function of the pairwise differences of the last passage times
To., for a set of vertices v around the diagonal between (n,n) and (n + k,n + k). All our
arguments about the limiting distribution in this chapter are motivated by the above basic
observation and the idea that the average occupation measure should be close to the limiting
distribution as n and k£ becomes large.

Convergence to a limiting measure

The idea of showing that such a limit to the average occupation measure exists is as follows.
Using Theorem 3.2 we can show that in the reinforced last passage percolation model, the
geodesics (from 0 to n, say where n := (n,n) and 0 denotes the origin) are pinned to the
diagonal and the typical fluctuation of the paths away from the diagonal is O(1). This
in turn implies that for some fixed k£ and n > k, all the geodesics from 0 to points near
the diagonal between n and n + k merge together at some point on the diagonal near n
with overwhelming probability. This indicates that the pairwise difference of the passage
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times is determined by the individual passage times near the region on the diagonal between
n and n + k. Using this localisation into disjoint boxes (with independent passage time
configuration), the average occupation measure over a large time can be approximated by
an average of i.i.d. random measures. A law of large numbers ensure that the average
occupation measures converge to a measure. To show that the process, started from a step
initial condition converges weakly to this distribution requires a comparison between average
occupation measure during a random interval with the distribution at a fixed time and this
is done via a smoothing argument using local limit theorems.

Occupation measures far away from origin

The second part of the the argument, i.e., to show that the limiting measure is asymptotically
equivalent to a product Bernoulli measure far away from the origin, is more involved. Let
us restrict to the measure far away to the right of origin. Consider a fixed length interval
|k, k + L] for & > 1. From the above discussion it follows that the average occupation
measure at some random time interval after a large time will be determined by the pairwise
differences Tp,,, —To,», for the vertices v;, v; in some square of bounded size around the vertex
(n+ k,n) for n > k. Let us first try to understand the geodesics I'y,, from 0 to v;, and in
particular the geodesic from (0,0) to (n + k, n).

(n+k,n)
(bk, bk)

(bk(l}gﬁ bk‘l/o)

(a) (b)

Figure 3.1: (a) First order behaviour of I', 1, this remains pinned to the diagonal until
point (z1,x71) then follows a path that in the the first order is a straight line to (n+k,n). (b)
Point to line geodesic to the line y = —ﬁx. This corresponds to TASEP with a product
Ber(p) initial condition. The geodesic in first order looks like a straight line. Our proof
will compare the second part of the geodesic I';, 1, to the point to line geodesic in (b). We
choose p such that the slopes match.

It is easy to see that the geodesic should be pinned to the diagonal until about O(k)
distance from (n,n) and then should approximately look like a geodesic in the unconstrained
model to (n + k,n). The approximate location until which this pinning occurs can be
computed by a first order analysis using Theorem 2.1.2 and Theorem 3.2 (Theorem 2.1.2
implies that ET,, ~ (v + /y)? in the first order). These estimates yield that the last
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hitting point of the diagonal should be close to the point (z1,x;) where x; maximises the
function (4 + &)z + (vVn +k — 2 + v/n — x)?. An easy optimization gives

(VITE - B

n—x = 3.3
! 4/e(4+¢) (33)
Hence, the slope of the line joining (n + k,n) to (x1,z1) is
(\/—4+a—¢5)2 (3.4)
Vi+e+e) ' '

and so the unpinned part of the geodesic I'g (41n) is approximately a geodesic in an an
environment of i.i.d. Exponentials along a direction with the slope given by the above ex-
pression. We shall show the following. For k > 1, with probability close to 1 the geodesics
from all the vertices on a square of bounded size to 0, coalesce before reaching the diagonal
near (x1,21). This follows from Theorem 3.1.5. This in turn will imply that for large k, on
a set with probability close to 1, that the pairwise differences between those passage time
will be locally determined by the i.i.d. exponential random environment in some box of size
< k around the point (n + k,n).

The final observation above will allow us to couple TASEP with a slow bond together
with a stationary TASEP with product Ber(p) (for some appropriately chosen p) stationary
distribution, so that with probability close to 1 (under the coupling), the average occupation
measure on the interval [k, k+ L] (here L is fixed) during some late and large interval of time
for the slow bond TASEP, will be equal to the average occupation measure of the interval
[0, L] during an interval of same time. Hence the occupation measures will be close in total
variation distance. Due to the stationarity of the latter process the latter occupation measure
is close to product Ber(p), and we shall be done by taking appropriate limits.

A coupling with a stationary TASEP

Towards constructing the coupling described above we use the correspondence between a
stationary TASEP and Exponential last passage percolation. It is well known that jump
times in stationary TASEP corresponds to last passage times in point-to-set last passage
percolation in i.i.d. Exponential environment just as the jump times in TASEP with step
initial condition corresponds to point-to-point passage times. See Section 3.5.1 for a precise
definition; roughly the following is true. There exists a random curve S (a function of the
realisation of the stationary initial condition), such that the jump times of the stationary
TASEP correspond to the last passage time from S to v for vertices v € Z? (naturally the
last passage time from S to v means the maximum passage time of all paths that start
somewhere in S and end at v). It is standard, that for a product Ber(p) initial condition the
curve S is well approximated by the line I with the equation
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(b, b

(bko, bkyo)

(a) (b)

Figure 3.2: We shall construct a coupling between the two systems: (a) TASEP with a slow
bond, and (b) Stationary TASEP with product Ber(p) initial condition. Roughly the coupling
will assign the same individual vertex weights to both the systems upto a translation that
takes the marked square in (a) to the marked square in (b). Using coalescence of geodesics,
we shall show that on a large probability event for n > k > 1, the pairwise difference of
passage times to the points in the marked square, will be determined locally in both the
systems, and hence will be identical under the coupling.

At this point we perform another first order calculation to determine the approximate
slope for geodesics from L to (n,n). Such a geodesic should hit the line L. close to the
point (nxg, nyo) for (xg, yo) which maximizes (v/n — nx + /n — ny)? for all (x,y) € L. An

2

easy calculation gives that the approximate slope of the geodesic is (ﬁ%}) . To construct a

successful coupling, one needs to match this slope to the one in (3.4). Solving the equation

one gets
Vit e—/fe
V4 e

Observe that p < % and p(1 —p) = 4—J1r€ as expected. Now there is a natural way to couple
the two processes. Recall the point (z1,7;). Choose b > 0 and a translation of Z? that
takes (bk, bk) to (n+ k,n) and (bkxg, bkyg) to (x1,x1). Coupling the environment below the
diagonal in the LPP corresponding to the slow bond model with the environment in the
LPP of stationary TASEP (naturally under the above translation which takes L to a parallel
line passing through (z1,z1)) and using the coalescence result Theorem 3.1.5 would give the
required result under this coupling. (This is morally correct, even though not technically
entirely precise. The formal argument is slightly more involved because it has to take care
of the effect of the reinforced diagonals; see Section 3.5 for details).

(3.5)

Remark 3.1.6. One can redo the same argument far away to the left of the origin. For an
interval [—k — L, —k] with k > 1 one finds that the appropriate density p' for the stationary
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TASEP to be coupled with the slow bond TASEP is given by

= Vad+e+ /e
WA +e

and p' is indeed equal to 1 — p as it should be.

(3.6)

3.1.5 Notations

For easy reference purpose, let us collect here a number of notations, some of which have
already been introduced, that we shall use throughout the remainder of this chapter. Define
the partial order < on Z2 by u = (x,y) 2 u' = (2/,¢/) if x < 2/, and y < y/. For a,b € Z?
with a < b, let FZ,)D denote the geodesic from a to b in the reinforced model when the passage

times on the diagonal have been changed to i.i.d. Exp(r) variables. Also when a = 0, F(({,)D

is simply denoted as Fg ), and for b = (b, b), Fg) is denoted simply as Fl(f). We shall drop
the superscript » when there is no scope for confusion. For the usual exponential DLPP,
i.e. when r = 1, we shall abuse the notation and denote the corresponding geodesics by
F%b,)lj%, I'). We shall also denote by Ty, (vesp. Ty,) the weight of the geodesic Iy (resp.
Fan)-

For u =< o' in Z?, let Box(u,u') denote the rectangle with bottom left corner u and
top right corner u/. For an increasing path v and ¢ € Z, v(¢) € Z will denote the maxi-
mum number such that (¢,v(¢)) € v and v~ }(¢) € Z be the maximum number such that
(V0. 0) € -

As we shall be working on Z?, often we use the notation [-, -] for discrete intervals, i.e.,
[a, b] shall denote [a, b]NZ. In the various theorems and lemmas, the values of the constants
C,C", ¢, appearing in the bounds change from one line to the next, and will be chosen
small or large locally.

3.1.6 Organization of the chapter

The remainder of this chapter is organized as follows. Section 3.2 develops the geometric
properties of the geodesics in the slow bond model, in particular the diffusive fluctuations of

n certain settings we shall work with the following modified passage times without explicitly mentioning
so. For an increasing path v from v; to vy let us denote the passage time of v by

f(’y) = Z §v;

vey\{v2}

Observe that this is a little different from the usual definition of passage time as we exclude the final vertex
while adding weights. This is done for convenience as our definition allows £(y) = ¢(y1) + £(7y2) where 7 is
the concatenation of v; and 7. As the difference between the two definitions is minor while considering last
passage times between far away points, all our results will be valid for both our and the usual definition of
LPP.
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the geodesics and localisation and coalescence of geodesics near the diagonal are shown in
this section for the reinforced model. Section 3.3 is devoted to constructing a candidate for
the invariant measure in the slow bond TASEP by passing to the limit of average occupation
measures. That this measure is the limiting measure of the slow bond TASEP started from
step initial condition is shown in Section 3.4. Finally, Section 3.5 deals with the coupling
between the slow bond TASEP and the stationary TASEP that ultimately leads to the proof
of Theorem 4. We finish off the section by providing a sketch of the argument for Theorem
3.1.4. The proofs of a few technical lemmas used in Sections 3.4 and 3.5 have been relegated
to Section 3.6. Additionally, a Central Limit Theorem for the passage times in slow bond
TASEP is provided in Section 3.7 as this has not been not directly used in the chapter.

3.2 Geodesics in slow bond model

Consider the Exponential last passage percolation model corresponding to TASEP with a
slow bond at the origin that rings at rate r < 1. We shall work with a fixed » < 1 throughout
the section and € will be as in Theorem 3.2. We shall refer to this as the slow bond model
when there is no scope for confusion. It follows easily by comparing (3.1) and Theorem 3.2
that in this model the geodesic is pinned to the diagonal, i.e., the expected number of times
the geodesic I'), between 0 = (0,0) to n = (n,n) (as there is no scope of confusion we shall
suppress the dependence of I' on ) hits the reinforced diagonal line is linear in n. In this
section we establish stronger geometric properties of those geodesics. Indeed we shall show
that the typical distance between two consecutive points on I',, that are on the diagonal is
O(1) and also the transversal distance of I';, from the diagonal at a typical point is also O(1).
We begin with the following easy lemma.

Lemma 3.2.1. There ezists absolute positive constants mg,c (depending only on r) such
that for any m € N, m > myg, the probability that I",, does not touch the diagonal between O
and m s at most e"

The proof follows easily by comparing the lengths of the geodesics in the reinforced and
unreinforced environments.

Proof. Consider the coupling between the slow bond model and the (unreinforced) DLPP
where the passage times at all vertices not on the diagonal are same, and those on the
diagonal are replaced by i.i.d. Exp(r) variables independent of all other passage times. Then
it is easy to see that if I';, avoids the diagonal between (0,0) and (m,m), then it is the
maximal path in the unreinforced environment between (0,0) and (m, m) that never touches
the diagonal in between, and hence its length is at most the length of the geodesic in the
unreinforced environment. Hence,

P(T,, avoids diagonal) < (T, < T°) < P (Tg >4+ %)m) +P (Tm <4+ %)m> .
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Now by moderate deviation estimate in Theorem 2.1.2, for m > my,

2/3

P <T7SL > (44 %)m) < emeem??

where ¢y is a constant depending only on . In order to bound the probability that the
geodesic in the reinforced environment is not too short, first choose M large enough so that
E(TM ) > 4+ . Then because of super-additivity of the path lengths, :CL"M > XNtedt Xy . ¥

n

where X; = % are i.i.d. random variables, each having the same distribution as that

of X; = TWM Let [m/M] = n, and m is large enough so that 42—5/2 < ¢/8, then

E)n—i—l
2

P(Tm<(4+§)m> <1P>(T

4
nM <@+

_ I /
) <P(|X-Exi|> ) e <o
where ¢, are constants depending only € and r. The last inequality follows as it is easy
too see that for a fixed M, Tyy <gr Gamma(M?,r) which has exponential tails where <gr
denotes stochastic domination. O]

We remark that the exponent here is not optimal. One can prove an upper bound of e~

by using large deviation estimates from [50] instead of Theorem 2.1.2, but this is sufficient
for our purposes.

The following proposition controls the transversal fluctuation of the geodesics I',,. Recall
that for ¢ € Z, T'(¢) € Z is the maximum number such that (¢,T'(¢)) € T and I'"'(¢) € Z be
the maximum number such that (I'"'(¢),¢) € T .

Proposition 3.2.2. For h € [0,n], we have for all n > m > my, for some absolute positive
constants my, c,
1/2

P(|Tn(h) —h| >m) <e ™" and
P(|T, ' (h) — hl >m) <e ™

1/2

Proof. For the purpose of this proof we drop the subscript n from I',,. First note that if
I'(h) — h| > m, then h > m or n — h > m. If B is the event that the geodesic I" hits the
diagonal at (4,7) and returns to the diagonal again at (j,j) with |j —i| > s, then applying

previous lemma 3.2.1,
o
B) S Ze_cj2/3 S —c’57/12
Jj=s

Hence if I'(h) > h + m, by summing up over all positions where I" touches the diagonal for
the last time before (h, h), one has,

h
]P)[F(h _h> m Z — ! (i4m)7/12 i oi7/12 7cm1/2'
i=0 i=m

Similar arguments work for the events {I'(h) < h —m} and {|[T""'(h) — h| > m}. O
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Notice that it is not hard to establish using similar arguments that for pairs of points not
far away from the diagonal, the geodesic between them also has O(1) transversal fluctuation
from the diagonal at a typical point. We state this below without a proof.

Corollary 3.2.3. Let h € [0,n] andt = o(h) and t' = o(n — h) and I' = L' 4),(nntt). Then
there exist absolute positive constants ng, hg, mg, ¢ such that for all n > ng, h > hg,m > my,

1/2

P[|IL'(h) —h| >m] <e ™", and

P(TY(h) — h| > m) < e~

Our next result will establish something stronger. We shall show that typically geodesic
between every pair of points, one of which is close to 0 and the other close to m, meet the
diagonal simultaneously.

Theorem 3.2.4. Fiz 0 < a < 1. Let Ly be the line segment joining (0, —m*®) to (0, m®).

Similarly Lo be the line segment joining (m, m—m®) to (m,m~+m®). Let € denote the event

that there exists u € [0,m] such that (u,u) € Tyy for all a € Ly NZ* b € Ly NZ* Then

there exist some absolute positive constants mg, ¢ such that for allm > mg, P(£) > 1— e—em'
l-a «o

where { = min{-5%, §}.

We emphasize again that in this Theorem 3.2.4 as well as in the preceding lemmas, we
have been very liberal about the exponents, and have not always attempted to find the best
possible exponents in the bounds, as long as they suffice for our purpose.

We shall need a few lemmas to prove Theorem 3.2.4. The following lemma is basic and
was stated in [16], we restate it here without proof.

Lemma 3.2.5 ([10], Lemma 11.2, Polymer Ordering:). Consider points a = (a1,az),d’ =
(a1,a3),b = (b1, b2),0 = (by,bs) such that a; < by and ay < az < by < bs. Then we have
Lop(x) < Tyy(x) for all x € [ay, by].

The next lemma shows that two geodesics between pairs of points not far from the
diagonal have a positive probability to pass through the midpoint of the diagonal. Define
o = O‘T‘H Clearly o < o/ < 1.

Lemma 3.2.6. Let a1 = mal, 't = T'o—ma)ar,01-m): T2 = Tome) (a1,a14me) and v =
(%,%). Let Fy be the event that v € Ty N T'y. Then there exists some absolute positive
constant § such that P(Fy) > 6.

The idea is as follows. There is a positive probability that the exponential random
variable &, at v is large, and all other random variables that lie in a large but constant sized
box around v are small. As Corollary 3.2.3 says that I'y and I'; are very likely to be in
close proximity to v, they have a positive probability to pass through v. Formally, we do the
following.
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Proof of Lemma 3.2.6. Define

_ N it a1y,

Bl_BOX((272 0)7(2+072>)7

" B, = Box((5 — C. ), (5. 5 +C)
2= Py =W gy

as squares of side length C' with a common vertex v. Here C' is an absolute constant to be
chosen appropriately later. See Figure 3.3 (a). Define the following events

Dlz{ dooL<20 ) §x<202};

zEB1,zH#V TEB,xF#v

Dy = {|Fj(v) —v| <C, |Fj_1(v) —v| < Cforj= 1,2}.

Note D; is the intersection of two independent high probability events as sum of C? —1 many
i.i.d. exponential random variables is less than 2C? with high probability for large enough
C. Also from Corollary 3.2.3, it follows that D, is the intersection of two events with high
probability, hence can be made to occur with arbitrarily high probability by choosing C' large
(note that m® = o(ay)). Hence choose C large enough so that P(D;) > 2 and P(D,) > 3, so

Notice that both the events {, > 2C?} and D, are increasing in the value at v given the
configuration on R? \ {v}. Hence by the FKG inequality and the fact that {£, > 2C?} and
D, are independent, it follows that,

P(&, > 2C%| Dy N Dy) > P(&, > 2C%*| D) = P(&, > 2C?) = o—2C%

Hence
—2rC?

P({¢, >2C2 N DiNDy) > — =6,

We claim that on {&, > 2C%} N Dy N Dy, both T’y and T'y pass through v. To see this,
define z; to be the point where I'y enters one of the boxes By or By and w; denote the point
where it leaves the box, similarly define z, and w, as the box entry and exit of I'y. Since Dy
holds, we can join z; and w; to v by line segments and get an alternate increasing path that
equals I'y everywhere else, and inside the box it goes from z; to v to w; in straight lines.
Call this new path T} (see Figure 3.3 (a)). Because of the events {{, > 2C?} and Dy, the
weight of T} is more than that of I'y, unless I'j = I'y. Thus on {&, > 2C?} N D; N Dy, Ty
passes through v. A similar argument applies to I's. Hence

P(F) =P el Nly) >P{& >2C*NnDiND,) >6>0.
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(a1,a1) <" (m,m)

me

(0,0) (0,0) a; ait1
(a) (b)

Figure 3.3: (a) Proof of Lemma 3.2.6: on the positive probability event that the path passes

close to (%, %), the weight of that vertex is abnormally large, and that of the nearby vertices
are typical the path passes through (%, %-). (b) Proof of Theorem 3.2.4: there is a positive

probability that all the paths between a; and a;,, coalesce at the midpoint on the diagonal.

Now we prove Theorem 3.2.4. Recall that o/ = O‘TH The idea is to break up the diagonal
into intervals of lengths m® . Because of Proposition 3.2.2, we know that all the geodesics
stay close to the diagonal at each of the endpoints of these intervals. The above Lemma
3.2.6 together with polymer ordering ensures that all these paths meet at the midpoints of
each interval with positive probability; see Figure 3.3 (b). Because of independence in each
interval, the theorem follows. This kind of argument is very crucial and has been repeated
throughout the chapter.

Proof of Theorem 3.2.4. We formalize the above idea. Let I'; = L (0,m—e),(mm—m—e) and
Ty = I (0,me),(m,m+me). Notice that, if there exists v € [0,m] such that u € [, N Ty, then
because of polymer ordering as stated in Lemma 4.3.2, u € 'y, for alla € LiNZ,b € LyNZ.

Define n = m'=® = m'z* and
a; =im® fori =0,1,2,...,n.
Define the event A as
A= {\fj(ai) —a;) <m®forall j =1,2;i = 0,1,2,...,n}.
Then from Proposition 3.2.2 it follows by taking union bound,
P(A)>1— om 3% emom? >1- e=dm?

Also for ¢ = 1,2, ..., n define the events F; as

a;,_1+a; a1+ a;
F; = {( > € F(aiﬂ,ai71+ma),(ai,ai+m°‘) N F(ai1,az‘1m"‘),(ai7aima)} :

2 ’ 2
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Again due to polymer ordering, it is easy to see that,

g;Am{QE}
i=1

As the F}’s are i.i.d. and P(F}) > 0 by Lemma 3.2.6, hence,
~ 4

P(£°) < P(N;F¥) + P(A°) H em? < (1 -6 e m? < e

where ¢ = min —,% O]

The following corollary follows easily from Theorem 3.2.4. It says that a collection of
geodesics whose starting points are close to each other and so are their endpoints, has a high
probability to meet the diagonal simultaneously.

Corollary 3.2.7. Fizx 0 < a < 1 and K > 0. Let Uy be the parallelogram whose four
vertices are (0,m®), (0, —m®), (m%, m% +m®), (m®, m& —m®). Similarly, define Uy as the
parallelogram with vertices (m™ + m,m® +m + m®), (m® +m,m" + m —m®*), 2m* +
m, 2m* +m+m®) and (2m* +m,2m" +m —m®). Let A denote the event that there exists
u € [m®, m® +m] such that (u,u) € Tuyp for alla € UyNZ?,b € UyNZ2. Then there exists
constants my, ¢ dependmg only on K, such that for all m > my, P(A) > 1 — e~m" where

( = min{5%,¢

Proof. Let Ly be the line segment joining (m +%2, m* +2+m®) and (m" +2 m”+2—m®).
Similarly let L, be the line segment joining (m” + 2% m® 4 22 4-m®) and (m* + 2, m* +
2 — m®). Let B denote the event for all a € Uy NZ2 b € Uy NZ2, Top(m” + %) € Ly and
Lyp(m® + %m) € L,. Using Corollary 3.2.3 and union bound, it is easy to see that,

a/2 a/2

P(B) > 1 — 4m*Ke=em™” > 1 — =™

Hence applying Theorem 3.2.4 to all geodesics from Ly to Lo, one has the result. O]
Similarly, the following corollary is immediate. We omit the proof.

Corollary 3.2.8. Fiz 0 < a < 1. Let 0 < a < b < L such that |b —a|] = m and a >
n,L —b>n and n > m. Let E, be the line segment joining (0, —n®) and (0,n%). Let Es
be the line segment joining (L, L —n®) and (L, L + n®). Let By be the line segment joining
(a,a —m®) and (a,a +m®*), and By be the segment joining (b,b —m®) and (b,b+ m®). Let
E be the event that there exists u € [a,b] such that (u,u) € I';; for alli € Ey,j € Ey and
allt € By,j € 32 Then there exists absolute positive constant ¢ such that P(E) > 1 — e~

where { = min —, 51



CHAPTER 3. INVARIANT MEASURES FOR TASEP WITH A SLOW BOND 55

3.2.1 Subdiffusive fluctuations of the last passage time

Unlike the TASEP where the passage times L, is of the order n'/3, in presence of a slow bond
the passage times 7T}, (note we suppress the dependence on r) show diffusive fluctuation. This
is a consequence of the path getting pinned to the diagonal at a constant rate; and using
Theorem 3.2.4 one can argue that 7;, can be approximated by partial sums of a stationary
process. Using this, and the mixing properties guaranteed by Theorem 3.2.4, it is possible to
prove a central limit theorem for 7). Although such a result is interesting, it is not crucial
for our purposes in this chapter. We shall often want to compare best paths in the reinforced
environment (i.e., the slow bond model with the diagonals boosted) with paths that do not
use the diagonal. Typically the paths that use the diagonal will be larger, and to quantify
this we would need concentration bounds for |T,, — (4 + ¢)n|. This will be done in two steps
(a) control on the difference between ET,, and (4 + £)n and (b) concentration of 7,, around
its mean. A proof of the central limit theorem is provided in Section 3.7.
We first start with the following lemma.

Lemma 3.2.9. There exists an absolute constant K > 0 such that
ET, > (4+¢e)n— K.

Note that due to superadditivity, ET,, < (4 4+ ¢)n always holds. The main idea in the
proof of this lemma is that if 0 < a < b < L, then since the geodesic I'y is close to the
diagonal at (a,a) and (b,b), the part of I'j, falling between the lines © = a and « = b is close
in length to that of the geodesic I'(4 q),b5). This gives a way to compare geodesics between
intervals of different lengths.

Proof. For any n € N and 0 < a < b < n, define T,(a,b) as the weight of the part of
the geodesic T',, that lies between the vertical lines ©+ = @ and = = b. That is, T,,(a,b) =
Z(a:i,yi)ef‘n:aéa:i <bS(@iw)- Then we claim that there exists absolute positive constants Mo, K
such that for any M > My, any n € N and any i € [0, M — 1],

|E(TnM(in’ (1 +1)n)) — E(Tim(i-&-l)n” < K.

To see this fix any m € N, and define the event E that I',y and I'yy (i41)n meet together
on the diagonal between [in,in + m!/?] and again between [(i + 1)n — m!/?, (i + 1)n], and
let F' be the event that I',j; passes through the line segment joining (in,in — m'/%) and
(in,in + m!/%), and again through the line segment joining ((i + 1)n, (i + 1)n — m'/) and
((i+1)n, (i +1)n+m'/°). Let Y ~ Gamma(2m?/3,r) is the sum of 2m?3 many i.i.d. Exp(r)
random variables. Then using Proposition 3.2.2 and Theorem 3.2.4,

P(| T (in, (i + 1)n) — Tin (i41)n| = m)

< P ({|Tnn(in, (i + 1)n) = Tin ix1m| > m} NENF) +P(E°NF) 4+ P(F°)
< 2P(Y > m) + C'/e—le/l2 + 2C/e_cm1/12
< QC/e—cm 4 C/e—le/lz T C,,e_cm1/12 < C//e_c/ml/lg'
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Hence, summing over all m € N, we have, for all n, M, i, there exists some absolute positive
constant K such that,

E (Tt (in, (6 + D)) = E(Tin sim)| < EToas(in, (6 + 1) = Tongisal < K. (3.7)
As Tin (i+1)n < T, hence, adding up (3.7) over all ¢ € [0, M — 1],

|E(T,0r) — ME(T,)| < KM.

That is,
E(Towm) < ME(T,) N KM _ ET, 4 5
nM nM nM n n
Hence, keeping n fixed, and taking M — oo,
ET, K
44e< + —.
n n

Hence, for all n, ET,, > (4 +¢)n — K. O

For the second ingredient, while it is possible to prove a concentration at scale n'/2, a tail
bound at scale n'/?*°(1) is more standard and much easier to prove. We state, without proof
the following result which can be proved using standard Martingale techniques with some
truncation (cf. the proof of Theorem 3.11 in [51]). This will be sufficient for our purpose.

Lemma 3.2.10. Fix § > 0. Then there exist absolute positive constants C',c such that
]P)(|Tn . ]ETn| Z n1/2+5) S 0/6_0n5/2'

Lemma 3.2.9 and Lemma 3.2.10 imply the following proposition that will be useful later.
As discussed earlier in the introduction, in order to look at the limiting distribution away
from the origin, we will have to consider geodesics from (0,0) to (n + k,n) for k small
compared to n. And the geodesic from (0,0) to (n+ k,n) is expected to hit the diagonal for
the last time near the point (21, 1), such that z; maximizes the quantity r(z) := (4+¢)x +
(Vn+k —x + +/n— x)?. This is made precise in the following proposition. As before, we
have not been very strict about the correct order of the exponents here.

Proposition 3.2.11. Letn > k%7, and T, 44, be the geodesic from (0,0) to (n+k,n) in the
reinforced environment. Let (X, X) be the last point on the diagonal that lies on Uy, Let
x1 € [0,n] be the point that mazimizes the quantity r(z) above. Then there exist constants
C’, ¢ such that

P(|X — 21| > K/5) < Cle™ ™.

Proof. Let vy =n —k*" and T'; be the geodesic from v = (v1,v;) to (n+k,n). Let £ be the
event that there exists u € [n — %/7, n] such that (u,u) € I't N T4k ,. Then from Corollary
328, P(&)>1-— e~k Ag I'y and I'y 41, have the last endpoint common, hence once
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they meet they coincide till (n + k,n). Thus on &, the last point on the diagonal for both
I'y and I+, are same. Hence enough to find the point where I'; last meets the diagonal.

To this end, first note that from (3.3) in the introduction it follows that n — z; = ck for
some constant c. Let I'y be the union of the two geodesics I's; from v to (z1,21) and the
geodesic I'y5 from (z1,21) to (n + k,n) that avoids the diagonal. Let A be the event that
I'; touches the diagonal for the last time at some point (xs, z5) with zo € [n — %/7, n] and
|z — 21| > K%/, Then

]P(lX — xl\ > k3/5) < ]P(A) +P(SC) < P(A) 4 e,C/kl/M.

Let H = {(x,y) € R* : y > x} denote the region in R? that lies on or above the diagonal
line © =y, and for z;, 2 € R? with 25 > 2z and 2y, 2o € (H¢), let T denote the weight of

21,2
the geodesic from vertex z; to z; that does not pass through the region H (except possibly

at the endpoints). Then clearly

H H
A g U {TU7(£U27$2) + T(:Eg,:pg),(nJrk,n) Z TU7($17$1) + T(xl,xl),(nJrk:,n)} .

xo:|xo—x1|>K3/5

Calculating expectations using Lemma 3.2.9, we get for any such x,, there exists some
constant a such that

E(T a22) + E(T oy 00) ki) S B(Toor,00)) + BTGy 1), (neemy) — K.

Since |v; — 1| ~ k%7, by Lemma 3.2.10 it follows that P(|T, zy.01) — E(Toa1.0n)| >

%k‘?’/ %) < s~k Also applying Proposition 12.2 from [16], one immediately gets that
H 0 @375 —ckA/45
]P(lT(xl,xl),(n—i-k,n) - E(T(xl,zl),(n—i-k,n))’ = Zk" / ) <e :
Since xo — v > %/7, similar calculations for the fluctuation of T, (5, 2,) + Tg%m) (ntkn)

around (7T, (z,,2,)) + E(T&Q’m%(wk’n)) and union bound over all x5 € [n — kzl, n] give the

result. O

3.3 Constructing a candidate for invariant measure

In this section we construct a candidate for invariant measure for TASEP with a slow bond.
The construction of the measure is fairly intuitive. Fix a finite interval [—b,b] around the
origin. Recall that T, is the last passage time between (0,0) and (n,n) (i.e., T, is the time
that (n+1)st particle crosses the origin). Now for n > k > 1 consider the average occupation
measure of sites in [—b, b] between T,, and T,,,4. Because the geodesics are localized around
the diagonal it turns out using the correspondence between TASEP and DLPP that the
occupation measures are approximately determined by the weight configuration on a small
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box around the diagonal between (n,n) and (n+k, n+ k). Moreover using the independence
of the configurations of such disjoint boxes and Theorem 3.2.4 one can construct such a
sequence of occupation measures that are Cauchy. One gets an the candidate measure
passing to a limit.

Recall that n, = nt(r) is the configuration of TASEP with a slow bond started from the
step initial condition, i.e., 7;(7) = 0 or 1 according to whether the site i is vacant or occupied
at time ¢t. Also for an interval I C Z let n,(I) denote the configuration restricted to . Our
main theorem in this section is the following.

Theorem 3.3.1. There exists a measure Q on {0, 1}2 with the following property: Fizb € N
and § > 0. Set I = [—b,b] and let Q; denote the restriction of Q) to I. Then there exist
constants kg, c > 0 depending only on b, such that for all k > kg,

sup P sup
n AC{0,1}!

m / (D) € A)dt — Qi (A)

> 5) < ok

The main step of the proof of Theorem 3.3.1 is to establish that the sequence of average
occupation measures as in the statement of the Theorem is almost surely Cauchy. To this
end we have the following proposition.

Proposition 3.3.2. Fizb € N and § > 0, set [ = [~b,b] and fir A C {0,1}. Then there
exist absolute constants ko, c > 0 such that for all k > kg,

P 1 Ttk A B 1 Ttk A 5 —esk1/12
sup = 1(n(I) € A)dt % 1(n(I) € A)dt| >6 ) <e .

neN,ae [% ,3]

In the proof, we shall need the following parallelogram. For s > b, 5,0 € N, let Us,
denote a parallelogram with endpoints (s—b—1, s), (s, s—b—1), (s+r+b, s+r), (s+r, s+r+b).

Recall that for sites j € [—b,b], the length of Ty, gives the time taken by a particle
at —s to first visit site 5 + 1. Hence, for any fixed A C {0,1}/, f;}” 1(n(I) € A)dt, the
total occupation time at these sites corresponding to the states defined by A between times
T, and Ty, is a function of the pairwise differences in the lengths of the geodesics starting
from (0,0) and ending in Uy ,,. We state this without proof in the next lemma.

Lemma 3.3.3. For s,r,b € N, s > b, and I = [-b,b] and A C {0,1}, let O, =
{T;; : (i,7) € Uspp NZ*} denote the set of lengths of all geodesics starting from (0,0) and
ending in Us,,. Then there exists a function f = frpa : R‘f”’b‘ — R, such that for any
ceR.,x¢€ R‘f”’b‘, f(x+c¢)= f(x) and

! / " (1) € Ayt = f(©).

r

Also the function f does not depend on the location s.
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We apply this lemma to prove Proposition 3.3.2. Define B(s,r,b) as the Box((s — b —
lL,s—b—1),(s+r+0bs+r+0b)) of size r +2b+ 1. Clearly U,,, C B(s,r,b). The idea
here is to break the k®-sized box at (n,n) into k% !-many k-sized boxes, leaving sufficient
amount of gap between each box, and use a renewal argument and a law of large numbers
to get the required result. More formally, we do the following.

Proof of Proposition 3.3.2. Fix n € N and a € [%, 3] and let B := B(n,k*,b). Let i be the
largest integer such that 7y (k + k/3) + k3 < k. Clearly 7, ~ k*~!. Define

ai:n+(i—|—1)k1/3+ik, fori=0,1,2,...,7%.
Define the boxes
Bi :B(ai,k,b) fOfiZO,1,2,...,Tk,

and parallelograms
Ui = Uai,k,b Q Bl for i = 0,1,2,...,7”k.

Let k'3 > 4b. Then each of these k-sized boxes B; are separated by a distance of at least
k'/3/2. Let p; =a; —b—1 and ¢; = a; + k + b, so that (p;,p;) and (g, ¢;) are the endpoints
of the box B;. Define q_; = n. See Figure 3.4.

(n+ k> n+ k%)

(n,m

Figure 3.4: Using the fact that geodesics are localised near the diagonal it follows that on a
high probability event the pairwise difference of passage times from the origin to vertices in
Ui41 is same as the pairwise differences of passage times from the vertex (g;, ¢;) to vertices
in U,.1; the latter collection is an i.i.d. sequence.

Now fix a particular ¢ € {0,1,2,...,7r,}. Let E; denote the event that all the geodesics
from (0,0) to all points in U; and all the geodesics from (g;_1,¢;—1) to U; meet the diagonal
simultaneously between [¢;_1, p;]. Then by Corollary 3.2.7,

P(E;) >1—e ",
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Let E :=N;*,E;. Then
P(E) > 1— k% *"" > 1 — e "™
for all large enough k. Define,
0} = {T0,0),ww) : (u,0) € U;NZ?}, for i =10,1,2,...,7;

Of = {Tlg 101ty - (w,0) €U NZ2Y, for i =0,1,2,...,74
Then on the event £, for all i € [0, 74], T10,0),(uw) =L (g 1.0:-1),(w0) = 10,0}, 0"y — T(qz i )( W ’)

for all (u,v), (u/,v") € U;. Using Lemma 3.3.3, there exists f = fi ;.4 such that 1 fT“ NS |
A)dt = f(6Y). Using the property of translation invariance of f, on E, we have

1 Tai+k 0
P [ i € e = pef) = reen)
T,
Define Y; := f(©7) for i = 0,1,2,...,7,. Clearly, V;s are independent and identically
distributed. The rest of the argument is standard and uses Chernoff bounds.

First note that
P 1 /Tn+ka 1( ([ t Z / a; -Hc 6 A)dt ) —ck1/12
k.a Tn nt . 77t 8 .
1 1(n(I) € A)dt is small, enough to show that

. T,
Indeed, in order to show that z= 7% !

1=0 Ta +k
kia :igl (Tai o Taﬁk) is small. Let I’ denote the event that for each i, the geodesics ', |

and T, meet together on the diagonal in the interval [a; + k — k3 a;11]. Then from
Corollary 3.2.8, P(F) > 1 —e """ On F,

Tai+1 = Topr < T(ai+k—k1/3,ai+k—k1/3)7(ai+17a¢+1)‘

As air — (a; + k — EY3) = 2kY3 Ty i 113 0,0k 51/9) (ag41.000) 2 Ts. Hence, by union

bound,
1 'I‘k—l 1
P (E Z (Taisr = Tairr) = 5) < k*7'P (ETzkm > 5) .

=0

It is easy to see that the right hand side is exponentially small. Similarly one can bound the

other terms.
Hence it is enough to get an upper bound to
>0 /4) :

(|25t [ i e L ™ s <

) €
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Now note that,

p(ILS~ L (™ 1 e mar—E (L [ 10D € Al > 5

Sl 1 t |- 1 '

S g e e e [ [T s € ]| > o
1 "k _.1/12

< P —§ Y; — E(Y, 5/8yNE ck

a {T’“izo (0)>/} )+6
1 & ;

< P[=) YVi—-EY)| >0 ekl

> e 2= (0) > /8>+€ ,

where YV; = f(©]), i = 0,1,...,r; are i.i.d. having the same distribution as that of the
T,
occupation density ¢ fT’“l/g’”’*’“ 1(n(I) € A)dt, as discussed earlier. Also,

k1/3—p

T
d 11 kP —b+k 1 QTk LB
Yil = —/ L(n(I) € A)dt| < | (Tro—ppr — Trov)| < 7 Thns < 7754
klr, k k+k
and as i’j,jﬁ is a subexponential random variable (we can take the same parameters for this

subexponential random variable for all values of k£, as when m increases one gets better tail
bounds for %’l), one gets

'

for all o € [%, 3]. Hence, the only thing left to bound is

1 &
—Y YV, —E(Y)
(L

> 6/8) < efcérk < 6705\/5/2

P (‘% /T% 1(n(I) € A)dt — E [% /T+k 1(n(I) € Adt

>5/8>.

To this end, we follow the exact same procedure as we just did. We consider the Box((n—
b—1,n—b—1),(n+k+bn+k+b) and break it into a number of boxes of size k'/?
each, leaving a gap of size k'/® between any two boxes. Define the event E' parallel to the
event F, such that on E’, %fTTn’”" 1(m(I) € A)dt can be written as a sum of independent
and identically distributed random variables. Using exactly similar arguments, we have

P (‘% / T+ Lp(I) € A)dt — E [% / T+ 1m(1) € A)dt] ‘ > 6/8) < ek

This completes the proof. O

Now we are in a position to prove Theorem 3.3.1.
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Proof of Theorem 3.3.1. Fix A C {0,1}! and n € N. Using o = 2 in Proposition 3.3.2, we

have,
P (

Choosing k = 22" and § = 1/2™, for all m sufficiently large, one has,
1 c_ 92" /12
> — ] < .
2m> ©r

(
(3.8)

T om
As the probabilities are summable in m, the sequence {sh= ["**" 1(n,(I) € A)dt},, is
Cauchy almost surely, and hence converges almost surely, the limiting random variable is
degenerate by Kolmogorov zero-one law. As % — (4+¢) a.s. as k — oo, it is easy to see
that

1 Toir2 1 [Tnew 1/12
ﬁ/ 1(n(I) € A)dt — E/ 1(n(I) € A)dt‘ > 5) < e ORI
Tn n

1 Tn m-+1 1 Tn 52m
/ (D) € At — — [ 1u(1) € A)ar
Th

22m+1 22m

W/T"”Qm (1) € A)dt 25 Q,(A),

for some probability measure Q; on {0,1}!. (It is easy to see that the limit does not depend
on n). It is not hard to see that @ s form a consistent system of probability measures, and
hence define a unique probability measure Q on {0, 1}% such that @; is the projection of Q
on [.

Also, for any fixed m large enough, by summing up the probabilities in (3.8), for all

r>m,
(

: (sup
r>m

_ 692" /12 _ 2™ /13
S E e 2'r2 S 26 co2 .

e o 200y € - a0

> 5> (3.9)

1 Tn+22r
) € Ayt~ o / L (1) € A)dt| > 6

n

7L+22m

n+227

IN

7).
7).

1 Toporrtt o
Tn

Now, for any 22" < k < 22" there exists some a € 2,3], such that k> = 22" or

ko = 22" (If k* = 2" for some o € [2,2] then we are done, else k* = 22" for
some a € (1,3), and then k** = 22" where 2o € (2,3)). Thus, combining the bounds in

Proposition 3.3.2 and that in (3.9), we get,

P ('m /T T+ 1n(I) € A)dt — Q](A)' > 5) < oo, (3.10)
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As this holds for all A C {0,1}, and b € N is fixed, using (3.10) for all 22°*1 subsets A, and
union bound,

P sup
AC{0,1}]

As this holds for all n € N; the result follows. O

! o 1/13
M/T 1(%(1) € A)dt — QI(A)‘ > 5) < e—cék '

3.4 Convergence to invariant measure

In this section we shall establish that started from the step initial condition TASEP with a
slow bond at the origin converges weakly to the measure (). It suffices to prove the following
theorem for convergence of finite dimensional distributions.

Theorem 3.4.1. For any fivzed b € N, I = [~b,b] and A C {0,1}/,
P (1) € A) = Qi(A)
as t — oo.

The idea of the proof goes as follows. First we observe that the configuration of 9y, (1)
at time 7}, + s does not depend on the exact value of the passage time 7T,,, but the amount
of overshoot of the different passage times from 7,,, and is thus roughly independent of the
passage times near the origin. Also conditioning on all the exponential random variables
except at a number of sufficiently spaced vertices on the diagonal near the origin, one can
argue that the effects of these vertex weights on T,, are roughly independent. Hence, a
local limit theorem suggests that the conditional distribution of 7T, is close to Gaussian.
Owing to the flatness of the Gaussian density, one can approximate ¢ — 7}, by the uniform
distribution, and thus reduce (1) = 77, +@—7,)(I) to the average occupation measure over
suitable intervals. From here one can resort to Theorem 3.3.1 to get the convergence to @Q;.

For the proof of Theorem 3.4.1 we shall need a few lemmas. The following lemma is basic
and follows easily from Theorem 3.3.1.

Lemma 3.4.2. Fiz b € N,I = [~b,b] and A C {0,1} and n € N and any 5, > 0. Then,
for any random variable U such that P(U € [%2, 2n?%)) > 16, and s > an'/*?,

1 Tn+U+s
[ € e Q| <254

S JT,+U

1/30

E

Proof. Observe that from Theorem 3.3.1 with A = {0,1}, it immediately follows,
Toir — 1T,

(4+e)k -1
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This, together with the statement of Theorem 3.3.1 gives

"

Taking (polynomial in n number of) union bounds over m, ¢ such that T,, < T, + U < T}, 11
and Ty < T, + U + s < Tpyie41, along with the bounds for T, /m, this implies

P({Ue [%2,2712]}0{ >(5}) < e

Hence,

! /”MummeMﬁ—@mﬂ

Tn+k - Tn Ty,

20) <o

1/ D) € Ayt — Qi(A)

S JTo+U

1 Th+U+s
Bl [ 1 e A>dt—Q1<A>\
S Jr.4+U
1 TntUts 1/30
< 5+IP’(—/ 1(n,(I) eA)dt—Qz(A)‘ >5) <25 e
S Jr,+U

]

For the remainder of this section, we shall need the following notations. Fix n € N and
define
a; =i fori=0,1,2,...,n"5 + 1.

Let F, = 0{&j: (1,7) ¢ {(am,am) : m =1,2,...,n'/6}} denote the o-field generated by all
the vertex weights except at the locations (a;, a;). Also let

G =o{&; i €(0,2n'3],5 € [0,2n'/3]}.

For n € N, define
Gl =Thn — E(Ton|Fn).

n

With these notations, we are in a position to state the next lemma which is required to
prove Theorem 3.4.1.

Lemma 3.4.3. In the above set up, there exists a G,-measurable random variable G,, such
that P(G!, = Gp) > 1 —e~""* . Moreover G,, is a sum of n'/® many i.i.d. random variables
with a non lattice distribution and having mean 0 and variance 72 € [a, b] for some absolute
positive constants a, b.

The argument is standard and almost mimics that in the proof of Proposition 3.3.2.

Proof. For any region B € R?, let I'(B) := I' N B denote the part of T' inside the region B,
and its weight as T'(B). Consider the points
;-1 + a;

Di = —s fori=1,2,...,n"% +1.
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Figure 3.5: The vertices marked in red are the ones not revealed. T;(C;) are i.i.d. random
variables whose sum we use to capture the fluctuation in 7, after all the remaining vertices
are revealed.

Further define

m'_pi‘i_ai
9

cfori=1,2,...,n"/%+1, andni:%, fori=1,2,...,n"5

The geodesic I'(q,11,0,41),(ais1~1,ai;1—1) from (a; + 1,a; + 1) to (a;41 — 1,a,41 — 1) and
the geodesic I',, ,, meet together on the diagonal between a; and n; and again between m;;
and a;41, and hence coincides between n; and m;1, with probability atleast 1 — e—ent/* by

Corollary 3.2.8. Let
By ={(z,y):ni <ax <mi}fori=1,2 ... 0",

D ={(r,y) & > 21},
Ci={(z,y) :m; <ax<n}fori=12,... 0"

Note that, of these, only the sets C; s contain the unrevealed locations (a;, a;). Since for all
i, the geodesics I'(4,41,a;4+1),(ais1~1,0i41 —1) are JF,, measurable, hence

P(Tmn(Bi) — E(T,.(B;))|Fn) = 0 for all Z) >1— /6 —ent/?t

A similar argument shows that 1), (D) — E(7,,(D)|F,) = 0 with probability atleast 1 —

_1/24
e T,

Let I == T p),(por1.pisr) @0d T3(C;) denote the weight of I'; NC;. Then, repeating similar
calculations, I'; and I'y, ,, coincide inside C; for all ¢ = 1,2, ... ,n'/% with probability atleast

o 1/24
1 — nt/6e=en*" Define
nl/6

G =Y (TAC:) = E(T:(C,)| Fn)). (3.11)
Clearly G,, is G,-measurable and it follows that

1/24

PG, =Gy >1—e ™™
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Observe that T;(C;) — E(T;(Ci)|Fy), i = 1,2,...,n"% are i.i.d. mean zero random variables
with a non lattice distribution. That they have bounded variance follows from Lemma 3.6.1.
This completes the proof of Lemma 3.4.3. m

Now we begin the proof of Theorem 3.4.1.

Proof of Theorem 3.4.1. Fix t > 0 sufficiently large. Fix n = |v/t]. Fix any § > 0. Recall
that G,, was defined in (3.11). Let M be a large enough constant such that —Mn'/12 <
G, < Mn'/? with probability at least 1 — 6.
Define
h(g) == n(Tn+thE(Tn\fn)fg)([)'
Then by Lemma 3.4.3,
P((Gn) = me(1)) > 1= ™™,

2

Now observe that if E(T,|F,) < 2, and —Mn'/? < g < Mn'/'?, then = < t —

E(T,|F,) — g < 2n% Also for any 0 < ¢ < Tyn2 — T),, 11, +0(I) is a function of the differences
T, — T, where (z,y) € D where D is the 2b sized strip along the diagonal in Box((n —
b,n—b),(2n? +b,2n% +b)). Let E be the event that there exists u € [n'/2,n — b] such that
(w, 1) € Nzyen Loy Nzyep Ln1/2,n1/2) (2. Then union bound and Corollary 3.2.7 imply

that P(E) > 1 —e="". On E, 1y, 4o(I) is a function of the differences Tin1r2,n1/2) (2,) —
Tin1/2,01/2) (ny Which is (G,)¢ measurable. Then on the event that E(7,|F,) < "72, there
exists a function A’ which is (G, )¢ measurable, such that for each g € [~Mn!/*2, Mn'/12],

1/8

P(h(g) = I (g + E(T,|F))) > 1 —e~"

Then,

P(n:(1) € A)
= (h Gn) €A+ R,

— E(B(h(C,) € A)\F) +
_ E( B(h(g) € AIFs. G = 9) 1.9 >dg)+Rn
_ E(

— BB+ BIR)) € AR o 0)ds) + B,

EA
>

— —

B(H (g + E(Ty|F)) € AlFo, Gy = g)fcnfn(g)dg> ‘R

E(P(h' (g + E(T.|F,)) € AlF.)) fe.(9)dg + R,

|
— \
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where |R,|, |R.|, |R"| < 3¢™"* by interchanging the integral and expectation, and the fact
that given F,,, h' and GG,, are conditionally independent.

Fix A C {0,1}. Since by Lemma 3.6.2, ¥(g) = P(h(g) € A) is uniformly continuous,
choose h > 0 such that sup|,_, <, [¥(9) — ¥(g')] < 9. For this h > 0, applying local central
limit theorem to G,,, due to Lemma 3.4.3, we have,

P(a < Gy < a+h) = hoy(a) +o(1/n'?),

where the error term o(1/n'/!?) is uniform in @, and ¢, denotes the density of N (0, 72n!/6)
distribution, where 7 is bounded. Then,

\ [ #00) € Ao torig — [ 2i0to) € A>¢n<g>czg\ <45+ (1),

Now,
[ Bhis) € 0ulo)ds - / Brmv-o(1) € A6(a)da = B ( [ 100m,00-4(1) € A)ontads )
where U = t— E(T | Fn) € [ n?] with probability at least 1—4. Now, if ¢ denotes the density

of Z ~ N(0,7?%), then get R large such that P(|Z] > R) < 6. Also let 8 be the modulus
of continuity of the Gaussian density corresponding to this . Divide [—R, R] into points
a; = —R,ay,...,a, = M such that |a; — a;11| = 8 ( so that sup,e(,, 4,1 19() — d(a;)| < 0).
Then if b; := n'/2a;, then by 11 — b; = n'/?f and,

)

su () — & (b;)] < .
o [én(2) = Gulbi)l < 755
Hence, using Lemma 3.4.2, one gets,
([ 10m-4(0) € Ninta)is) - Qi)
r—1 bit1
< |E <Z/ L(nr,+v—g(I) € A)gbn(g)dg) —Qr(A)|+6
i=1 v bi
z+1
= Z/ 11, +v-g(I) € A)dp(bi)dg | — Qr(A)| +2R5+ 9
1 Tn+U—b;
= Zﬁbn i) (bip1 — b;)E ( / 1(ns(I) € A)ds) —Qr(A)|+2R0+6
biv1 = bi Jr,1v—b,,
< Z¢n(bi)<bi+l —b;) (25 + e CO(bir1—bs) 1/30) +Qr(A Zgbn i) (biv1 — b)) — 1|+ 2RO+ 6
i=1
- Z Gn(bi) (bit1 — bi) <25 + 6_05("1/126)1/30> +4R5 + 20
<

(25 n e-C“"””B)””) 4 2RS (25 i e—cﬂn”l“’ﬁ)l/”) 4 ARS + 26.
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Now let n — oo, and then § — 0, and note that Rd — 0 as R ~ 4/log(1/0) << \/ig as
o — 0. O

3.5 Coupling TASEP with a slow bond with a
stationary TASEP

We complete the proof of Theorem 4 in this section. Recall p from Remark 3.1.2. Now
fix L € N and set [ = [0,L]. For k € N, consider the interval k + I. We shall define a
coupling between the stationary TASEP with density p (i.e., with product Ber(p) particle
configuration) and the TASEP with a slow bond started from the step initial condition. We
shall show that under this coupling for all £ sufficiently large, the asymptotic occupation
measure for k + I in the slow bond model is with probability close to one equal to the
occupation measure of [ in the stationary TASEP with density p. This implies the total
variation distance between the two measures is small. By stationarity one of them is close
to product Ber(p), and hence the other must be so too. This will establish that the limiting
stationary measure v, of the slow bond process is asymptotically equivalent to v, at co. By
an identical argument one can establish asymptotic equivalence to v, at —oo. The crux
of the argument will be to show that the coupling works with large probability and to show
that we first need to consider the last passage percolation formulation of TASEP with an
arbitrary initial condition, in particular a stationary one.

3.5.1 Last passage percolation and stationary TASEP

The correspondence we described between TASEP started from step initial condition extends
to arbitrary initial condition as follows. Let n € {0, 1}Z be an arbitrary particle configuration.
Let S, be a bi-infinite connected subset of Z? (an injective image of Z) defined recursively.
Define F' : Z — 7Z* as follows: set F(0) = (0,0). For i > 0, set F(i) = F(i — 1) + (0,—1) if
n(i) =1 and set F(i) = F(i — 1) + (1,0) otherwise. For i < 0, set F(i) = F(i + 1) + (0,1)
if p(i+1) =1 and F(i) = F(i + 1) + (—1,0) otherwise. Let S, = F(Z). Clearly S, is a
connected subset of Z? that divides Z? into two connected components (see Figure 3.6) one
of which (let us call it R,)) contains the whole positive quadrant. Also set R = R, U S,. Fix
¢ € Z; let a € Z be the smallest number such that (a 4+ ¢,a) € R. Consider the following
coupling between TASEP with initial condition n and Last Passage Percolation with i.i.d.
exponential weights by setting &, ;4044 (the edge weight at vertex (a+ j +¢,a + j)) to be
equal to the waiting time for the (j 4+ 1)-th jump at site £. The following standard result
gives the correspondence between last passage times and jump times under this coupling.
We omit the proof, see e.g. [3].

Proposition 3.5.1. Let n € {0,1}% be fized and consider the coupling described above. Fix
¢ €7 and let v, = (n+ ¢,n). Then the time taken for the n-th particle to left of the origin
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Figure 3.6: Correspondence between Last Passage Percolation and TASEP with general
initial condition. The red line in the figure depicts a part of the boundary S, between R,
and Z?\ R, for a part of the configuration 7 given by 110101010011. Jump times in TASEP
started with initial condition 7 corresponds to last passage times from .S, to various vertices
of Z2.

to jump through site ¢ is equal to
sup 1y v,
vESy

where T, ,,, denotes the usual last passage time between v and v,,.

Observe that in case n = 1(_), i.e., for step initial condition the set S, is just the
boundary of the positive quadrant of Z* and hence point to line (or general set S,) passage
time reduce to point to origin passage time in that case and hence this result is consistent
with the previous correspondence between TASEP and LPP that we quoted.

Let us now specialise to the stationary Ber(p) initial condition, i.e., in 7 each site is
occupied with probability p independent of the others. Clearly in such a case the gap
between two consecutive particles is a geometric random variable with mean + — 1. Hence
in this case .5, is a random staircase curve passing through the origin that has horizontal
steps of length that are distributed as i.i.d. Geom(p) and two consecutive horizontal steps
(can also be of length 0) are separated by vertical steps of unit length. By a large deviation
estimate on geometric random variables this random line S, can be approximated by the

deterministic line I given by
P

L—p
so for our purposes we can approximate S, with £ and consider the corresponding last
passage times to L. Before making a precise statement, let us first consider the last passage
percolation to the deterministic line £. Fix ¢ € Z and consider the geodesic from L to
(n+ ¢,n) for n large. If n > ¢, this geodesic is quite close to the geodesic from L to (n,n).
Comparing the first order of the length of the geodesic from v to (n,n) for different v € L it
is not too hard to see that the first order distance, i.e., (v/n — x ++/n — y)? for all (x,y) € L
is maximized at (nxo,nyo) € L where (x¢,yo) is given by

Y= €,
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(3.12)

(20, y0) = ( ;

p I—p

1—-2p 1—2,0)

5%/
—

(XY

Figure 3.7: Proposition 3.5.2: we compare the best path to .S, from (n,n) to a path ~ that
intersects S, far from (nwzo,nyy). Because of large deviation estimates, at that point S, is
not too far from the line y = —ﬁx. By computing expectation we show that that expected
length of ~ is less than that of the best geodesic by an amount larger than the natural
fluctuation scale.

Note that (nzo,nyo) # (0,0) whenever p # 1. It follows from this that the point where
the geodesic from (n + ¢,n) to L hits L. should be at distance O(n??) from (nxo, nyo). In
fact the same remains true for the geodesic from (n + ¢,n) to the random curve S,. More
precisely we have the following proposition.

Proposition 3.5.2. Fiz p € (0,1),p # % Let (x9,yo) be the point on the line L given by
(3.12) and let € € Z be fived. Let T3, be the geodesic from (n+ ¢,n) to the random line
Sy. Let (X, Yy) € S, be such that FTSZJFM = F(()Xe,Yg),(n+£,n)’ where Fgw is the point to point

geodesic from u to v in the usual Exponential DLPP. Then given any 6 > 0 however small,
there exists M = M (0,0) such that,

P(I(X,Y) — (nao, nyo)|| = Mn®?) < 0.

The proof of this proposition follows from a computation balancing expectation and
fluctuation and using Theorem 2.1.2 to bound the tails. We shall omit the proof. The
argument is by now standard and has been used a number of times in bounding transversal
fluctuation for geodesics in various polymer models in KPZ universality class; see e.g. [10,
Theorem 11.1]. In the setting of point-to-line last passage percolation this was considered in
the very recent preprint [33]. Indeed, Lemma 4.3 of [33] shows that the geodesic (n + ¢,n)
to any point on £ that is more than a distance of Mn?/? from (nxo,nyo) is smaller than
the geodesic to (nxg, nyy) with probability close to one. Also, by suitably applying Chernoff
bound, one can show that |S,(v) — L(v)| = O(n'/?) for |v| = O(n) with high probability,
implying the proposition.
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3.5.2 Convergence to product Bernoulli measure

We shall complete the proof of Theorem 4 now. Recall the invariant measure () constructed
in Section 3.3 and also recall the definition of p < 5 from Remark 3.1.2. For an interval [a, b]
let Qa5 be the projection of @ onto the coordinates in [a,b]. It suffices to prove that for
each fixed L € N

Qutrr)(Bos - - Br) =F pZiP (1 — p)+1=Ei% and (3.13)
k—o0 S8 3.
Q—k—r,—1(Bo,---,bL) =X IR — )2 (3.14)

for every 8 = (Bo,...,58r) € {0,1}L1. This will complete the proof of Theorem 4 with
Q = v,. We shall only prove (3.13) and the second equation will follow from an identical
proof.

We first set up the following notations. Here k' = ck is a constant multiple of k£ and
n > k. The dependence among the various parameters is summarised below.

1. L denotes a fixed constant.
2. 0 > 0 will denote some predefined quantity however small.

3. R denotes a sufficiently large constant, to be chosen appropriately later, depending
only on L, 0.

4. k is chosen large enough depending on L, d, R.
5. s is chosen large enough depending on k, L, d, R.
6. n>s.

Fix p < % from Remark 3.1.2. We shall call the LPP model corresponding to the stationary
TASEP with product Ber(p) configuration as considered in the previous subsection the sta-
tionary model, the geodesics from (m+¢,m) to the random line S, as I'y, , . and its weight
as T2 +lm-

Recall that 1 = n — a(e)k was defined for the reinforced model in Proposition 3.2.11
where a(e) was calculated in (3.3) in the Introduction. Also (zg,yo) was defined in the

stationary model in (3.12). Fix L, R € N. Define £k’ such that
K —kzg=k—(R+L).

Let v be the vertex where the line joining (x1,z1) to (n + k,n) intersect the vertical line
r=n+R+L ie,v=(v,v)=Mnm+R+L,n— aEe)k=R-L)

PGS ), and for the reinforced model
define

Bpr := Box(v, (n + k,n)).

Also, for the stationary model, define

Bs := Box((K'zo, K'yo), (K', K)).
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Since p is chosen such that the slopes of the line joining (x1, 1) to (n + k,n) match that
of the line joining (k'zo, k'yo) to (K, k'), hence, the dimensions of the two boxes, Bg in the
stationary model, and Bp in the reinforced model are same.

We consider 2L + R-sized boxes at the vertices (k', k") and (n+ k,n) of the two boxes Bg
and Bpg. To be precise, consider the box Box((k' — L, k' — L), (¥ + R+ L, k' + R+ L) in the
stationary model and let Dg be the L sized strip along and above the diagonal of this box, i.e.,
Dy is the quadrilateral with endpoints (K'— L, k'), (K, k'), (K + R,k'+ R),(K'+ R, k'+ R+ L).
Similarly consider the box Box((n+k—L,n—L),(n+k+ R+ L,n+ R+ L)) in the reinforced
model, and let Dg be the L sized strip along and above the diagonal of this box.

Also slightly enlarge the two boxes Bg and Bg, so that B% := Box((k'zq, k'yo), (K’ + R+
L,k + R+ L), and B% := Box(v,(n+k+ R+ L,n+ R+ L)). Observe that both the boxes
B% and B% have i.i.d. Exp(1) random variables at each interior vertex. See Figure 3.8.

(n,n)

(b)

Figure 3.8: Coupling between TASEP with a slow bond in (a) and Stationary TASEP with
density p in (b). The point v in (a) corresponds to the point (k'zg,k'yo) in (b) and the
point (n + k,n) in (a) corresponds to the point (k',k’) in (b). We couple the two systems
so the the configuration of passage times in the box B% in (a) is identical (upto translation)
to that in B% in (b). We use the fact that the geodesics Ty, for all u in Dg pass through
some point close to v, and the geodesics I'Y for all u € Dg pass through some point close to
(K'xo, k'yo) and the coalescence result Theorem 3.1.5 to argue that the pairwise difference of
those geodesics are identical in the two systems with probability close to one if £ is large.

We have the following basic lemma that relates the expected occupation measures in the
reinforced and stationary models.
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Lemma 3.5.3. Fix L, R € N and consider the above set up. Let Hg be the event there
exists some vertex u such that u € (), \cp, Ffvy ew)ens F(()k’xo,k’yo),(x,y)' Similarly let Hr be
the event that there exists some vertex u' such that v’ € ﬂ(m’y)GDR L(0,0),(2.9) ﬂ(x,y)eDR Lo )
Then on the event Hg N Hg, under the coupling of all exponential random variables at the
corresponding vertices in the two boxes B% and B%, for any A C {0,1}1+1,

1 To,(n+k+Rn+R) 1 T,§+R,k/+R g
z L[k k + L) € A)dt / W[, L+ 1) € A)dt,  (3.15)
R TO,(n+k,n) R T]f/ k!

where n; s the configuration of the TASEP with a slow bond started from the step initial
condition and 1y is the configuration of the stationary TASEP with density p, and n|k, k+ L]
and 17 (1, L + 1] are the configurations restricted to [k, k + L] and [1, L + 1].

Proof. Let Ag ={I';  : (z,y) € Dg}, A} = {FO o ko) a) (2 Y) € Dst Ar = {L0,0),z) :
(x,y) € DR} AR = {T'y,(2.9):(e)eDr ;- By Lemma 3.3.3 it is easy to see that the occupation

density & fT’”R FEEL(n?[1, L+ 1] € A)dt = f(Ag) for some function f such that f(x+c) =

f(x). Hence on Hg, since the differences in the lengths of the maximal paths in the set Ag
are the same as the differences in the lengths of the corresponding maximal paths starting
from (k'zo, K'yo),

1 TkS’+R,k’+R g 0

— 1S, L+ 1] € A)dt = F(AY).

R TS

k! k!

Similarly, on Hp,

1 TO,(n+k+R,n+R) 0
7 L(mlk, k+ L] € A)dt = f(AR).

TO,(n+k,n)
Since under the coupling, f(A%) = f(A%), the result follows. O

The next proposition says that the expected occupation measures in the reinforced and
stationary models are close.
Pr0p051t10n 3.5.4. Fir L,Re N and A C {0,1}** and § > 0. Let
T n N Tl /
Zr = R Too(i::Jr)R 1 (mlk, k+ L) € A)dt and Zg = R T§ TRETREY (P [1, L + 1] € A)dt be
the occupation densities in the reinforced and stationary models Then there exist positive
constants C, ¢ depending only on §, L, R (and not on k) such that

IEZp — EZs| < ,/%Jr(s.

Proof. First observe that, following similar arguments as in Lemma 3.6.3, the random vari-

S TS
7 ’ Y To.(n ntR)—10 (n+k.n
ables Zg and Zg, which are bounded by W and —2HEERAE Sthn) Care L2
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bounded. Let C* be the sum of squares of these two £2 bounds, so that C* is an absolute
positive constant, not depending on k, R, d.

Recall the events Hg, Hgr defined in Lemma 3.5.3. Let Ug be the line segment joining
(K'wo + M(KN?/3 K'yo — 2M (K)?/3) and (k'zq + M (K')?/3, k'yo + 2M (K')?/3) for some fixed
M = M(6). Let Eg be the event that the geodesics in Ag := {T'5, : (z,y) € Dg} and the
geodesics in Ay = {T, rrye). ey ¢ (T:¥) € Ds} pass through the line segment Us. Then
Proposition 3.5.2 and Theorem 3 together with polymer ordering (Lemma 4.3.2) imply that,
for the given § > 0, one can choose M = M () large enough such that

0
20*

P(Eg) > 1

Let Fg denote the event that the geodesic from (k'zq + M (k")?/3, k'yg — 2M (K')?/3) to (K’ +
L+ R, k' — L) and the geodesic from (k'zo+ M (K')?/3, K'yo+2M (K')*3) to (k' — L, k' + L+ R)
meet together. Then it follows from Theorem 3.1.5 that

C/

P(Fg) >1— —
(S)_ ]{ZC”

for some C’, ¢’ depending on M and hence on §, but not on k. Due to polymer ordering,

P(Hs) > P(EsnFs) >1- o — &
5) = shitg) = o0+ R
Now we consider the reinforced model. Recall that v = (v1,v2) = (n+ R+ L,n —

—a(sl((];ffm). Let I'; be the geodesic from (z; + k%% 21 + k%) to (n+k — L,n + L + R)

that avoids the diagonal line segment joining (0,0) to (n+ R+ L,n+ R+ L). Also let I'
be the geodesic from (21 — k%/° x; — k%/%) to (n+k+ L+ R,n — L) that avoids the diagonal
line segment joining (0,0) to (n + R+ L,n + R+ L). Then we claim that one can choose
M = M(0) large enough such that

P ({|Ti(n+ R+ L) —va| < ME**} N {|[To(n+ R+ L) —vo| < ME*?}) > 11— % (3.16)
To see this, define I, to be the geodesics from (x; 4+ k%%, 21 +k%°) to (n+k — L,n+ L+ R)
with the diagonal line segment joining (0,0) to (n + R+ L,n + R + L) not reinforced (i.e.
corresponding to the usual exponential DLPP). Observe that I'; can never be above '] and
by Theorem 3, one can choose M () such that P(I'\(n + R+ L) < va + ME*?) > 1 — 22
Also, if Ty(n + R+ L) < vy — Mk?/3, then for any such uy < vy — ME?3, there exists some
constant « such that for u = (n + R+ L, us),

E(T(Ox1—k3/57x1—k3/5),u) + E(TS,(n+k+L+R,n7L)> < E(T((;l—k3/5,1‘1—k3/5)7(n+k+L+R,n—L)) - OéMkl/3.

Using Proposition 12.2 of [16] for fluctuations of constrained paths, and moderate deviation
estimates of supremum and infimum of geodesic lengths in Proposition 10.1 and 10.5 of [10],
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MEY3

Figure 3.9: On the high probability event that T, , leaves the diagonal between z; — k3/°
and z; + k%, it is sandwiched between the two geodesic marked in blue in the figure. By
local path regularity estimate both of the blue paths are likely to intersect the vertical line
through v, at a distance no more than ME*? for some large constant M, and hence the
same is true for I', 4, with probability close to one.

)

and using standard arguments, one gets P(I'y(n) > vy — ME*3) > 1 — ;2o

large.

Let Ug be the line segment joining (n+ R+ L, vy — Mk?*/?) and (n+ R+ L, vy + ME*/3).
Let Er be the event that the geodesics in Ag = {T'(0,0),(z,y) : (z,¥y) € Dr} pass through the
line segment Ug. Then Proposition 3.2.11 and equation (3.16) and polymer ordering imply

by choosing M

1) 1/20
P(Eg) > 1— o —Cle™* .
(Er) 21 =56 —Ce
Let F denote the event that the geodesic from (n+R+L, vo— MkE??) to (n+k+L+R,n—L)
and the geodesic from (n+ R+ L, vy + ME?3) to (n+k — L,n+ L+ R) meet together. Then
it follows from Theorem 3.1.5 that there exists constants C’, ¢’ depending on M and hence
on ¢ such that

Cl
P(Fr) > 1- —.
k¢
Hence, again by polymer ordering,
o )
P >P(ERNFr)>1—— — .
(HR> - ( R R) - kc/ 20*

Let Z = Zr — Zg under the coupling in Lemma 3.5.3. Hence, due to Lemma 3.5.3 and
using Cauchy-Schwarz inequality,

C
[EZp — EZs| < E|Z| = EIZ[Lpurpie < (C)2VB(Hs N HR)) < 4/ 15 +0.
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To finish off the proof we shall show that the occupation measures are indeed close to
the measure () and the product Bernoulli measures respectively. To this end, we have the
following lemma.

Lemma 3.5.5. Fz'x L,ReN and A C {0, }*™'. Recall that T,, := To, (m,m) in the reinforced
model and Zp := T— 1(nelk, k + L) € A)dt. Then forn > s> k* k> R,

TO (n+k,n)

1 Tn+sr C'k 1/4 C’ 1/2
E(Zp)—E | — 1k, k+ Ll € A)dt || < Cle™ " < — 4 (e
‘ (Zr) (SR/T,L Onlh: b+ L € 4) >’_SR+ ‘ _kR+ ’

where C', ¢ are constants not depending on k,n, s, R.

Proof. Let T™ke .= T, (n+k+an+a)- Recall the definitions of Dr and Ag from Lemma 3.15.
Using standard arguments, it is easy to see that, for n > s > k2, the geodesics in Ap and
the geodesics starting from (n — L — s,n — L — s) to the corresponding points in Di meet
the diagonal simultaneously with probability atleast 1 — e—es'/ by Corollary 3.2.8. This also
holds true for n replaced by n + R,n+2R,... ,n+ (s — 1)R.

Define the random variables

1 Tn,k,iR
Y, = — 1(mlk, k+ L) € A)dt, i=1,2,...,s,
R Tn.k,(i-1)R
1 Ts+L,k,R
Z = — 1(ni[k, k + L] € A)dt.
R Ts+L,k,0
Then, using standard arguments, it follows that there exist random variables Z;,71 = 1,2, ..., s,

such that Z; 2L 7 for each i, and P(Y; = Z; foralli) > 1 — se~es'*, Hence, using the £?
boundedness of the random variables and Cauchy-Schwarz inequality, as in the previous
proposition, we have,

[E(Y;) — E(Yy)| < [E(Y;) — E(Z)] + [E(Z) — E(Y})] < C'e5*"" for each i =1,2,....s,

where C” is some constant not depending on n, k, R, s. Hence,

( ZY) < o3
Now note that,
1 s 1 Tn,k,sR
- Y, = — 1(n:lk, k+ L] € A)dt,
S ; SR Jpnko (] +1] )

and E (T"k—R_T> and E (%) are less than by again using Lemma 3.6.3. [

Finally putting all of these together we get the result.
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Theorem 3.5.6. Let v, denote the product Bernoulli(p) measure. Then, for the given § > 0
and any set A C {0,1}1+1,

lim sup [Qpes2)(A) — v,(A)] < (2V5 +48)(4 + )7L (3.17)

k—o00

As this holds for all § > 0 and all A C {0, 1}£*1 this completes the proof of Theorem 4.

Proof. Fix A C {0,1}F*1. Observe that, following similar arguments as in Lemma 3.6.3,

TS/ / _Ts; /
the random variables Zg (which are bounded by *+fELE L) are £2 bounded, hence

uniformly integrable. This, together with stationarity, would imply that, for the given § > 0,
we can choose R = R(¢) large enough not depending on &', such that

1 T2 R,k'+R
E(E/ R TOI | eA)dt) — (4 +e)w,(A)

S
Tk/,k’

<.

This is proved in Lemma 3.5.7 below. Fix such an R. Then, by Proposition 3.5.4 and Lemma
3.5.5, it follows that for n > s > k2,

!/

E L/anl( okt L)€ Ayt ) — (4 +(A)] <544/ (E r6)+ & p e
sR |z, Uaue gV, < " E . 7

(3.18)
where C, C’, ¢ depend only on R, 6, L. Choose k large enough so that the right side of (3.18)
is less than 2v/0 + 26. Fix such a k.
Applying Theorem 3.3.1 and uniform integrability of the random variables, there exist
constants C, ¢ depending on k, such that for every n € N

1/13

1 Tn+sR . N
Tn

Choose s large so that the right hand side of the above equation is at most 20.
Combining all this, we get, for any fixed A C {0,1}**! and for all large k (depending
on 0),

| Qs (A) — vo(A)| < (V6 +40) (4 + ).
]

Lemma 3.5.7. In the setting of the proof of Theorem 3.5.6, for the given d > 0, there exists
R = R(0) such that

sup < 6.
K T w

1 72§+1LkL+R
E E/ LS, L+ 1] € A)dt | — (44 2)v,(A)
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Proof. The proof is by a standard size biasing argument. Let x > 0 be fixed sufficiently
small depending on §. Let Ay r denote the event that

1 TIf’+R,k’+R g
E/ VS, L + 1] € A)dt | — (4 + ), (A)] > r.
TS

K K/

Clearly it suffices to show that sup, P(Ax g) — 0 as R — oo. Now, for the process in

equilibrium let us denote the law by P and the expectation by E and let A denote the
time difference between two consecutive jumps at the origin. Clearly the distribution of the
time difference between the jumps straddling time 0 is size biased distribution of A, and

Cauchy-Schwarz inequality then implies

(IEA2)1/2ED<Ak’,R)1/2
EA '

P(Aw.r) <

We know that EA = (4 + ¢) (cf. Remark 3.1.2) and we have already shown (by Lemma
3.6.3) that EA? < oo, hence it suffices to prove that sup,, P(Aw.r) — 0 as R — oo. Now
observe that P measure of Ay g is independent of k', and hence it suffices to show that

P (‘%/OTR L[, L +1] € A)dt — (4 + g)up(m‘ > ﬁ> 0

as R — oo where 1” denotes the process started from the hitting distribution 7 of B in the
stationary chain where B denotes the set of configurations immediately after a jump at the
origin. The result now follows by observing that starting from 7, TASEP converges to v,
weakly and the fact that T—g — (4 + ¢) almost surely. [

3.5.3 A sketch of proof of Theorem 3.1.4

We end with a sketch of the proof of Theorem 3.1.4. As will be clear shortly, the proof
is quite similar to the proof of Theorem 4, so we shall omit the details. Fix p < p. We
shall show that starting from v, initial condition, TASEP with a slow bond converges to a
stationary distribution v, moreover, v, is asymptotically equivalent to v, at +00. A similar
argument applies for p > 1 — p.

Using the correspondence between TASEP starting from a stationary distribution and
last passage percolation described in Subsection 3.5.1, it follows that jump times in TASEP
started with product Ber(p) initial condition corresponds roughly to last passage times to

the line I with the equation
p

<
Using coalescence of geodesics from points near (n,n) to the line L it follows as before that
average occupation measures over large intervals T;, to T, 1) converge to a measure v, on the

Yy = x.
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space of all configurations. However, as the geodesics now will typically not remain pinned
to the diagonal, instead of the strong coalescence results of Theorem 3.2.4 used earlier, here
one has to use Theorem 3.1.5 for the coalescence of geodesics. To show that the process itself
converges to the measure v (and hence v is stationary), one needs a smoothing argument
as in Section 3.4. However as the vertices on the diagonal closer to the origin are no longer
pivotal, a different argument would be needed. Consider TASEP with a slow bond. By
coalescence, the geodesics from points near (2n,2n) to L are very unlikely to be affected
by the first 7 many passage times on the diagonal, in particular one can replace these by
i.i.d. Exp(1) variables and get a coupling between TASEP with a slow bond; and Stationary
TASEP with density p run for time n followed by TASEP with a slow bond, such that
the average occupation measure of the former in an interval around time 75, is with high
probability identical to that of a slow bond at time T5, — dn for all 6 € (0,1) as running
the stationary TASEP for time n does not change the marginal distribution. Since the
occupation measures are close to one another in total variation distance (and each of them
are close to 1) the process must converge to the limiting distribution v.

It remains to show that v} is asymptotically equivalent to v, at +oo. We shall only
sketch that v is asymptotically equivalent to v, at oo, the other part is easier. As in the
proof of Theorem 4, the basic objects of study are the geodesics to the points (n + k,n) for
n > k > 1. The important observation is the following. If p < p, then the geodesics from
(n+ k,n) to L spends only O(1) time on the diagonal, in a deterministic interval of length
O(k?/3). This can be checked by doing a first order calculation as in Subsection 3.1.4, and a
variant of Theorem 3. So the geodesic from (n + k,n) to L is asymptotically a straight line
that has the same slope (asymptotically for n > k > 1) as the geodesic from (k, k) to L
in the unreinforced DLPP. Using this and coalescence one can again couple the occupation
measure of stationary TASEP of density p near the origin, to be close in total variation
distance to the occupation measure of TASEP with a slow bond at some large time and at
sites near the point k for some large k. The proof of Theorem 3.1.4 is then completed as in
the proof of Theorem 4. We omit the details.

3.6 Proofs of a few technical results

3.6.1 Lemmas used in Section 3.4

Lemma 3.6.1. In the set up of Lemma 3.4.3, there exist two absolute positive constants a,b,
such that 7 € [a, b].

The non trivial part in this lemma is to prove the lower bound for 72. For this, we follow
the proof of Lemma 3.2.6 and even construct the same events to ensure that I'; touches
(ay,a;) on some event whose probability is bounded away from 0 (not depending on n).
There is one additional technicality here which is taken care of by the monotonicity of the
events.
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Proof. Let X; be the weight of the geodesic from (my, mq) to (a1, a;) (excluding the weight
of &a,.a1)), and X, be the weight of the geodesic from (ai,a;) to (ny,n1) (excluding the
weight of {4, 4,)), and let X be the weight of the geodesic from (m4,m1) to (n1,n:) avoiding
the point (ai, a;). Then clearly,

Tl(C’l) = maX{XI + X2 —f- f(al’ath} S max{Xl + XQ,X} + £(CL17¢11)'

Hence,
max{Xl + XQ,X} S E(T1<Cl)’.rn> S maX{Xl + XQ, X} + E(é(al’al)).

Hence,
|T1(Cl) - E(T1(01)|*Fn)| < g(al,m) + E(f(al,m))'

Thus, the upper bound of 72 is immediate. Hence we only need to prove the lower bound of
72,

Let C' be an absolute positive constant to be chosen appropriately later and consider the
two boxes of size C' whose top left or bottom right vertex is (a;,a;). Let D; denotes the
event that the sum of all C* — 1 many exponential random variables excluding &4, 4,) inside
each of these boxes is less than 2C?. Let Dy denote the event that I'; is within a vertical and
horizontal distance of C' from (ai,a;). It is not hard to see that the same argument as in
Lemma 3.2.1 and Proposition 3.2.2 works even when one point on the diagonal is conditioned
to have 0 weight, and it follows that P(Ds|{(,,0,) = 0) > 1 —e~C"? where ¢ is some absolute
positive constant. Let Iz denote the configuration restricted to the set B. Define the event
Dy C Tz2\(41,41) 88,

Dy = {w S H(Z2\(a1,a1)) twn {§a1,a1 = 0} S DQ}

Note that Dy is independent of &,, ,,. Also as D is an increasing event in &, 4,, hence
Do N {0y = x} C Dy for all z > 0. Also, since Dy N {€s .0, = 0} = D2 N {4, .0, = 0},
hence,

P(Do) = P(Da|€y, 0, = 0) > 1 — e,

Since Dj is also a high probability event, one can choose C' a large constant (not depending
on n) such that P(DyND;) > % Observe that D1NDoyN{E(ay.a1) > 2C?} € DiNDoN{(ay 01) >
2C?}. Also it follows from the proof of Lemma 3.2.6, that on Dy N Dy N {&(4, a) > 2C%}, Ty
touches the point (ai,a1). As D1 N Dy € F,,

(T1(C) = E(Ty(Ch)|Fa))? > (Th(Ch) — E(T1(Ch)|Fa))*1p,nb,
= (Ti(C1)1p,np, — E(T1(Ch)1p,np, | Fn))*.
Also,
T1(C1)1p,np, — E(T1(C1)1pyap | Fn)

= Tl(Cl)1D10D00{£(a1,a1)>202} - E(Tl(Cl)1D10Doﬂ{£(alﬁal)>202}|‘F"’L)
+<T1(Ol)1D10D00{§(a1,a1)ﬁ202} - E<T1(Ol)1D10Doﬂ{5(al,a1)§202}|fn))'
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Clearly the second summand is at most 2C? in absolute value (by a similar calculation
as done for the upper bound of 7). Hence enough to show that the first summand is bigger
than 4C? with a positive probability that does not depend on n.

On Dy N Do N {&(ay,a1) > 2C?}, Ty passes through (aq, a1), hence,

T1 (Cl)1D10D00{§(a1,a1)>202} = (Xl + £(a1,a1) + XQ)1D10D00{£(a1,a1)>202}’

and,
E(Tl(cl)1D10Doﬂ{£(a1’a1)>202}|~Fn) - ((Xl +X2)]E’(1§(a1’a1)>202)+E(€(a1,a1)1f(a1,al)>202))1DlﬂD0

Let D5 .= {g(alzal)l{g(al,u1)>202} > E(g(al,m)l{f(al,a1)>202}) + 402}. Note that

{1{§(a1,a1)>202} Z E(l{g(al,a1)>202}>} = {é(al,al) > 202} ) D3 :

Let P(D3) = p. AsP(DyNDy) > % and DyN Dy is independent of D3, hence P(DyND1ND3) >

L. Hence with probability atleast £, T1(C1)1p,np, — E(T1(C1)1p,np,|Fn) = 20%. As C,p

are constants not depending on n, this proves the claim. O]

Lemma 3.6.2. Fiz b€ N, I = [-b,b] and A C {0,1}. For s > 0, define p(s) := P(ns(I) €
A). Then p(s) is uniformly continuous in s.

Proof. To see this, note that, for any § > 0,

p(s+6) =P(nsys() € Alw,0) > )P (&o0,0) > ) + P(nsts(1) € Al€0,0) < 0)P((0,0) < 6).

If §0,0) > 9, then the exponential clock at site 0 of the TASEP has not yet ticked, and as
the TASEP starts from step initial conditions, so P(ns.5(1) € Al w0 > 0) = P(ns(I) € A).
Also as P(§0,0) > ) = e Hence,

lp(s +0) — p(s)| < 2(1 —e™”),

which shows the uniform continuity of p(s). O

3.6.2 Regularity estimate and uniform integrability used in
Section 3.5

In this subsection, we prove the following lemma that is used to get the uniform integrability
conditions of random variables used earlier. This is a direct consequence of Corollary 2.2.4(a)
from the previous chapter.

Lemma 3.6.3. Let k, R € N and T° denotes the length of the geodesic from (0,0) to (m,m)
i the Exponential DLPP. Then

70, . —TO\?
sup E <M) < C* < o0.
kR R
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Proof. Let
X = min{z|(x,k) € Tyyr or (k,z) € lrir}.

If X = k, then T'y4g passes through (k, k), hence, T , — T) = T(kk) (k+R) ki R) <79,

Similarly, if X =k — ¢, then T}, p — T < Tp_,. We need to bound P(——*= ’“*R T vm) for
each m by a term not depending on k, R, such that the bound is summable Hence for /¢
small (i.e., X large), we bound the probability by ]P’(% > /m), and for ¢ large, we bound
the probability by Corollary 2.2.4(a). Let I be the geodesic I'gyy viewed from (R+k, R+ k)
0(0,0), i.e., I(¢) = I'yyr(k + R — ). We shall apply Corollary 2.2.4(a) to the geodesic I".
Then, for k > R, we get for any m > 1,

P (:ji?kfzé_ j?? > \/G??)

jﬂO
SIP(’”RR > v/m, X > (k <R+m1/3)>+>+
o0 TO _TO
3 P<%>\/ﬁ,k—){:€)
{=R+m1/3
0 %)
<PM>\/E+Z]PT’S+R >\/_k: X =y
= R = R
{=R+ml1/3
0 1/6 0
< 2R+ml/3 T / _ >
< P(2R+m1/3_ |+ D BUU(R+O-(R+0[>0)

{=R+ml/3

00
s=m1/3

1/10 1/10

< Ce o 4 e < Cemem

The result follows immediately. O

3.7 A Central Limit Theorem for the slow bond
model

As remarked before, here we provide a proof of a central limit theorem for the last passage
time in the slow bond model. Recall that this is a consequence of the path getting pinned
to the diagonal at a constant rate; and using Theorem 3.2.4 one can argue that 7T, can be
approximated by partial sums of stationary processes. This argument was outlined in [10];
we provide a complete proof here for the sake of completeness. Also observe that we do not
really need this central limit theorem for the other results in this chapter, however we believe
it is an interesting result in its own right, hence the proof.
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Theorem 3.7.1. For any r < 1; we have

7\ — BT

\/ Var qur)

Furthermore, there exists o = o(r) € (0,00) such that lim, .

= N(0,1).

Var Ty) — 0.2'
n

Proof. We suppress the dependence on r, and write T, () simply as T),. Note that %f’”) =

Tn_Tnl/S_\;EéTn_Tnl/3) + R, where R := %{‘an E) 0. Also T,—T s = Z?:_rill/i” (Ti+1 — TZ)
Define

n

Xi =T /344 — Tn1/3+i—1 for i = 1,2, R ,t,

where t = n — n'/3. Then enough to show w = N(0,0%). As stated earlier, we
would apply central limit theorem for stationary processes.

To this end, we first show that X, Xy, ..., X; is equal to a stationary sequence with high
probability. Fix 1 < k < t. Then fix £ > 0 such that £ + ¢ < t, let Iy be the geodesics
from (0,0) to (n'/3 +k +¢,n'/3 + k +¢), and T'¥ be the geodesics from (k, k) to (n'/® + k +
0,n'3 + k +0). Let E} denote the event that there exists some u € [k,n'/® 4 k] such that
(u,u) € ﬂz;g(l“gﬂf?). That is, Ej denotes the event that all these paths meet together on the

diagonal. Then by Corollary 3.2.7, P(E)) > 1 — e=n'"" | Let YE = T k) (0 /3ol /3 k) —

d
Tk (n1/3shsimi/ssnriny- Clearly (Y Y, .. YF) = (X1,X,,...,X;). Note that on
E, the differences in the lengths of geodesics starting from (0, 0) coincide with those starting
from (k, k). Hence, on Fj,

(Xk—i-l) Xk+27 .. 7Xt) - (Yiku }/2k7 s 7Y;Ek—k)‘

Let B = (., E. Then P(E) > 1 — ne """, And, for all 1 < k < t, there exist
random variables Y Y ... V¥, such that (Y}, Y5, ... . Y}F,) 4 (X1, X2, ..., Xy x); and on
B, (Xor1, Xpro, - X)) = (YF,YE, Y,
Next we show that the sequence is a-mixing. For this, we consider two sets

(X1, Xo, ..., X¢) and (Xotma1, Xermae, - - -) such that the indices are separated by a distance
of m. For any £,s > 1 and m > n'/? such that n'/®> + ¢+ m + s < n, let F denote the
event that all the geodesics from (0,0) to (n'/? + ¢ + m + s,n*® + £ + m + s), and all
geodesics from (n'/3 + 04+ 1,03 + £+ 1) to (n'/? + £ +m + s,n'/> + £ + m + s) meet the
diagonal simultaneously in the interval [n'/® + ¢ + 1,nY/3 + ¢ +m]. Then as in previous
paragraph, using Corollary 3.2.7 and union bound (and the fact that m > n'/?), it follows
that P(F) > 1 — e=e* for some absolute positive constant c¢. For j > ¢ + 2, define Z, =
T(nl/ii+g+17n1/3+g+1)’(n1/3+j,n1/3+j) — T(n1/3+£+1,n1/3+£+1),(n1/3+j71,n1/3+j71) to be the difference in
the lengths of the corresponding geodesics starting from (n'/? + ¢ + 1,n'/3 + £ + 1) instead
of (0,0). Then, as before, on F,

(X[—l-m? Xf+m+17 .- ) = (Zf+m7 Z€+m+17 .- )
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Now for A = f(X1,Xo,..., X)), B=9g(Xorms1, Xowmas2,--.), and
B/ = Q(Zé+m+17 Zﬁ+m+2a .. ')a

[P(AN B) — P(A)P(B)|
< |[P(ANBNF)—PAPBNE)| + 2P(F°)
= [P(ANB' NF)—-PAPB' NF)|+2P(F°)
< |P(ANB') —P(A)P(B)| + 4P(F°)

N 1/4

= AP(F°) < de-",

where we have used the fact that A and B’ are independent.

It is easy to see using Proposition 3.2.2 and Theorem 3.2.4 that the geodesics I',, and
[,,—1 meet the diagonal simultaneously in the interval [n — h,n] with probability atleast
1 — e""*. From this it is not too hard to see that sup, E(T, — T,_1)'2 < oco. Hence,
following the proof of Central Limit Theorem for stationary processes, (see e.g. Theorem
27.4 in [19]), with obvious modifications, the theorem follows. That o > 0 follows from the
following Proposition 3.7.2. This completes the proof. O

The following proposition shows that ¢ > 0 in Theorem 3.7.1.

Proposition 3.7.2. Let T, denote the last passage time from (0,0) to (n,n) in the slow
bond model. There exists C' > 0 such that Var T,, > Cn for all n.

Recall that the individual passage time of vertex v is denoted by &,. We shall decompose
Var(T,,) by revealing vertex weights in [0,n]? in some order. First fix a bijection 7 : [n?] —
[0,n] x [0,n]. Let F; denote the o-field generated by {&x(1),&x(2)s - - - (i) }- Considering the
Doob martingale M; := E[T" | F;], it follows that we have

Var(T) = E i\/ar (MZ|.7-",_1)] (3.19)

=1

Also let D C [n?] denote the set such that m(D) is the set of all vertices on the diagonal.
Clearly

Var(T) > E

> Var (Mi|]-"i_1)] . (3.20)

ieD
The proposition will follow from the next lemma which provides a lower bound on the
individual terms in the above sum.

Lemma 3.7.3. Let M; be as above and let v denote the geodesic from (0,0) to (n,n). Then
for each i € D

Var (M;| F;_1) > h(]P’[W(i) €| E—1]>
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where h : Ry — R, is a function such that h(t) is bounded away from 0 (uniformly in n) as
soon as t is bounded away from 0.

We postpone the proof of this lemma for the moment and first show how this implies
Proposition 3.7.2.

Proof of Proposition 3.7.2. First observe that since the expected number of vertices on the
diagonal that 7 intersects in linear it follows by Cauchy-Schwarz inequality that

{ZP €| Fie 1]2] > &n (3.21)
i€D
for all n sufficiently large for some d; > 0. Notice further that for any d, > 0, we have

[Zp ey|]—]1]}§52E[ZP E’Y|-le]]

i€D i€D

+ [ZP Efy|./_-; 1] ](P[ﬂ(i)€7|ﬂ—1]>52)}

€D

< 262n+E[ZI 67|E1}>52)]

€D

By choosing 5 sufficiently small compared to d; we get

4]
{Z[ E’Y’}-@l]>5z)}217n
€D
which implies the desired linear lower bound on V,, using Lemma 3.7.3. O]

Proof of Lemma 3.7.53. Fix 1 € D and condition on F;_;. Let T* be the last passage time in
the environment where &,(;) is resampled by an independent copy Z.(;. Observe that

Let the optimizing paths in the two environments be denote by 7, and v, respectively. Let
ro > 0 and set wy := W(xg) where W(z) := P[n(i) € v | &) = x, Fi—1] is an increasing
function of x. Define the events

Al:_{ﬂ-()eryllf&rz)>x0} A2—{7T()€’721fZ l)>ZL‘0}

Clearly, A} = Ay := A as the env1r0nments differ only in the weight of vertex = (i) and also
notice that A is independent of &x(;), Zr(;). Further observe that P[A | F;_1] > wy. Indeed,
AN{&a > w0} = {m(i) € 11,4 > xo} and hence P[A N {&x) > wo}] > woP[&re) > @0
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The desired inequality follows from observing that A and {&:;) > x0} are conditionally
independent given F;_;. Observe that on {{u) > (¢ + 2)x}, we have

T —T" > lxolyz, , elwo2e0,4) T (L +2)T0 — Zr(i)) 1z, 1> (4200}

and hence
E[T - T | .E] 2 g.’L‘o’LUo]P) |:Z7r(z) € [l’g, 2.’130]} — q<.’L‘0, g)

where q(zo, ) := E(Zxu) — (€ + 2)20)1(z, > (e+2)z0} decreases to 0 as £ increases, hence by
choosing ¢ = {(x) sufficiently large , on {&x) > (£ + 2)xo}, we have

M; — M;_1 > xqwy.
It follows that
Var (M;|Fi—1) = E[(M; — M;_1)* | Fica] > afuwiPl&re > (0 + 2)a0).

The proof of the lemma is completed by observing that exponential distribution has un-
bounded support and hence if p := P[n(i) € v | F;_1] is bounded away from 0, then one can
choose z¢p = zo(p) and wy = wy(p) to be bounded away from 0 as well. O
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Chapter 4

Modulus of continuity for polymer
fluctuations and weight profiles

4.1 Introduction and main results

Recall that Poissonian last passage percolation specifies a growth process whose height at
a given moment is the maximum number of points (or the energy) obtainable in a directed
path through a planar Poisson point process. These are exactly solvable models, for which
certain exact distributional formulas are available, and the derivations of these formulas
typically employ deep machinery from algebraic combinatorics or random matrix theory. It
is interesting to study geometric properties of universal KPZ objects by approaches that,
while they are reliant on certain integrable inputs, are probabilistic in flavour: for example,
[16],[14] and [15] are recent results and applications concerning geometric properties of last
passage percolation paths.

It is rigorously understood, then, that last passage percolation paths experience fluctua-
tion in their energy and transversal fluctuation governed by scaling exponents of one-third
and two-thirds. It is very natural to view such paths via the lens of scaled coordinates, in
which transversal fluctuation and path energy have unit order. We will be more precise very
shortly, when suitable notation has been introduced, but for now we mention that our aim in
this article is to refine rigorous understanding of the magnitude and geometry of fluctuation
in last passage percolation paths. We shall call the scaled geodesics polymers, and refer
to the scaled energy as weight. We will see that polylogarithmic corrections to the scaled
laws implied by the exponents of one-third and two-thirds arise when we consider natural
geometric problems concerning the weights and the maximum fluctuation among polymers
in a unit order region. The techniques for verifying our claims will employ geometric and
probabilistic tools rather than principally integrable ones, since problems involving maxima
as both endpoints of a last passage percolation path are varied are not usually amenable to
integrable techniques. We will draw on the integrable approach in a way that, while essen-
tial, is limited to a simple aspect of this theory, namely by applying bounds on the upper
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and lower tails of the fluctuation of point-to-point polymer weights; the needed results will
be recalled in Section 4.2.

4.1.1 Model definition and main results

Let IT be a homogeneous rate one Poisson point process (PPP) on R?. We introduce a partial
order on R?: (z1,y1) = (79, y2) if and only if 1 < x5 and y; < yo. For u < v, u,v € R? an
increasing path « from u to v is a piecewise affine path, viewed as a subset of R?, that joins
points u = uy X u; R uy =X ... X u, = v such that u; € Il for ¢ € [1,k — 1]. Here and later,
[a,b] for a,b € Z with a < b denotes the integer interval {a,--- ,b}. Also let |7y| denote the
energy of v, namely the number of points in IT\ {v} that lie on ~; (the last vertex is excluded
from the definition of energy so that the sum of the energies of two paths equals the energy
of the concatenated path, as we will see in Section 4.3.1). Then we define the last passage
time from u to v, denoted by X7, to be the maximum of |vy| as « varies over all increasing
paths from u to v. Any such maximizing path is called a geodesic. There may be several
such, but if I'} denotes any one of them, we have

X = [Tl (4.1)

Note that, in this notation, the starting and ending points of the geodesic, u and v, are
assigned subscript and superscript placements. We will often use this convention, including
in the case of the scaled coordinates that we will introduce momentarily.

When v < v, any geodesic from u to v may be viewed as a function of its horizontal
coordinate, since it contains a vertical line segment with probability zero. The operations
of maximum and minimum may be applied to any pair of such geodesics, and the results
are also geodesics. For this reason, we may speak unambiguously of I' ", the uppermost
geodesic between u and v, and of I, the lowermost geodesic between u and v. (The
notation < and — is compatible with these two paths being equally well described as the
leftmost and rightmost geodesics. This choice of notation also anticipates the form of these
paths when viewed in the scaled coordinates that we are about to introduce.) When the
endpoints are (0,0) and (n,n), we will call these geodesics I'; and T',.

Introducing scaled coordinates

We rotate the plane about the origin counterclockwise by 45 degrees, squeeze the vertical
coordinate by a factor 2'/?n and the horizontal one by 2'/2n?/3, thus setting

T, (z,y) = 27" 3z —y),27'n (2 +v)) . (4.2)

The horizontal line at vertical coordinate t is the image under 7,, of the anti-diagonal line
through (nt,nt). It is easy to see that, for (z,t) € R T, (x,t) = (nt + 2n®?, nt — an?/?).

Paths that are the image of geodesics under T, will be called polymers;, we might say
n-polymers, but the suppressed parameter will always be n. Geodesics from (0,0) to (n,n)
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(n,n)
e e (n—|—:1:n2/3,’n/—:1:71/2/3)

(071) (.77,1)

(0,0)

Figure 4.1: The scaling map T,, applied to the left figure produces the figure on the right.
The point e in the geodesic I is the preimage of the point (p(t),t) in the polymer p.

transform to polymers (0,0) to (0, 1). Figure 4.1 depicts a geodesic I and its image polymer p.
The polymer between planar points u and v that is the image of the uppermost geodesic
given the preimage endpoints will be denoted by p; ¥, and, naturally enough, called the
leftmost polymer from w to v. The rightmost polymer from u to v is the image of the
corresponding lowermost geodesic and will be denoted by p,7". The simpler notation p;"
and p,” will be adopted when v = (0,0) and v = (0,1). When u = (z1,t1),v = (22, 12),
with @1, m9,t1,ts € R, t; < to, such that T '(zy,t;) < T, (xe, ), we will, when it is
convenient, regard any polymer p from u to v as a function of its vertical coordinate: that
is, for t € [t1,t5], p(t) will denote the unique point such that (p(t),t) € p. (This definition
makes sense since an increasing path can intersect any anti-diagonal at most once.) We
regard the vertical coordinate as time, as the t-notation suggests, and will sometimes refer
to the interval [t1, 5] as the lifetime of the polymer. In particular, when t; = 0 and ¢, = 1,
writing C'[0, 1] for the space of continuous real-valued functions on [0, 1] (equipped for later
purposes with the topology of uniform convergence), we may thus view p = {p(t)}+cpp,1] as

an element of C|0, 1].

Condition for existence of polymers

For u = (z1,t1),v = (22,t3) with z1,x9,t1,t2 € R, t; < to, we have that T, (u) = (nt; +
r1n?3 nty — 21n?3) and T, ' (v) = (nty + 2903, nty — z9n?3). Thus T (u) < T, (v) if

n
and only if |z; — x5| < n'/3(ty — t1). Indeed, we will write u < v to mean that |z, — x5| <
n'/3(ty — t,); this condition ensures that polymers exist between the endpoints 1 and v.
The first of our three main results shows that polymers, viewed as functions of the vertical

coordinate, enjoy modulus of continuity of order t*/3(log t‘l)l/ ?,
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Theorem 4.1.1. (a) The sequence {p; }nen is tight in (C[0, 1], - ||lco)-

(b) There exists a constant C > 0 such that, for the weak limit p5~ of any weakly converging
subsequence of {p: }nen, almost surely,

limsup sup ¢ 2/3(log t_l)_l/glp;_(z +1t)—ps(2)| < C. (4.3)
N0 0<z<1—t

The same result holds for the rightmost polymer.

Note that the constant C' does not depend on the choice of the weakly converging subse-
quence.

The exponent pair (2/3,1/3) for power law and polylogarithmic correction is thus demon-
strated to hold in an upper bound on polymer fluctuation. We believe that a lower bound
holds as well, in the sense that the limit infimum counterpart to (4.3) is positive. A polymer
is an object specified by a global constraint, and it by no means clearly enjoys independence
properties as it traverses disjoint regions, even though the underlying Poisson randomness
does. In order to demonstrate the polymer fluctuation lower bound, this subtlety would
have to be addressed. We choose instead to demonstrate that the exponent pair (2/3,1/3)
describes polymer fluctuation by proving a lower bound of this form for the maximum fluc-
tuation witnessed among a natural class of short polymers in a unit region. This alternative
formulation offers a greater supply of independent randomness.

Indeed, we now specify a notion of mazximum transversal fluctuation over a collection of
short polymers. Fix any two points u = (z1,t1),v = (z2,t2) such that ¢, > ;. Let &),
denote the set of all polymers p from u to v. Let ¢ denote the planar line segment that
joins w and v; extending an abuse of notation that we have already made, we write 3, (t) for
the unique point such that (¢5(t),t) € £%, where t € [t1,t5]. Then, for any polymer p, the

u?

transversal fluctuation TF(p) of p is specified to be
TF(p) :== sup |p(t) — £(1)], (44)

te(t1,t2)

and the transversal fluctuation between the points v and v to be

TF;., := max TF(p) = max {TF(p:."), TF(p,) } - (4.5)

JUSS
Also, let
(z2,t2) _ Ty — X1
(z1,t1) to — t;

InvSlope

denote the reciprocal of the slope of the interpolating line. Since t5 > tq, InvSIopegf’if; e R.

Now fix some large constant ¢ > 0. Then, for any fixed parameter ¢ € (0,1] and any
n € N,n > 3, we define the set of admissible endpoint pairs

<,
21,1 € [<1,1], t1ta € [0, 1]}. (4.6)

AdEndPair, ,(t) := {((‘Tlatl)a (z2,t2)) 1 ta — 11 € (0,1], InvSIopeExz’tz)

x1,t1)
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Since n > 3,
|ZL’2 — x1|n2/3 < @Z)(tz — tl)n2/3 < (tg — tl)n

Recalling the notation at the start of Subsection 4.1.1, we thus have (x1,t1) < (z9,t2), so
that polymers do exist between such endpoint pairs.
We then define

MTF,(t) = MTF, ,(t) := sup {TF.., : (u,v) € AdEndPair, 4(t)} (4.7)

so that MTF,,(¢) is the mazimum transversal fluctuation over polymers between all endpoint
pairs at vertical distance at most ¢ such that the slope of the interpolating line segment
is bounded away from being horizontal; (we suppress the parameter 1 in the notation).
Our second theorem demonstrates that the exponent pair (2/3,1/3) governs this maximum
traversal fluctuation.

Theorem 4.1.2. There exist Y-determined constants 0 < ¢ < C' < oo such that

lim inf P <t’2/3(logt’1)_1/3MTFn(t) e e, C]) 51 as t\,0.

Scaled energies are called weights

It is natural to scale the energy of a geodesic when we view the geodesic as a polymer
after scaling. Scaled energy will be called weight and specified so that it is of unit order
for polymers that cross unit-order distances. For t; < t5, let ¢; 5 denote t5 — t1; (this is a
notation that we will often use). Let (z,t1), (y,t2) € R? be such that |z —y| < t; 9n!/3. (This

condition ensures that (z,t1) < (y,t2), so that polymers exist between this pair of points.)

Since T, ((x, 1)) = (nty +2n®?, nty — 2n??) and T ((y,t2)) = (nty + yn?3 nty — yn?/3),

it is natural to define the scaled energies, which we call weights, in the following way. Define
N2 — nt +n2/3 ,nt —n2/3

Wiﬁ(;ﬂ)ﬁl) —n v (X((nt12+n2/3§,nt12—n2/3zm})) o Qnt172> : (48)

Because of translation invariance of the underlying Poisson point process, ; 2 is a far more

relevant parameter than ¢; or t,. The notation on the left-hand side of (4.8) is characteristic

of our presentation in this article: a scaled object is being denoted, with planar points (-, -)
in the subscript and superscript indicating starting and ending points.

A continuous modification of the weight function

For the statement of our third theorem, we prefer to make an adjustment to the polymer
weight to cope with a minor problem concerning discontinuity of geodesic energy under
endpoint perturbation. For n € N, define X, : [1,2] — [0, 00),

nt,nt
X(t) == X
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Observe that X,,(t) is integer-valued, non-decreasing, right continuous and has almost surely
a finite number of jump discontinuities. Let dy = 1 and d,, = 2. Record in increasing
order the points of discontinuity of X,, as a list (dl, dg, -+ ,dm,l). We specify a modified
and continuous form of the function X, by linearly interpolating it between these points of
discontinuity, setting

erznod(t) = Xn(dl) + (t - dz)(dz-i-l — di)_l(Xn(dH_l) — Xn(dl)>, fOI" t e [dl, di+1]7

fori=1,2,--- ,m—1. Because almost surely no two points in a planar Poisson point process
share either their horizontal or vertical coordinate, X,,(d;11) — X, (d;) = 1 for all i. Thus,
for all ¢ € [1,2],

X, (1) < Xmod(t) < X, (1) + 1. (4.9)
Now define the modified weight function Wgt,, : [1,2] — R for polymers from (0, 1) to (-, 1):
Wegt, (t) == n~"/* (X2°4(t) — 2nt) . (4.10)

Because of (4.9),
W, (1) = W0, | <n. (4.11)

By construction, Wgt,, sending t € [1,2] to Wgt, (¢) is an element of C[1,2], the space
of continuous functions on [1,2]; (similarly to before, this space will be equipped with the
topology of uniform convergence).

Our third main result demonstrates that the exponent pair (1/3,2/3) offers a description
of the modulus of continuity of polymer weight when one endpoint is varied vertically.

Theorem 4.1.3. The sequence {Wgt,, }nen is tight in (C[1,2], || - ||). There exist constants
0 < c < C < oo such that, for the weak limit Wgt, of any weakly converging subsequence of
{Wagt, }nen, almost surely

¢ < liminf sup ¢ '/*(log t_1)72/3 ‘Wgt*(z +1t) — Wgt*(z)‘ (4.12)
N0 1<2<2—¢

< limsup sup t_1/3(1og t_l)_Q/3 ‘Wgt*(z +1t) —Wgt,(2)] < C.

N0 1<z<2—t

Note that, as in Theorem 4.1.1, the constants ¢ and C' do not depend on the choice of
weak limit point or converging subsequence.

Beyond these three theorems, we present a proposition, which is needed for the proof of
Theorem 4.1.2 and which may have an independent interest. That the maximum fluctuation
of any geodesic joining (0,0) and (n,n) around the interpolating line is of the order n?/? was
first shown in [51]. We first state Johansson’s result using scaled coordinates. Observe from
(4.4) that, for any polymer p between (0,0) and (0,1), TF(p) = sup,e 1y [p(y)]. Recall that

(P(O,tg)

ni(0.1,) 18 the set of all polymers from (0,%1) to (0,7), and define

¢ :=inf {«9 >0: lignIP’ (max {TF(p) ip € @7(10;7(30)} > n‘9_2/3) _ 0} '
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Johansson [51] proved that £ = 2/3. This value appears in the scaled coordinates in (4.2).
His result is an upper bound on the maximum fluctuation from the diagonal of the geodesic
joining (0,0) and (n,n) whose order is n*3+°(1). That this fluctuation has probability at
most e~ of exceeding kn?? has been obtained in [16, Theorem 11.1 and Corollary 11.7];
the concerned proof may be straightforwardly varied to obtain an upper bound of the form
6*0k3, and later we will state and prove the result in such a form: see Theorem 4.2.6. Our
next proposition is the matching lower bound, stated using scaled coordinates. We adopt
such coordinates throughout because they offer a coherent notation for the central aims of
this chapter, but in the present case it is worth noting the simple expression of the result in
unscaled terms: it is with probability at least e~ that the maximum fluctuation from the

diagonal of the geodesics joining (0,0) and (n,n) exceeds kn?/3.

Proposition 4.1.4. There exist positive constants c*, ng, so and oy such that, for all t1,ts
with t15 =ty —t; > 0 and all nty5 > ng and s € s, ap(nty2)?],

P (min {TF(p) ip € @1(1(3’(@1)} > stf/g’) > exp{ — 0*53} .

4.1.2 A few words about the proofs

The main ingredients in the proofs of Theorem 4.1.1 and Theorem 4.1.2 are tail estimates
on polymer weight arising from integrable probability (and certain ramifications thereof)
assembled in Section 4.2, and a polymer ordering property elaborated in Lemma 4.3.2 that
propagates control on polymer fluctuation among polymers whose endpoints lie in a discrete
mesh to all polymers in the region of this mesh. The basic tools in the proof of the upper
bound in Theorem 4.1.3 and that of Proposition 4.1.4 are surgical techniques and comparisons
of the weights of polymers, and are reminiscent of the techniques developed and extensively
used in [16] and [14].

The proofs in this chapter depend on the moderate deviation estimates of the point-to-
point energies proved in [0, Theorem 1.3] and [65, Theorem 1.2], which are recalled here
in Theorem 4.2.2 and Theorem 4.2.3. As we record shortly in Section 4.2, further inputs
that we use from [16] and [11], namely [16, Propositions 10.1 and 10.5], [16, Theorem 11.1]
and [11, Theorem 3], are results that are themselves derived from the same integrable input
point-to-point estimates of Theorem 4.2.2. It is thus plausible that our results concerning
modulus of continuity may be proved for other models in the KPZ universality class that
enjoy the same point-to-point estimates, for example, the exponential directed last passage
percolation.

4.1.3 Phase separation and KPZ

Certain random models manifest the scaling exponents of KPZ universality and some of its
qualitative features, without exhibiting the richness of behaviour of models in this class. For
example, the least convex majorant of the stochastic process R — R : z — B(z) — t~'2? is
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comprised of planar line segments, or facets, the largest of which in a compact region has
length of order t¥/3t°() when t > 0 is high; and the typical deviation of the process from its
majorant scales as ¢'/3+0(1),

Some such models form a testing ground for KPZ conjectures. Phase separation con-
cerns the form of the boundary of a droplet of one substance suspended in another. When
supercritical bond percolation on Z? is conditioned on the cluster (or droplet) containing
the origin being finite and large, namely of finite size at least n?, with n high, the interface
at the boundary of this cluster is expected to exhibit KPZ scaling characteristics, with the
scaling parameter n playing a comparable role to ¢ in the preceding example. Indeed, the
papers [12, 43, 41], which develop the study made in [3, 70|, a surrogate of this interface,
expressed in terms of the random cluster model, was investigated. The maximum length of
the facets that comprise the boundary of the interface’s convex hull was proved to typically

have the order n?/ 3(10g n) Y 3, while the maximum local roughness, namely the maximum
distance from a point on the interface to the convex hull boundary, was shown to be of the
order of n'/3 ( log n) 3

Viewed in this light, the present article validates for the KPZ universality class the implied
predictions: that exponent pairs of (1/3,2,3) and (2/3,1/3) for power-law and logarthmic-
power govern maximal polymer weight change under vertical endpoint displacement and
maximal transversal polymer fluctuation.

In a natural sense, these two exponent pairs are accompanied by a third, namely (1/2,1/2),
for interface regularity. In the example of parabolically curved Brownian motion, z —
B(z) — 2%, the modulus of continuity of the process on [—1, 1] is easily seen to have the

form s'/%(log 3’1)1/2, up to a random constant, and uniformly in ¢ > 1. In KPZ, this as-
sertion finds a counterpart when it is made for the Airys process, which offers a limiting
description in scaled coordinates of the weight of polymers of given lifetime with first end-
point fixed. This assertion has been proved in [39, Theorem 1.11(1)]. Recently, for a very
broad class of initial data, the polymer weight profile was shown in [10, Theorem 1.3] to have

a modulus of continuity of the order of s'/2 ( log 5‘1)2/ 3, uniformly in the scaling parameter
and the initial condition. Also see [29, Theorem 1.4] for a modulus of continuity statement
that is uniform in all the lines of the Airy line ensemble. The present article and [10] derive
different modulus of continuity results for polymer weight profiles. In [10], the weight profiles
that are considered may be called ‘spatial’, in the sense that the variation of the polymer
endpoint is horizontal. In contrast, Theorem 4.1.3 addresses ‘temporal’ weight profiles, where
the variation in polymer endpoint is instead wertical. The two articles share a perspective
of employing probabilistic and geometric techniques that harness limited integrable inputs,
but those techniques are rather different: in [10], the tools concern resampling associated to
the Brownian Gibbs property enjoyed by the Airy line ensemble, while, for Theorem 4.1.3,
the key tools are surgeries on polymers allied with prelimiting moderate deviation estimates.
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4.1.4 Organization

We continue with two sections that offer basic general tools. The first, Section 4.2, provides
useful estimates including the basic integrable input Theorem 4.2.2 concerning the tail of
polymer weights. Then, in Section 4.3, we state and prove the polymer ordering lemmas and
some other basic results, which are essential tools in the proofs of the main theorems.

The remaining four sections, 4.4 — 4.7, contain the main proofs. Consecutively, these
sections are devoted to proving:

e the polymer Holder continuity upper bound Theorem 4.1.1;

e the modulus of continuity for maximum transversal fluctuation over short polymers,
Theorem 4.1.2, subject to assuming Proposition 4.1.4;

e Holder continuity for the polymer weight profile, Theorem 4.1.3;
e and the lower bound on transversal polymer fluctuation, Proposition 4.1.4.

We will stick to scaled coordinates in the results’ statements and, except in Section 4.2,
in their proofs. A bridge between scaled coordinates and the original ones is offered in this
next section, in whose proofs we use the scaling map 7,, from (4.2) and weight function W
from (4.8) to transfer unscaled results to their scaled counterparts.

4.2 Scalings and estimates: input results and their
adaptations

In this section, we assemble the results that we will quote in our arguments. Most of
these results were derived in terms of unscaled coordinates in [16] and [14]. Point-to-point
estimates of last passage percolation energies were used crucially in [16] to resolve the slow
bond conjecture, and in [11] to show the coalescence of nearby geodesics, and those estimates
will be employed in this chapter as well. The concerned results will either be recalled from
[16] and [14] or proved in this section: in each case, the underlying integrable input is the
pair of tail estimates concerning point-to-point polymer weights stated here in Theorem 4.2.2
and 4.2.3.

We state results in scaled coordinates — valuable we believe for grasping the putatively
KPZ universal behaviour at stake — and the proofs explain how to obtain these statements
from their unscaled and largely already available counterparts. The transformation from
unscaled to scaled uses the definitions of the scaling map in (4.2) and the weight in (4.8).

First we observe some simple relations enjoyed by polymers and weights.

The scaling principle. Because of translation invariance and the definition (4.2), it is easy

to see that for any z,y,t1,ts € R with t;5 =t —t; > 0 and (x,t1) = (y,t2) (see Subsection
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4.1.1), for any 0 € [0, 1],

i\, d 2/3 s P o d 2 <=ty
p::(iz’ft?)) (tl + 975172) = t17/2 P 71233 (9) = tl,/Q pn;(070) 1,2 (9) . (413)

n;(wty 5 ",0)

The same statement holds for the rightmost polymers as well. Here and throughout 2
denotes that the two random variables on either side have the same distribution. We will
sometimes call the displayed assertion the scaling principle.

Also by translation invariance and the definition of weight in (4.8), it follows that

LBy 4 (w13 1)

n;(z,61) nt1,2;(wt;g/3,0) nt1,2;(0,0)

RSV
i W((y )t1,2 »1) (414)

Boldface notation for applying results. In our proofs, we will naturally often be applying
tools such as those stated in this section. Sometimes the notation of the tool and of the
context of the application will be in conflict. To alleviate this conflict, we will use boldface
notation when we specify the values of the parameters of a given tool in terms of quantities
in the context of the application. We will first use this notational device shortly, in one of
the upcoming proofs.

The next theorem, which was proved in [(], indicates a basic aspect of the role of scaled
coordinates, though in fact we will never use the result.

Theorem 4.2.1. Asn — oo,

WE%),O) = Frw,

where the convergence is in distribution and Fry denotes the GUE Tracy- Widom distribu-
tion.

For a definition of the GUE Tracy-Widom distribution, also called the F, distribution,
see [0].

The next two results, concerning moderate deviations for the polymer weight, are the
only inputs from integrable probability used in this chapter. The first follows immediately
from [0, Theorem 1.3], [65, Theorem 1.2] and (4.14); the second from [(4, Theorem 1.3]
and the same identity (4.14). .

Theorem 4.2.2. There exist positive constants c, sy and ng such that, for all t; < ty with

nty o > ng and s > s,
3/2

P (tl_é/gw(o’tz) > s) <e @,

n7(07t1)

and
3/2

P (12 Wity < —5) < 7
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Theorem 4.2.3. There exist constants cq, 59,9 > 0 such that, for allt; <ty with nt; 9 > ny
and s > Sg,
P <tié/3wfz?itc)2,3el) > 5) > ees’l?,
We shall need not just tail bounds for weights of point-to-point polymers, but uniform
tail bounds on polymer weights whose endpoints vary over fixed unit order intervals. The
unscaled version of this theorem follows from [16, Propositions 10.1 and 10.5], results that

themselves make essential use of Theorem 4.2.2.

Theorem 4.2.4. There ezist C,c € (0,00),Cy € (1,00) and ng € N such that, for all t; <ty
with nty 9 > ng, s € [0,10(nt12)?3], A = Co_lsl/‘lnl/ﬁti’é and I and J intervals of length at

)

most ti/gg that are contained in [—A, A],

IP( sup
zel,yeJ
Proof. First we prove the theorem when ¢; = 0 and ¢, = 1 by invoking the unscaled version
of this theorem from [16]. At the end we prove Theorem 4.2.4 for general t; < t5. Observe
that |z —y| < 200_131/4711/%‘;”/26 < 2’1nt}(§’ for Cyp > 2 - 104 since s < 10(nt;2)?/3. This
ensures that WS”&QL) is well defined.

Let u = T74(x,0) = (zn®3, —an?3) and v = T (y, 1) = (n +yn?3 n — yn?/3). If S,
denotes the slope of the line segment joining u and v, then |z — y| < 27'n ensures that
371 < Su.» < 3. Then, using the first order estimates (see [16, Corollary 9.1]) and a simple
binomial expansion giving |(1 — 2)'/2 — (1 — 27'z)| < C12? for z € (—1,1), we get that

—1/3n (v, 4
tlé/ Wg(gl) + t172/3(:r — y)z‘ > 3) < Cexp{ — 033/2} )

[E[X;) = (20 — (z = y)*n'?)| < Con™ (= y)* + Con'/?,
for some constants C1, Cy > 0, where X is defined in (4.1). Since |z — y| < 20, 'sY/4n!/6,
Con 23 (x — y)t < 28Cy4Chs < 2715

for Cy > 25/ 4021/ : Hence, using the definition of the weight function in (4.8), for all s > 6C5,

{ WO+ (= )] > s} c {n—1/3 XP —EXY| > s — Con~23(z — y)! — 02}

N

{n—1/3 X2 —EXY| > 3—13}.

Let U =T,'(I x{0}) and V =T, (J x {1}). Foru € U,v € V, since 37! < S, < 3,
we can invoke the proofs of [16, Propositions 10.1 and 10.5]. Observe that, for Poissonian
last passage percolation, [16, Corollary 9.1] strengthens to

P XY —EXY| > 0rt/3) < e 10” (4.15)
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Following the proofs of Proposition 10.1 and 10.5 of [16] verbatim, and using the above
bound in (4.15) in place of Corollary 9.1 of [1(], one thus has for all n, s large enough,

ueUweV

IP’( sup n” V3 |XY —EX’| > 215> <e

Thus, for n large enough, and I and J intervals of at most unit length contained in the
interval of length 2C; 's'/4n'/6 centred at the origin,

IP’( sup
zelyeld

We now make a first use of the boldface notation for applying results specified at the
beginning of Section 4.2. For general t; < t9, set n = nt1o, ¢ = a:tig/?’,y = ytig/g,I =

tig/?’I,J = t;g/?’J and s = s in (4.16). Recall that the boldface variables are those of
Theorem 4.2.4 and that these are written in terms of non-boldface parameters specified by
the present context.

From the hypothesis of Theorem 4.2.4, I and J are intervals of at most unit length
contained in [~n'/6 n'/6]. Thus, applying (4.16) and using the scaling principle (4.14), we
get Theorem 4.2.4. O

Moving to unscaled coordinates, the transversal fluctuations for paths between (0,0) and
(n,n) around the diagonal were shown to be of the order n?3+°(!) with high probability in

W(yJ) : + (l’ . y>2

n;(z,0

>5) < C’exp{—cs3/2}. (4.16)

[51]. More precise estimates were established in [16]. However, the fluctuation of the geodesic
at the point (r,7) for any r < n is only of the order r2/3. This is the content of the next
theorem which in essence is the scaled version of [141, Theorem 3] (Theorem 3 of Chapter 2

here) adapted for Poissonian LPP. In the proof of [14, Theorem 3], Theorem 4.2.2 is again
essential, applied at several scales alongside a union bound. Recall that, for u,v € R?, D
is the set of all polymers from u to v, and ¢}, is the straight line joining v and v.

Theorem 4.2.5. There exist positive constants ng, s1,c such that for all x,y,t;,ts € R with

tig =1ty —t1 >0 and |z — y| < 2703t and for all nty5 > ng,s > s, and t € [t1, 1],

(1.12) (1.12) 2/3 s
P max{)p(t) — (@) pe @n;(m} > s((t ) A (s — t)) <2e". (4.17)

Here a A b denotes min{a, b}.
Proof of Theorem 4.2.5. First we prove the theorem when ¢t; = 0, t, = 1, and = = 0.
Observe that in this case it is enough to bound the probabilities of the events

{

(y,1 1 2/3
poid () — () (t)‘ > s(t A(1— t)) } and

{

i(y,1 1 2/3
Prrioty (O = Lio) (t)) > s(t A1 — t)) ,
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and use a union bound to obtain (4.17).

We first prove an upper bound for the probability of the first of these two events. Also,
first assume that ¢ € [0,27!]. To prove the bound in this case, we move to unscaled coordi-
nates, and use [1/, Theorem 3], which has been stated as Theorem 3 in Chapter 2 here.

To this end, let I':= F(o é;”ynm’n_ynm) be the leftmost geodesic, and § the straight line

from (0,0) to (n +yn??3,n — yn?3). For r € [0,n + yn??], let T'(r) and S(r) be such that
(r,I'(r)) € ' and (T,S(T)) € S. Now, for r = nt,

{0~ i @] = o} i
> 57"2/3}

{\W’pi“’ Y (™) = n?Peg ()

c {|rn() |>sr2/3}— B,

where 7’ is such that the anti-diagonal line passing through (r,r) intersects S at (', S(r”)).
The last inclusion follows from the definition of the scaling map 7, in (4.2). Since
ly| < 27'n!/3, 27 < ¢/ < 2r. Thus,

BC {|IT() —S(")| >27's(r)*?} = C. (4.19)

Thus it is enough to bound the probability of the event C. This local fluctuation estimate for
the leftmost geodesic in (4.20) was proved for exponential directed last passage percolation
in Theorem 3 in Chapter 2. The proof goes through verbatim for the leftmost (and also the
rightmost) geodesic in Poissonian last passage percolation. Moreover, the refined bounds
of Theorem 4.2.4 give corresponding improvements for Poissonian LPP: see Remark 2.1.3.
This gives that, for some positive constants ng, 7o, so, and for n > ng,r’ > rj and s > s,
P(C) <e .

(4.20)

However, observe that (4.20) holds only when " > 7{. Now assume r’ < r{, so that
r < ry, where ro = 2r(. Let the anti-diagonal passing through (r,r) intersect the geodesic T
at v and the line S at w. Clearly ||v — (r,7)|]2 < 2Y/2r. Also, since |y| < 27'n!/3,

oo = )l = 22yl < 7.
Thus, with r = nt < rg,
il (0 = () )] = 27— wlly < 2722 4 i < 2P0,

Define s; = max{so, 2re’*}. Then for n > ng, s > s; and ¢ € [0,271],

3

(y,1 1 —cs
P ( Pni(((fo))(t) _ g%”o; (t)‘ > st2/3> <e
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For t € [271,1], we consider the reversed polymer and translate it by —y so that its
starting point is (0,0), that is, p'(v) = pZEé‘%;)(l —v) —y for v € [0,1]. Now we follow the

same arguments as above to get the bound for the probability of the event

{

(.1 1 2/3
s ) = ] = s(en-0) "]

Since the same arguments work for the rightmost polymer p:ééy[’);), we get for n > ng,s > s
and all ¢ € [0,1],
(v,1) (v,1) 273 s
P max{‘p(t) —400) (t)’ tpE€ (I)n;(o,O)} > S(t A(1— t)) < 2e . (4.21)

Now for general t; < t3, set n = nt19,y = (y — x)t;;/g,s = s and t = t7,(t — t).

Then from the hypothesis of Theorem 4.2.5, |y| < 27'n!/? since |y — z| < 27'n!/3t; 5. Thus
applying (4.21) and using the scaling principle (4.13), we obtain the theorem.
O
The following theorem bounds the transversal fluctuation of polymers; (recall the defini-
tions in (4.4) and (4.5)). The theorem essentially follows from [16, Theorem 11.1]; however,
we replace the exponent in the upper bound with its optimal value. Again, [16, Theorem
11.1] uses the point-to-point estimate Theorem 4.2.2 at several scales.

Theorem 4.2.6. There exist positive constants ¢, ng and ko such that, fort € (0,1], k > ko

and n > not !,
P (T, > ki*?) < 2e7

Proof. Because of (4.5), it is enough to bound the probabilities of the events

{TF (p:(éoog)) > kt?/ 3} and {TF (p:((()oog)) > kt?/ 3} and use a union bound. We bound only

the first event, the arguments for the second event being the same. Then, as in the proof of
Theorem 4.2.5, going to the unscaled coordinates, and defining I' = F(T);é;lt’nt), it is enough
to show that

P ( sup |T'(r) —r| > k(nt)2/3> <e (4.22)

rel0,nt]

From Theorem 4.2.5, it is easy to see that there exist constants ¢ > 0 and ng, kg > 0 such
that, for all £ > kg and nt > ny,

P(|T(27"'nt) — 2_1nt} > k(nt)Q/S) < ek

Using the above bound in place of [16, Lemma 11.3], and following the rest of the proof of
[16, Theorem 11.1] verbatim, we get (4.22). O
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4.3 Basic tools

Fundamental facts about ordering and concatenation of polymers will be used repeatedly in
the proofs of the main theorems.

4.3.1 Polymer concatenation and superadditivity of weights

Let n € N and (z,t), (y,t2) € R? with ¢; < 5 and |# — y| < n'/3(t, — t;). (This condition

ensures that (x,t;) % (y,t2), see Subsection 4.1.1.) Let u = T, (x,¢;) and v = T, (y, t2)
and let ¢ be an increasing path from u to v. Let v = T,,(¢). We call 4 an n-path. We shall
often consider 7 as a subset of R?, and call (z,t,) its starting point and (y,ts) its ending
point. Moreover, similarly to the definition of the weight of a polymer in (4.8), we define the
weight of an n-path as

n= V2 (|¢] — 2nt12) , (4.23)

where || denotes the energy of ¢, that is, the number of points in IT \ {v} that lie on (.

Now, let (x,t1), (y,t2), (2,t3) € R? be such that t; < t, < t3, |2 — y| < n'/3(ty — t;) and
ly — z| < n'/3(t3 — t5), so that there exist polymers from (x,t;) to (y,t2); and from (y,t5)
to (z,t3). Let p; be any polymer from (x,¢;) to (y,ts), and py any polymer from (y, ) to
(2,t3). The union of these two subsets of R? is an n-path from (z,¢;) to (z,t3). We call
this n-path the concatenation of p; and p, and denote it by p; o po. The weight of p; o ps is
W(y&? w T W © t3 t2)" This additivity is the reason that the endpoint v was excluded from the
definition of path energy in Section 4.1.1.

Again, let n € N and (x, 1), (y, t2), (2, t3) € R? be such that ¢; < ty < t3 and |z — y| <
n'/3(ty —t1) and |y — 2| < n'/3(t3 — t3). Then

W(z,ts) > W(y,tQ) + W(z7t3) . (424)

ni(z,t1) = " ni(wt) n;(y,t2)

Indeed, taking a polymer p; from (x,t;) to (y,t2) and a polymer ps from (y,ts) to (z,t3),
Ztg)

the weight of p; o py is a lower bound on Wn (t1)"

4.3.2 Polymer ordering lemmas

The first lemma roughly says that if two polymers intersect at two points during their
lifetimes, then they are identical between these points.

Lemma 4.3.1. Letn € N and (x1,t1), (72, t2), (Y1, 1), (Y2, 52) € R? and t, s € R be such that
h<t<s<sy,ty<t<s<sy, |ri—y1| <n'P(si—t1) and |zy—ys| < n'/3(sy—1y). Suppose
that pF W) and o202 intersect at two points 2 = (x,t) and z = (y, s). Then p’ 2"

z1,t1) nazzt) n(zltl)
and p:&fé;) are identical between t and s. The same statement holds for the rightmost

polymers.
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(y1,51) (y2, 82)

((El,f;l) (vatQ)

Figure 4.2: This illustrates Lemma 4.3.2. The points of the underlying Poisson process lying
on a polymer are marked by dots, and the polymer is obtained by linearly interpolating
between the points. The figure shows that both the paths cannot be leftmost polymers be-
tween their respective endpoints, since by joining the dashed lines, one obtains an alternative
increasing path where the Poisson points between the intersecting points z; and 2o in the
two polymers are interchanged.

To simplify notation in the proof, we write p; = p;_(gltﬁ) and py = p:(:(jfti)

Proof of Lemma 4.3.1. First, for any polymer p, call a point u € p a Poisson point of p
if T'(u) € IINT, where T is the geodesic T, }(p) and II is the underlying unit rate Poisson
point process. Also, for r,79 € p, let p[ry, 3] denote the part of the polymer between
the points r; and 7o, and let #p[ry, 2] denote the number of Poisson points that lie in
plr1,re]. We first claim that #p1[21, 22] = #p2|z1, 22| where z; and 2, appear in the lemma’s
statement. For, if not, without loss of generality assume that #p;[z1, 22| < #p2|z1, 22| and
let u; and v; be the Poisson points of p; immediately before z; and immediately after zo;
and let us and vy be the Poisson points of p immediately after z; and immediately before
z9: see Figure 4.2. Then joining u; to uy and v; to vy (shown in the figure by dashed
lines), one gets an alternative path p’ between (z1,¢;) and (yi,s;) that has more Poisson
points than p;, thereby contradicting that p; is a polymer between (z1,¢;) and (y1, s1). Thus,
#p1(z1, 22] = #p221, 22|. Since both p; and ps are leftmost polymers between their respective
endpoints, we see that pi[z1, 23] = pa[21, 22]. This proves the lemma. O

The next result roughly says that two polymers that begin and end at the same heights,
with the endpoints of one to the right of the other’s, cannot cross during their shared lifetime.

Lemma 4.3.2 (Polymer Ordering). Fiz n € N. Consider the points (x1,t1), (z2,t1),
(y1,t2), (Y2, t2) € R? such that t, < ty, 11 < 29, Y1 < ¥, |1 — 11| < n'B3(ty — t1) and
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it i(y2,t2) t (Y2t
o < ) e i (€)= P28 (0) and @) < o () for
all t € thtg .

Let pr = p 0155 and o = p 005

Proof of Lemma 4.3.2. Supposing otherwise, there exists z = (x,y) € ps such that
x < p1(y). But then there exist 21,22 € p; N py straddling the point z. By Lemma 4.3.1,
p1lz1, 22] = pe|z1, 22], and hence z € p; N pg, a contradiction. O

By ordering, a polymer whose endpoints are straddled between those of a pair of polymers
becomes sandwiched between those polymers.

Corollary 4.3.3. Fizn € N. Consider points (x1,t1), (x2,t1), (x3,t1), (Y1, t2), (Y2, t2), (y3, t2)
€ R? such that t, < ty, 11 < 29 < 3, y1 < yo < y3 and |z; —y;| < n'/3(ty—t,) fori=1,2,3.
Let t € (t1,t2). Let p; = pn Wirt2) o0 =1,2,3. Then

x tl)

t) — 13 < ) zt [
|pa(t) pz(1)l_igi§}|p() pi(t1)] + Hggf}lx Ta) .

The same result holds for rightmost polymers.

Proof. By Lemma 4.3.2,
pi(t) < pa(t) < ps(t).

The result now follows immediately. m

4.4 Exponent pair (2/3,1/3) for a single polymer:
Proof of Theorem 4.1.1

In this section, we show that the sequence { poineN } of leftmost n-polymers from (0, 0)
to (0,1) is tight, and any weak limit is Holder 2/3—-continuous with a polylogarithmic cor-
rection of order 1/3. The main two ingredients in this proof are the local regularity estimate
Theorem 4.2.5 and the polymer ordering Lemma 4.3.2. First, we bound the fluctuation of
the polymer near any given point z € [0, 1].

Proposition 4.4.1. There exist positive constants ng, s; and ¢ such that, for alln > ng, s >
s1, 2€[0,1] and 0 <t <1 —z,

P (|pf (2 + 1) — p&(2)] > st*3) < 1067237, (4.25)
The same statement holds for p,’.

As we now explain, the proposition will be proved by reducing to the case that z = 0,
when the result follows from Theorem 4.2.5. For any fixed z € (0,1), Theorem 4.2.5 again
guarantees that the polymer p;~ is at distance at most s from the point (0, z) with probability
at least 1 — e~*°. We break the horizontal line segment of length 2s centred at (0, z) into
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a sequence of consecutive intervals of length 27'st?/3, and consider the leftmost polymers
starting from each of these endpoints and ending at (0,1), as in Figure 4.3. Due to the
Corollary 4.3.3 of the polymer ordering Lemma 4.3.2, a big fluctuation of p;~ between times
z and z+1 creates a big fluctuation for one of the polymers starting from these deterministic
endpoints. The probability of the latter fluctuations is controlled via Theorem 4.2.5 and
since the number of these polymers is of the order of t=2/3, a union bound gives (4.25).

Figure 4.3: The proof of Proposition 4.4.1 is illustrated here. We mark the line segment
L with a number of equally spaced points. As the leftmost polymer from (0,0) to (0,1)
passes between two such points on the line L, it is, in view of polymer ordering, sandwiched
between the two leftmost polymers, shown as dotted lines, originating from those points and
ending at (0,1). Hence it is sufficient to bound the fluctuations of the polymers originating
from these equally spaced points on L.

Proof of Proposition 4.4.1. First observe that for s > (nt)!/3, the probability in (4.25)
is zero by the definition of the scaling map T, in (4.2) and the geodesics being increasing
paths. Hence we assume that s < (nt)'/3,
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Fix s < (nt)/3 and 2z € [0,1]. For t > 873,
{2 +0) = p ()] = st} € {lps (= +) = piy ()] > 8725} € { TRy > 2718725},

where TFS?’(B)’O) is defined in (4.5). Hence, applying Theorem 4.2.6 with the parameter spec-
ifications ¢ = 1 and k = 2718725, we get that (4.25) holds for all n, s large enough. Hence
we assume that ¢ < 873, Also, let us assume for now that z € [0,271].

Let L be the line segment [—s,s| x {z}. Let E be the event that p{  passes through L.
By Theorem 4.2.5 with n =n,t =z, =0,y = 0,8 = s,t; = 0 and t5 = 1, we have that,
for n > ny; and s > sq,

P(E) > 1 — 2",

Now, we divide L into [4¢t~?/*]-many adjacent intervals of length at most 27'st?/3, and
let (2, 2),4=0,1,2,---, [4t72/3] be the endpoints of these intervals, i.e.,

z; = —s+ 27 Vst fori=0,1,2,---,[47%3].

Let p,(l = pr. ( be the leftmost polymer from (z;, z) to (0, 1).
By Corollary 4. 3 3 on E,

ps (z+t)—pi(z)| < max |pl)( D(z+1) — (i)(z)} + 27 st/ (4.26)
i€[[0,[4t=2/37]

Also, for any fixed i € [0, [4t~%/3]], let £09) KE be the straight line segment joining
(74,2) and (0,1). Then, since z € [0,27!] and t < 8~ i for any i € 0,1,2,--- , [4t72/3],

0
~+

00 (2) — 60 (2 4 1)| < < 2st < 471st?/3

— Z
Since p; (2) = (@) (2) =y,

o5 (2 + 1) — ) (2)] |08 (24 £) = LD (z + 1) + (D (2 + t) — £O(2))
P (24 t) — €D (2 + )| + 47 st?/3.

VARVAN

Thus, on the event E, by (4.26),

lpn (2 +1) —p; ()] < max |p£f)(z +1) =Dz 4 H+ 31?3
i€0,[4t=2/37]

From here, it follows by taking a union bound that

P (loy (= + 1) = piy (2)] = st*/?)

[46=2/%
< PEY+ Y P(|pP(z+1) = Oz +1)] > 47" st*/?)
=0

< 10t—2/3€—cs3 ’
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for some absolute positive constant ¢ and all n > 2ng. Here the last inequality follows
by applying Theorem 4.2.5 to each of the polymers p¥. For given i, set the parameters
n=nt; =z2ty=1t=t+zx=—5+2"st?? y=0and s =4"'s. Since z € [0,27]
and s < (nt)'/?, we have that |z — y| < s < n!/31/3 <8 In!/3 < 471n'/3t; ,. Thus one can
apply Theorem 4.2.5 to get the above inequality for all nt; 2 > 27'n > ny.

For z € [271,1], define the reversed polymer p5 by pf (a) = pi (1 — a) for a € [0,1], and

follow the above argument. O
Next we show the tightness of the members of the sequence {p; },en as elements in
the space (C[0,1],]| - |l«). We prove that Proposition 4.4.1 guarantees that Kolmogorov-

Chentsov’s tightness criterion is satisfied.

Proof of Theorem 4.1.1(a). Fix n > ng and any A > 0. Fix ¢t € (0, 1] small enough that
\t=2/3 > 51, where ng and s; are as in Proposition 4.4.1. Also fix some M € N large enough
that 2M — 2/3 > 1. Then it follows from Proposition 4.4.1 that for any z, 2" € [0, 1] with
’Z o Z,| =1,

P (155 () — g ()] 2 A) < 100 236meWE™) < [ \SMgM23 _ gy N8| 2023

(4.27)
where Ky := sup,s¢ 2™ e < oo. Since 2M —2/3 > 1, by Kolmogorov-Chentsov’s tightness
criterion (see for example [31, Theorem 8.1.3]), it follows that the sequence {p; }nen is tight

4.4.1 Modulus of continuity

Here we prove Theorem 4.1.1(b), thus finding the modulus of continuity for any weak limit of
a weakly converging subsequence of {p? },en. We will follow the arguments used to derive the
Kolmogorov continuity criterion, where one infers Holder continuity of a stochastic process
from moment bounds on the difference of the process between pairs of times. Thus we
introduce the set of dyadic rationals

D = [j 27'7,.
=0

Next is the first step towards proving the modulus of continuity.

Lemma 4.4.2. Let pi be the weak limit of a weakly converging subsequence of {p: tnen-
Then there ezists a universal positive constant C' (not depending on the particular weak limit
ps ) such that, almost surely, for some random my(w) € N and for all s,t € D N[0, 1] with
it — 5| < 27mo(@),

1P (t) — pi(s)| < C(t — )2 (log(t — s)’l)l/3 .

Proof. For m € N, let S,, be the set of all intervals of the form [j27™, (j + 1)27™], for
j€{0,1,2,--- 2™ —1}. Fix ¢g > (3%)1/3, where ¢ is the constant in Proposition 4.4.1.
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Writing = for convergence in distribution, let {p} }ren be a subsequence of {pf }nen
such that pj = p{~ as random variables in (C|[0,1], || - ||s). Since for a,b € [0, 1], the map
s defined by (C10,1] | - ) = (R, | - |) : £ > [F(a) — f(b)] is continuous,

— _2m m . m
U:= U {T(jil)%m,j%m <002 3 (log2 )1/37OO> 1) =01, 2% — 1}

is an open set. Thus, by the Portmanteau theorem,

P( sup |pr(<j+1)2‘m)—p:<j2—m)|>co2—2§"<log2m>”3> (4.28)

]6{0717 72m_1}

< liminf P sup o (G +1)277) — pr (527™)| > 25 (log2™)/?
k j€{0,1,-,2m 1}

< limsup P sup  [pi (G4 1)27™) = pi (27| > 275 (log2™)* |
n je{0,1, 2m—1}

Now, for all m large enough that (log 2”‘)1/3 > s1, where s; is as in Proposition 4.4.1, and
all n > ng, applying Proposition 4.4.1 and a union bound,

]6{0’17 ’2771_1}

1 cde—2/3 1 cde—5/3
< 10-2™ | — <10 — .
<0(y) =0 (z)

Hence, from (4.28),

' ( sup |pi (G +1)27) = pi (j277)] > 27 ¥ (log 2m)1/3>

P( sup  [ps (G412 = pS (27| > w2 <log2m>”3> <10 270/,
j€{0,1,--- 2m—1}

As the right hand side is summable in m (by the choice of ¢y made at the beginning of the
proof), the Borel-Cantelli lemma implies that there exists a null set Ny, such that, for each
w ¢ Ny, there is some mg(w) for which m > mg(w) entails that

105 (1) — p(s)] < et — 5)*3 (log(t — s)_1)1/3 for all [s,t] € S, . (4.29)

Now, let w ¢ Ny and s,¢t € DN [0, 1] be such that |s —t| < 270 Let m = m(s,t) be the
greatest integer such that |s —¢| < 27™; then clearly, m > mg(w). Also, consider the binary
expansions of s and ¢:

SISO—FZUJQ*J', t:to—i‘ZTjQij,

ji>m j>m
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where o;,7; € {0,1}, and each of the sequences is eventually zero. Either so = ¢, or
[s0,to] € Spm. Moreover, for n > 1, let

Sn = So + Z O'j27j-

m<j<m+n

Then, for n > 1, either s, = $,_1 Or [Sp_1, Sn| € Span. Since m > my(w), by (4.29),
PE (t)(@) = pE (s0)(@)] < €92 ¥ (log 2™

Also,

5 ($)(@) = P (s0) (@) < S 1o (5) (@) = o (50 ) (@) < 327 5™ (log2mtm)?

n=1

< 012_2(773+1> (log 2m+1)1/3’

and similarly
2(m+1)

P (6 (w) = pf (fo)(W)] < G275 (log27+) 2,

for some absolute constants C; and C5. Hence,

P () =5 ()] < [P (1) =P (to) | +105 (t0) = pi (s0) |15 ()= (s0)| < €275 (log27) /2.

Since by definition 2771 < |s — ¢| < 27™, the result follows.

Proof of Theorem 4.1.1(b). For any s,t € [0,1] satisfying s < t and |s — ¢| < 27™0(@),
choose sy, t, € DN [s,t] such that s, \ s and ¢, /' t. Then, since |s, —t;| < |s—t| < 27m0w),
by Lemma 4.4.2,

105 (t) — p5 (1)) < Cltx — 1) (log(ty — s¢) ) *.

Since pi (tr)(w) — pi(w) and pi(sg)(w) — pi(s)(w), the theorem follows by taking the

limit as k — oco. The same argument applies without any change for the rightmost polymers
as well. O

4.5 Exponent pair (2/3,1/3) for maximum fluctuation
over short polymers: Proof of Theorem 4.1.2

In this section, we shall prove Theorem 4.1.2. It is the upper bound that is the more subtle.
Recall the notation of transversal fluctuations from (4.4) and (4.5), AdEndPair,(t) from
(4.6) and MTF,,(¢) from (4.7).

Here is the idea behind the proof. Proposition 4.1.4 offers a lower bound on the transver-
sal fluctuation of a polymer between two given points. By considering order-t~! endpoint
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pairs with disjoint intervening lifetimes of length ¢, we obtain a collection of independent
opportunities for the fluctuation lower bound to occur. By tuning the probability of the
individual event to have order ¢, at least one among the constituent events typically does
occur, and the lower bound in Theorem 4.1.2 follows.

On the other hand, suppose that a big swing in the unit order region happens between a
certain endpoint pair, with an intervening duration, or height difference, of order . Members
of the endpoint pair may be exceptional locations when viewed as functions of the underlying
Poisson point field, both in horizontal and vertical coordinate. Thus, the upper bound in
Theorem 4.1.2 does not follow directly from a union bound of a given endpoint estimate over
elements in a discrete mesh, since such a mesh may not capture the exceptional endpoints.
However, polymer ordering forces exceptional behaviour to become typical and to occur
between an endpoint pair in a discrete mesh. To see this, assume that the original polymer
between exceptional endpoints makes a big left swing. (Figure 4.4 illustrates the argument.)
We take a discrete mesh endpoint pair whose lifetime includes that of the original polymer
but has the same order ¢, and whose lower and upper points lie to the left of the original
endpoint locations, about halfway between these and the leftmost coordinate visited by the
original polymer. Then we consider the leftmost mesh polymer at the beginning and ending
times of the original polymer. If the mesh polymer is to the right of the original polymer at
any of these endpoints, then the mesh polymer has already made a big rightward swing at
one of these endpoints. If, on the other hand, the mesh polymer is to the left of the original
polymer at both the endpoints of the original polymer, then by polymer ordering Lemma
4.3.2, the mesh polymer cannot cross the original polymer during the latter’s lifetime. Hence
the big left swing of the original polymer forces a significant left swing for the mesh polymer
as well.

Proof of Theorem 4.1.2. The lower bound follows in a straightforward way from Propo-
sition 4.1.4. For any t € (0,1) and i € {0,1,2,--- ,[t7'] — 1}, define

0,(i+1 _1\1/3
Fitn = {TF;;((O;;))t > ct2/3(logt 1) / } .

For given such (¢,7), we apply Proposition 4.1.4 with parameter settings n = n,t; =
it,ts = (i + 1)t and s = c(logt_1)1/3, to find that, when c(logt=")'/3 > s, and n >
max{ap>cit 1 logt™ not ™'},

* 3

_*.3 —1
P(Fi,t,n) Z ec'c logt — ¢'c 7

where the proposition specifies the quantities o, ng and sg.
Thus, for all t < e~ %) and i € {0,1,2,---,[t7'] — 1},

liminf ¢ 'P(F;;,) = liminf ¢ 'P(Fo,,) > gere=1

By choosing ¢ > 0 small enough that ¢*¢® < 1, one has liminf, t 'P(Fq,,) — oo as

t \( 0. For such ¢ > 0, using the definition (4.7) of MTF,,(¢) and independence of the events
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(C —2)t%/3 (log t’1)1/3

A

A

A

2t%/3 (log t’l)l/3
(1)
2]

1A\

Ty (’U,tg)

)

< (jt2/3 (ogt=)"* (i + l)t)
21

T Lle +7(u7 tl)

2\

- (1)
€ij

Ly Ly Ly

Y

\

\

Figure 4.4: The figure illustrates the proof of the upper bound in Theorem 4.1.2. If the
leftmost polymer between (u, ;) and (v, t3) (shown in red) makes a huge leftward fluctuation
and the leftmost polymer between points el(-}j) and fl(? (shown in blue) is to the left of v and
v at t1 and t9 respectively, then the blue polymer stays to the left of the red polymer between
times t; and t5 by polymer ordering. Thus the big left fluctuation transmits from the red to
the blue polymer. If, however, the blue polymer reaches to the right of either u or v, then it
creates a big right fluctuation for the blue polymer. Thus by bounding the fluctuations of a
small number of polymers between deterministic endpoints, one can bound the fluctuation
between all admissible endpoint pairs.

Fitn forie{0,1,2,--- [t — 1},

t='-1 t='-1

]P’(MTFn(t)t‘2/3(logt‘l)_l/g <c> <P () Fo | = T BP(Fi) -
i=0 i=0
Thus,
limsup P (MTFn(t)t_2/3(log t_1)71/3 < c>

< limsup (1 - ]P’(Fo,tvn)>[t_ } < lim sup exp {— [t_l} P(Fo,n)} — 0,

n



CHAPTER 4. POLYMER FLUCTUATIONS AND WEIGHT PROFILES 111

the latter convergence as ¢t “\ 0.
Now we show the upper bound. Fix ¢ € (0, 1] small enough that ¢t < t*3, where the
parameter 1) appears in the definition (4.6) of AdEndPair,,(¢).

For any i = 0,1,2,...,[t7'] and j € [[—[ “23(logt™t) "~ l/ﬂ [ “23(logt™t) "~ USH},
define the rectangle A; ; with lower-left corner ((] — 1)t2/3(10g til)l/ ,it), width

2t*3(log t_l)l/ ® and height 2¢. Figure 4.4 illustrates this rectangle and the arguments that
follow.

Let C' > 0 be an even integer whose value will later be specified. For such i, ;7 as above,
define planar points

eg}j) = ((] — 2_1C)t2/3(10gt_1)1/3,it> , fi(l-) = <(] - 2_1C)t2/3(logt_1)1/3, (i + 2)t> ,
e = (G2 (ogt ) i) 1E = (G270 (log ™) 4 2)t)
Then we claim that, whatever the value of C' > 0,

Bij == {SUP {TF(M’W) ) (w1,91), (22,92) € Aij,y2 > yl} > CtQ/S(logfl) V3 } - D( )UD(2)

n;(z1,y1 1,5
(4.30)

where

1)
D{) = {TFZZ”(I) > (27'C — 1)t2/3(logt_1)1/3}

2,]
7

and

©,J

&)
DZ(?J) = {TF: Ty > (270 — 1)t2/3(logt1)1/3}.
To see (4.30), define the vertical lines:
— {2 =(—C+1D*P(logt ™)'} and Ly = {&=(j+C - 1)t*3(logt™")"*}.

Then, on the event B, ;, there exists a pair of points (u,t), (v,t2) € A;; such that either

p:(fftg) intersects Ly or pﬁ(i . )) intersects L,. We now show that, when p:(ivtﬁ) intersects

L, the event Di,j occurs. Let
f(l)
p = ’On a) -

’L]

Let £; 1) be the line segment joining e » and f VoI p(t1) > u, then
P(tl)_gilj)(tl) 2 (j_l)t2/3(logt—1)1/3_(j_2—lc)t2/3(logt—l)l/?) Z (2—10_1>t2/3(10gt—1)1/3’

and thus D ) holds. Similarly, if p(t2) > v, then D ) holds. Now assume that p(t;) < u

and p(ty) < v. Polymer ordering Lemma 4.3.2 then 1mphes that p(t) < p, ((v tZ; (t) for all

t € [t1,t3]. Thus p intersects Ly as well, and hence D( ) oceurs.



CHAPTER 4. POLYMER FLUCTUATIONS AND WEIGHT PROFILES 112

(’tQ)
u,ty)

(2 ) occurs. We

By similar reasoning, we see that, when p ( intersects Ly, the event D;’
have proved (4.30).
For any compatible pair of points (u,v) € AdEndPair,(t), there exists a pair (i,7) for

which u,v € A, j; here we use 1t < t*/3. Hence,
{t—2/3(logt—l)_1/3MTFn(t) > C}

B0 [ o5y [
C U{D()UD( i€ [0, [t H],je[[ [ “203(1og 1)~ 1/31’{ “23(log 1) 1/3W}’

where (4.30) was used in the latter inclusion.

Thus, with ¢, kg, ng as in the statement of Theorem 4.2.6, for any fixed ¢ small enough
that log¢™! > 22k3, and all n > ny(2t)™', we have by a union bound and the translation
invariance of the environment,

N

P (4724 (logt™) " "MTF, (1) > C )

(200 (toge™) ™ 4 2) (¢t 2P (TR, > (2710 = 0 (loge)™)

< 2B+ 2)exp {—c(271C = 1)*logt !} < 8. 4O/ 58,

IN

Here the second inequality follows from Theorem 4.2.6 with ¢ = 2t,k = 272/3(271C —
1) ( log t*1)1/3 and n = n being the parameter settings. The assumptions logt¢~' > 223, and
n > no(2t)~! ensure that n > ngt~! and k > k¢ for any C' > 2.

Finally, choosing C' large enough that ¢ (C/2 — 1)° > 5/3, we learn that

P (72 (logt™!) " MTF, () > C) 0 as ¢\,0,

whenever n = n(t) verifies n > ng(2t)™*
This completes the proof of Theorem 4.1.2. n

4.6 Exponent pair (1/3,2/3) for polymer weight: Proof
of Theorem 4.1.3

A lemma and two propositions will lead to the proof of Theorem 4.1.3 on the Hélder conti-
nuity of [1,2] — R : ¢ — Wgt, (¢), the polymer weight profile under vertical displacement.

Lemma 4.6.1. There exist positive constants ng, o, So, Co such that, for alln > ng, z € [1,2],
t € ron™',2 — 2] and s € [sg, 10(nt)*?],

P (|Wgtn<2 —+ t) — Wgtn(z)’ > Stl/?)) < 56_8083/2 ‘
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We postpone the proof to Section 4.6.1 and first see how the lemma implies the upper
bound in Theorem 4.1.3. This bound follows from Lemma 4.6.1 similarly to how Theorem
4.1.1 is derived from Proposition 4.4.1.

Proposition 4.6.2. The sequence {Wgt, },en is tight in (C[1,2],|| - |le). Moreover, if Wgt,
is the weak limit of a weakly converging subsequence of {Wgt,, }nen, then there exists a positive
constant C' not depending on the particular weak limit Wgt, such that, almost surely,

—-2/3

limsup sup |Wgt,(z+t) — Wgt,(z)] t_1/3(log t) <C. (4.31)

N0 1<z<2-t

Lemma 4.6.1 holds only for ¢ € [max{ron=,1073/2s3/2n=1} 2 — 2] for some fixed constant

ro > 0, and not for all ¢t € [0,1 — z|, as was the case in Proposition 4.4.1. Hence, we directly
show tightness in the following proof instead of applying Kolmogorov-Chentsov’s tightness
criterion.
Proof of Proposition 4.6.2. To show the first statement, concerning tightness, we follow
the proof of the tightness criterion used to derive [18, Theorem 12.3]. To this end, it is
enough to show that, for given ,7 > 0, there exist 6 € [0, 1], which we may harmlessly
suppose to verify 7' € N, and Ny € N such that, for all n > Ny,

Z P ( sup  |Wegt, (1 +u) — Wgt, (14 jo)| > 5> <n. (4.32)

i \sesus(+ns

Assume then that ;7 > 0 are given small constants. For the time being, fix some § > 0
small to be chosen later (depending on € and 7).

Now fix any M > 1. For any z1, 2, € [1,2] such that |z;—2s| = 107 'en™2/3 set t = |2;—2|.
For all A € [0, €], clearly At~'/3 < 10(nt)?/3. Hence, choosing s = At~/ in Lemma 4.6.1, one
gets, for all n large enough,

]P’<|Wgtn(zl) ~ Wt (20)] > )\) < Ky h M)z — M, (4.33)

for some constant K); depending only on M.

To establish tightness, the general strategy is to bound the distribution of the maximum
of certain fluctuations. To achieve this, we crucially use the bound in (4.33) together with
the inequality in [18, Theorem 12.2] that bounds the maximum of partial sums. To this
end, fix j < 67!, and break the interval [jd, (j + 1)d] into [~ ]-many subintervals of length
3 :=10"'en"%/3 each, and follow the proof of the inequality in [1%, Theorem 12.2] to obtain

€
5 i) — > S < gt o-3M M ‘
P <D<ir<n%>ﬁ<_l] |Wegt,, (1 + jo +i8) — Wegt,, (1 + jo)| > 2> < Ky e Mo, (4.34)

for some appropriate constant K, depending only on M. Note that by [18, Theorem 12.2]
it directly follows that if (4.33) holds for all A > 0, then (4.34) holds for all ¢ > 0. However,
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in our case (4.33) holds for all A € [0, ], instead of all A > 0. Hence, we resort to the proof
of [18, Theorem 12.2] which shows that if for some fixed ¢ > 0, (4.33) holds for all A € [0, ¢],
then (4.34) holds for that particular e.

Now, fix any i € [0, [687!] — 1]. For any u € [j6 + 83,50 + (i + 1)f], it clearly follows
from the definition (4.8),

WIREHIEETDR) > —on2/3(1 4 6 + (i + 1)8 — (1 +u)) > —2n*38, and

WO > (1w — (14 j6 + i) = 2028,

Thus, for any u € [jd + i, jo + (i + 1)], by superaddivity of polymer weights described in
(4.24),

(0,1+35+48) 2/3 (0,1+35+iB) (0,14u) (0,1+u)
W-(ooj) 2”/5<W :(0,0) +W +(0,1456+iB) < W 1:(0,0) and
(0,14u) (0,1456+(i4+1)3) (0,1456+(:+1)8) (0,1456+(i+1)B8) 2/3

W oo ) <! 00 — W, o < W o) + 20233 .

This, together with (4.11), imply that for any i € [0, [637'|—1] and u € [j6+i3, jo+(i+1)0],
n3 |Wgt, (1 +u) — Wgt,, (1 + j6)| < 2n8 + 2+

ni/3 max{ Wet, (1+ 56 + i) — Wgt, (1 + 56|, [Wgt, (1 + 56 + (i + 1)3) — Wgt,, (1 + jO)| }
(4.35)

Since 2n3 = 57 ten!/3, for all n large enough that 2n=1/3 < ¢/5, (4.34) and (4.35) imply

P < sup  |Wgt, (1 +u) — Wegt, (1+ jo)| > 5)

JO<u<L(j+1)6

- - - € I _—3M M
< P <0<i13[%}6<—11 |Wgt,, (1 + jo + i) — Wgt, (1 + jo)| > 5) < K e 7h e,
Thus, by choosing ¢ small enough that K},e3M§M=1 < 5 we obtain (4.32), and hence
tightness.

To show (4.31), we follow the proof of Theorem 4.1.1(b). Let ng,ro,so and ¢y be
as in Lemma 4.6.1. For any fixed m € N such that ¢ (log 2m)2/3 > 5o, and any j €
{0,1,2,---,2™ — 1}, and all n > max{ry2™, 10_3/20?/22’" log 2™}, by applying Lemma 4.6.1
with the parameters n = n,t =27 and s = ¢; (log 2m)2/3, it follows that

IED<|Wgtn(1 +(J+1)27") — Wet,, (1 +527™)| > 1275 (log 2’”)2/3> < 5.9 mleoc!?)

Now, observe that (4.28) in the proof of Lemma 4.4.2 carries over verbatim to the present
case. By choosing ¢; high enough that coc‘i’/ 2> 1, and exactly imitating the rest of the
proof of Lemma 4.4.2 followed by the proof of Theorem 4.1.1(b), we complete the proof of
Proposition 4.6.2. O

Turning to prove the lower bound in (4.12), we restate it now.
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Proposition 4.6.3. There exists a constant ¢ > 0 such that, almost surely,

liminf sup 1/?’(logt N 2/3|Wgt*(z—|—t)—Wgt*(z)} > c.

N0 1<z<2¢

(0,142+t) W(o I42)

This result will follow directly from weight superadditivity, i.e. w! n:(0,0) 00 =

WO g0 z,t > 0, control on weight with given endpoints via Theorem 4.2.3, indepen-

n;(0,1+z)
dence in disjoint strips, and the weight W(O(Bﬁft) depending on the configuration in the strip

delimited by the lines y = 14 z and y = 1 4+ 2z +t. The proof is reminiscent of an argument
for a similar statement made for Brownian motion: see the proof on page 362 of Exercise 1.7
in the book [60].

Proof of Proposition 4.6.3. We need to show that, for some constant ¢ > 0, almost
surely, there exists £ > 0 such that, for all 0 < ¢ < ¢ and some z € [1,2 —{],

Wat, (2 + t) — Wgt, (2)] > ct/3(logt™")".

Let ¢ > 0 satisfy 23/2¢,c¢®? < 1, where ¢, arises from Theorem 4.2.3. For integers n,m > 1
and k € {0,1,2,--- ;m — 1}, we define the events

At = {Wet, (14 (b + 1)m™") = Wet, (1+km™") > cm ™"/ (logm)** |

and
Akym = {Wgt* (1+ (k+1)m™") —Wgt, (1+km™') > em™ " (log m)2/3} '

Also let

m~! —
Bk,m,n - {W(O(é—g(f:,i) 1 ) > cm —1/3 (log m)2/3 + 2n 1/3} .

Let ng, so and ¢3 be as in Theorem 4.2.3, and let mq be large enough that 2¢(log m0)2/3 >

max{ s, 4n61/3}. Then from Theorem 4.2.3 with parameter settings ¢, = 1 + km™!, ty =
1+ (k+1)m Y t12=m" ' n=nand s =2c(logm)?3, for all m > mg and n > ngm,

P(Bomn) = P (Wi > 20m 1% (logm)?/?) > em2 e Hhoum — -2,

n;(0,14+km—1)
(4.36)
Here the first inequality follows because

em ™3 (log m)2/3 > em ™3 (log m0)2/3 > 2n51/3m_1/3 > o~/

for m > my, 2¢(logmg)?/? > 4nal/3 and n > nom.
Now By are i.id. random variables for k£ € {0,1,2,- — 1} as the weights of

W(o 1+ k:+1)m Ho W(o,1+km*1) N

polymers over disjoint regions are independent. Also using W, ;) 7:(0,0)
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W(O(Bﬁf;nll_l by superadditivity of polymer weights, together with (4.11), we get that

Bimm C Akmn. Thus, using (4.36), for all m > mg and n > nom,

( ﬂ A m ") < < ﬂ B}, ;m n) — P(Bo,m.n))™
< exp{—mP(Bomn)} < exp { — m1_23/20263/2} , (4.37)

where we use that 1 —z < e ® for all z > 0.

Next, similarly to the first part of the proof of Lemma 4.4.2, let {Wgt,, }, be a subsequence
of {Wgt, }, such that Wgt, = Wgt, as random variables in (C[1,2], ||-||) (where = denotes
convergence in distribution). Since for a,b € [1,2], the map T, defined by (C[1,2], || |«) —
(R,|-]): f+ f(a) — f(b) is continuous, the set

o 1 -1/3 2/3 _
U:= r]{TlJr(,m)m_1 L1 (—oo,cm / (logm) ) k=0,1,--- ,m— 1}

is open. Thus, by the Portmanteau theorem,

m—1 m—1 m—1
P(ﬂ Azm> <11m1anP’<ﬂ /—\kmn) <11msupIP><ﬂ Akmn> .
k=0

k=0

From here, using (4.37) and that our given choice of the constant ¢ ensures 2%/2¢,c¥? < 1,
we get

Z <ﬂ A ) < Z hmsupP(ﬂ Akmn) < i exp { —m! e < oo,

m=mgo m=myg m=mo
Hence, using the Borel-Cantelli lemma, almost surely there exists My € N such that for all
m > My, one has some k,, < m — 1 with z = 1 + k,,m ™! satisfying

|Wet, (z + m™") — Wgt,(2)| > em ™3 (logm)*/? .

Let e = My ', Alsolet M, ! be small enough in the sense of Proposition 4.6.2: namely, almost
surely for all ¢ € [0, My '], supy<.<,_, [Wgt,(z +t) — Wgt, (2)[|t~/3(log t*1)72/3 < 2C'. Then,
for any given ¢ € [0,¢], let m be such that (m +1)™' <¢ <m~'. Then for z =1+ k,,m™*,

> !Wgt* (z+m™) — Wgt*(z)’ — ‘Wgt*(z +t) — Wgt, (z+m™) ‘

> eV logm)*"* — 20 (m~! — (m+ 1)) (108" (m™ = (m+1)™) " )2/3.

As the second term decays much faster than the first, choosing M, large enough so that the
second term is smaller that 27 em~1/3(logm)?® gives the result. O
Proof of Theorem 4.1.3. This result follows from Proposition 4.6.2 and Proposition
4.6.3. O
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4.6.1 Upper bound on polymer weight fluctuation: Proof of
Lemma 4.6.1

In this subsection, we complete the proof of Theorem 4.1.3. The remaining element, Lemma
4.6.1, will be derived from Lemmas 4.6.4 and 4.6.5.

Lemma 4.6.4. There exist positive constants so,ro and co such that for s > sg, z € [1,2]
and t € [ron™!,2 — 2],
3/2

(0,2) (0,z+t) 1/3 —cps
P (Wi = WIGH) + st17) < e

Proof. Using W Oz+t W( + W © ZH) , we see that, for nt > rg and s > s,

(00

3/2

Y

(0,2) (0,2+1) 1/3 (0,24t) 1/3 s
]P(W ey = WO gl ) <PWOS < —st1l?) <

where the latter inequality follows from the moderate deviation estimate Theorem 4.2.2, with

ti1 = z,ta = 2+ t,m = n and s = s, and setting 7y and sy to equal ng and sy respectively

from the statement of Theorem 4.2.2. n
Next is the more subtle of the two constituents of Lemma 4.6.1.

Lemma 4.6.5. There exist positive constants ng, So, 71 and cq such that, for n > ng, t €
[rn1,2 — 2], s € [s,10(nt)??] and z € [1,2],

P (W(Ofﬂ) > WO+ st 3) < 40 (4.38)

This proof is reminiscent of arguments used in [16] and [11]. We first explain the basic
idea, which is illustrated in Figure 4.5. A path may be formed from (0,0) to (0,z) by
following the route of a polymer from (0,0) to (0,z + ¢) until its location, (U,z — t) say,
at height z — t; and then following a polymer from (U, z — t) to (0, z). The discrepancy in
weight between the original polymer, from (0,0) to (0,z + t), and the newly formed path,
from (0,0) to (0, z), is equal to the difference in weights between the polymer from (U, z —t)
0 (0,z +t) and that from (U,z —t) to (0,z). The latter two polymers have duration of
order ¢; Theorem 4.2.4 may then show that their weights have order t'/3. Thus, the weight
difference W(O(f)zt)) - Wi?&é),o)’ which is at most the discrepancy we are considering, is seen to

be unlikely to exceed order t!/3.
Proof of Lemma 4.6.5. To implement this idea, we will consider, for definiteness, the
leftmost polymer from (0,0) to (z +t,0), namely p%(ézggt 9 In accordance with the notation

in the plan, we will set U = pF((H)t Vz—1).

The height-(z — t) polymer location U typically has order ¢*2. The plan will run into
trouble if U is atypically high, because then the two short polymers running to (0, z 4 t) and
(0, 2) from (U, z — t) will have large negative weights dictated by parabolic curvature.
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(z+t,0)
0,0)
high fluctuation, it may be diverted via the red polymer to form a path of comparable weight

from (0,0) to (z,0).

Figure 4.5: When the thick blue polymer p;( crosses height z —t without immoderately

To cope with this difficulty, we introduce a good event G,

G={[Ul <o},

specified in terms of a parameter ¢ that is set equal to D~'s'/2(2t)?/3. Here, the constant D
is chosen to be 2%/310'/2C), with Cj given by Theorem 4.2.4. In view of Theorem 4.2.5, this
choice of ¢ ensures that the event G fails to occur with probability of order exp { —©(1)s%2}.
(The appearance of the factor of D! in ¢ is a detail concerning values of s in Lemma 4.6.5
close to the maximum value 10(nt)%/3. )

Indeed, applying Theorem 4.2.5 with n =n,t; =0t =z +t,t=2—t,z =0,y =0
and s = D7'sY/2 we find that, when n > ny (a bound which ensures that the hypothesis
that nty2 > ng is met) and s > s,

P(G%) < 2exp{ —cD*s*?}, (4.39)
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where the positive constants ¢ and s; are provided by the theorem being applied.
When G occurs,

U| < D~'sY/2(21)2/3 < D~122/310Y2n1/3 < tn!/3

because s < 10(nt)?/3, D = 22/310"/2Cy and Cy > 1. As we saw in Subsection 4.1.1, it is
this bound on |U| that ensures the existence of polymers between (U, z — t) and (0, z). By
superadditivity of polymer weights, we thus have

(0,2) (U,z—t) (0,2)
W00 = Waiio0) +Waivms) -

Thus, when G occurs,

W(O,z+t) B W(O,z) < W(O,z+t) . W(U,zft) . W(O,z)

n;(0,0) n;(0,0) — n;(0,0) n;(0,0) n;(U,z—t)
o (0,24+t) (0,2) (0,24t) (0,2)
o Wn;(U,z—t) W n;(U,z—t) < $€S[l_lg¢] (Wn;(m,z—t) Wn (z,2— t)) )

where the equality is dependent on the definition of U and the final inequality on the occur-
rence of G. We see then that

(0,z+t) (0,2) 1/3
(G N { wioy, = Wit + st/ })
P ( sup <W7(3éj;tzt) - W(O(i)z t)) > Stl/?’)

z€[~,¢]
> 27 st 4P| sup ‘W {i—t)
z€[—¢,9]

IA

< P[ sup ‘Wojfzt N
T€[—3,9]

> 21stl/3> . (4.40)

The latter two probabilities will each be bounded above by a union bound over several
applications of Theorem 4.2.4. Addressing the first of these probabilities to begin with, we
set parameters for a given application of the theorem, taking I to be a given interval of length
at most t*/® contained in [—¢, ¢] and J = {0}, and also setting n = n,t; = z —t,t, = z and
s=4""1

The theorem’s hypothesis concerning inclusion for the interval I (and J) is ensured be-

cause
|z < D_151/2(2t)2/3 < 9231014 D1 g1/4p1/645/6 C«O—lsl/4n1/6t5/6,

for z € [~¢, ¢], where here we use s < 10(nt)?/? and D = 22/310'/2C, > 2%/210/4C.

In these applications of Theorem 4.2.4, the parabolic curvature term inside the supremum,
t=4/322 is at most t~%/3¢%. It is thus also at most s/4, because ¢ = D~'s'/2(2t)?/3 and
D > 25/3,

Thus, dividing [~¢, ¢] into [2°/3D~1s'/?]-many consecutive intervals of length at most
t2/3_ we are indeed able to apply Theorem 4.2.4 and a union bound, finding that, for ng € N
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and C, ¢ > 0 the constants furnished by the theorem, and for nt > ny,

- zlstw)

< P| sup ‘til/gwgé)z_t)—i—t*‘l/?’xz
z€[—d,¢] e

P sup ‘Wi?é)z_t)
eel-¢0] T

3/2 /¢3/2

> 418) < |’25/3D7151/2‘|Cefcs < e ¢'s 7

for ¢ = 27'c and s > sy where s is chosen in such a way that 2 sy > 0[25/3D’1sé/21.

The second probability in (4.40) is bounded above by similar means. Several applications
of Theorem 4.2.4 will be made. In a given application, the parameters I,J,n and s are
chosen as before, but we now set t; = z —t and t; = z + ¢, so that ¢; 2 equals 2¢, rather
than ¢. The curvature term (2¢)~*/3z? is bounded above by (2t)~%/3¢?, a smaller bound than
before, so that the preceding bound of s/4 remains valid. The condition for inclusion for
the intervals I (and J), namely ¢ < Cy's'/4n!/6(2t)5/6 is weaker than it was previously
and is thus satisfied. Hence, using Theorem 4.2.4 and a union bound, we find that, for all
n > 2" ngt™ 1,

Pl sup ‘W((,)’ZHE > 2713 | < e/ ,
€[~ ¢,¢]
for s > sg.
Combining (4.39) and (4.40) with the two bounds just derived, we obtain Lemma 4.6.5

by taking ¢y > 0 to be less than min{cD~3,¢'}, sy to be suitably greater than max{s, s},

and r; = 27 'n,. O
Proof of Lemma 4.6.1. This follows immediately using (4.11) and from Lemmas 4.6.4
and 4.6.5 and a union bound. O

4.7 Lower bound on transversal fluctuation: Proof of
Proposition 4.1.4

In this last section we shall prove the lower bound on the transversal fluctuation of the
polymer, the corresponding upper bound of which was proved in [16, Theorem 11.1] (and is
stated here, with the optimal exponent in the bound, as Theorem 4.2.6). In fact, Proposition
4.1.4 does slightly more than just providing a corresponding lower bound on the quantity
whose upper bound is proved in Theorem 4.2.6. Indeed, in Proposition 4.1.4, one takes
the minimum over the transversal fluctuations of all the polymers between two fixed points,
and not just the transversal fluctuation of the leftmost one. The proof of Proposition 4.1.4
crucially uses the polymer weight lower tail Theorem 4.2.3. We also fix the constant aq in
this Proposition 4.1.4 as ag = C;237°/31071/2, where Cj is as in Theorem 4.2.4. This choice
of g ensures that the condition in the hypothesis of Theorem 4.2.4 is met whenever it is
applied.
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Proof of Proposition 4.1.4. We prove the proposition for £, = 0 and ¢, = 1. The case for
general t; < ty follows readily using the scaling principle (4.13).

A box is a subset of R? of the form [a,b] X [r1, 73], where a < b and r; < ry. Any box has
a lower and an upper side, namely [a,b] x {r1} and [a,b] X {rs}.

The key box for the proof is Strip, now specified to be [—s, s] x [0, 1]. Proposition 4.1.4
is, after all, a lower bound on the probability that there exists a polymer between (0,0) and
(0,1) that escapes Strip.

We divide Strip into three further boxes, writing Mid for the box [—s, s] x [1/3,2/3], and
South and North for the boxes obtained from Mid by vertical translations of —1/3 and 1/3.
We further set West to be the box obtained from Mid by a horizontal translation of —2s.
See Figure 4.6.

0
T
1 North
Y
777777 2/3
P
West Mid
e 1/3
i
| South
—3s'
T ****** 0

Figure 4.6: In Case High, the high weight path p is extended to form a path from (0,0) to
(0,1) whose weight exceeds that of any path between these points that remains in Strip =
North U Mid U South.
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Recall that, when (x,#;) and (y, ty) verify n'/3t, 5 > |y —z|, we denote the polymer weight

with this pair of endpoints by WiLy(if - We now use a set theoretic notational convention to
refer in similar terms to the set of Welghts of polymers between two collections of endpoint

locations. Indeed, let I and J be compact real intervals. We will write
(J,t ) o ( ,t ) . .
Wn;(l%tl) - {Wn%(aitl) relye J} ;

we will ensure that whenever this notation is used, (z,t) % (y,to) forallz € I and y € J in
the sense of Subsection 4.1.1. When an interval is a singleton, I = {x} say, we write (z,1;)
instead of ({x},¢;) when using this notation.

To any box B and s € R, we define the event High(B, s) that the weight of some path
that is contained in B with starting point in the lower side of B and ending point in the
upper side of B is at least s.

Our approach to proving Proposition 4.1.4 gives a central role to the event High(Mid 300s%).
It may be expected that the order of probability of this event is exp { o(1 3} but we do
not attempt to prove this. Rather, we analyse two cases, called High and Low according to
the value of the event’s probability.

We will quantify the notion of high or low probability for High(Mid, 300s?) in terms of
the decay rate for a very high weight polymer between (0,0) and (0, 1). Indeed, noting from
Theorem 4.2.3 that there exists C' > 0 such that, for s > s,

P(WUG) > 1000s2) > exp { — Cs}, (4.41)
we declare that Case High occurs if
]P’(High(Mid, 30052)) > exp{ — 2033} ;

Case Low occurs when Case High does not.
In order to analyse Case High, we introduce a favourable event F. The event is specified
as the intersection of the following events:

o G = {me (F Seel1/8) > —5032};

(0,1)
o G = {infWiy o = 5052}
o Gj {supW (fg) 1) < 5052 }
_ (0,1) )
e and G; is the event that High(Mid, 50s%) does not occur.
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Thus, the occurrence of F forces the absence of any high weight path inside Mid that crosses
this box from its lower to its upper side, while also ensuring that any polymer connecting
(0,0) (or (0,1)) to the lower (or upper) sides of Mid and West is not of very low weight. We
claim that F is a high probability event, proving this by applying Theorem 4.2.4. Indeed, for
the events G; and Gs entailed by F, we make several applications of Theorem 4.2.4. For a
given application, we consider the parameter settings n =n,t; = 0,3 = 1/3,8 = 10s* I =
{0} and
J=[-3s+ (i —1)37%% max{—3s + i37%* s}]

for some i € {1,2,---,[4-3%35]}. The condition on inclusion for the intervals I and J is
satisfied since for y € [—3s, 5],

[yl < 3s < 87 < 10Y4a/ 0! /561t < 351040l 2! SV AES = OO S,

where we use that s < ayn'/? and our given choice of oy has been made so that ay =
C;2375/3107/2. Also the parabolic curvature inside the supremum is

sup 3312 < 3%3. 3242 < 4057 .
y€[—3s,9]

Thus, dividing [—3s, s] into [4 - 3%/3s]-many intervals of length at most 372/ and using

Theorem 4.2.4 and a union bound, it follows that, for s large enough and n > 3ny,

P(GSUGS) <P ( sup [3VSWWID) 4 34/5,2

y€[73375]

> 1032> < [4-3B5]Ce" < 67!,

Similarly for the events Gy and Gy, in a given application of Theorem 4.2.4, we set the
parameters n = n,t; = 2/3,ty = 1,5 = 1052, I = [-3s + (i — 1)37%/3 max{—3s + i372/3, 5}]
and J = {0}, for some i € {1,2,---,[4-3%35s]}. The condition on the inclusion for the
intervals I and J is ensured exactly in the same way as before, and the parabolic curvature
is bounded above by 40s?. Hence, using Theorem 4.2.4 and a union bound, it follows that,
for s large enough and n > 3ny,

P(GSUGSE) < [4-335]Ce " <671,

Finally, for G5, observe that, since paths between two fixed endpoints constrained to stay in
a box have smaller weight than does the polymer between these endpoints, we can again use
Theorem 4.2.4. For a given application of Theorem 4.2.4, take n = n,t; = 1/3,t; =2/3,s =
4052, 1 = [—s + (i — 1)372/3 max{—s +i37%/3,s}] and J = [—s + (j — 1)37%/3, max{—s +
§372/3 s} fori € {1,2,---,[2-3¥3s]} and j € {1,2,--- ,[2-3%/3s]}. As before, the condition
on inclusion for I and J is satisfied, and the parabolic curvature is at most 3*3s2, which is
less than 10s%. Thus, applying Theorem 4.2.4 and a union bound, we find that, for n > 3ng
and s large,

P(GS) < P (sup Wi 00 > 505%) < 2. 829500 <67
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Thus we have P(F) > 1/2 by a union bound. In Case High, we also have
PP(High(West, 300s%)) > exp { — 2C's”},

because West is a translate of Mid. Since the interior of West is disjoint from the regions
that dictate the occurrence of F, we see that

]P’(High(West, 300s%) N F) > 9 exp { — 205} (4.42)

When High(West, 300s%) N F occurs, a high weight path connecting (0,0) to (0,1) may be
formed by running it through West. Indeed, and as Figure 4.6 depicts, let p denote a polymer
running across, and contained in, West, whose weight is at least 300s%. If z,y € [—3s, —s]
are such that (z,1/3) and (y,2/3) are p’s endpoints, then the path p;(;((;’”éyg) opo ps(go;/?))
connects (0,0) to (0,1) and has weight at least —50s% +300s? — 5052, in view of the first two
conditions that specify F.

On the other hand, the final three conditions specifying F ensure that, when this event
occurs, any path from (0,0) to (0,1) whose z-coordinate never exceeds s in absolute value
has weight at most 50s%+50s2+50s?; indeed, the weight of any such path may be represented
as a sum of the weights of the three subpaths formed by cutting the path at heights one-third
and two-thirds.

We thus find that, on High(West, 300s?) N F, any path from (0, 0) to (0,1) that remains
in Strip has weight at most 150s%; at the same time, a path of weight at least 200s? con-
nects these two points. Thus, we see that any polymer from (0,0) to (0,1) has maximum

transversal fluctuation at least s in this event. By (4.42), we find that
P (min {TF(p) : p € @00 } > 5) > 27 exp { — 2057} (4.43)
Suppose now instead that Case Low holds. We will argue that
P(W}S’(QO) > 1000s%, = High([—s, s] x [0, 1],90032)> > 92 Yexp { — Os°}, (4.44)

where — A denotes the complement of the event A. Before we do so, we show that the
event on this left-hand side entails that any polymer from (0,0) to (0, 1) must leave the strip
[—s,s] x [0,1]; thus, (4.43) holds in Case Low, even when the factor of 2 is omitted from
the right-hand exponential. When the last left-hand event occurs, any path from (0,0) to
(0,1) that remains in the strip has weight at most 900s?. At the same time, the weight of
any polymer from (0,0) to (0,1) is at least 1000s?. It is thus impossible for any polymer to
remain in the strip.

To derive (4.44), note that, because North and South are translates of Mid, Case Low
entails that

]P’(High(South, 300s2) U High(Mid, 300s?) U High(North, 30052)) <3exp{—20s°}.
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The bound (4.41) then yields (4.44), since 3exp { —2Cs*} < 27'exp { — C's?} for all s large
enough.

The bound (4.43) has been derived in both of the cases, so that proof of Proposition 4.1.4
is complete. O
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