WEIGHTED HODGE IDEALS OF REDUCED DIVISORS

SEBASTIAN OLANO

ABSTRACT. We study the Hodge and weight filtrations on the localization along a hyper-
surface, using methods from birational geometry and the V-filtration induced by a local
defining equation. These filtrations give rise to ideal sheaves called weighted Hodge ideals,
which include the adjoint ideal and a multiplier ideal. We analyze their local and global
properties, from which we deduce applications related to singularities of hypersurfaces of
smooth varieties.

A. INTRODUCTION

In this paper, we continue the study of weighted Hodge ideals that started in [Ola22],
where the focus was the 0-th weighted Hodge ideals, also called weighted multiplier ideals.
We show that several results satisfied by the weighted multiplier ideals can be generalized
under suitable conditions.

Let X be a smooth complex variety of dimension n. To an effective reduced divisor D
on X one can associate a sequence of ideal sheaves I,(D) C Ox, called the Hodge ideals
of D and studied in a series of papers [MP19a],[MP18],[MP19b], [MP20b], [MP20a]. They
arise from the theory of mixed Hodge modules of M. Saito, which induces a Hodge filtration
FoOx(xD) by coherent Ox-modules on Ox(xD), the sheaf of functions with poles along
D, seen as a left Zxy-module. This Z-module underlies the mixed Hodge module j,Q#[n],
where j: U = X \ D — X. Saito showed that the Hodge filtration is contained in the pole
order filtration, that is,

F,0x(+D) € 6x((p+1)D)
for all p > 0. Consequently, we can define the Hodge ideal I,(D) by
F,O0x(+D) = Ox((p+1)D) ® Iy(D).

The Zx-module Ox (D) is also endowed with a weight filtration WeOx (xD) by Px-
submodules. The Hodge filtration of these submodules satisfies

FyWn1O0x (+D) C F,0x(+D) € Ox((p+ 1)D),
and similarly we can define the weighted Hodge ideals by
B, W10 (+D) = Ox((p+1)D) @ I¥(D).
The weighted Hodge ideals form a chain of inclusions

Wi 1% Wh,
1Yo(D) € IV (D) C - C I (D).
1
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We can always understand the two extreme ideals in this chain. The first element in the
list admits an easy description:

LY°(D) = Ox(—(p+1)D).
On the other end, the last ideal in this chain is the usual p-th Hodge ideal, that is,
I,(D) = 1) (D).

Unlike I},’V °(D), for all the other degrees, the support of the scheme defined by I}I)/V {(D) is
contained in the singular locus of D.

Birational definition We give an alternative description of the weighted Hodge ideals
in terms of a resolution of singularities. Let f : ¥ — X be a resolution of singularities
of the pair (X, D) which is an isomorphism over X \ D, and let E := (f*D);eq. This
description stems from the birational definition of Hodge ideals in [MP19a, §9], and uses
right Z-modules. The Zy-module wy (*E) admits a filtered resolution by %y -modules given
by

B*=0— 9y — Q%/(logE) R oy Dy — - — wy(E) R oy Dy — 0.

Similarly, using the weight filtration on the sheaves of logarithmic p-forms (see (1.4)), we
show that the complex

WiB®* =0 — 2y — WiQy(log E) ®g, Zy — - — Wiwy(E) ®a, Dy — 0
is filtered quasi-isomorphic to the Zx-module W, jw(*E) (see Proposition 4.1).
The Zx-module wy (xD) can be described using the filtered resolution of wy (xE) de-
scribed above. More precisely, we can define the complex A® by
0= f*Ix = W (logE) Ry *Dx — - = wy(E)@py, [*Dx — 0
placed in degrees —n,...,0, and we have that,
RYf,A® = wx (xD)

(see [MP19a, §9]). To give the alternative description of the weighted Hodge ideals, we
introduce the complex Cl:p_n defined as

0= f*EFppnZx = Wiy (log E) ®py [*Fppi1Px — -+ — Wwy (E) ®gy [*F,Px — 0
and we show that the image of
ROf.CP, , — RYfLA® = wx (xD)
is precisely Fj,_, Wy 1wy (xD) = IXVZ (D) @ wx((p+1)D) (see Proposition 4.3).
Description of weighted Hodge ideals using the V-filtration. A very convenient local
description of Hodge ideals was given in terms of the Kashiwara-Malgrange V-filtration of

the graph embedding i; Ox in [MP20b, Theorem A’] (see (5.1)), which works in the more
general setting of Hodge ideals of Q-divisors. In this case, we suppose that the reduced



WEIGHTED HODGE IDEALS OF REDUCED DIVISORS 3

divisor D C X can be defined by a regular function f € Ox(X). Weighted Hodge ideals
admit a similar description.

Theorem A. Let X be a smooth complex variety and D a reduced divisor defined by a
reqular function f € Ox(X). Then,

p
L(D Z Q)P Ivy o= 006 € VV'iiOx and (t9)v € V'iy Ox
7=0

The proof is based on two ideas. First, we can relate the Hodge filtration of V%1i Oy
with that of Ox(xD) (see 5.2). Second, the weight filtration on the nearby cycles sheaf
can be related to that of the local cohomology sheaf (Proposition 5.3). This is enough to
understand all the weighted Hodge ideals in the case when D only has isolated weighted-
homogeneous singularities (see Remark 5.7).

The description in Theorem A is useful to relate the weighted Hodge ideals with some
invariants of the singularities, like the minimal exponent. Recall that to the variety D C X
we can associate the Bernstein-Sato polynomial bp(s). The polynomial (s+1) divides bp(s),
and we denote bp(s) = bp(s)/(s+1). The negative of the largest root of bp(s) is called the
minimal exponent of a D and is denoted ap. This invariant encodes important properties
of the singularities of D. For instance, it is a refined version of the log-canonical threshold,
since lct(X, D) = min{ap, 1}. In particular, this implies that (X, D) is log-canonical if and
only if ap > 1. Moreover, it is a result of Saito that D has rational singularities if and only
if ap > 1.

The notions of log-canonicity and rationality can be described in terms of weighted Hodge
ideals. Recall that 0-th weighted Hodge ideals, or weighted multiplier ideals, form a sequence
of ideals interpolating between the adjoint ideal and a multiplier ideal. This is the case,
as IgVI(D) = adj(D) (see for instance [Ola22, Theorem A]) and Ip(D) = J((1 —¢)D) for
0 < e < 1 [BS05]. These two ideals identify if a singularity is respectively rational or
log-canonical. We give an analogous description for the higher weighted Hodge ideals. The
Hodge ideal I,,(D) is trivial if and only if ap > p + 1, in which case we say that (X, D) is
p-log-canonical. Also, the weighted Hodge ideal IZV 1(D) is trivial if and only if ap > p+1
(see Corollary 5.10), which some authors referred to as D being p-rational. The rest of the
p-weighted Hodge ideals filter and measure the “distance” between (X, D) having p-log-
canonical singularities and D being p-rational.

Isolated singularities. Recall that the weighted Hodge ideals satisfy

Wl—l(

I, (D) € Y'(D).

The difference between the two ideals can be described by the coherent sheaf F), grml Ox(xD)
(see (6.1)). If D has isolated singularities, we give a description of the dimension of this
sheaf at the singular points in terms of a resolution of singularities. For this, possibly after
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restricting to an open set, assume D has one isolated singularity x € D. In this case, there
exists a pure Hodge structure H; for | > 2, such that the dimension of their Hodge pieces
describes the desired dimension. More concretely,

(0.1) dim(Fp(grml Ox(xD)),) = Z <n +p—r

r=0

- >d1m(GrF Hp)

(see §6 for more details). For this reason, to find the difference between two consecutive
weighted Hodge ideals, it is enough to compute the dimensions of the spaces Gr?ffp H;.

Theorem B. Let g : ? — D be a log-resolution of singularities that is an isomorphism
outside of x. Let G C D be the exceptional divisor. Then
dim (G’ P Hy) = kP~ 17P(H"2(G))
if 1 >3, and
dim(Grly P Hy) = PP P2 (H"2(@)) — A7 (H(G)),

where H*(G) = H*(G,C) and h»1(H*(G)) = dim(Hp’q(Grg[frq HH(@))).

When p = 0 the second summand in the description of dim(Gr’. * Hy) is 0 because the
dimension of G is n — 2, and therefore these dimensions are described as Hodge numbers of
the middle cohomology of G. For p > 1 we cannot expect this term to be 0 in general, but
this dimension admits a geometric interpretation (see Remark 6.8).

Vanishing results. Weighted Hodge ideals satisfy global results under suitable condi-
tions. Let X be a smooth projective variety and D an ample divisor with at most isolated
singularities. Under this assumptions, when p = 0 we have that

H'(X,wx (D) ® Iy (D)) = 0
for i > 1 and I > 2 [Ola22, Theorem E]. To generalize this result for all p > 1, we require
the condition that I;/Kll(D) = O0x.

Theorem C. Let X be a smooth projective variety of dimension n, and D an ample reduced
effective divisor with at most isolated singularities. Suppose that I;‘fl (D) is trivial. Then

(1) Forl>2 andi> 2,
H'(X,wx((p+1)D) @ I''(D)) = 0.
(2) If H(X, Q% 7 ((p—j+1)D)) =0 for all 1 < j < p, then
HY(X,wx((p+1)D)® [''(D)) =0
forl > 2.

When | = 1 and 7 = 1 the vanishing does not hold in general. For an example see Re-
mark 7.2. A Kodaira-type vanishing result is also satisfied for all [ > 1, and the proof is
based on a vanishing result by Saito [Sai90, Proposition 2.33] (see Proposition 8.1).
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Applications. The global and local results we have discussed can be used to obtain results
about the geometry of certain isolated singularities of hypersurfaces in P™. This is because
the vanishing condition in Theorem C is satisfied when X is a toric variety.

Corollary D. Let D C P" be a hypersurface of degree d with at most isolated singularities.
Let Z; ), be the scheme defined by IXVZ(D). Then,

HO(P", Opn (k) = H'(P", 0, )
fork>p+D)d—n—-1ifl>2, and k> (p+1)d—n ifl > 1.

This result gives a bound on a certain type of isolated singularities we describe next. For
simplicity, suppose D has at most one isolated singularity z € D, and assume ap = p + 1.
We describe first the case p = 0. This case corresponds to a log-canonical and not rational
singularity. In this case, according to (0.1), the length of the scheme described by I(I)/V (D)
is determined by Gr%(H"~2(@)), using the notation of Theorem B. Ishii proved that in this
case, dim(Gr%(H"2(G))) = 1 [Ish85, Proposition 3.7]. This means that the ideal I(I)/V1 (D)
is the maximal ideal of z in X, and that there exists exactly one degree [ > 2 such that

dim(Gri-(H)) = 1,

while the dimension for the other degrees is 0. A log-canonical singularity is of type (0,n—1)
in this case [Ish85, Definition 4.1].

Assume now that ap = p + 1 for an p € Z>¢, and that D has at most one isolated
singularity x € D. In this case, we have an analogous picture. Namely, the ideal IXV (D)
is the maximal ideal of z in X (see Proposition 9.1), or equivalently, as I,(D) = Ox, the
length of the scheme described by I},’V 1(D) is 1. This in particular means that

Gr%_r H =0

fori >2and 0 <r <p-—1by (0.1) and Theorem B. Moreover, by the same results, we
know that there exists exactly one degree [ > 2 such that

dim(Gr'’y P H)) =1,

while the dimension for all the other degrees is 0. Related invariants in similar conditions
have been studied by Friedman and Laza in [FL22, Theorem 6.11 and Corollary 6.14].

In analogy to the case of log-canonical singularities, we call the singularity described
above of type (p,n — 1 — p) (see Definition 9.3). Weighted homogeneous singularities
with ay = p + 1 are examples of singularities of type (p,n — 2 — p) and the origin in
Z(2? +y? + 22 +uw? +ut +wd) C AP gives an example of a singularity of type (1,5—-3—1) =
(1,1) (see Example 9.5). For a hypersurface of P with at most isolated singularities and

ap = p+ 1, we give a bound on the number of these singularities (see Corollary 9.6).

Restriction theorem. Finally, we study the behavior of weighted Hodge ideals of a pair
(X, D) under the restriction of a hypersurface of X. Let H C X be a smooth hypersurface,
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and Dy the restriction of D to H. If Dy is reduced, then we can also consider the pair
(H, D) and their respective weighted Hodge ideals.

Theorem E. Let X be a smooth variety and D an effective reduced divisor. Let H C X be
a smooth divisor such that H C Supp(D) and Dy = D‘H is reduced. Then, for everyp >0
and l > 0 we have

LY (Dy) € LYY(D) - Oy.

Moreover, if H is general, then we have an equality.

This is the analogue of the Restriction Theorem for Hodge ideals [MP18, Theorem A],
and for multiplier ideals [Laz04, Theorem 9.5.1].

Acknowledgements. I would like to thank Mircea Mustata and Mihnea Popa for their
constant support and many conversations during the project. I am also very grateful to the
anonymous referees for their feedback on improving the presentation of the article and for
suggesting a simpler proof of Lemma 5.4, explained in Remark 5.5.

B. PRELIMINARIES

1. Mixed Hodge modules. In this section, we recall some facts about mixed Hodge
modules and set up the notation we use throughout this paper.

Let X be a smooth variety of dimension n. Mixed Hodge modules introduced by Saito
in [Sai88] are the main object used throughout this article. For a graded-polarizable mixed
Hodge module M, we denote the underlying left regular holonomic Zx-module by M. In
some contexts, it is more useful to use right Zx-modules. Recall that if M is a left Zx-
module, the corresponding right Zx-module is M ®4, wx, where wx is the canonical sheaf.
We mostly use left Z-modules, and in case we are using right Z-modules instead, we will
say it explicitly.

A mixed Hodge module M is endowed with a weight filtration, which we denote by We M,
and
gri¥ M == W, M/W;_ M
is the quotient, which is a polarizable Hodge module of weight [. We denote by FeM the
Hodge filtration. The de Rham complex is defined as:

DR(M) = [M — Q% oy M = -+ = wx gy M]([n],
and the Hodge filtration of M induces a filtration on this complex:
F,DR(M) = [F,M = Qk ®py FpriM — -+ = wy Qpy FpynM][nl.
The p-th subquotient of this filtration is the complex
grfDR(M) = [grgM — Q% @0y grgﬂ/\/l — 2 wx Oy grﬁrn/\/ﬂ [n].

Let D be a reduced effective divisor. The mixed Hodge module we mostly study in this
paper is j*(@g [n], where j : U = X . D — X, whose underlying Zx-module is the sheaf
of functions with poles along D denoted by Ox(xD). To study Ox(xD), it is sometimes
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convenient to use a resolution of singularities, and the properties of pushforwards. Fix a
log-resolution of singularities of (X, D), that is, a proper birational morphism f:Y — X
such that Y is smooth, it is an isomorphism over U, and (f*D),.q = FE is a divisor with
simple normal crossings. In this setup, we have that

(1.1) f1Oy(xE) = Hf, Oy (xE) = Ox(xD)

(see for example [MP19a, Lemma 2.2]). Since E is a simple normal crossings divisor, the
weight filtration of the Zy-module Oy (xE) can be described in terms of the intersections
of its irreducible components. The lowest degree of the weight filtration is n = dim Y, that
is:

anlﬁy(*E) =0.
The lowest piece corresponds to the canonical Hodge module of Y:

W, Oy (+E) = Oy .

To describe the rest of the subquotients, we introduce the following very useful notation.

Let
E=JE.
i€l
The variety

E(l) = || EJ,
JCI
|J]=t

with E; = ﬂ E;, is a smooth and possibly disconnected variety. We denote i; : E(l) =Y
JjeJ

the map such that on each component is the inclusion. We have that
(1.2) g Oy (+E) =iy O
with a Tate twist (see [KS21, Prop 9.2]).

In order to describe the weight filtration of a pushforward of a projective morphism, a
useful tool is to use the spectral sequence associated to the weight filtration:
(1.3) EP? = HPYf (o) Oy (+E)) = HPIf, Oy (+E),
which degenerates at Es, and there is an isomorphism:

By = gV HPVf, Oy (5E)

[Sai90, Proposition 2.15].

Finally, recall that the sheaf of p-forms with logarithmic poles along E denoted by

O} (log E)) are endowed with a weight filtration. This increasing filtration consists of sub-
sheaves

(14) Wi, (log B) C O (log E)
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such that if z1, ..., 2, are local coordinates on an open set V', and E is given by the equation
21 2y = 07
then in V, W;QP(log E) is a 0y module generated by elements of the form
dz; dz;
L L A Ndzj,
Zil Zig
with 4; < r and s < k (see [CEZGL14, 3.4.1.2] for more details). For I = {iy,...,is} and
J ={j1,...,Jp—s} we use the notation

dzi s

LA Adzi, A---Ndzi .
21 zil Zis J1 Jp—s
C. CHARACTERIZATIONS

2. Definition. In this section, we introduce weighted Hodge ideals using the theory of
mixed Hodge modules.

A fundamental result by Saito about the Hodge filtration on &x (xD) states that
F,0x(+D) € 6x((p+1)D)

(see [Sai93, Proposition 0.9]). The definition of Hodge ideals follows from this result. These
ideals are denoted by I,(D), and are defined using the formula

FpOx (D) = I,(D) © Ox((p +1)D)

(see [MP19a, Definition 9.4]). In this article, we study weighted Hodge ideals which are
defined similarly using the weight filtration with which &x(xD) is endowed. The Hodge
filtration of the sub-Zx modules W,,;;0x (xD) satisfies

FyWn1Ox (xD) C F,0x (D) € Ox((p+1)D)
for all p > 0.

Definition 2.1 (Weighted Hodge ideals). Let X be a smooth complex variety and D a
reduced divisor. For [ > 0 and p > 0, we define the ideal sheaf I)V1(D) on X by the formula

FyWy1Ox (xD) = V(D) @ Ox((p+1)D).
We call I;/Vl (D) the I-th weighted p-th Hodge ideal of D.
There is in fact a chain of inclusions
(2:2) " (pyc (D) c--- C Y»-1(D) € I)V"(D)
for all p > 0. Indeed, the weight filtration of Ox(xD) is an increasing filtration, hence
FW,s1Ox (xD) C F,Wy11410x (xD),
or equivalently

Ox((p+1)D) ® IM'(D) C Ox((p+1)D) ® I, ** (D).
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3. Simple normal crossings divisor. Weighted Hodge ideals can be described com-
pletely when the reduced divisor D has simple normal crossings. In this case, the Hodge
filtration of Ox (xD) is fully understood, and from this information we can deduce the Hodge
filtration of W, Ox (xD).

Let D be a simple normal crossings divisor. In this case, the Hodge filtration of &x (xD)
admits a simple description:
(3.1) Fpﬁx(*D) = Fp@X . ﬁx(D)

if p > 0, and 0 otherwise. Using this, one obtains a local description of the Hodge ideals.
Let z1,...,x, be coordinates around z € X, such that D is defined by (x; ---x, = 0). For
every p > 0, the ideal I,(D) is generated around z by

(32) {afta 0<ai<p, Y ai=plr—1)}
[MP19a, Proposition 8.2]. Weighted Hodge ideals of D admit a similar local description.

Proposition 3.3. Let x1,...,x, be coordinates around z € X, such that D is defined by
(1 2, =0). Then, for everyp >0 andl <r, III,/VZ(D) is generated around z by

(ot aftahl s T ={in, G €1 0<ai<pand Y a;=p(l— 1)},
where I ={1,...,r}. For | >r, IV'(D) = I,(D) around z.
Proof. The Hodge filtration of W,,;0x (xD) also admits a simple description:
(3.4) FyWin1Ox (+D) = FyPx - FoWy 1 Ox (+D).

Indeed, this follows from the fact that grml Ox(*D) = i1y Oy with a Tate Twist, so that

the analogous statement of (3.4) is true for i;; O (see e.g. [Sai09, Remark 1.1 iii].)

For the rest of the proof we use right Z-modules. By [Ola22, Proposition 4.1],
F@Wn_HwX(*D) = VVZWX(D).
Around z, Wiwx (D) is generated by

{ ; }
L) jcr, |J=t

where w is the standard generator of wx. It is clear that Wijwx (D) - F,Zx is generated by

w
{W: sz’:p, JCI, and |J\_l}_

J1 Ji

w (:Up—ln .

ot (2, - aP7PEY  The last
7

Ji mI\J
J1 J1
statement follows from the fact that, if { > r, around z, Wiwx (D) = wx (D). O

The result follows from the equation —*— =
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4. Birational definition. Let X be a smooth variety and D a reduced divisor. Consider
a log-resolution f : Y — X of the pair (X, D), which is an isomorphism over X \ D, and
denote E = (f*D)yeq. A birational definition is given for Hodge ideals in [MP19a, §9]. In
this section, we give a similar equivalent definition for weighted Hodge ideals. For the rest
of this section we use right Z-modules, as it is more convenient for the construction. Recall
that the right Zx-module corresponding to Ox (D) is wx (xD), and

Fy_nwx (xD) = I,(D) @ wx((p + 1)D).
Consider the following complex which we denote by A®:
0— f*Ix = QO (logE) gy [*Dx — - — wy(E)®g, f*Px — 0
placed in degrees —n, ..., 0. The results in [MP19a, §3] say that the complex A® represents

L
the object wy (xE) ®g, Py_,x in the derived category of filtered right f~!Zx-modules.
Moreover, RO f,A® = wx (xD).

For p > 0 define the subcomplex Cp_,, = F},_,,A® of A® by
0= f*FpnPx = Q(log E) ®py [*Fypni1Px — -+ — wy(E) ®g, f*F,Px — 0.
The pushforward of this complex admits the following interpretation:
R f.Cp_, = Fy_pwx (+D) = I(D) ® wx((p + 1) D)
by [MP19a, Remark 9.3, Corollary 12.1].

We prove similar results in order to obtain a birational definition. Consider the complex

B*:
0= Py = W(ogE)Rp, Dy — -+ — wy(E) @gy Py — 0
in degrees —n,...,0, where the map
0L (log E) ® 2y % Q¥ (log E) © 9y
is given by w® P — dw® P+ (dz; Aw) ® 0; P. The complex B* is filtered quasi-isomorphic
to the object wy (*F) in degree 0 [MP19a, Proposition 3.1].
Proposition 4.1. The complex
W,B®* =0 — 2y — Wi (log E) ®py Dy — - = Wiwy (E) ®g, Dy — 0

in degrees —n, ...,0 is quasi-isomorphic to Wy jwy (xE).

Proof. We see first that the complex W;B® is exact in degrees —n,...,—1. Fix a degree
—p. We need to see that

WP (log E) ® Dy — W P(log E) © Py - Wi+ (log E) @ 2y

is exact. Let z € X be a point and {z1,...,2,} be a set of coordinates in an open neighbor-
hood around the point. We localize at z, take the completion, and identify the completion
of Ox , with C[z1, ..., z,]. Let ) € ker b, By exactness of B®, there exists w in the comple-
tion of Q"' (log E) ® Py such that d'w = 1 (we keep calling d’ the differentials of this
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complex). We can write w = ZgI’J,adZ% Ndzy ® 0% with g7, 74 € C[z1, ..., 2,], since every
element P € Py can be written as P = ) g,0“. Moreover, expanding each gy ., we can
write

w=Y 07,7 zl/\d © o

so that no z; that appears in z; divides c? T azﬁ . From this description, it follows that for

each summand C’[B Ja2P %/\dz J®0%, |I| determines the weight where the form C’f T2 dZ—ZII/\
dzy lies.

Next, we write, w = w<;+ws, where the first term consists of the summands with |I| <,
and the latter of the terms with |I| > [. Using the description of d’, we see that d'w<; is in
the completion of Wiy " (log E) ® Py, and each summand of d'w~; is not. Indeed,

dz
d’(CIﬂJazﬁ—I Ndzy @ 0%)

dzp gdz
—Zcﬁ,aﬁkzﬁ e’“dzk/\—/\dzJ®8°‘ +3 dz A (O] If Adzy) ® 0,0

k
d
_ Z nie? | B 2 Zi[’ A (dz A dzy) @ O
ey, g dzr o
+) (=)l ) 2% == A(dz A dzy) @ 40

z
I 1

Since 1 € ker b, d'ws; = 0, and d'w<; = 1, with w<; in the completion of WIQ;l,_p_l(log E)®
Dy .

Consider now the map,
I/Vle(E) ®ﬁy _@y — Wn+le<*E)

given by ® P —> - P. Fixing a degree of the Hodge filtration, and using the description
of the Hodge ﬁltratmn of W, wy (xE) (see for example Proposition 3.3), we see that this
map is surjective. That the kernel is the image of I/Vlﬂg_l(log E) ®p, Py follows from

[MP19a, Proposition 3.1] and an argument similar to the one above.
O

Consider next the complex
WA =0— ["9x — VVIQ%/(logE) ®oy [fDx = - = Wwy(E) ®g, f*Px — 0.
We have that W) A®* = W|B®* ®g, Py x, where Py _,x = Oy Q¢-14, f~19x is the transfer

module. Note that when we see it as an 0y module, we simply write f*Zx.

L
Lemma 4.2. The complex Wi A® represents Wy, jwy (xE)®g, Py x in the derived category
of filtered right f~'Px-modules.
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Proof. Tt is enough to show that the elements W; B are acyclic with respect to —® 7y Dy x.-
For any k consider the following spectral sequence:

EY = Tor?Y (Tor?Y (Wi (log E), Dy ), Dy —x) = ToraY (WiQk (log E), f* )
[Wei94, Theorem 5.6.6]. As %y is a locally free Oy-module, then EY? = 0 for ¢ # 0.
Therefore,

TorY (Wi (log E) ®g, Py, Dy —x) = Torl¥ (Wi (log E), f*Zx) =0
for p # 0, where the last equality follows from the fact that f*Zx is locally free.

The map

L L
Rof*(WnJrle(*E) 7% “@Y—Uf) i Rof* (wY(*E) Oy ‘@Y_’X)
is precisely the morphism
HO f (Wyywy (+E)) = H° f1(wy (+E)) = wx (+D),

whose image is W, jwx (D). Moreover, the complex C,_, described above corresponds to

L
the F)_p(wy (xE) ®g, Py_x) using the identification

L
wy (*E) ®@gy, Py sx = B® ®g, Py x.
By strictness, there is an injective map
RUf.Cy < RVfLA® = wx (xD)
whose image is Fp_pwx (¥*D) = Ip(D) @ wx ((p+1)D) (see [MP19a, Sections 4, 9, and 12]).

Similarly, we define C’l',p_n by

0— f*Fp_n@X — WIQ%/(log E) ®ﬁy f*Fp—n—i-l@X — s = Wle(E) ®@7Y f*Fp@X —0
L
which corresponds to Fj_, (W wy (*F) ®g, Py x) under the identification
L
Whtwy (xE) @9, Dy x 2 W B® @9, Dyvx
given by Lemma 4.2.
Proposition 4.3. Using the notation above,
LY (D) ® wx((p+1)D) = im[R°f.C},_,, = R°fWA* — ROf,A® = wx (+D)].
Proof. By strictness, we have an injective map
Rf.CP, ., — R°fW,A®
whose image is F,—, HO f1 W, jwx (xD) (see for instance [MP19a, §4]). Taking the compo-

sition

RYf.CP, <= R fWA® — ROf.A® = wx(xD),
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and using strictness in the middle morphism (since it underlies a morphism of mixed Hodge
modules), the image corresponds to Fp_n Wy wx (xD) = I}V1(D) @ wx ((p+1)D). O

The description in Proposition 4.3 for I(I)/V '(D) coincides with the description in [Ola22,
Proposition 3|, since f,Wwy (E) = fwwy (E) is an inclusion. The complex C},_, also has
a simple description. Recall that by definition

Cri_p = Wy (log E) — Wiwy (E) ® f*F12x]
in degrees -1 and 0. Moreover, the map
QY Hlog B) — wy (E) ® f*F19x

is injective [MP19a, Lemma 3.4]. Using the fact that W;Qy *(log E) — Q% '(log F) and
Wiwwy (E) ®@ f*F12x — wy(F) ® f*F1Zx are injective (since F}Px is a locally free Ox-
module), we obtain that the differential in C’l"lfn is also an inclusion. Let Fj; be the
cokernel. This means that

I"(D) ® wx(2D) = im[f.Fi1 — wx(D)].

This map can be interpreted by using the complex C7_,,. Indeed, let F; be the cokernel of
the differential in C}_,,. We have an induced map F;; — Fi. Since f.JF1 = I1(D)®wx (2D),

I"(D) @ wx(2D) = im[f. Fi1 — fuFi).
Note that since weighted Hodge ideals were defined in terms of the Hodge and weight

filtrations of Ox (xD), the constructions presented in this section are independent of the
resolution of singularities.

5. Weighted Hodge ideals and V-filtration. Let X be a smooth variety and D be
an effective reduced divisor defined by the global equation f € Ox(X). The Hodge ideals
I,(D) can be described using the V-filtration of iy Ox, where i is the graph embedding
defined by f. Namely,

p p
(5.1) L(D) =< Qi) f" vy = Y wdlse Vi ox o,
j=0

J=0

where Q;(z) = Hg;& (x + 1), [MP20b, Theorem A’]. An equivalent description is obtained
using the following map:

7: Vi, O0x — Ox(xD)
given by

P P
i Vi
(S ats) -
i=0 i=0
The map 7! is a surjective morphism of Zx-modules, and
(5.2) 1,(D) ® Ox((p+ 1)D) = F,0x (+D) = r(Fpa Vi 0%),

IThe map 7 corresponds to 1 in the notation of [MP20a]. See §1 for the discussion about the reduced
case.
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see [MP20a, Proposition 5.4 and Lemma 5.1]. Moreover, the map 7 induces a map
7igry i Ox — Ox(xD)/0x.

Indeed, it is enough to see that 7(V>'i, 0x) C Ox. This follows from the fact that

Vi Ox = VT, 0x = t-V®iyOx, with a > 0, and that if j > 0, tud{6 = fud]d —

ju@tjflé, and tud = fud. For v = Z?:o v;015 € V>1i Ox, there exists u = Z?:o u;0]8 €

V% Ox such that, tu = v. Hence,

p . .
T(v) = 7(fuod + Y _(fu;0]6 — ju;0/16)) = uo,
Jj=1
as

fu u

Qj(l)ﬁ - ijﬂ(l)ﬁ =0

because Q;(1) = jQj—1(1).

The Zx-module gr%, i+ Ox underlies the mixed Hodge module 1 ;0x and its weight
filtration can be described in terms of the nilpotent operator t0;. In order to complete the
description in Theorem 5.6, we first need to show that the map 7 also preserves the weight
filtration.

Proposition 5.3. The map T sends the weight and Hodge pieces to the same image as the
map Tg, that underlies a morphism of mized Hodge modules

TH : wf,lﬂX(_l) — /H})(ﬁx)

Proof. The map T is surjective and using its description, we observe that its kernel is the
image of the map 9t — 1 on gr%/ i+ Ox. The same is true for the map 74, . Indeed, the
map 0it — 1 underlies the composition Var ocan on ¢y10x. As can : Y;10x — ¢510x is
surjective because i1 Ox has strict support (see for instance [Schl4, §11]), the cokernel of
Var o can coincides with the cokernel of

Var: ¢f,lﬁX — wf,lﬁX(_l)-

The cokernel of Var is isomorphic to D*Hli!Dﬁ 'x, where ip : D — X is the inclusion
[Sai90, Corollary 2.24]. Moreover, i p.H i, O is isomorphic to Hh(Cx) [Sai09, §2.2]. This
means that 7 and 75, could only differ by a Zy-automorphism of H1,(€x) and the result
is a consequence of Lemma 5.4. g

Lemma 5.4. A Zx-automorphism of H},(Ox) preserves the Hodge and weight filtration.

Proof. We can restrict to an open affine subset. Let X = Spec R where D is defined
by f € R, and ¢ an Zg-automorphism of Ry/R. Let m > 2, then Lp[fim] = [fc—%] for

some ¢g,, € R, since fmw[f%] = 0. Using that ¢ is Zg-linear, we see that for every

T € Derc(R), T(gm) € (f™1). This implies that around each smooth point of P € D,
using a regular system of parameters, we have an h such that A(P) # 0, and g,,, — g (P) €
f™ - Rp. Restricting the automorphism to the open set defined by h, we see that ¢p acts by
multiplying by a constant. This means that this constant doesn’t depend on m, and after
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restricting to double intersections, we see that this constant doesn’t depend on the point.
Let A be the constant. Since ¢ — A-Id is 0 on all the smooth points, ¢ = - Id everywhere.
In particular, ¢ preserves the Hodge and the weight filtration. O

We are very grateful to Mircea Mustata for suggesting the argument of Lemma 5.4.

Remark 5.5. A simpler proof of the Lemma was suggested by a referee. Using the
Riemann-Hilbert correspondence, and Verdier duality, it is enough to verify the conclu-
sion of the Lemma on the perverse sheaf Qp[n — 1]. We leave the original proof to have an
argument using only Z-modules.

A consequence of the result above, is that we can write a description of the weighted
Hodge ideals in a similar way to (5.1). Let W;V1i, Ox be the submodule of V'i, &x which
maps to Wy;_o gr%/ i+ Ox via the canonical projection.

Proposition 5.6. Using the notation abowve,
P ‘ P '
V(D) =Y Qi) fP vy + Y w0ls e WViy 0x
§=0 §=0

Proof. 1t follows from Proposition 5.3 that 7(F,4+1W;V%'iy Ox) = FyWy 1 Ox(xD) = [V(D)®
ﬁx((p + 1)D) ]

The result above can be simplified even more using the description of the weight filtration
of 1¢10x, and that is the statement of Theorem A.

Proof of Theorem A. First, we note that if v € V%i, Ox, then 7(t0;v) = 0. Indeed, let
v =" _v;0]0 € Vi Ox, then

p
t0ho = (fo, 0070 — (5 + 1)v;0),
=0
and
P fv; ) Ui
T(tOw) = Z (Qj—i—l(l)jw -+ 1)Qj(1)fj+1> =0.
=0

The weight filtration of 11 0x admits the following description for k > 0:
Wio14ktbr1 Ox = Y (t0)™ (ker (t0,)* ™)

m>0
(see [Sai94, 2.7] and for the monodromy filtration see e.g. [SZ85, Remark 2.3]). The only
piece that is not an image of (td;) is ker (t0;)**!. That means that the subset ker (t0;)" C
leluﬁx has the same image as mv1i+ﬁX via 7. O

Remark 5.7. Let (X, D) be a pair such that D has at most isolated weighted homogeneous
singularities. Theorem A gives a complete description of the weighted Hodge ideals using the
description of the V-filtration in [Sai09]. Using the notation above, in this case, (t9;)?u €
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V>Yi, Ox for allu € V%, Ox. For this reason, III,/V2 (D) = I,(D), for all p > 0. An argument
without the use of the V-filtration in the case of p = 0 is described in [Ola22, §10].

A direct application of Theorem A is that we can recover the following result proved in
[MP19a, Theorem C]. The proof we give differs from the one in [MP19a] and is also much
shorter.

Corollary 5.8. Let X be a smooth variety and D an effective reduced divisor. Then
I,(D) C adj(D)
forallp > 1.

Proof. Recall that adj(D) = Igvl (D) [Ola22, Theorem A]. Moreover, as I,(D) C I;(D)
[MP19a, Proposition 13.1], it is enough to prove that Iy(D) C Iy * (D).

Let u € I;(D). By (5.1), u = ug f+u1, where f is defining equation of D, and upd+u10;9 €

V%li_ Ox. We also have that
Vi Ox > (f —t)(uod + u10:6) = u 0,
and
8t(u16) = w1040 + upd — ugd € V>Oi+ﬁx.

Finally, as 6 € V>%,Ox, then ugfd = t(upd) € V>4'i  Ox C W1V'i, Ox. This means that
ugf6 +u1d € WiV%li O, hence ugf + u1 EIng(D). O

There is a relation between the minimal exponent of f and the weighted Hodge ideals.
Recall that if we denote bs(s) the Bernstein-Sato polynomial, and bs(s) the reduced one,

we call oy the negative of the largest root ofgf(s). Saito proved in [Sail6] that I,(D) = Ox
if and only if ay > p +1 (c.f. [MP20b, Corollary 6.1]). Moreover, this result also holds in
the case of Q-divisors, and it can be stated in the following form.

Lemma 5.9 ([MP20a, Lemma 1.2]). For an integer p and o € (0, 1],
Ny e VY% Ox & ay>p+a.
Using these ideas, we obtain the following result for the 1st weighted Hodge ideals.
Corollary 5.10. Using the notation above,
Igvl(D) = Ox if and only if oy > p+ 1.
Proof. Suppose first that ay > p+ 1. Then, by Lemma 5.9, 8V € V%i Ox. Moreover,

there exists a € (0,1] such that oy > p+1+a. Again, by Lemma 5.9, 8?“5 c W Vi, O,
and therefore, I)V1(D) = Ox.

Suppose now that Igvl(D) = Ox. Then, I,(D) = Ox, and in particular 8,99, ...,006 €
V%' Ox. Moreover, there exists v = >30_;v;0]6 € W1V'iy O such that 330_; Q;(1) fP /v,
1. Tt is enough to show that 06 € W1V1%i, Ox. Indeed, by Proposition 5.6 and the injectiv-
ity of t : g% i Ox — grl, i} Ox (see e.g. [Schl4, §11]), this means that 6%’“(5 e V¥, 0x
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with « € (0,1], and therefore, ay > p+ 1+ a > p+ 1. We argue by induction. Suppose
p = 0. Then v = vpd and by the second condition, vy = 1. Hence, § € W1V'i, Ox. By the
induction hypothesis, we assume now that 9fé € W1V%i, Ox for k=0,...,p—1. It follows
from the description of v that

p—1
Qp(Mvp =1 O Q;(1) 7 uy),
§=0
and then
p—1 p—1 A
v=005 — fOO Qi) ) aNs + Y v0)6.
=0 =0

The result follows if we show that f076 € W1V%'i Ox, and this is a consequence of f07§ =
t0,(8P10) + pdP o e WiVViy Ox.
[l

Remark 5.11. In general, we cannot obtain more information about the other p-weighted
Hodge ideals. In [Ola22, §13], the case of isolated log-canonical singularities, that are not
rational, is discussed. This case corresponds to ay = 1. By the discussion above, it is clear

that Iy(D) = Ox and that Ing (D) is not trivial. For [ =2,...,n— 1, there are examples of

f where the weighted multiplier ideals I(I)/V '(D) are trivial, and other examples where they
are non-trivial [Ish85, Theorem 5.2].

D. LOCAL STUDY

6. Measuring the difference between weighted Hodge ideals. There is a short exact
sequence that arises from the definition of the weight filtration on Ox (xD):

0 = Wini1-10x (xD) = Wy 410x (xD) — gy, Ox (*D) — 0.
Applying F},, we obtain the short exact sequence
(6.1)
0= 1, """ (D) @ Ox((p+1)D) = I, (D) & Ox((p + 1)D) = Fper)lyy Ox (+D) = 0.

When D has at most isolated singularities and [ > 2, grml Ox (xD) is supported on the
singular points. To simplify the notation, we use the following definition.

Definition 6.2. Suppose D has at most one isolated singularity x € D, and let i, : {x} —
X. For | > 2, we denote by H; the complex pure Hodge structure of weight n + [ such that

gryy Ox(+D) = (iz) 1 H;.

In order to describe the dimension of F),(i,)+H;, it is enough to describe the dimension

of Gr%_k H; for 0 < k < p. This is a consequence of the local description of the Hodge
filtration of (i,)+H;. Let x1,...,z, be a set of coordinates around the point x € X. We
have the following description of the pushforward of H; as a Z-module:

(6'3) (ix)+Hl = (Zx)*Hl Qc C[817 e 7an]a
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where 0; = 3’3 , and

(6.4) Fp(iCE)JrHl = @ (ix)*Fp—\ﬂ—nHl ® 9",

VEZEO

where 0¥ = 9" ---9un, |v| = v1 + ... + vy, and F,H; = F~*H;. Since the lowest degree of

n

the Hodge filtration of Ox (xD) is 0, and DR((iy)+H;) = (iz)«H;, that is, the push-forward
of the pure Hodge structure H; is a skyscraper sheaf, then the highest degree of the Hodge
filtration of Hj is n, in other words, F"*1H; = 0. Using this, we obtain, for instance, that

Folip) 4+ Hy = (ig) FMH, @ 1 = (i), Gr's Hy 1,

and
Fy (i) Hy = (ia)o F" " H @ 1 @ @D (i2)« F" H; © ;.
7

Since Fj(iy)+H; is a skyscraper sheaf, we denote by dim(F),(i,)+H;) the dimension of the
complex vector space J, that satisfies F),(i,)+H; = (iz)+Jp. From the discussion above, we
obtain that

dlm(Fo(Zm)_;,_Hl) = dlm(GI‘% Hl):
dim(Fy (iy)+ Hy) = dim(F" " H}) +ndim(Gr'y Hy) = dim(Gry ! Hy) + (n + 1) dim(Gr'y H)),

and in general

(6.5)
. . Poin—14k\ | etk L oy e~ (N —1+E

dim(F,(iz)+ H;) = Z f dim(F H)) = Zdun(GrF H) f

k=0 r=0 k=0

P

n+p—ry\ .. —
- nTH).
> (") Gy

[e=]

=

The dimension of Gr}f:k Hj is described in Theorem B.

Proof of Theorem B. We can and will assume that X is a projective variety. Indeed, there
is an open set around x which has a smooth projective compactification X. Let D be the
closure of D in X. Consider a log-resolution of (X \ x, D \ z) given by a sequence of blow
ups with centers over the singular locus of D ~ x. By blowing up the same sequence of
centers over X, we obtain a map X; — X. Let D; be the strict transform of D. By con-
struction, the map is an isomorphism over (X, D), and D; has only one isolated singularity
corresponding to x € D. We replace (X, D) with (X3, Dy).

First, we prove that these dimensions do not depend on the log-resolution of singularities
that is an isomorphism outside of {z}. Since for a pair of resolution of singularities one can
find a third one that dominates the two of them, it is enough to show that the dimensions
are equal if we have two resolutions of singularities g; : D1 — D and gs : Do — D such that



WEIGHTED HODGE IDEALS OF REDUCED DIVISORS 19

there is a morphism h : D1 — Do such that g1 = go o h. Let GG; C D; be the exceptional
divisor of g;. Consider the exact sequence of mixed Hodge structures

- = HYGy) = HY(Dy) — HY(Dy) ® H*(Go) — H¥(Gy) — - -
(see [PSO8, Proof of Theorem 6.15)). For [ > 3, applying HP"~!"P, we obtain that

HPM P (M2 (Gy)) 2 BP0 (H2(Gh).

For [ = 2, applying HP""P~2 and H" P~1P*1 and noting that h?"~P=2(D;) = k" P~LPHL(D;),
we obtain that
hp,n—p—Q(Hn—Q(Gl)) o hn—p—l,p—l—l(Hn(Gl)) — hp,n—p—Q(Hn—Q(Gz)) _ hn_p_l’p+1(Hn(G2)).

Let f : Y — X be a logresolution that is an isomorphism outside of z, and E :=
F71(D)yeq. This resolution defines a log-resolution of singularities g : D — D by restriction,
that is an isomorphism outside of z. We use the spectral sequence (1.3) for the constant
map from X to a point. In this case, it says

(6.6) E;" M = HO (X, DR(gr)l), Ox(+D))) = H{(U,C),
noting that DR(Ox (xD)) = Rj.Cy[n|, where j : U = X ~ D — X. We also have the

isomorphism
-n—Lq ~v W rrg—l
E" q:Grq HTY(U).
Consider the maps

El—n—l—l,n—i—l_>E1—n—l,n+l_>E1—n—l+1,n+l’

corresponding to
H(X,DR(gr)), 11 Ox(xD))) — HY(X,DR(gr),, Ox(*D))) — H' (X, DR(gr)),,_, Ox (xD))).
Moreover, the degeneration of the Hodge-to-de-Rham spectral sequence says that

(6.7) gl H'(X, DR(gr))}, Ox (D)) = H'(X, g, DR(gry)y, Ox(+D)))

(see for example [MP19a, Example 4.2]).

Consider first the case [ > 3. Noting that H(X, DR((i;) H;)) = 0 if i # 0 for [ > 2, we
obtain that
E;nfl,TH»l ~ Hl'

Applying grf’, 4p» Using (6.7), and the Es-degeneration of the spectral sequence, we obtain
that

gl By gl Hy = G P Hy = H PP (HM(U)) = HPP(HE(D))Y,

where the last isomoprhism follows from Poincaré duality (see [PS08, Theorem 6.23]). Using
the long exact sequence of the pair (X, D), we obtain that

HPP I (HE(U)) & HP R (HTY(D)),

as H"1(X) and H"(X) have pure Hodge structures. Finally, as g has {z} as discriminant,
we have a long exact sequence,

H" %(D) — H" %(G) - H" (D) — H" (D).
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As this is a sequence of mixed Hodge structures, we obtain
HPm o (L (D)) 2 B (HY ().
Consider now [ = 2. In this case, the maps
El—n—3,n+2 _ El—n—2,n+2 N El—n—l,n-i-Q . El—n,n-‘rQ
correspond to
0= Hy B HM(D)(=1) B H"2(X).
Indeed, the first two terms follow from the explanation above. The third term follows from

the fact that DR(gr)",; Ox (xD)) = ICp(—1), a Tate twist of the intersection complex of D

[Sai09, §2.2]. Furthermore, TH™(D) = H™(D) [GMS0, §6.1]. The last term in the complex,
follow as DR(gr)” Ox (*D)) = Cx[n]. From the short exact sequence

ker § — Gr’n ¥ Hy — im f3,
where 8 = grfnﬂ) B and v = grfn+p ~, we obtain that
dim(Grl, ¥ Hy) = dimker 8 + dimim j3

= WPPPTA(HL(U)) + kPP (H (D)

— hPPTPTR(X) + RPPTPTR(HETR(U) = RPTPTR(HETH(U)).
Indeed, this follows from the descriptions of Ey2t¥"*? for s = 0,1,2 and Poincaré duality.
More precisely, we have three short exact sequences

0 — HP" P 2(HM(U))* — Grlg P Hy — im 3 — 0,
0 — kery — Grin * H"™ (D) = im~ — 0,
0 — im~y — HP"P~2(X)* — HP" P 2(HP3(U))* — 0,

and also that Griy P By~ b2 =~ gen—p=2(gn=1(U))*. Using the long exact sequence
associated to the pair (X, D) to relate these three sequences, we obtain

dim(GrT}_p HQ) _ hn*pfl,erl(Hn(D)) _ hp,n*pr(an2(D)) 4 hp,n*pf2(Hn71(D)).
Finally, using that the map g has {z} as discriminant, we obtain that
dim(Grly P Hy) = WP P2(H"%(G)) — h" P~ HPHY (H™Y(@Q)).
]

Remark 6.8. In general, the term h" P~ 1P*1(H"(G)) might not be 0. Consider for in-

stance n = 4 and p = 1. In this case, h*2(H*(G)) = k where k is the number of irreducible

components of G. Using similar computations as above, we also see that
hp,nfp72(an2(G)) _ hnfpfl,p+1(Hn(G)) —_ hnfpfl,erl(Hn(D)) o hp,nfp72(flnf2(‘D))7

that is, the failure of Poincaré duality. Still, in the case p = 0, the term A"~ P~LPTL(H(G))
is always 0, as G is (n — 2)-dimensional (see [Ola22, Theorem B]).
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E. VANISHING THEOREMS

7. Ample divisors. Let X be a smooth projective variety of dimension n, and D an
ample divisor. Let U = X \ D. As U is smooth and affine, H*"(U) = 0 for i > 0 (see for
instance [Laz04, Theorem 3.1.1]). In this setting we have the following result.

Lemma 7.1. There is a short exact sequence
0 —H(X,DR(W,,4,0x (D)) — H'(X,DR(gr,, Ox (xD))) —
—H"*Y X, DR(W,,14—10x (xD))) — 0.
Proof. In [Ola22, Proof of Proposition 12.1], using the spectral sequences
E;" b = g l(X DR(grl, Ox (xD))) = H™Y(U, C)

and

By = HO (X, DR (gl Wa kO (£D))) = HE" (X, DR(Wy, 1 0x (D))
and noting that

Ey" M = Grl H7(U,C)
By "M gyl HO (X, DR(W,0x (D))

we obtained:

(a) For s > 1,

8iirios H' (X, DR(Wy41,Ox (+D))) = Grl oy H(U, C).
(b) For s > 1,
grmkﬂﬂ Hi(X7 DR(W;410x (xD))) = 0.
(c) Let
g1 H7H X, DR(gr) py1 Ox (xD))) — H'(X,DR(gr,), ), Ox (xD)))
corresponding to the map E| n—k-Litntk E; n=ki#n+k - Then we have the fol-
lowing short exact sequence:
0 — imay1 — groy o, H'(X,DR(W,41xOx (xD))) — Gr)Y, . H*™(U,C) — 0.
If i > 1, then
im a1 2 @l HY(X,DR(W, 48x (D)) = H(X, DR(Wy x8x (+D))).
Consider now the complex

—n—Il—1n+l+i X1 H—n—In+l+i @ —n—Il+1,n+l+1
E; S E] o :

As B, n-bntli 0, using the analysis above, we obtain a short exact sequence
0 — imag41 — H'(X,DR(gr,)}; Ox (xD))) — imay — 0,

and the result follows. O
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When p = 0, the result above is enough to obtain that
H'(X,wx(D) @ 1" (D)) = 0

for | > 2 and ¢ > 1. Indeed, as 0 is the lowest degree of the Hodge filtration on Ox (xD),
we have

H(X,wx (D) @ 1'(D)) = gr, H'(X, DR(Wy 1, 0x (+D))).
This is no longer the case when we consider grf’, +p for p > 1 instead. Nonetheless, following
the idea in [MP19a, Proof of Theorem F], we give conditions in Theorem C to obtain an
analogue vanishing theorem.

Proof of Theorem C. Since I;Kll(D) = Ox, we have the following short exact sequence

0= wx(pD) > wx((p+1)D)® I;VZ(D) —Swy ® grﬁ(WnHﬁx(*D)) — 0.

Using the long exact sequence of cohomologies and Kodaira-vanishing, we note that it is
enough to prove that

H'(X,wx ®gry (WnOx (xD))) = 0.
Consider now the complex
C* =g’ , DR(Wypi Ox (+D)).
The complex C* can be identified with the complex
[Q}—p ® Ox(D) = Ay "' @ Op(2D) = -+ = Q%' ® Op(pD) — wx ® grl (War1Ox (xD))

concentrated in degrees —p to 0, since FoW,,1;0x (*D) = Ox (D) and gri W, 1,0x (xD) =
Op((k+1)D) for k < p—1 (see §1 for the definition of grg DR).

Suppose now that D has at most isolated singularities. By Lemma 7.1, we obtain that
H (X, DR(W,10x (xD))) = 0
for ¢ > 1 and [ > 2. In particular, this means that
H'(X,C*) =0

for the same indices, by the Hodge-to-de-Rham degeneration. Next, we use the exact
sequence

EPY = HI(X, C?) = HPHI(X, C").
Note that
E?,q = HY(X,wx ® grg(Wn.;.lﬁX(*D)))'
Since
El—l,q = HY(X, Q%' ® 0p(pD)),

then E| ba— o if g > 2 by Nakano vanishing. Moreover, F| th—yo by our hypothesis.
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We continue with a similar analysis in the higher pages of the spectral sequence. More
precisely, we show that the hypothesis implies that E, "=l — 0 for all r > 2. Note that
this is enough to complete the proof. Indeed, if this is the case, we obtain that

E%! = HY(X,wx ® gry (WyOx(xD))) =0
for ¢ > 1, where the last equality follows from the established equality with C*®.

To complete the proof, note that
El—r,q—l—r—l -0

for » > p. Indeed, this is clear for the strict inequality by the degrees on which C* is
concentrated, and
—p, + —1 —1 —
EPrP = grrm i (X QY P @ Ox(D)).
If ¢ > 2, then this spaces vanishes by Nakano vanishing, and if ¢ = 1, it vanishes by our
assumption. Finally, for r < p — 1, we have

B = g N X, QYT @ Op((p+ 1 — 7)D)).
This space fits the a long exact sequence
= H U (X Q% ((p+ 1= r)D)) = By = HVY(X, Q7 ((p - 7)D)).

If ¢ > 2, then the two other terms vanish by Nakano vanishing, and if ¢ = 1, they vanish
by the assumption. O

Remark 7.2. This result does not hold in general for [ =1 (see [Ola22, Remark 9]).

8. Kodaira-type vanishing. Using a similar idea to the one in the proof of Theorem C,
we obtain a vanishing theorem for weighted Hodge ideals. This is the analogue result to
[MP19a, Theorem F].

Proposition 8.1. Let X be a smooth projective variety of dimension n, and D a reduced
effective divisor. Let L be a line bundle such that L(kD) is ample for 0 < k < p, and
assume Ig‘fl(D) is trivial. Then

(1) For!l>1 andi > 2,
H'(X,wx((p+1)D)® L® I,)(D)) = 0.
(2) If H(X. Q57 @ L((p — j + 1)D)) = 0 for all 1 < j < p, then
HY(X,wx((p+1)D)® L® I)"|(D)) =0
forl>1.
Proof. Since I;:Kll(D) = Ox, we have the following short exact sequence
0= wxy ®L(pD) »wx ®@L(p+1)D) ® I;VZ(D) - wx L ® grg(WnHﬁX(*D)) — 0.
By Kodaira-vanishing, it is enough to prove

H(X,wux®L® grg(Wn+lﬁX(*D))) =0.
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We have that

H'(X,L ®gr", ,, DR(W,4,0x (D)) =0

fori > 1 and [ > 1 as a consequence of a vanishing result by Saito [Sai90, Proposition 2.33].
To complete the proof, we use the same spectral sequence as in the proof of Theorem C. [

9. Applications. In this section, we combine the local study and the vanishing results.
To obtain applications, we use the vanishing theorems of the previous sections. A class
varieties where the vanishing condition in Theorem C and Proposition 8.1 is satisfied, is
toric varieties. In this case, the Bott-Danilov-Steenbrink vanishing theorem says that if A
is an ample line bundle on the toric variety X, then

H(X,Q;®A) =0

for j > 0 and i > 1 (see e.g. [Mus02, Theorem 2.4]). For the applications, we discuss the
case of X = P". We start with the proof of Corollary D.

Proof of Corollary D. Consider the exact sequence
0 — Opn (k) ® I)V/(D) — Opn(k) — Oz, ,(k) — 0.
The result follows from passing to cohomology and applying Theorem C. O

9.1. Isolated p-log-canonical singularities. Suppose the pair (X, D) is p-log-canonical, and
has at most isolated singularities. If p = 0, the pair is log-canonical and in this case, Igv YD)
is the maximal ideal at each isolated singularity that is not rational, by a result of Ishii
(see [Ola22, §5.3]). For simplicity, let © € D be the only singularity and i : {z} — X
the inclusion, and suppose that it is log-canonical singularity and not rational. The result
above means that if we denote

i»H; = DR(gr),, Ox (D))

for I > 2, there exists exactly one degree I such that dim(gr”, H;) = 1, and the rest are
0. In this case, using [Ola22, Theorem B], we say that the singularity is of type (0,n — 1)
[Ish85, Definition 4.1]. There is a similar picture for the cases p > 1 we describe next.

Non-rational log-canonical singularities correspond to the case where the minimal expo-
nent at the singularity is 1. We then consider singularities with minimal exponent p + 1,
in which case I,(D) = Ox and 1}'(D) is non-trivial by Corollary 5.10. These singularities
generalize the example of non-rational log-canonical singularities in the following sense.

Proposition 9.1. Suppose D has at most one isolated singularity v € D, and ap = p+ 1.
Then,

W
I (D) = my,

the mazimal ideal of x in X.

Proof. Suppose that D is defined by f € @x. Recall from the proof of Corollary 5.10, that
as ay =p+1, then §,9,6,...,076 € Vle. Moreover, we also know that d, 0;9, ... ,8%’_15 €
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W1V1Bf. It is then enough to show that gdf'd € lele if and only if g € my. As D has
an isolated singularity, we have that

grf,7 gryy By is annihilated by m,

for a < 1 [DS12, 4.11.1].

We also know that 076 € V1B~ W1V By, and this means that s e VOB~ V>0B;.

p+1
at

In particular, the class of 0 in Grff gl B ¢ is not zero. Using the result above, for any

g € my, the class of g@fH(S in Grg gr(‘), By is zero. This means that g@f“é € V>OBf,
and equivalently, 876 € W1V'B 7. Using the description of Theorem A, we obtain that
g € IZYV 1(D) for any g € m,, and we know that the ideal is not trivial, hence we have an
equality. O

In other words, if D has one isolated singularity x € D, and ap = p + 1, then

Zdim(Gr;;_p H) =1
1>2

by Theorem B, that is, there is exactly one [ > 2 such that
dim(Gr'’y " H)) =1,
and the rest are 0. Moreover, by the same result, 3 ), dim(Gry " H;) =1, for 0 <r < p—1.

Remark 9.2. Friedman and Laza have studied related invariants of singularities in similar
conditions in [FL22, Theorem 6.11 and Corollary 6.14].

Definition 9.3. Let x € D be an isolated singularity such that ap, = p + 1, that is an
isolated p-log-canonical that is not p-rational. Let [ be the degree such that dim(GrT}_p H)) =
1. Then, we say that the singularity is of type (p,n — [ — p).

Remark 9.4. i) Definition 9.3 is analogous to the definition of isolated log-canonical
singularities of type (0, s) [Ish85, Definition 4.1], when = € D is an isolated singu-
larity and D is a hypersurface of a smooth variety.

ii) Ishii defined these singularities more generally for normal isolated 1-Gorenstein log-
canonical singularities. It is an open question how to generalize this definition for
non-hypersurface singularities.

iii) The possible types are (p,p), (p,p+1),...(p,n—2—p). This is a consequence of the
fact that the nilpotency order of the vanishing cohomology is bounded by Briancon-
Skoda exponent [Sch80, Main Theorem]. This nilpotency order gives a bound for
the nilpotency order of (8;t) on gr), By, which in turn gives a bound for the order
of (t9;) on gr{, By. The Briangon-Skoda exponent is bounded by n —2p — 1 (see for
instance [JKSY22a]), which means that n — 1 —p > p.

Example 9.5. Suppose that f € C[zy,...,z,] is a polynomial with an isolated singularity
at the origin, and a non-degenerate Newton boundary. Let 'y (f) = I the Newton polyhe-
dron of f, T'(f) the union of the compact faces of I'; (f), and F the set of compact facets.
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For each F' € F, there is a unique vector Br € (Q>¢)" such that (A, Bp) = 1forall A € F.
For every monomial ¥, we define

ﬁF('TV) = <V+ 1’BF>’
where 1 = (1,...,1), and for any g € 0, g = 3. gaz?,

pr(g) = min{pp(z?) : ga #0}.
Finally, we define
pg) = min{pr(g) : F e F}.

In this case, the minimal exponent is p(1).

Suppose &y = p + 1, which implies that 9}6 € V%i, Ox. Using the description of the
microlocal V-filtration (see [Sai94, Proposition 3.2]), we see that if

r=#{FeF : pr(1)=p(1)},
then (t0;) 107§ € V>1i  Ox, or equivalently,
W
Le L,/ (D).

In general, 7 + 1 is not the degree with Grlz ¥ H; # 0.

i) Weighted homogeneous singularities with &y = p+1 are examples of singularities of type
(p,n—2—p) (see Remark 5.7). Isolated singularities with non-degenerate Newton boundary
give examples for different degrees of I. For instance, f = 2% +19% + 22 +u’w? +u* +w® € C°
satisfies that ay = 2, and r = 2, using the notation above. We can also verify that
(t0)%0:6 ¢ V>4liyOx, since w935 € VO \ V>0, Indeed, this follows from the fact that
w® ¢ J(f), where J(f) is the Jacobian ideal, and [JKSY22b, Proposition 1.3]. Therefore,
this singularity is of type (1,1).

ii) Let A be the compact face that contains %1 in its relative interior, and let s = dim Ag.
Assume also that the Newton polyhedron is simplicial. The number r defined above satisfies
that s =n —r. Let [ be the degree such that Grly ” H; #0. Then [ <r+1=n—s+1,if
s>0,and [ <niss=0.

iii) If p = 0, the previous inequalities are equalities (without the simplicial assumption) by
a result of Watanabe that says that the singularities are log-canonical of type (0,s — 1) if
s> 0, and (0,0) if s = 0, which is equivalent to the equalities [Wat87, Corollary 3.14].

Using Proposition 9.1 and the vanishing results, we obtain a bound on the number of
these singularities in a hypersurface of P".

Corollary 9.6. Let D be a reduced hypersurface of P of degree d with at most isolated
singularities. Assume that the pair (P, D) is strictly p-log-canonical, that is, ap = p + 1.
Let Z be the union of the strictly p-log-canonical singular points of D and Zo the union of
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those of type (p,p),...,(p,n —3 —p). Then,
Hd—1
n

27 < <(ptll)d>_

Proof. By Proposition 9.1, the scheme Z is defined by the ideal II‘;V {(D). Therefore, the
result follows from Corollary D.

and

0

F. RESTRICTION THEOREM

Let (M, F) be a filtered right Z-module underlying a mixed Hodge module M on X.
Let H C X be a smooth hypersurface and ¢ : H < X the inclusion. In this section, we
change the notation of the V-filtration by Vj, = V~F, which is the notation used in [MP18].
There exists a canonical morphism

(9.7) grg M5 gty Mg, Ox(H)
satisfying
HO%' M = ker(0) and  H'i'M = coker(o)

with the filtrations induced by the filtrations on M (see [MP18, §2]). Moreover, on an open
set U C X where H is given by a local equation ¢, this map corresponds to

Var = -t: grg/\/l — gV, M

between the vanishing and nearby cycles along H.

In the proof of [MP18, Theorem A] the authors defined for all & a morphism
(9.8) FHY M = FoM @4, O (H).

First, we define a morphism

FV_iM
FkV<_1M

such that for u € F,V_1 M, n(u) is the class of u in FyM ®4, Op. This map is well defined,
as on an open set U where H is defined by an equation ¢, the V-filtration satisfies

(FkVaM) t=FpVo 1M for a <0,

n: Fy gr‘fl M= — Iy M ®py O

and FpM -t maps to 0 in FyM ®4, Og. The map 7 induces a map on FpHYW' M. In-
deed, since locally o is right multiplication by ¢, the image of ¢ is mapped to 0 by n® Ox (H).
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Proof of Theorem E. Let M = W, yjwx (D). For every k we have the canonical morphism
(9.8):
EHY M = FuM @p, Op(H).
Note that the sheaf
FnM @4y Oy(H) = L'(D) @ wx((k +1)D) ® Oy(H) = 1,"'(D) @ wir((k +1)Dp).

Consider the short exact sequence
0> M — wx(xD)—C—0.
Applying the functor ' and taking cohomology we obtain an exact sequence
0 — HY%'C — HY'M — HYi'wx (D) — HY'C — 0,

as Hi'wx (*D) =0. Asgr’¥ C=0fori<n+1+1,

gV HY%'C=0 fori<n4l+1,
and

gV HY'C=0 fori<n+l+2
by [Sai90, Proposition 2.26]. Therefore, we obtain a short exact sequence

0 — W1 HY'C — Wi HY' M — W H ' wx (D) — 0.
Note that as
Ext! (Wy i1 M it wx (+D), Wy 1131 H%'C) = 0
(see [Schl4, §23]), there is a split map
(9.9) Wi H ' wx (D) = Wy HY' M.
The source of this maps admits the following interpretation:
Wi MY wx (D) = W, _y qwp (+Dyp).

Indeed,
H''wx (xD) = wy (xDg ) (—1)
[MP18, Proof of Theorem A].

Taking the corresponding piece of the Hodge filtration in (9.9) and composing it with
(9.8), we obtain a morphism

W Hli'ox (xD) = FuM ®4, O (H).
Using the morphism above and switching k to kK — n, we obtain a map
Frnt1Wo11wn (+Dpr) = I/ (Dr) @ w((k + 1)Dyr) — L' (D) @ wi((k + 1) D),

and hence
" (Dy) — 1'Y(D) ® Oy.
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Composing this map with IZVZ(D) QRO — IIZVZ(D) - Oy, we obtain a morphism
(9.10) 1" (Dy) — 1'Y(D) - Oy.

By construction, this map is compatible with restriction to open sets. Let V= H \ Dy be
the complement. When restricted to V, this map is the identity on &y, and therefore it is
an inclusion.

For the last statement, we note that a general H is in particular non-characteristic with
respect to wx (xD). By the description of the V-filtration in this case [Sai88, Lemma 3.5.6],
the map o is the zero map, and therefore (9.8) is a surjection. Moreover, in this case

HY'M = HY' W, qwx (xD) = Wy HYi'wx (xD)

where the first equality is the definition of M and the isomorphism is a result of Saito
[Sai90, Lemma 2.25]. Hence, in this case (9.10) is an isomorphism. O

Remark 9.11. A similar result can be obtained when H is an intersection of several general
hyperplane sections. For more details, see [Ola22, Remark 12].
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