A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS
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ABSTRACT. We study a natural Hodge theoretic generalization of rational (or Q-)homology manifolds
through an invariant HRH(Z) where Z is a complex algebraic variety. The defining property of
this notion encodes the difference between higher Du Bois and higher rational singularities for local
complete intersections, which are two classes of singularities that have recently gained much attention.

We show that HRH(Z) can be characterized when the variety Z is embedded into a smooth variety
using the local cohomology mixed Hodge modules. Near a point, this is also characterized by the
local cohomology of Z at the point, and hence, by the cohomology of the link. We give an application
to partial Poincaré duality.

In the case of local complete intersection subvarieties, we relate HRH(Z) to various invariants. In
the hypersurface case it turns out that HRH(Z) can be completely characterized by these invariants.
However for higher codimension subvarieties, the behavior is rather subtle, and in this case we relate
HRH(Z) to these invariants through inequalities and give some conditions on when equality holds.
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A. INTRODUCTION

The cohomology of a compact, oriented real manifold X of dimension 2n satisfies the following
incredible symmetry, called Poincaré duality:

H" F(X,Q) = H"*(X,Q)Y,

where the right hand side is the dual vector space.

In the non-compact setting, such a duality still holds, but it compares singular cohomology with
compactly supported cohomology:

Hn_k(X, Q) o~ ng—i—k(X’ Q)\/

The above applies to smooth complex algebraic varieties of dimension n. For singular varieties (in
this paper, meaning reduced, finite type schemes over C), the duality need not hold for singular co-
homology of the associated analytic space. Goresky-MacPherson’s theory of intersection cohomology
provides a replacement of singular cohomology which still admits a Poincaré duality isomorphism.
This theory associates to any purely d-dimensional complex variety Z a pair of graded vector spaces
IH*(Z,Q) and IH?(Z,Q) (which, in the smooth case agree with the singular cohomology and com-
pactly supported cohomology, respectively), such that there are natural isomorphisms

IHY%(Z,Q) 2 THIT*(Z,Q)".

As in [BBD82], these vector spaces can be realized as the hypercohomology of the intersection
complex perverse sheaf, which is self-dual as a perverse sheaf.

One of the many achievements of Saito’s theory of mixed Hodge modules [Sai88,Said0] is that it
endows these intersection cohomology spaces with natural mixed Hodge structures. The important
aspects of this theory will be reviewed in Section B below.

Let Z be a purely d-dimensional complex algebraic variety. In §3, we explain the construction of
a natural morphism in D*(MHM(Z)) (due to Saito [Sai90, (4.5.12)]):

vz: Q7 [d] — Dz(Q7[d])(~d),
which is a sheaf-theoretic incarnation of the Poincaré duality morphism.
By applying the associated graded de Rham functor Grf »DR(—) to the morphism ¢z, we obtain
morphisms in D°, (07):

¢ QY — Dy (QF )[—d),

where Q7 is the p-th Du Bois complex of Z and Dy = RHomg,(—,wy) is the Grothendieck duality
functor. We review the Du Bois complexes in Section B below. For now, these should be thought of
as replacements of the sheaf of Kahler differentials which are better behaved from a Hodge theoretic
point of view.

Definition 0.1. Let Z be a pure d-dimensional variety. We say Z is a rational homology manifold
to Hodge degree k, or k-Hodge rational homology variety if ¢P is a quasi-isomorphism for 0 < p < k.

Further, define the HRH level of Z to be
HRH(Z) := sup{k € Z>¢ | ¢* is a quasi-isomorphism for 0 < p < k}

where we follow the convention that HRH(Z) = —1 if ¢" is not a quasi-isomorphism.
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We will see in the sequel that HRH(Z) = +o0 if and only if Z is a rational homology manifold
(sometimes called rationally smooth in the literature). By duality, we have equality D(¢P) = ¢%P,
hence we have the upper bound

HRH(Z) < +o0 <= HRH(Z) <

N

(see Theorem G or Remark 4.8 (4)(c) for a better bound).

It turns out that if Z has rational singularities then HRH(Z) > 0 (see Remark 4.8 (3) for a more
general statement). However, we note that there are varieties with HRH(Z) > 0 whose singularities
are not even Du Bois, see Example 13.9 (2).

As the reader might have guessed from the above discussions, we have partial Poincaré duality for
k-Hodge rational homology varieties (see Theorem 7.2 for a more elaborate formulation). Throughout
the article, a variety Z is embeddable if there exists a closed embedding i: Z — X with X a smooth
variety.

Theorem A. Let Z be an embeddable complex algebraic variety with HRH(Z) > k. Then for all
i € 7, we have isomorphisms ' '
Fd—kHd—Z(Z) ~ F_ngH_’L(Z)V.

Remark 0.2. This notion is different from another weakening of Poincaré duality, due to Kato
[Kat77]. Indeed, the notion we study is related to which Hodge filtered pieces are Poincaré dual to
each other (in all cohomological degrees), whereas Kato’s notion is asking for which cohomological
degrees Poincaré duality holds (in all Hodge levels).

The notion of k-Hodge rational homology varieties is also studied in the recent article [PP24]
through an equivalent defining property that is phrased as “(x)g-condition” (see Remark 5.2 for the
equivalence of (*)g-condition with HRH(Z) > k), and important consequences, such as symmetry of
Hodge-Du Bois numbers and Lefschetz properties are discussed in detail. However, in this paper we
will take a different point of view, and will mainly be concerned with characterizations of HRH level
via various singularity invariants.

HRH level via local cohomology in the embedded case. Our main results focus on the case
when i: Z — X is an embedding of a singular variety Z in a smooth variety X. In this setting, our
first result relates these notions to the local cohomology mixzed Hodge modules of Ox along Z.

Local cohomology modules have been recently studied [MP22, CDMO24, CDM22] from a Hodge
theoretic perspective due to their relation to the classes of higher Du Bois and higher rational
singularities (see Definition 3.2 below).

Let (H]Z(ﬁ x ), F, W) be the bi-filtered local cohomology Zx-module. These are potentially non-
zero only for j > codimx(Z). In what follows, we will be indexing the Hodge filtration following
conventions for right Z-modules.

Theorem B. Let i: Z — X be a closed embedding of a pure c-codimensional variety Z inside a
smooth variety X of dimension n. Then HRH(Z) > k if and only if

Fy oM, (Ox) =0 for all j > ¢ and Fy_ Wiy HE(Ox) = Fr_nH5(Ox).
In the hypersurface case, the above result immediately shows that HRH(Z) can be detected using

weighted Hodge ideals introduced in [Ola23] (see Corollary 5.4). Moreover, when Z C X is a complete
intersection variety of pure codimension ¢, this condition resembles the one in the main theorem of
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[CDM22]. This similarity reflects the fact that the invariant HRH(Z) differentiates the notions of
k-Du Bois and k-rational singularities (see Remark 4.8 below). For this reason, we expect this should
be satisfied by a further iteration of the definitions of higher Du Bois and higher rational singularities.
Furthermore, higher rational singularities yield a lower bound for the invariant HRH(Z). In fact, if
a normal variety Z is pre-k-rational —a weakening of the k-rational condition— then HRH(Z) > k
(see Remark 3.4 and Remark 4.8).

Applying Theorem B to a result of Mustata-Popa [MP22, Thm. C], we get the following. In the
statement, the “Ext” filtration E4H%,(Ox) is defined using the Ext description of local cohomology:

MY (Ox) = lim Ext?(Ox /TG, O%),
p

where J is the ideal sheaf of Z in X, and the filtration is defined by
EJHY(O0x) =Im [Ext!(Ox | Ty, Ox) — HL(Ox)] .

Corollary C. If Z C X 1is a closed embedding of a pure c-codimensional Cohen-Macaulay variety
Z inside a smooth variety X of dimension n, then

Z has rational singularities if and only if F_ Wy HG(Ox) = EgHS(Ox).

HRH level via local cohomology at points and link invariants. We can also study the
invariant HRH(Z) near x € Z in terms of the local cohomology fo}(Z ). It is well-known that Z is

a rational homology manifold if and only if for every x € Z, we have

0 i< 2d,

(03) Hiy(2) = {Q o

It turns out that the condition HRH(Z) > k is indeed the natural generalization of (0.3).

Theorem D. Let Z be a purely d-dimensional variety. Then for any k > 0, we have HRH(Z) > k
if and only if for every x € Z, we have

0 i< 2d,

Fi-aHi,y(2) = {@ i=2d

A slightly extended version of the above is proven in Theorem 6.5, which can also be related to
the link invariants (77 as defined in [FL24a]. We review the definition of the cohomology of the link
L, of Z at = in §6 (following [DS90]), and the definition of the link invariants in (6.7). Recall that
the local cohomological defect of Z is defined by

ledef(Z) := max{J | chﬂ(ﬁx) # 0,i: Z — X codimension ¢ embedding, X is smooth}
It turns out that the above description does not depend on choice of the embedding, and in fact
ledef(Z) = max{j | H~7(QF[d]) # 0}.

This notion admits a local version ledef,(Z) = min,ecpczledef(U) for any point z € Z, where the
minimum runs over all Zariski open neighborhoods of x in Z. We obtain the following generalization
of [FL24a, Thm. 1.15(i)] via this invariant.
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Theorem E. Let Z be a purely d-dimensional variety and let x € Z be an isolated singular point.
Let a =lcdef,(Z). Then for any k > 0, we have HRH,(Z) > k if and only if

(0.4) (A=ia=dti — <k, q€[d,d+ d
' Ed*i,d*lJri =0 1<i< k '
Thus, Z has k-rational singularities near x if and only if it has k-Du Bois singularities near x
and the vanishing (0.4) holds.

It is worth mentioning here that there is a result of Brion [Bri99, Prop. Al] which states that if
Z is a rational homology manifold near x, then it is irreducible near z. In fact, using a bound on
the local cohomological defect due to [PP24], we conclude the following (compare with the fact that
if Z has rational singularities near z, then it is normal, hence irreducible, near x):

Theorem F. Let Z be a purely d-dimensional variety and let x € Z. If HRH,(Z) > 0, then

dim H*~7(L,) = dim H}47(Z) = L =0 .
v 0 0<(¢<2HRH,(Z)+1

In particular, if HRH,(Z) > 0, then Z is irreducible at x.

We also introduce a “generic variant” of the invariant ledef(Z) in §5 that we call ledefgen(Z) (see
Definition 8.1). It is a non-negative integer satisfying the inequality

(0.5) ledefgen (Z) < ledef(Z)

(equality holds in the case of isolated singularities, but strict inequality is also possible in the above,
see §14 for explicit examples). In [PP24], it has been proven that the codimension of the locus Zyrs
where Z is not a rational homology manifold is bounded below by 2HRH(Z) + 3 (here nRS stands
for non-rationally smooth). We obtain the following improvement of this bound via lcdefgen (Z).

Theorem G. Let Z be a purely d-dimensional variety with HRH(Z) > 0. Then we have the inequality
ledefgen(Z) + 2HRH(Z) 4 3 < codimy(Zugs).-

A more elaborate version of the above is proven in Proposition 8.5. There are instances when
equality holds (see the examples in §14, Example 15.1, Example 15.2), however strict inequality also
occurs (Example 15.3).

HRH level via integer invariants in the LCI case. For the remainder of the introduction,
we fix an embedding i: Z — X as a complete intersection subvariety of pure codimension r with
dim(X) = n. Moreover, we fix fi,...,f, € Ox(X) such that Z = V(f1,..., fr). In this setting,
there are various singularity invariants of Z defined through Z-module and mixed Hodge module
theory, and our results compare these invariants. We will not mention the precise definitions in this
introduction.

It is illustrative to first discuss hypersurface singularities. In this case, the complete picture can
be understood with the well-known properties of the V-filtration (reviewed in §2 below). This is
discussed in §9 and should motivate the definitions in the local complete intersection case, as we try
to generalize the following initial result. Recall that for any object A with bounded below filtration
F A, we let

p(A,F) = min{p| F,A # 0},
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In the theorem statement, By is the Hodge module push-forward of the trivial Hodge module
Q¥ [dim X] along the graph embedding I': X — X x Al

Theorem H. Let Z be a hypersurface in an n-dimensional smooth variety X defined by f. Then,
HRH(Z) > k — 1 <= F},_, Gr},(By) = 0.
In particular, HRH(Z) = p(G1{,(By)) + n — 2.

The central construction we use to study local complete intersections is the unipotent Verdier
specialization of Ox along Z. This is a monodromic mixed Hodge module Sp,(0x)% on X x A’
which sits in a short exact sequence

0 — ,QY, ur[n] = Sp4(Ox)% — Q% — 0,

where the left-hand side is the trivial Hodge module on Z x A” and the module Q% is defined through
this short exact sequence, though it was observed in [Dir23] that it is related to another important
construction we will see below.

The first integer invariant we consider is p(Q%, F'), where F is the Hodge filtration on the underlying
Z-module of Q. In the hypersurface case, we have p(Q%, F) = p(¢f1(0x), F) — 1. Up to a shift,
p(pr1(Ox), F) is the invariant a™™¢( f) defined in [JKSY?22].

The module Q% is related to the integral spectrum of Z at x € Z, defined by [DMS11]. We let
SPiin z(Z, ) denote the smallest non-zero element of the integral spectrum of Z at x. In [JKSY22],
it was noted that in the isolated hypersurface singularities case, @™ (f) = Sp,;, 7(Z, x). We give
another proof of this below (see Remark 11.7).

The main result about this level is the following and is proved in Proposition 11.1 and Proposi-
tion 11.4.

Theorem I. Let x € Z be a point in a local complete intersection subvariety of the smooth variety
X. Then we have the following inequalities:

(1) p(Q*, F) +n —1 < HRH(Z).
(2) p(Q%, F) +n+1< Spyinz(Z, ).

Note that in the hypersurface case, we always have p(Q%, F) +n — 1 = HRH(Z). Furthermore, in
the isolated hypersurface singularities case, we have p(Q%, F) + n + 1 = Sp,i, 2(Z, x). For isolated
local complete intersections, we partially recover the second equality (see Corollary 9.1).

Theorem J. Let Z be a variety that is locally a complete intersection that has an isolated singularity
at x € Z. Then,
HRH(Z) > Spmin,Z(va) —2.

It is clear from Theorem I that Q% = 0 implies Z is a rational homology manifold and that
SPmminz(Z, x) = +oo for all z € Z. However, this condition is too strong to be equivalent to rational
smoothness of Z, as we see in Example 16.2 below. We can characterize the vanishing of Q%, as we
explain now.

In [Mus22, CDMO24], singularities of f1,..., f, € Ox(X) are related to those of the general linear
combination hypersurface g = Y i_; yifi defined on Y = X x A}, Let U = Y \ (X x {0}). The
hypersurface defined by ¢|y is used in [CDMO24, CDM22, Dir23] to study higher singularities of Z.
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We have the following characterization of the vanishing of Q% in terms of the rational smoothness of
V(glr) € U. We use the notation HRH(V (¢|r7)) = HRH(¢|v), and we let

az(glv) = min{j € Z | by, (—) = 0},

olu (s)/(s+ 1) is the reduced Bernstein-Sato polynomial of g|.

where (s)="»b

glu

Theorem K. In the notation above, we have
QL =0 < V(gly) is a rational homology manifold <= Pqlu1(OU) = 0.

Moreover, we have inequalities

(1) az(glv) < p(Q% F)+n+r,
(2) az(gly) —r —1 <HRH(Z),
(3) HRH(g|yy) — r + 1 < HRH(Z).

These results are a consequence of a more precise statement involving an invariant of the Hodge
filtration of Q%, or more precisely, of its monodromic pieces (see Remark 11.11).

The tuple fi,..., fr has a Bernstein-Sato polynomial b¢(s) which is divisible by (s + r) in this
case, and so we can consider the reduced Bernstein-Sato polynomial bg(s) = by(s)/(s 4 r). Define

dz(Z) = min{j € Z | by(—j) = 0},

and conventionally set az(Z) = +o0 if there are no integer roots of gf(s). For z € Z, there are also
local notions: by .(s) = ged, ey (byp, (5)) and az . (f) = mingey az(fly), where U varies over Zariski
open neighborhoods of x. Regarding these invariants, we have the following:

Corollary L. If Z is a hypersurface or has rational singularities, then

(1) az(Z) < p(Q%, F) +n+r,
(2) az(Z) —r —1 < HRH(Z),
(8) azo(Z) —r+1 < Sppinz(Z, ).

If Z is a hypersurface, then az(Z) = +oo if and only if Z is a rational homology manifold. If
Z has higher codimension, but has rational singularities, then az(Z) = 400 implies Z is a rational
homology manifold.

In fact, we show a more precise statement, but it becomes rather technical and is discussed at the
end of Section D below. We remark that even in the isolated hypersurface singularities case, it is
possible to have strict inequality

&ZJ(Z) < Spmin,Z(Zax))
see [JKSY22, Rmk 3.4d]. Moreover, the converse to the last statement of the corollary is not true
(Example 16.2).

Outline. Section B contains a review of the theory of mixed Hodge modules, the Specialization
construction, the definition of the spectrum, and the definition of higher Du Bois and higher rational
singularities.

Section C defines and studies the invariant HRH(Z). The proofs of Theorem B, Corollary C, and
Theorem G (= Proposition 8.5) are given in §5. In the following §6, Theorem D (= Theorem 6.5),
Theorem E, and Theorem F are proven. Moreover, an application to partial Poincaré duality on
singular cohomology is given in §7 where we prove Theorem A (= Theorem 7.2). The following §8
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contains a proof of Theorem G (= Proposition 8.5), the main observation being that lcdef;(Z) is
invariant under taking normal slices. The end of that section highlights some interesting behavior
with references to the examples in §14.

Section D studies the integer invariants HRH(Z), Spyin z(Z, ), az(Z) and p(Q%, F) when Z =
V(f1,--., fr) € X is defined by a regular sequence. The invariant HRH(Z) is characterized via
the V-filtration and Theorem H is proven in §9. We prove Theorem I (= Proposition 11.1 and
Proposition 11.4), Theorem K, and Corollary L in §11. The proof of Theorem J is contained in §12.

Section E provides examples of various features. Here we compute the Hodge rational homology
levels of affine cones, determinantal varieties and other natural classes of examples. We also provide
an example of a variety with Q% # 0 but which is a rational homology manifold. Moreover, the case
of varieties with k-liminal singularities (those which are k-Du Bois but not k-rational for some k) is
studied in this section.

Acknowledgments. We would like to thank Bhargav Bhatt, Qianyu Chen, Radu Laza, Laurentiu
Maxim, Mircea Mustatd, Sung Gi Park, Mike Perlman, Mihnea Popa, Sridhar Venkatesh and Anh
Duc Vo for many conversations on the topics in this paper.

B. PRELIMINARIES

In this section, we give a brief overview of the background material needed in the rest of the paper.
We will use without review the theory of perverse sheaves and Z-modules. For more information,
see [BBD&2] and [HTTO08], respectively.

1. Mixed Hodge modules. The main objects used in this paper are mixed Hodge modules,
defined by Saito [Sai88,Sai90]. We make the convention in this paper that all Z-modules are left
modules, however, we will index the Hodge filtration following the conventions for right Z-modules.
We will remind the reader about these conventions below, when necessary.

On a smooth complex algebraic variety X of dimension n, a mired Hodge module consists of the
data
M=(M,F,W,(K,W),«)
where M is a regular holonomic Zx-module, Fe M is a good filtration on it, W, M is a finite
filtration by Zx-modules, (I, W) is an algebraically constructible Q-perverse sheaf on X?" with a
finite filtration W,/C, and « is a filtered isomorphism

a: Ceg (K, W) — DR (M, W)
of filtered C-perverse sheaves. Recall that

DRx(M) = [MLQ&@ﬁML...LW}(@@’M

placed in degrees —n, ..., 0, with filtration W;DRx (M) = DRx(W;M). In a local choice of coordi-
nates 1, ...,xy, of X, the complex is the Koszul complex on the operators 0,,, ..., 0y, -

The filtration Fe M is the “Hodge filtration” and W, M is the “weight filtration”. The Q-perverse
sheaf KC is called the Q-structure, and the functor rat: MHM(X) — Perv(X) sending M to K is
faithful.

These data are subject to various conditions, which we will not explain fully here. The essential
idea is that mixed Hodge modules on a point should be exactly the graded-polarizable mixed Hodge
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structures, and then the definition for higher dimension varieties follows by induction on the dimen-
sion. The crucial constructions in the inductive step are the modules of nearby and vanishing cycles,
explained in the §2.

The category MHM(X) is abelian. In fact, any morphism ¢: (M, F,W) — (N, F, W) underlying
a morphism of mixed Hodge modules is bi-strict with respect to F' and W. We say a mixed Hodge
module M is pure of weight w if Gr}¥ M = 0 for all i # w.

We let D®(MHM(X)) denote the bounded derived category of mixed Hodge modules on X.

The theory of mixed Hodge modules is endowed with a six functor formalism which, under the
functor rat: D*(MHM(X)) — DP®(Perv(X)) agrees with the six functor formalism on perverse sheaves
and which agrees with the six functors on underlying Z-modules. In particular, given any morphism
f: X = Y between smooth varieties, we have functors

fe, fr: DY(MHM(X)) — D°(MHM(Y)),
£, f' DY (MHM(Y)) — D°(MHM(X)),
with f* left adjoint to f., fi left adjoint to f'. Moreover, there is an exact functor
Dx: MHM(X)°? — MHM(X)
so that f' = Dx f*Dy, fi = Dy fiDx. The dual functor satisfies
Gr.Dx (M) = Dx(Gr!V M).
Using local embeddings into smooth varieties, the categories MHM(Z) and D*(MHM(Z)) make
sense for an arbitrary complex variety Z, and admit six functor formalisms as described above.

Similarly, the associated graded pieces Grllf DRy (M) give objects of D?_, (07) which are independent
of the choice of local smooth embeddings.

For any two smooth varieties X,Y and for any M € MHM(X), the functor
MX —: MHM(Y) - MHM(X xY)
is exact. On underlying filtered objects, it is given by convolution of filtrations: we have
Fy(MRN)= Y FEMRFN,
i+j=Fk
Wi(MBN) = Y WMRW;N.
itj=Fk
Example 1.1. For X a smooth variety of dimension n, the trivial Hodge module is
Q¥in] = (Ox, F. W, Q.. [n),
where Grf',0x = GrlV 0x = 0 except for e = n.

In general, given the trivial Hodge structure Qf € MHM(pt), if az: Z — pt is the constant map,
then the trivial Hodge module on Z is actually an object in D*(MHM(Z)) given by

Q7 = a3zQ",
which might have many non-zero cohomology modules and those modules may not be pure.

Example 1.2. ([Sai90, (4.4.2)]) Assume X and Y are smooth varieties. Let p: X x Y — Y be the
projection. Then the pullback functor p* is given by Qg X —.
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Example 1.3. ([Sai90, (4.4.3)]) Consider a Cartesian diagram

v L X

I Jox:

y o x

Then there are natural, canonical isomorphisms of functors
| |
gxfi=Fflgv, gxfe= floy.

Example 1.4. For any M € MHM(X) and j € Z, we can define another mixed Hodge module
M(j) € MHM(X), which is called the Tate twist of M by j. It has the same underlying Zx-module
M, but the filtrations are shifted:

Fo(M(7)) = Forj(M), We(M(j)) = WergjM.

If M is a pure Hodge module of weight w on X, then by definition it is polarizable, which implies
that there exists an isomorphism of pure Hodge modules of weight —w:

Dx (M) = M(w).
The Hodge filtration induces a filtration on DR x (M) by
F,DRx(M) = |FpunM 5 Q% @4 FpopitM 5 . D wx @6 FyM|

so that Grg DR x (M) is actually a bounded complex of coherent &-modules with &-linear differen-
tials. The functor Grg DRx(—) extends to an exact functor

Gr) DRx(—): D" (MHM(X)) — D! (Ox),
where the right hand side is the bounded derived category of &'x-modules with coherent cohomology.

Moreover, the functor is well-behaved under various operations, as given by the following propo-
sition:

Proposition 1.5 ([Sai88, Lem. 2.3.6]). Let f: X — Y be a proper morphism between smooth
varieties and let M® € DP(MHM(X)). Then, for any p € 7 there is a quasi-isomorphism

Grf DRy (f.(M*)) = Rf,GrlDRx (M*),

where Rf, is the right derived functor of the usual &-module push-forward.
Moreover, [Sai88, Sect. 2.4]

DxGr) DRx(M*) = Gr¥ DRx (Dx (M*)),
where Dx (=) = RHomg, (—,wx|[dim X]) is the Grothendieck duality functor on X.

Given any object A with bounded below filtration F,A, we let p(A, F)) = min{p | F,A # 0}.
For M a mixed Hodge module, we let p(M) = p(M, F') where F, M is the Hodge filtration on the
underlying Z-module. For M* € D*(MHM(X)), we have p(M*®) = min;ez p(H (M*)).

Lemma 1.6. Let M* € D*(MHM(X)). Then
p(M*®) = min{p | Gr) DRx(M*) is not acyclic.}
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Proof. The argument is standard, but we include it for convenience of the reader.
We want to see that
F,M*® =0 if and only if Gr/ DRx (M®) = 0 for all £ < k,

where the first expression is equivalent to saying p(M®) > k. Indeed, if we represent M*® by a
bounded complex of morphisms of mixed Hodge modules, then

FH (M®) = HI(FM®)
by strictness of morphisms.

We have the spectral sequence (shown using the standard truncation functors on D*(MHM(X))):
‘ED? = HPCrf DRx (HIM*®) = HPTIGrf DRx(M*®).
Note that if FyM® = 0 (meaning F,H/M® = 0 for all j € Z), then ‘E}'? = 0 for all £ < k and all
p,q. The spectral sequence then shows that Grf DRx(M*®) =0 for all £ < k, as desired.

Conversely, assume Gr)’ DRy (M*®) = 0 for all £ < k. Let 09 = min{o | F,M*® # 0}, which is a
finite value because M*® is a bounded complex (meaning there are only finitely many cohomology
modules to consider). The claim is that o9 > k. If not, then oy < k, and so by our assumed
vanishing, we have

GOEPI = (.

But for any fixed ¢, the only non-zero °E}? is for p = 0. Indeed, the last few terms of the
associated graded de Rham complex are

s T e Gl HI(M®) D wy @ GrE HI(M®),
and by definition of oy, all the leftmost terms are 0. Thus, 70 E5! = 0 Y = (.

So we have reduced to checking the claim when M is a mixed Hodge module. But it is easy to see
that F,M = 0 if and only if Gr; DRxM =0 for all £ < k. O

Corollary 1.7. Let1: M® — N* be a morphism in D*(MHM(X)). Then Fy1 is a quasi-isomorphism
if and only if Grf DRx (v) is a quasi-isomorphism for all £ < k.

Proof. Apply Lemma 1.6 to the cone of the morphism ¢ in D*(MHM(X)). O

The following two lemmas are proven in a way similar to [Sai90, Rmk. 4.6(1)]. The main idea is to
establish the result for variations of mixed Hodge structures and to use induction on the dimension
of the support.

Lemma 1.8. Let M* € D*(MHM(Z)). Then
p(M*) > j < p(iM®) > j for all z € Z.

Proof. The implication
p(M®)>j = p(i,M*) > jforall z € Z

is obvious, by definition of the functor i), for mixed Hodge modules (see, for example, Proposition 2.6
below).

To prove the converse, assume for all o that p(i',M®) > j.

We use induction on dim(Z). For dim(Z) = 0, the claim is obvious.
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For dim(Z) > 0, there exists a Zariski open cover Z = |J,; Ua such that, for each a € I, there
exists go € O(U,) so that the subset U/, = {ga # 0} C U, is a smooth and dense open and with the
property that the restriction H"(M )’U(; is a variation of mixed Hodge structures for all i € Z.

It suffices to prove the claim locally, so we can replace Z with U,. We have reduced to the case
that there exists g € 0z(Z) such that U’ = {g # 0} C Z is a smooth, Zariski open dense subset so
that H'(M )|y is a variation of mixed Hodge structures for all i € Z.

Let j: U — Z and i: {g = 0} — Z be the natural embeddings, with exact triangle
i MO — M® = j (M)

If p(M*®) < j, then either p(i.i'M®) < j or p(j.(M®|y)) < j. Note that for all z € {g = 0}, we

have
ibied M® =i\, M®,

and so by induction on the dimension we conclude that p(i.i'M*®) > j.

For all x € U’, we have

B = i (M) = (M),
where ¢, : {2} — U’ is the inclusion. We see using the spectral sequence
EST = HPu, HI (M) = HP 0 (M®o),

and the fact that ¢, is non-characteristic for each cohomology module H4(M*®|y+) (implying that the
spectral sequence degenerates at Esy) that p(M®|y) > j, and so p(j.(M®|y+)) > j, too.

Thus, we have shown that p(M*®) > j. O

Lemma 1.9. Let M € MHM(Z). Then for any x € Z, we have H7i, M =0 for all j > dim Z.

Proof. Fix x € Z. The claim is obvious if dim Z = 0.

As above, we will use the definition of mixed Hodge modules in [Sail3]. We can replace Z by a
Zariski open neighborhood of x in Z because the question is local near x. Take such a neighborhood
U such that there exists a function g € &(U) with the property that on U’ = {g # 0}, the module
M restricts to a variation of mixed Hodge structures.

We have the exact triangle
1

iit M — M — j (M) = .
If x € U’, then we have
i, M = it ju (M|r) = i 1o (M)
and the claim is obvious as U’ is smooth of dimension dim(Z).
If z ¢ U’', then
iini' M =i\, M
and so we can use induction on the dimension, using that each cohomology of i,i'M is supported on

{g = 0} which has strictly smaller dimension than Z. Then one uses induction on the dimension of
the support and the spectral sequence:

B8 = {6 M) = HHi M.

Note that as ¢ is the inclusion of a divisor, E;J = 0 implies j = 0,1. Thus, by induction on the
dimension of the support, 5’ # 0 implies i + j < 1 + dim{g = 0} = dim Z. O
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Lemma 1.10. Let M* € D*(MHM(Z)) be such that there exists ¢ € Z,{ € Z>q such that
dim Supp(HFTM®) < £ — .
Then HIT¢ . M® =0 for all j > £ and all x € Z.

Proof. By shifting M*® we can assume ¢ = 0. By the spectral sequence

By = Wi HIM® = Hi M,
we want to show that Hii, HIM® =0 for all i + j > £. By the previous lemma and the assumption
on dim Supp(H/M?*), we get the desired vanishing. g

2. V-filtration, specialization and spectrum. To define nearby and vanishing cycles for mixed
Hodge modules, Saito uses the V-filtration of Kashiwara and Malgrange. As this is arguably the
most important construction for what follows, we remind the reader of its definition.

For the smooth variety X, let 7' = X x A} be the trivial vector bundle over X with fiber coordinates
t1,...,t,. We have Zp = Dx(t1,...,tr,0%,...,0), where as usual [0y,,t;] = d;j, the Kronecker
delta. This ring carries a Z-indexed, decreasing filtration

Ve Dr =Y Pot°0] | Py € Ix, Bl = Il + b,
By
so that, for example, t; € V1 9y, at]. e V-19p, and

Vj.@T . Vk.@T - Vj+k.@T.

If M is a regular holonomic Zp-module underlying a mixed Hodge module, then it admits a Q-
indexed V-filtration along (¢1,...,t,). This is the unique exhaustive, decreasing, Q-indexed filtration
(VAM)qeq which is discrete! and left continuous?, and which satisfies the following properties:

(1) For any a € Q, j € Z, we have containment VI %y - VAM C Vi M.

(2) For a>> 0,5 € Z>p, we have equality VI %y - VAM = VeriM.

(3) For all o € Q, the V'Zp-module VM is coherent.

(4) For s = —>"7_, Oyt; and for any o € Q, there exists some N > 0 such that

(s+a)NVemc | VIM =V=oMm.
B>a
In other words, s + « is nilpotent on Gr{;(M) = VM /V>*M.

Example 2.1. If 0: X — X x T is the inclusion of the zero section, then for any mixed Hodge
module N on X, the push forward o,/N underlies a mixed Hodge module on T'. Its Z7-module can
be written
o N = P Nopé,
aeN"
where dg is a formal symbol which is annihilated by t¢1,...,¢.. Then
[=A]
V)\O'+N = @ J\/’@f‘ég
|a|=0
IMeaning there exists {oy; }jez with limj_, 400 a; = f00 so that VM is constant for a € (aj, aji1).
Meaning VM = Ns<a VEM.
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For (M, F) a filtered Z7-module underlying a mixed Hodge module on 7', we define Koszul-like
complexes

FpAX(M) =

FVIM S P EVFIM S 5 FpVX”M] :
=1

FpBX(M) = F, AX(M)/F,A"X(M) =

FGry (M) & @ FGrE (M) 5 .5 FpGr>‘§+T(M)] ,
=1

F,CX(M) =

Fpr G (M) 25 @ Fporn GrE M) 25 2 FpGré(M)] .
=1

The last condition in the definition of the V-filtration leads to the following acyclicity results for
these complexes.

Proposition 2.2 ([CD23, Thm. 3.1, 3.2]). For all x # 0, the complezes BX(M), CX(M) are acyclic.
For x > 0, the complex AX(M) is acyclic.
When r = 1, this acyclicity means we have isomorphisms
t: VoMV M for a > 0
t: GriH(M) = GrE (M) for a # 0
O : Grtt (M) =2 Gr$ (M) for a # 0.
For r = 1, one of the properties which the filtered module (M, F') must satisfy to underlie a

mixed Hodge module on T is that these isomorphisms are filtered isomorphisms in certain ranges:
specifically, Saito imposes that

t: B,VOM = F,VOT I M for a > 0
O : FpGr&tH (M) = F, 1 Grfy (M) for a < 0.
Some immediate consequences of these conditions are the following:

Proposition 2.3 ([Sai88, Sect. 3]). Let (M, F) underlie a mized Hodge module on T = X x A}.
Let j: X x G, — X x A} be the inclusion of the complement of the zero section. Then

(1) For any A > 0 and p € Z, we have
(2.4) E,VAM = VAM N 4. (55 (FM)).
(2) For all p € Z, we have
FoM =Y 0l(FyeiVOM).
i>0

If M has no sub-module supported on {t = 0}, then the equality (2.4) holds with A = 0. In this
case, we have

FoM =Y 0H(VOMN juj* (FpeiM)).

i>0
For r > 1, filtered acyclicity still holds in the corresponding ranges.

Proposition 2.5 ([CD23,CDS23]). For all x < 0, the complex CX(M, F) is filtered acyclic. For
X > 0, the complexes AX(M, F) and BX(M, F) are filtered acyclic.
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The complexes BY(M), CY(M) are related to the restriction functors for mixed Hodge modules.
Proposition 2.6 ([CD23,CDS23]). Let M € MHM(T). Then B%(M,F),Co%(M,F) are strictly
filtered complezxes.

Let o: X — X x A] be the zero section. We have filtered isomorphisms
E,HIo (M) =2 F,HIBY(M) for all j € [0,7],
E,HI " (M) =2 E,HICO(M) for all j € [~r,...,0].

The results of this paper make use of the Verdier specialization functor, which we review here.
For details, see [Sai90, BMS06, CD23].

Let Z C X be a (possibly singular) subvariety defined by fi,...,fr € Ox(X). This defines a
graph embedding I': X — T by = — (z, fi(z),..., fr(z)). Given M a mixed Hodge module on X,
we obtain I'y M a mixed Hodge module on T'.

The Verdier specialization of M along Z (or, of I',M along X x {0}) is a mixed Hodge module on
X x AL, where z1,..., 2 are the fiber coordinates. The module is denoted Sp, (M) = Sp(I'x(M)).
Its underlying filtered Z-module is

F,Sp(T @F Gry (D (M),
x€Q
where V*T',(M) is the V-filtration along ¢1,...,t, and F,Gr{(Tx(M)) = %1% The 2-

module action is given on m € Gr{\(I'«(M)) by
Pm = Pm, for P € 9x,
=f;m € Gr™ (Tu(M)),
6Zim = 0,m € Gryy~ LT, (M)).

This gives an example of a monodromic mized Hodge module on X x A’. Recall that a mixed
Hodge module is monodromic if its underlying Z-module is, which means that it decomposes into
generalized eigenspaces for the Euler operator 6, = > z;0,. If N is monodromic, for any x € Q,
we let

NX = U ker((0, — x +1)7), so that N = @NX.
Jj=1 X€Q

The V-filtration along zi, ..., z- is particularly easy to understand for monodromic modules: in-

deed, it is given by
VAN = PNX, Grp (V) =N

XZA

We have particular interest in the case M = Q¥[n]. We let I',(Q[n]) = By in this case for
ease of notation. For Z C X a complete intersection (meaning fi,..., fr 6 ( ) form a regular
sequence), the module Sp(By) admits a morphism L — Sp(By), Where L= QZXA, [n] is the trivial
Hodge module on i: Z x Al — X x Al.

Lemma 2.7. Let

(K, F) = ker(Gr}, (By), Flr]) 25 @D(Gr ™ (By), Flr — 11)).

=1
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Then (K, F) underlies i.Q¥[n — r].
Moreover, the Z-module L = KX Oyr = Klz1, ..., 2;] underlies L, with filtration given by

Fof = (Fpr K21, -0, 20

Proof. The first claim follows by applying Proposition 2.6 to By = I, (Q%[n]), using Base Change
(Example 1.3) to see that

o' T+ (QX [n]) = i.i*Q¥[n] = Q% [n].

The second claim follows by definition, using Example 1.2. U

The map L — Sp(By) is injective, and we let @ be the cokernel of the map. Then we have a short
exact sequence of monodromic mixed Hodge modules on X x A”:

0— L —Sp(By) - Q—0.

The monodromic pieces of £ satisfy £X = 0 for x ¢ Z>,. Thus, we see that Sp(B;)X = QX for all
X ¢ Z>,. The interesting part of this short exact sequence is then

(2.8) 0— L —Sp(By)* = Q% =0

where for any monodromic mixed Hodge module, we use the superscript Z to denote the “unipotent
part”, which is the direct sum of the monodromic pieces with integer indices. We also use a super-
script « + Z to denote the filtered direct summand of a monodromic module which is obtained by
collecting all summands with indices in o 4 Z.

For Z C X a local complete intersection subvariety, we review the definition of the spectrum of Z
at ¢ € Zging due to Dimca, Maisonobe and Saito. For details, consult [DMS11] and [Dir23].

Using the monodromy endomorphism and the mixed Hodge structure on the cohomology of the
Milnor fiber, Steenbrink [Ste89] defined, in the isolated hypersurface singularities case, the spectrum
of the hypersurface singularity. This is an invariant of the singularity given by a multiset of positive
rational numbers, encoding the eigenspaces of the monodromy operator.

In [DMS11], Dimca, Maisonobe and Saito defined the spectrum for any variety Z at a point € Z
using the theory of mixed Hodge modules. The definition is rather technical, but when we assume
Z is a local complete intersection variety it is slightly simpler.

Let Z C X be a local complete intersection subvariety of pure codimension r. Let z € Z, and
locally around z we can write Z = V(f1,..., f,) where fi,..., f, € Ox(X) form a regular sequence.
Let £ € {z} x Al be a sufficiently general element, and set i¢: {{} — X x Al to be the inclusion.
Then define the non-reduced Spectrum of Z at x by

Sp(Z,z) = Z Ma,t™,
a€Q>o

where

Mo = Y (=1 dime Griy) g 7 HFTiE(Sp(Br) ),
keZ
and we define the reduced spectrum by

Sp(Z, ) = Sp(Z, x) + (—t)dmZ+L,
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This definition clearly extends to an arbitrary monodromic module M, where we write mq . (M)
for the alternating sum

Mae(M) =Y (=1)F dime Gryy g 7z HE i (M),
keZ

Moreover, if
0— M — My — M3 —0

is a short exact sequence of monodromic mixed Hodge modules, then we see that
Sp(Mas, z) = Sp(My, z) + Sp(Ms, x).
For M a monodromic mixed Hodge module, we let its integer spectrum be denoted

§E)Z(]Max) = Z mj,w(M)tj'

J€L>0
Applying the additivity to the short exact sequence (2.8) we get
Sp(Q7x) = Sp(Z,(I,') - Sp(L7x)7
and in particular,

sz(Q,x) = SpZ(va) - Sp(L7l')7
which by an easy computation of the non-reduced spectrum of L, gives

Sp(Q,z) = Sp(Z, z).

We end this subsection by stating a criterion for vanishing of integer spectral numbers, which is a
special case of [Dir23, Lem. 2.7]:

Lemma 2.9. Let M be a monodromic mized Hodge module. Assume Fp_l_dimx/\/lZ = 0. Then for
all j € Z<p, we have mj (M) = 0.

3. Poincaré duality and higher singularities. Let Z be a pure d-dimensional complex variety.
The trivial Hodge module Q¥ € DY(MHM(Z)) satisfies the property that if az: Z — pt is the
constant map, then
HI(az).QY € MHM(pt) = MHS
gives Deligne’s mixed Hodge structure on the cohomology H7(Z, Q). Moreover,
#/(az)QF € MHS

gives the canonical mixed Hodge structure on compactly supported cohomology H (Z,Q).

Although QZ[d] € D*(MHM(Z)) is not necessarily a single mixed Hodge module, it is known
(for example, by comparing to the underlying perverse sheaf) that H/(Q¥[d]) # 0 implies j < 0.
Moreover, H%(Q%[d]) € MHM(Z) satisfies the property that Gr)/ H°(Q%[d]) has underlying perverse
sheaf equal to ICz, the intersection complex perverse sheaf of [BBD82|. By the weight formalism for
mixed Hodge modules, we know that Gr}" H°(QX[d]) # 0 implies ¢ < d.

We write
IC% = Gry H(Q7 [d)),
and so in particular, there is a natural epimorphism
vz: HY(QF[d]) — ICY.
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Being a pure, polarizable Hodge module of weight d means there exists an isomorphism
Dz(IC7) = 1C% (d),
where Dz is the duality of mixed Hodge modules on Z. On underlying perverse sheaves, it is Verdier
duality.

By duality, we can also realize IC¥ as Grl} (H°(Dz(Q¥[d])(—d))). Again by the weight formal-
ism, we see that IC¥ can be written as Wy(H°(Dz(Q¥[d])(—d))), and in particular, we have a
monomorphism

vy 1ICT = 1O (Dz(QF[d)(—d)),
which, up to Tate twist, is dual to vz.

The composition 7} o vz gives a morphism

HO(QF[d) — H(Dz(QF [d)(~d)),
which uniquely determines a morphism in D®*(MHM(Z)):

vz: Q7[d] = Dz(QZ[d])(~d).

Remark 3.1. Saito [Sai90, (4.5.14)] shows that the morphism 1z is unique up to scalar multiplica-
tion on each irreducible component of Z.

If the morphism vz is a quasi-isomorphism, we say that the variety Z is a rational (or Q-)homology
manifold (this notion is also called rational smoothness in the literature). This can be checked on
underlying perverse sheaves, and so does not require the theory of Hodge modules.

The morphism vz has recently found applications in the study of so-called “higher singularities”.
The reason for this comes from the connection with the Du Bois complex of the variety Z. We will
not review the definition of the Du Bois complex here (aside from its connection to mixed Hodge
modules), for such a review, see [MP22, SVV23, PS24].

For Z a pure d-dimensional variety, the p-th Du Bois complex is Q, € Db

2on(0z). An important

consequence of the definition is that there is a natural comparison morphism in Dgoh(ﬁz):

ap: O, — QF
for all 0 < p < dim(Z), where Q% is the sheaf of Kahler differentials. Then «, is a quasi-isomorphism
for all p if Z is smooth.
Recall that Grf DRz(QY) € D% | (67) can be defined using local embeddings into smooth varieties.

coh
Then there is a natural quasi-isomorphism ([Sai99]):

Qyld - p] = Grl, DRz (Q7[d)),
and so we can use the theory of mixed Hodge modules to try to understand these Du Bois complexes.

By applying Grothendieck duality Dz(—) = RHomg,(—,wy), where w is the dualizing complex
on Z, we can write (using Proposition 1.5)

Dz(Qy[d — p]) = Gr, DRz(Dz(QZ[d))),

and using d — p in place of p, we get

Dz(Q% *[p]) = Grl_,DRz(Dz(Q%[d])) = Gr¥ DRz (D(Q% [d])(~d)).
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Thus, applying Gr!’ DRz to the morphism vz, we obtain natural morphisms
~ ~ d—
Qyld — p] = Grf DR2(QZ [d])) — Gr, DRz (D2(Q7 [d])(~d)) = Dz(27 "[p))
which are identified with ¢P[d — p] in the notation of [FL24b] and the introduction.

We now define the classes of higher singularities, though we focus on the case when Z has local
complete intersection singularities.

Definition 3.2 ([JKSY22,FL24b]). A pure d-dimensional variety Z with isolated or local complete
intersection singularities has k-Du Bois singularities if for all p < k, the maps ap: Q) — QF are
quasi-isomorphisms.

Such a variety Z has k-rational singularities if it has k-Du Bois singularities and if, for all p < k, the
maps ¢P: QF, — D Z(chp )[—d] are quasi-isomorphisms. Equivalently, Z has k-rational singularities
if for all p < k, the composition ¢ o o, is a quasi-isomorphism.

Example 3.3. If Z is smooth, then we mentioned above that «) is a quasi-isomorphism for all p.
But then the morphism
d—
Q7 — Dz(Q ") [—d]
is the well-known isomorphism of locally free sheaves
Q) = HomﬁZ(Q?p,wz).
Thus, smooth varieties are k-rational for all k.

Remark 3.4 (Non-LCI Setting). In the non-local complete intersection case, these notions have been
studied for isolated singularities by [FL24a], and in general by [SVV23] (see also [ORS24, Tig24] for
some interesting examples).

There are several relevant notions: in [SVV23], the definitions of k-Du Bois and k-rational that
we gave above are called strict k-Du Bois and strict k-rational, respectively. However, comparing
with the Kahler differentials is rather restrictive: there are not many examples of such singularities
which are not local complete intersection.

Without comparing to the Kahler differentials, there is the notion of pre-k-Du Bois and pre-k-
rational. Following [SVV23], pre-k-Du Bois is the condition that H*(2%,) =0 for all i > 0 and p < k,

and pre-k-rational is the condition that ‘(DD Z(Qéfp )[—d]) =0 forall i >0 and p < k.

Then a normal variety Z is pre-k-rational if and only if it is pre-k-Du Bois and the maps ¢?: Q) —
D Z(Q%_p )[—d] defined above are quasi-isomorphisms for all p < k.
Remark 3.5. If Z has hypersurface singularities, [MOPW23, JKSY22, F1.24b] have related these
classes of singularities to the minimal exponent of Z, which is a positive rational number a(Z2)

refining the log canonical threshold. In the isolated singularities case, this minimal exponent agrees
with the minimal non-zero spectral number of the hypersurface.

Similarly, when Z has local complete intersection singularities, [MP22, CDMO24, CDM22] have
related these classes of singularities to the minimal exponent.

C. HoDGE RATIONAL HOMOLOGY MANIFOLD LEVEL

4. Definition and basic properties. As mentioned above, a pure d-dimensional variety Z is a
rational (or Q-)homology manifold, or rationally smooth, if the morphism

vz QY [d] — (DzQF [d])(—d)
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is a quasi-isomorphism. This is equivalent to requiring the map on the underlying Q-structure to be
a quasi-isomorphism. This section is devoted to defining and studying a natural weakening of this
notion.

We observed above that Q¥ [d] € D<O(MHM(Z)), and by duality this implies Dz(Q¥[d]) €
DZ°(MHM(Z)). The following elementary lemma allows us to understand the map ).

Lemma 4.1. Let A be an abelian category and let A € D="(A), B € D=°(A) be objects in the derived
category. Let ¢: A — B be a morphism.

Then 4 is a quasi-isomorphism if and only if HOp: H'A — HOB is an isomorphism in A and
HTPA=H'B =0 for alli > 0.

Recall that we have factored H%, = Y% © vz, where
vz: HUQF[d]) = 1CY, 73 = Dyz(vz2)(—d).
In particular, by duality, we have the relation
Dz (¢z) = ¢z(d).
Proposition 4.2. We have the following:

o The map vz is an isomorphism if and only if it is a monomorphism.
e The map vy is an isomorphism if and only if it is an epimorphism.
FEither condition is equivalent to H%z being an isomorphism.

Thus, the variety Z is a rational homology manifold if and only if Qz[d] is perverse and either vz
or ’y% s an tsomorphism.

Proof. The first three claims are immediate.

The condition that Q[d] is perverse is equivalent to saying that #/(Q%[d]) = 0 for all j < 0, and
so the last claim follows by the previous lemma. ([l

We will now define the weakening of rational smoothness that is slightly different but equivalent

to Definition 0.1, and compare its behavior to that when Z is actually a rational homology manifold.

Definition 4.3. Let Z be a pure d-dimensional variety. We say Z is a rational homology manifold
to Hodge degree k, or for short k-Hodge rational homology if the morphism

Grl,DRz(¢z): Grf DRz (QF[d]) — Gr}_,DRz(Dz(QF [d]))
is a quasi-isomorphism for all p < k. We set

HRH(Z) = sup{k | Z is a k-Hodge rational homology variety }
with HRH(Z) = —1 if Z is not 0-Hodge rational homology.

Remark 4.4. By the discussion at the end of Section B, this condition is equivalent to having
¢ Q) — Dy (Q‘é_p )[—d] be a quasi-isomorphism for all p < k.

We will see in Remark 5.2 that this notion is the same as the one studied in [PP24,PSV24], where
it is called condition (x)g.
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Remark 4.5. Let f: Z — Z be a strong log resolution with reduced exceptional divisor E. Then
=7\ Zsng = Z\E. Let j: U — Z and j': U — Z be the inclusions. The map 5Qf[d] — Q¥ |[d]
by duality yields

Dz(QZ[d)(~d) — j.Qif[d].

The above fits into the commutative diagram:

Jd) ———— £.Q4[d

(4.6) yz |

Dz(QF[d))(~d) — 5.Qfj[d]
Applying Grf’ DRz and appropriate shifts, we obtain the commutative diagram:

Q ——— RfO

(4.7) o |

Dz(Q5 *)[—d] —— Rf.0%(log E)

Note that the right vertical map is induced by the residue sequence on Z (it is an isomorphism for
k=0).

To motivate the reader, we describe some useful properties of k-Hodge rational homology varieties
that are proven in [PP24] (thanks to the fact that HRH(Z) > k is equivalent to Z satisfying (x)j in
the sense of [PP24], see Remark 5.2):

Remark 4.8. Let Z be a variety of pure dimension d.

(1) Z is a rational homology manifold if and only if HRH(Z) > k for all £ (i.e. HRH(Z) = 400).
(2) If Z is quasi-projective with general hyperplane section Z’ and HRH(Z) > k, then we also
have HRH(Z') > k.
(3) If Z is normal and its singularities are pre-k-rational, then HRH(Z) > k.
(4) Assume HRH(Z) > k. Then:
(a) Its singularities are pre-k-Du Bois (resp. strict-k-Du Bois) if and only if they are pre-k-
rational (resp. strict-k-rational).
(b) ¢P is an isomorphism for d —k — 1 <p <d.
(c) codimyz(Zyrs) > 2k + 3 where Z,rg is the locus of Z where it is not a rational homology
manifold. In particular

d
HRH(Z) < 40 if and only if HRH(Z) < T?)

(d) ledef(Z) < max{d — 2k — 3,0} where ledef(Z) is the local cohomological defect of Z,
given by
ledef(Z) = max{a | Q¥ [d] # 0}.
(e) (Symmetry of Hodge-Du Bois numbers) The Hodge-Du Bois numbers h>(Z) := H%(Z, Q%)
are partially equipped with the full symmetry:

hP9(Z) = h9P(Z) = P 9(Z) = 499 P(Z) for all 0 < p < k,0 < ¢ < d.

We end this subsection with some general remarks on the behavior of the invariant HRH(Z).
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Remark 4.9. By duality, we see that HRH(Z) > k if
Dz(Grf ,DRz(¢z)) = Gry DRz (D(¢z))
is a quasi-isomorphism for all p < k. As Dz(vz) = 1z(d), this is equivalent to having
Grj_4DRz(1)z)
be a quasi-isomorphism for all p < k.

We proceed with some comments about the behavior of HRH(X) under certain geometric opera-
tions.

Recall the notation p(A, F) = min{p | F,A # 0} for any (A, F') where F,A is a bounded below
filtration.

Lemma 4.10. Let Zy, Z> be two pure dimensional complex algebraic varieties. Assume either that
HRH(Zy) # HRH(Z3) or that ledef(Z;) =0 fori=1,2. Then

HRH(Zl X ZQ) = min{HRH(Zl),HRH(ZQ)}.
Before beginning the proof, we recall the structure of the exterior product for (complexes of)

mixed Hodge modules.

For any two mixed Hodge modules M; on smooth varieties X;, the underlying filtered Z-module
of M1 & My is My X My with convolution Hodge filtration

Fy(MiB M) = Y FMi K FM,,
i+j=p
and so
Gry (M1 R M) = @ Grf My B Grf M.

i+j=p
Given two complexes M? € D*(MHM(X;)), we have
WM RMs) = @D HMTRMHIMS.
i+j=k
Thus, we have
GriHM MR MS) = @ €D GriH! (M) R G 17 (M3).
atb=pitj=k
Consequently, we get
(4.11) p(M? W M3) = p(MT) + p(Ms)
Now, for Z1, Z not necessarily smooth, consider the exact triangle in D*(MHM(Z;)):
QY (4] = D (QF [di])(~d;) — S3, .
It is easy to see (for example, by restriction to the regular locus) that
p(QF,[di]) = p(Dz,(QF,[di])(—di)) = —d;.

Moreover, we have
Q7,[d] R QF, [do] = QF, x ,1d1 + da]
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Dz, (Q%, [d1])(—d1) B Dz, (QY, [da])(—d2) = Dz, x2,(Q%,[d1 + da])(—d1 — da).

We make use of the following easy lemma.

Lemma 4.12. Fori = 1,2, let A; <% B; ﬁ> C; XL be an exact triangle. Let S = cone(a; X ag).
Then there are exact triangles

A ROy — S — Cy KBy 14
ClgAQ—)S*)BllzCQLI).

Proof. This follows from the octahedral axiom and the exactness of the functor —X M for any object
M. O

Proof of Lemma 4.10. As noted above, ¥z, W1z, = 1z, «z, up to non-zero scalar multiples on the
connected components, so that we can identify

COIle(’l/JZI X wZQ) - 521 XZa*

By Lemma 4.12, we have exact triangles
° ° . +1
QIZ{1 [dl] IE SZ2 - SZ1><Z2 - 521 IE DZ2 (QIZ{2 [dz])(idZ) —
° ° o +1
SZ1 XI Qgg [d2] — SZ1 ><Z2 — DZl (le [dl])(_dl) IX SZQ —.

We can use either exact triangle to conclude the proof: let k¥ = min{HRH(Z;), HRH(Z2)}, so, by
definition, p(S% ) > k — d; with equality for (at least) one of i = 1,2. Thus, the outer two terms of
either triangle satisfy p(—) > k — di — dz, and so we see by (4.11) that p(S% . ) > k — di — da.
Moreover, equality obviously holds if HRH(Z;) # HRH(Z2) or if ledef(Z;) = 0 for i = 1,2, the latter

implying that the exact triangles are actually short exact sequences. O

For example, if Zs is a rational homology manifold, then HRH(Z; x Z3) = HRH(Z;). For smooth
morphisms which are not projections from a product, we will see in Lemma 6.10 that HRH is
preserved.

5. Embedded case. The condition in Remark 4.9 resembles the condition in Corollary 1.7, though
we cannot talk about F,Q¥[d] without using a fixed local embedding. Indeed, the terms in these
complexes are not Oz-modules, and the morphisms are not &z-linear. To continue this discussion,
we will assume ¢: Z — X is a closed embedding of Z inside a smooth variety X.

We focus on itz : i.QHF[d] — i.Dz(QX[d])(—d), which is a morphism of objects in D*(MHM(X)).
Then HRH(Z) > k if and only if Grg_dDRX(i*¢Z) is a quasi-isomorphism for all p < k. By
Corollary 1.7, this is equivalent to Fy_g4ix%z being a quasi-isomorphism.

This condition is equivalent to Fy_qH 7 (i.Q%[d]) = Fy_aH’ (i.Dz(Q¥[d])(—d)) = 0 for j > 0 and
Fy_qH°(ix17) being an isomorphism. From here, we can give the lower bound on HRH(Z) in terms
of local cohomology in Theorem B. Recall that we are indexing our Hodge filtrations following the
conventions for right Z-modules.

Remark 5.1. Before giving the proof, note that W,,;.H%(€0x) = IC¥(—c). The theorem is essen-
tially saying that HRH(Z) is controlled by the morphism Fj_gis7y.

Although duality is used in the argument, it is important to note that it is not equivalent to study
Fy._g4ivyz. Indeed, in the non-rational homology manifold hypersurface case, we will see below that
Fy_4isxyz can be an isomorphism when Fj_4i,vY is not.



24 B. DIRKS, S. OLANO, AND D. RAYCHAUDHURY

Remark 5.2. At this point, we can see that HRH(Z) > k if and only if Z satisfies the condition (%)
of [PP24,PSV24]. Indeed, as both notions are local, we can assume i: Z — X is a closed embedding
into a smooth variety X. Then we have

HRH(Z) > k if and only if Fj_gi.yy is a quasi-isomorphism,
which is true if and only if

GrlidDR x (i+77y) is a quasi-isomorphism for all p < k.
By duality, this is equivalent to
GrgprRX (i+D(7Y)) being a quasi-isomorphism for all p < k,
and finally, using that D(v}) = vz(d), we have that this is equivalent to the natural map
GrprRX(i*QIZLI[d]) — GrljpDRX (i,ICH) being a quasi-isomorphism for all p < k,
which is the condition ().

Remark 5.3. In [CDM22], it is shown that when Z is a complete intersection, then
FoenWini e H7(Ox) = Frn M3 (Ox) = PyHZ(0OX)

is equivalent to Z having k-rational singularities. Here P,H%(Ox) is the pole order filtration, con-

sisting of elements which are annihilated by Ig“, where Z, C Ox is the ideal sheaf defining Z in

X. The comparison with the pole order filtration is essentially the same as the map aj comparing
the Kéahler differentials to the Du Bois complex.

Proof of Theorem B. We have d = n — ¢ by definition of the codimension of Z in X, and so we are
interested in

Z*Qg[n —c = i*DZ(@g[n —c))(c—n).
By definition, QZ[n — c] = i*(Q¥[n])[~c]. Applying duality and using the fact that X is smooth
(so that Q%f[n] is pure, polarizable of weight n), we get
D,(QY[n — ) = i (Dx(Q¥[n]))[c] = i (Q¥[n](n))[c]
so that 7,1z can be identified with the morphism

iz QY [n — ¢ = i (Q¥ [n])[](¢)-
Using that H7 (i.i'(Q¥[n])) = H%(ﬁx) as mixed Hodge modules, we see that
Fio— M (i41' Q% [n)) (c)) = kadchjz(ﬁX) = kan,sz(ﬁX)‘

Thus, we see that HRH(Z) > k if and only if Fy_4i.10z is a quasi-isomorphism if and only if
Fr gH7(.Q8n — ¢]) = Fr_aM (i.i'(Q¥[n])(c)) = 0 and Fj,_4H°(vpz) is an isomorphism. As
F—aH’(¢z) = Fx—qv} o Fx—qvz, the last condition is equivalent to both Fj_4vy and Fj_gvz being
isomorphisms.

Note that Fy_g7vy is an isomorphism if and only if we have equality
kaan—&-c,HCZ(ﬁX) = kan,HCZ(ﬁX)?
and so we see that HRH(Z) > k implies the conditions in the theorem statement.

For the converse, we assume

FonHL(Ox) =0forall j > ¢, FrnWnicHy(Ox) = FonHG(Ox),
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and we want to show HRH(Z) > k.

For ease of notation, let A = Q¥ [d] and let B = D(A)(—d). By the discussion at the beginning of
the proof, to show that HRH(Z) > k it suffices under our assumption to show that Fy_4H 7 (A) =0
for all j > 0 and that Fj_4v7 is an isomorphism. For this, we follow the argument of [CDM22, Lem.
3.5]. To prove Fy_qH 7 (A) = 0 it suffices to prove for all £ € Z that Fj,_4Gr)Y H7(A) = 0. To prove
that Fj,_gvz is an isomorphism it suffices to prove that Fy,_4Gr)’ (H°(A)) = 0 for all £ < d.

Our assumption is equivalent to Fj_4H’(B) = 0 for all j > 0 and that F},_4Gr})’ H°(B) = 0 for
all £ > d.

By polarizability of the pure Hodge module Grgv?lj (B), we have an isomorphism
D(Gr}V H'B) = (Gr}V 1 B)(¢).
But we also have ‘ ‘
D(Gr}"H'B) = Gr",H 7/ (D(B)).

We have that D(B) = A(d), and so if we apply F}, to this isomorphism (keeping in mind the Tate

twists), we have ' '
F, Gr)V "B = F,_4Griy,_H I A.

By the weight formalism, we know that Gr)V #7(B) # 0 implies £ > d+j (and the same inequality
is implied when Gr; ,#~7(A) # 0). For j > 0, we trivially have ¢ > d, and for j = 0, we only need
to consider £ > d. Plugging in p =k — d + ¢, we get

0 = Fy_gGr)' H! (B) = Fy_oqre(Griy_H 7 (A)),
and so because W is exhaustive (for the j > 0 case) and ¢ > d, this gives the desired vanishing. [

Proof of Corollary C. Assume Z is a Cohen-Macaulay subvariety of X of pure codimension c.
Recall the notation of the corollary statement: the filtration E4H},(Ox) is defined by

EJHEL(0x) =Im [Ext?(Ox /T3, Ox) — HL(0Ox)]
where Iz C Ox is the ideal sheaf defining Z in X.

Under the Cohen-Macaulay assumption, we get F_,H},(Ox) = 0 for ¢ > ¢. Moreover, the result
of [MP22, Thm. C] says that, under the Cohen-Macaulay assumption, Z is Du Bois if and only if it
satisfies F_,, H%(Ox) = EgyHS(Ox).

Thus, either assumption in the corollary statement implies that Z is Du Bois, so we can assume
Z is Du Bois. Then Z has rational singularities if and only if HRH(Z) > 0, and so the claim follows
from the previous theorem. [l

Let D be a hypersurface inside a smooth variety X. The notion of Hodge ideals I,,(D) was
introduced in [MP19], and subsequently their weighted variants IZ‘;V (D) were introduced [Ola23]. Tt
is interesting to note that HRH(D) can be detected through the weighted Hodge ideals:

Corollary 5.4. Let D be a hypersurface inside a smooth variety X of dimensionn. Then HRH(D) >
k if and only if Ig,/vl(D) = 1,(D) for all0 <p < k.

Proof. Observe that HRH(D) > k if and only if Fp_nGrKrle(ﬁX) =0for0<p<k | >2hby
Theorem B. The assertion is an immediate consequence of the exact sequence

0— I},Vl*l(D) ® Ox((p+1)D) — I;’Vl (D) ® Ox((p+1)D) — F,_, G, ,Ox (D) — 0
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given by [0la23, (6.1)], and the fact H}(0x) = Ox(xD)/Ox. O

In the case of isolated singularities, the connection between this value and the lack of Poincaré
duality of D was noted in [Ola23, Remark 6.8].

6. Local cohomology at a point and link invariants. We can now relate HRH(Z) to the local
cohomology at a point € Z. Using the results of [DS90], it can be related to the cohomology of
the link.

Let S* = cone(tz), where ¥z: QZ[d] — Dz(Q¥[d])(—d). If Z is embeddable into a smooth
variety X, then we saw above that HRH(Z) > k if and only if Fj,_41¢ 7 is a quasi-isomorphism, which
holds (by strictness of morphisms with respect to the Hodge filtration) if and only if Fj_4S5°® = 0.

Let i, : {z} — Z be the inclusion of a point. The local cohomology of Z at x is given by H*(i',QY)
and denoted H}:’I}(Z). For any neighborhood z € V' C Z, if i, v: {z} — V is the inclusion, then

zing = i!gc,v(@{/] . Thus, as far as local cohomology is concerned, we can replace Z with any open
neighborhood of x. In particular, we can choose an affine neighborhood, so that we can assume Z is
embeddable into a smooth variety. We will need the following lemma:

Lemma 6.1. Let ¢: M* — N*® be a morphism in D*(MHM(X)) where X is a smooth alge-
braic variety. Let i:Y — X be a closed embedding. Assume Fyp¢ is a quasi-isomorphism. Then
Fliyi' (@), Fyii*(¢) are quasi-isomorphisms. If Y is a smooth subvariety, then Fyi'(¢), Fyi*(¢) are
quasi-isomorphisms.

Proof. Tt suffices to prove the following: let C* € D*(MHM(X)) be such that F},C* is acyclic. Then
Fi,i*(C*) and Fyi,i'(C*®) are acyclic. Indeed, this implies the lemma by applying this claim to the
cone of ¢ and using that ,i',i,i* are exact functors between triangulated categories.

Again, using that i.i and i.i* are exact functors, this reduces to the claim when C is a single

mixed Hodge module. Indeed, assume C* € DY (MHM(X)) and we use induction on b — a. We
have the natural exact triangle

Tep1C® = C° = HO(C*)[-b] 25,

where, by assumption, F}j applied to any term in the triangle is acyclic. Induction handles the outer
two terms. So we can assume C* = C € MHM(X).

As this is a local statement, we can assume Y = V(f1,..., f,) C X for some fi,..., f, € Ox(X).

Let I': X — X x A] be the graph embedding along fi,..., fr. If 0: X x {0} — X x A] is the
inclusion of the zero section, then by Base Change (Example 1.3) we have isomorphisms o*I',
ixi*, 0'T, = i,i'. Moreover, we know that F.I'.(C) = 0 by definition of the direct image for mixed
Hodge modules (recall that we index like right Z-modules). Thus, we have reduced to the case that
Y C X is a smooth subvariety defined by t1,...,t,. The claim then follows by Proposition 2.6. U

Now we can prove the connection with the local description of being a rational homology manifold
using local cohomology at € Z in (0.3). We note that this invariant is related to the question of
whether H %;l}(Z ) is one dimensional, which by a result of Brion [Bri99, Prop. Al] is equivalent to Z
being irreducible near x.



A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS 27

First, we prove a lemma which strengthens [PP24, Prop. 6.4]. It is simply a corollary of [PP24, Cor.
7.5]. We have the following exact triangles considering the RHM defect object and its dual:

Ky — QYd 2% 1cd
104 % D4 (QY [d])(—d) = Dz (K3)(—d) =,
QY [d) % Dz(QY[d))(~d) —+ 5* * |
The octahedral axiom gives an exact triangle
K3[1] = 8* = Dz(K3)(—d) =,

and so because the first object has non-zero cohomology only in strictly negative degrees and the
third object only has non-zero cohomology in non-negative degrees, we have isomorphisms

HOKy =H 18 forall i >0, H'Dz(KY)(—d) = H'S® for all i > 0.
Lemma 6.2. We have the following inequality:
dim Supp(H 'K%) = dim Supp(H'Dz(K3)(—d)) = dim Supp(H*'S®) < d — 2HRH(Z) — 3 —i.
Proof. 1t suffices by duality to prove the claim for K. For ease of notation let k = HRH(Z).
First of all, [PP24, Cor. 7.5(ii)] shows that
32+2=d s g,

The claim is local, so we can assume Z is quasi-projective. Note that HRH(Z) doesn’t decrease
under restriction to a general hyperplane L. Using that (*Kj = K} [1] as shown in [PP24, Lem.
6.6], the argument of [PP24, Prop. 6.4] gives the desired claim. O

Recall that the local cohomological defect is given by

ledef(Z) = max{a | H~*(QY[d]) # 0}.

It admits a local version ledef,(Z) = mingepcz ledef(U), where the minimum runs over Zariski open
neighborhoods of z in Z.

Remark 6.3. By the Hartshorne-Lichtenbaum Theorem [Har68, Thm. 3.1] [Ogu73, Cor. 2.10],
which has also been recovered by Mustata-Popa in [MP22, Cor. 11.9], we have the following bound
for the local cohomological defect :

ledef(Z) < d — 1 if and only if no irreducible component of Z is a point.

As we are working with Z purely d-dimensional with d > 0, this is automatic for us.

We begin with the following observation in the isolated singularities setting, which is a warm-up
to the proof of Theorem F:

Lemma 6.4. Let x € Z be such that Z \ {x} is a rational homology manifold. Then Z is irreducible
near x if and only if ledef,(Z) < d — 2.
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Proof. If Z is a rational homology manifold, then [Bri99, Prop. Al] shows that Z is irreducible.
Moreover, lecdef(Z) = 0 in this case. So we assume Z is not a rational homology manifold at x.
Let i, : {} — Z be the inclusion. Apply i\, to the triangle
QY [d = Dz(QF [d)(~d) — 5*
to get
QY [d] = Q" (~d)[~d] — ,5* .
This gives the exact sequence
0 — HIit 5* — H?(Z) - Q(—d) — H4i:S* — 0,
and so it suffices to prove that H4~1i} S* = H%' S* = 0 if and only if ledef(Z) < d — 2.

As Z \ {z} is a rational homology manifold, we know S* is supported at z. Thus, we can write
S* = i8S for some S’ € DY (MHM({x})) and so i.,S® = S’. Thus, it suffices to prove that

HILS" = 1#4S" = 0 if and only if ledef(Z) < d — 2.
Again, as i,,S" = S°, it suffices to consider H*S* itself. But then by definition (using that S® # 0),
we have
ledef(Z) = max{a | H*(Dz(K%)) # 0} = max{a | H*S® # 0},
so the claim follows. O
In the non-isolated setting, we see that HRH,(Z) can also guarantee irreducibility, as well as

vanishing of some higher local cohomology spaces of Z at x. Before stating the theorem, we introduce
the link invariants, as they are closely related to the mixed Hodge structures on H {‘x}(Z ).

The cohomology of the link L, of Z at x can be described, following [DS90], by the cohomology
of the cone
cone(i, Q¥ — i2QY) € DY (MHM({z})).

In other words, if U = Z \ {z} with inclusion j: U — Z, we have equality
H*(L,) = H*i3j.(QF)).
Immediately from the definition, we get a long exact sequence of mixed Hodge structures [DS90,
Prop. 3.5]:
s = HE (Z) = H*({2}) = HM(Ly) — ...
As {x} is simply a point, we get isomorphisms of mixed Hodge structures

Q= H(L,), H{,(Z)=0, HML,;)= Hf;}l(Z) for all k> 1.

Proof of Theorem F. Apply i\, to the triangle
Q¥ [d] - Dz(QF[d)(~d) = 5* 5,
which gives
QY [d) = Q" (=d)[~d] = i}5* 5,
and thus, by the long exact sequence in cohomology, we get an exact sequence

0 — HILiE 5* — H?(Z) - Q(—d) — HY:S8* = 0
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and for ¢ > 2, we get isomorphisms
HIi g o 920+ (7).
By Lemma 1.10 and Lemma 6.2 we get (using that HRH,(Z) > 0):
HIiL.S* =0 for all j > d — 2HRH,(Z) — 2,
and so we get the desired vanishing. O

Theorem 6.5. Let Z be a complex variety of pure dimension d and let x € Z be a point. Then the
following are equivalent for k € Z>o:

(1) HRH(Z) > k
, 0 i<2d

2) Fr._qH} \(Z) =

(2) Fiall},(2) {Q o

0 0<i<2d

(3) Feall™(Le) = {Q i = 2d.

Proof. As the claim is local, we can assume Z is embeddable into a smooth variety. Let i,: {x} — Z
be the inclusion of a point x.

We have HRH,(Z) > 0 iff in a neighborhood of z, the map
Fra¥z: Fr—aQF[d] = Fi.—a(Dz(QF [d])(—d))
is a quasi-isomorphism, which is equivalent to Fj_45® = 0.
By Lemma 1.10, we have Fj_4S® = 0 if and only if Fk,dz’!xS’ = 0 for all x € Z, and the latter
claim is true if and only if Fy,_4i, Q¥ [d] — F(Q¥[—~d]) is a quasi-isomorphism, giving the result. [

The above proposition gives a descent result for HRH(Z), and hence for pre-k-rational singularities
which should be compared to [SVV23, Prop. 4.2 (2)].

Corollary 6.6. let m: Z — W be the quotient of a variety Z by the action of a finite group G. Then,
HRH(W) > HRH(Z).

In particular, if Z and W are in addition normal, and Z has pre-k-rational singularities, then the
singularities of W are also pre-k-rational.

Proof. Let © € Z such that w(x) is singular. Using [Bri99, Proof of Prop. Al], we have the
isomorphisms
The assertion follows by taking Hodge pieces and applying Theorem 6.5.

The last assertion follows by combining this with [SVV23, Prop. 4.2 (1)]. O

In [FL24a], the link invariants of Z at x are defined by
(6.7) 7 = dime Gl HP(L,).

We can restate the condition HRH,(Z) > k in terms of these invariants, and give a generalization
of [FL24a, Thm. 1.15(i)].
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Proof of Theorem E. The first statement trivially implies the second.

For the first statement, note that ¢4=%9=9+ = 0 for all i < k if and only if F¥"H9(L,) = 0 for
all i < k if and only if Fy_gH9(L,) = 0. Similarly, ¢4=54=141 — 0 for all 1 < i < k is equivalent to
Fy_qH9(L;) = Q. So this shows that HRH.(Z) > k implies those vanishings.

For the converse, we need to also check that Fj_4HP(L,;) = 0 for p € [d — a,d — 1]. We apply
[FL24a, Prop. 2.8] and Serre duality [FL.24a]. The duality says that (P4 = ¢d—pd=a=1,

Thus, our assumption (444 = ( gives £i72d_q_i_1 =0 for all i <k and ¢ € [d,d + a]. In other
words, for p € [d —a — 1,d — 1], we have ¢"P~" =0 for all i < k. Then [FL24a, Prop. 2.8] gives

k

k
1=0

i=0
and so P~% = ( for all 4 < k, too. Thus,
Fy_qH? (L) C F,_pH?(L;) = 0,
where the first containment uses that p < d — 1. This completes the proof. O

Remark 6.8. If x € 7 is an isolated singular point and Z has local complete intersection singularities
near z, [FL24a, Thm. 1.15(i)] says that Z is k-rational near x if and only if Z is k-Du Bois near x
and ¢(Fd=k=1 =0,

In the local complete intersection setting, ledef,(Z) = 0 and H??~!(L) = Q. Thus, the condition
that ¢4=54=1+1 —(forall 1 <i < k is true. Moreover, by the Serre duality relation £79 = ¢d=pd=q-1
the condition is equivalent to ¢4~ = (.

In fact, this argument shows that for any Z with an isolated singular point at x and satisfying
ledef,(Z) = 0, the result of Friedman-Laza holds.

Using the criteria for HRH(Z) > k in terms of H fm}(Z ), we see easily that HRH is preserved under
étale morphisms.

Lemma 6.9. Let ¢: Z1 — Z5 be a surjective étale morphism. Then we have HRH(Z;) = HRH(Z3).

Proof. We have an isomorphism of mixed Hodge structures for any = € Z;
H}(Z1) = Hy () (Z2),
and so the claim follows from Theorem 6.5. O

Lemma 6.10. Let p: Z; — Zy be a smooth morphism. Then HRH(Z;) = HRH(Z>).
Proof. As the question is local, we can reduce to the previous lemma and Lemma 4.10. ]

In a similar vein, we have the following about pre-k-Du Bois singularities under smooth morphisms.

Lemma 6.11. Let ¢: Z1 — Zs be a smooth morphism. Then Zy is pre-k-Du Bois if and only if Zo
18.

Proof. The question is local, so we can prove the claim in two steps. First of all, if ¢ is an étale
morphism, then O = *(Q%2)7 and because ¢ is faithfully flat, we see that the claim is true in this
setting.
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On the other hand, if p: Z; = Zs X Y — Z5 is a smooth projection, where Y is a smooth variety,
we want to understand le in terms of Q% and Q3 = Qf,. To do this, locally embed i: Zo C W
with W a smooth variety. Let m: W xY — W be the smooth projection and let i: Zo xY — W xY
be the closed embedding.

One can check the following: given M*® € D*(MHM(W)) and N* € D*(MHM(Y)), there is a
natural quasi-isomorphism

GrfDR(M*®N°®) =  Gr/DR(M") K Gr/DR(N*).
i+j=k
Applying this with M*® = i*(@g2 and N°® = Q{/{V, we get
Qv = P Q2,00 = P 9,10,
i+j=k itj=k
where the latter equality is due to the smoothness of Y. This follows from the fact that
and the equalities
QéQXY = Grf’kDR(QZ xY)[k]a
QY, = Grf,DR(QZ,)[i],
Q) = Gr;DR(QY)[j].
As Q{, is a sheaf, we see that QZZQXy is a sheaf for all £ < k if and only if QEZQ is a sheaf for all
¢ < k, proving the claim by definition of pre-k-Du Bois. O
We immediately obtain the following
Corollary 6.12. Let ¢: Z1 — Zy be a smooth morphism between normal varieties. Then Zs is

pre-k-rational if and only if Z1 is pre-k-rational.

7. Partial Poincaré duality. This short subsection proves a partial Poincaré duality result under
the assumption HRH(Z) > k. Our goal is to understand how the condition that Fj_g41z is a
quasi-isomorphism behaves under the direct image (az)..

Proposition 7.1. Let f: X — Y be a morphism of embeddable algebraic varieties. Let p: M®* — N*®
be such that F,p is a quasi-isomorphism. Then F,f.p is a quasi-isomorphism.

Proof. By [Par23, Lem. 3.4], if C* is the cone of ¢, then our assumption implies
Grl' DRy (f.C*®) = 0 for all £ < p,

and so, by Lemma 1.6, we get
F,f.C* =0.

Finally, as f, is an exact functor between triangulated categories, we have the exact triangle
f.M® = f.N® — f.0° L

and the result follows by looking at the long exact sequence in cohomology, using strictness of
morphisms between Hodge modules. (|
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We can now prove the main result concerning Poincaré duality. We state the result using decreasing
Hodge filtrations, as is the convention for the mixed Hodge structure on singular cohomology.

Theorem 7.2. Let Z be an embeddable complex algebraic variety and assume HRH(Z) > k. Then
for any i € Z, the natural map

H™(Z) = H"(Z) — (HIT(2)Y)(=d)
induces isomorphisms

F&FPHYN(Z) — FURMHT(Z) - FTRHIT(Z)Y

Proof. This follows by applying H~%(az)« to the map vz, where az: Z — pt is the constant map.

After taking some embedding i: Z — X into a smooth variety, the condition HRH(Z) > k implies
that the maps
Fp-aQF ) = Fy—gICY — Fy— gDz (QF d))(~d),

are quasi-isomorphisms. Applying (az)s« and using Proposition 7.1, we get that

Fr—a(az)QF[d] = Fi—q(az)ICY = Fy_a(az):Dz(Q%[d])(—d)

are quasi-isomorphisms, too. By taking H ¢, we get the desired claim. O

8. Generic local cohomological defect. We provide in this section a generalization of Re-
mark 4.8(4)(c) in the embedded setting. The key idea is that one can improve the important
codimension bound on the non-rational homology manifold locus in [PP24] by incorporating the
“generic” local cohomological defect, which we introduce next.

Let Z C X be an embedding of the purely d-dimensional variety Z into a smooth connected variety
X.

Recall that K7, is the RHM defect object, which lies in the exact triangle
Ky — QYd —»1c8 £

Let S = {Sa}acr be a Whitney stratification of X such that Z is a union of strata and so that we
have containment

Ch(ky) = |J Ch(#'Ky) < (J 75,3,
LeZ acl
where K% is the underlying complex of Zx-modules for K7,

This implies for all j,¢ € Z and « € I, we have
HIDRg, (it H K3)
is locally constant, where i,: S, — X is the locally closed embedding. Then the function
x > ledef,(2)

is constructible with respect to this stratification.

Definition 8.1. Let S = {S,}aer be a Whitney stratification as above and ledefg, (Z) the value of
ledef on S,. We denote
ledefgen(Z) = max ledefg, (7).

dim Sa=dim Zngs

This invariant can be detected through local cohomology in our embedded setting.



A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS 33

Lemma 8.2. Let Z C X be an embedding into a smooth variety X with codimx(Z) = c¢. Let {S4}
be a Whitney stratification of X as above. Then

ledefs, (Z) = max{i | So C Supp H5“(Ox)}.
Proof. This is immediate by choice of stratification. O

This invariant can also be detected without mention of a Whitney stratification.
Lemma 8.3. Let Z C X be an embedding into a smooth variety X, with codimx(Z) = ¢. Fori >0,
define
d(i) = {dim Supp H " (Ox) i>0 ‘
dim Supp H%, (0x)/ICH  i=0
Then
ledefgen(Z) = max{i | d(i) > d(j) for all j > 0}.

Proof. By definition, we have
Znrs = Supp(K%) = Supp(Dz(K%)) = Supp(H5(0x)/ICH) U | SuppH (Ox).
i>0

Note that, for any 7 which satisfies d(i) > d(j) for all 7 > 0, we have d(i) = dim Z,gs. Thus,
the claim is immediate by the previous lemma and the fact that the support of Z,rg is a union of
strata. 0

Now, we show that the value ledef,(Z) for x € S, is unchanged upon taking a normal slice.

Proposition 8.4. Let {S,} be a Whitney stratification of X as above and fix x € S,. Let T,, C X
be a normal slice through x, meaning a smooth subvariety of dimension dim X — dim S, such that
To N So = {zx} is a transverse intersection. Then

ledef,(Z) = ledef,(Z N1Ty,).

Proof. By replacing X with a neighborhood of z, we can assume the stratification {S4} is finite. By
further replacing X by X \ Ugep Sg, where B = {vy | So € Sg}, we can assume S, is a minimal

stratum in the sense that S, C S, for all 7. As the support of each local cohomology is a union of
strata and closed, we see then that after this restriction, we have

ledef,;(Z) = ledefg, (Z) = ledef(Z).
In this case, Whitney’s condition (a) implies that the normal slice T;, has transverse intersection

with all strata. If v: T, — X is the closed embedding, this implies that ¢ is non-characteristic with
respect to H’(K%) for all j € Z.

Thus, the spectral sequence
EY = H'WHI(KY) = HTI(KY)
degenerates at Fo, because the only non-zero terms must have i = — dim S, the relative dimension

of the embedding . This gives equality
WS M (Ky) = WK @0y O,
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Again using that ¢ is non-characteristic, we have

V(K%)= KZqr, [dim Sy .

Finally, using that ledef(Z) = max{i | H 'K} # 0} and the same formula for ledef(Z N T,), we
get the desired equality. O

Putting these together, we can show that the bound codimyz(Z,rs) > 2HRH(Z) + 3 can be
improved if one has knowledge of the “generic” local cohomological defect. This method of proof is
inspired by [Sai94, Rmk. 2.11].

Proposition 8.5. Let Z be a purely d-dimensional complez algebraic variety and let {Sy} be a
Whitney stratification as above. Then for all x € S, we have

ledefs, (Z) < max{codimy(S,) — 2HRH,(Z) — 3, 0}.
In particular, we have

ledefgen(Z) < max{codimy(Zyrs) — 2HRH(Z) — 3,0}.

Proof. The first claim implies the second by first taking a such that ledefg, (Z) = ledefgen(Z) and
dim S, = dim Z,rs, and then noting that HRH(Z) < HRH,(Z). So it suffices to prove the first
claim.

For z € S,, take a normal slice T,, through x. The first claim is then immediate from the fact
that HRH,(Z) < HRH,(Z N T,) and the inequality
ledefg, (Z) = lcefz(Z) = lcef,(Z N Ty,) < max{dim(T,) — 2HRH,(Z NT,) — 3,0}.

This completes the proof.

As an alternative proof, one can use Lemma 6.2. Indeed, assuming HRH(Z) > 0 this lemma tells
us that

dim SuppH'Dz(K%) < dim(Z) — 2HRH(Z) — 3 — i,
and so choosing ¢ maximal so that S, C Supp(H'Dz(K%)), we get
dim S, < dimH'Dz(KY) < dim(Z) — 2HRH(Z) — 3 — 4,
but by definition, such an i is ledefg, (Z). O
Remark 8.6. When Z,gs locus is isolated, we have lcdefgen (Z) = ledef(Z) (in particular, if dim Z <

3 and HRH(Z) > 0, we always have equality). However, equality can also hold even when Z,gg is
non-isolated, see the examples in §14.

D. LocaL COMPLETE INTERSECTION CASE

In this section, we discuss the invariant HRH(Z) of a variety Z that is locally a complete inter-
section. We introduce invariants of the singularities that partially capture the degree to which Z is
rational homology. Before that, we discuss the case of a hypersurface to illustrate how the vanishing
cycles capture the whole picture in this case. The results beyond this case are different ways of
generalizing these results.
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9. Hypersurfaces. Let Z be a hypersurface of an n-dimensional smooth variety X defined by f.

Let 4
By =P oxdls
Jj=0
as defined in §2, and
Fr_nBy = P 0x010.
J<k
Recall that by Theorem B, Z is k-Hodge rational homology if

Fn W1 "y (Ox) = Fr_nHy(Ox).
The local cohomology is captured by the unipotent nearby and vanishing cycles and their corre-
sponding filtrations. More precisely, we have a short exact sequence

0— G (By) & Gri (By) — Hy(0x) = 0,

which is bi-strict with respect to the Hodge filtration and the weight filtration, where the weight
filtration of the first two terms is induced by their monodromy operators, and underlies the sequence
of mixed Hodge modules (see, for example, [Ola23, Thm. A])

0 = ¢r1Q%[n] L% g1 QY n](~1) — HE(QE[n]) — 0.

Recall the convention for the Hodge filtration on nearby cycles, when indexing the Hodge filtration
as for right Z-modules, is as follows:

Fpy1(Ox) = Fp_1Gry (By),

and that the weight filtration is defined as the monodromy filtration for the nilpotent operator (N
or td;) centered at n — 1. In general, the monodromy filtration satisfies (see [SZ85, Rmk. 2.3])

W14 Gry(Be) = > (t0) ker((tdy)' ).

¢>max{0,—1}

However, in our situation, (t0;)*: (Gri,(By), F) — (Gri,(By), F[—£]) is strict for all £ > 1. It is an

easy exercise, then, to see
FWhi14i Griy(Bp) = Y (t0y) Fp_gker((t0;)" %),
£>max{0,—1}
This discussion, by taking ¢ = 0, gives the containments
F,ker(td;) C F,W,,—1 Gry,(By) C Fpker(td;) + t(F, GrY,(B})),

and hence, the formula
FyWy1Gry (By) + t(F, G, (By)) _ F,ker(td;) + t(F,Gr{,(By))

FWoa My (Ox) = t(F, G (B;)) t(F,GrY-(By))

Proof of Theorem H. Assume first that Fk,nGrQ/(Bf) = 0. This means that every element in
Fi 14 Gry(By) = Fy_1-n(171(Ox)(—1)) lies in the subset kerd; = kertd;, C W,_1Gri,(0x) =
Wit1(¥71(QE[n])(—1)), where the containment follows by definition of the monodromy filtration
centered at n — 1. This implies that

Foo1 nH5(Ox) C WhiH(Ox),
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and therefore, HRH(Z) > k — 1.

Suppose now that Fy_1_,Wni1H5(Ox) = Fr_1-,HL(Ox). By induction on k, we have that
Fk_l_nGrQ/(B ¢) = 0. Thus, we have an isomorphism

Fk_l_nGI‘%/(Bf) = Fk—l—n/le(ﬁX)'

To prove the claim, it suffices by strict surjectivity of 9;: (Gri,(By), F) — (Gr¥,(By), F[-1]) to
prove that Fj_1_,Gri,(By) C ker(d;) = ker(td;). As Fy_1_n,G1{,(B;) =0, we get

kalfn,}'[lz(ﬁx) = kalfn ker(N),
which finishes the proof. O

Suppose now that Z has an isolated singularity. Let F' be the Milnor fiber of Z. It is well-known
that
DR(GrY,(By)) = H" ' (F)
supported on the singular point. Moreover, the dimension of the Hodge filtration of this cohomology
is controlled by the spectral numbers. More precisely, if a; are the spectral numbers, then

#{i | as; =k} = dim Gl H" '(F);

for p = n — k (and similarly for non-integer ones, see e.g., [Sai07, §3]). By using induction and
the definition of the Hodge filtration and the de-Rham functor, the following result follows from
Theorem H.

Corollary 9.1. Let Z be a hypersurface of a smooth variety that has an isolated singularity at x € Z.
Then,
HRH(Z) = Spmin,Z(Z,x) - 2.

Remark 9.2. The results in this section can be proved with the techniques of the upcoming sections.
The hypersurface case is a good illustration of objects introduced in the case of local complete
intersections. See Remark 11.7.

10. Reinterpretation using specialization. We now focus on the local complete intersection
case. Let Z = V(f1,...,fr) € X be a complete intersection subvariety of pure codimension r,
where X is a smooth irreducible variety of dimension n. We introduce in this section several integer
invariants associated to Z and show how they relate to each other. In the hypersurface case, we
will see that these numbers are all essentially the same, except for the invariant defined using the
Bernstein-Sato polynomial.

We have the short exact sequence of monodromic mixed Hodge modules on X x A”,
0— L — Sp(By)* — Q% —0,

which in this case encodes the morphism .1 z. To see this, let 0: X — X x A’ be the inclusion
of the zero section. By Proposition 2.6 above, we see that o'(M) = o'(M?%) for any monodromic
module M (for example, Sp(Byf) and Q).

We have by [Sai90, Pg. 269] that
0'(Sp(By)) = o' (By) = i.i' QX[

where we also use o to denote the zero section in X x A} for the middle term, and the last equality
follows by Base Change (Example 1.3).
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Applying o' to the short exact sequence, we get an exact triangle
o'L = i,i'Q¥n] — ¢'Q RN
Recalling that L = i.Qzxar[n], it is a simple computation to check that
0'L = i.Qf [n — 2r](=r) = (L.QZ[d])[r)(~r),
and so the morphism y: ¢'L — i*i!(@g [n] is (up to non-zero scalar multiplication on the irreducible

components of Z) the map ¢ z[—r](—r). By looking at the long exact sequence in cohomology, the
only non-zero terms are the rightmost four:

0= H!(0'Q) = (1, QZ[d) (=) % HZ(QX[n]) = H'(¢'Q) = 0
Proposition 10.1. In the notation above, we have the following:

(1) Fy_qvz is an isomorphism if and only if Fy_,H" " (0'Q) = 0.
(2) Fyx_avy is an isomorphism if and only if HRH(Z) > k if and only if Fx_,H"(¢'Q) =0

In particular, Fy_,H" (¢'Q) = 0 implies Fj_,H "' (c'Q) = 0.
Proof. Recall that Fy_g4vz is an isomorphism if and only if it is injective. This is true if and only

if Fi_q17 is injective. As 1¢z(—r) and y agree up to non-zero scalar multiples, this is equivalent to
Fj._,x being injective, which by the exact sequence is equivalent to the vanishing Fy_,H "' (c'Q).

The other claim is shown similarly. O
We can rephrase the results of the proposition purely in terms of the V-filtration.
Proposition 10.2. In the notation above, we have the following:

(1) The map Fy_g7vz is an isomorphism if and only if

(Zt Fr_nCrlY( Bf> (ﬂ ker (9, : FrnGrir(By) = Fi_ni1Grl (Bf))> =0.

=1
(2) The map Fy_q7) is an isomorphism if and only if HRH(Z) > k if and only if

(Zt Fy— Gt} (By) ) (ﬂ ker(0y,: Fi_nGrl,(By) = Fi_py1Grlo (Bf))> = F_,Gr},(By).

=1
In particular HRH(Z) > k if and only if

Fy_ Gy, (By) = <Zt F_nGry, L (By) ) (ﬂ ker(0y, : Fr—nG1y,(By) = Fr_pnq1Gry (Bf))>
=1

Proof. These are immediate restatements of the conditions in the previous proposition, using the
definition of the underlying filtered Z-module of Q. U

Thus, we get a V-filtration characterization of rational smoothness in the local complete intersec-
tion case.

Corollary 10.3. In the above notation, Z is a rational homology manifold if and only if

G}, (By) = (Zt Grl ) (ﬂker : Grly(By) — Grly (Bf))>.
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In fact, we can say the following:

Theorem 10.4. Let Z C X be a complete intersection defined by f1,..., fr € Ox(X). The following
are equivalent:

(1) Sp(By)% is a pure Hodge module of weight n.
(2) N =0 on Sp(By)Z.
(3) Q is a pure Hodge module of weight n.

Moreover, any of those equivalent conditions implies the following (all of which are equivalent to
each other):

(1) Z is a rational homology manifold.
(2) Z x A" is a rational homology manifold.
(3) L=QY, ,.[n] is a pure Hodge module of weight n.

If r =1, the converse holds.

Proof. The equivalence of the second collection of three conditions is obvious.

The equivalence of the first and second conditions follows from the fact that the weight filtration
on Sp(Bf)Z is the monodromy filtration for N centered at n. Either condition implies the third,
because @ is a quotient of Sp(By) by definition.

To see that the third implies the first, recall that W, L = L. Thus, for all i € Z, we have a short
exact sequence,

0— GrlV.,L — Grl¥.;Sp(Bs)? — Grl.,Q% — 0,
and for ¢ > 0, we have an isomorphism GrmiSp(Bf)Z = GrmiQZ. Thus, W,Q = Q implies Sp(By)
is pure.
We see that the condition that Sp(B f)Z is pure of weight n implies L is pure of weight n.

To prove the converse, assume r = 1. Then Z = {f = 0} is a rational homology manifold if and
only if ¢ 1(€x) =0 if and only if N =0 on 97;(0x). But then

Sp(By)” = @ Gry(By)
>1
clearly has N = 0. g

Remark 10.5. The difficulty in proving the converse of the above theorem in r > 1 is the fact that
we do not know if the inequality

min{i | (s + r)iGr(/(Bf) =0} >min{l| (s+r— 1)£Gr’{,_1(3f) =0}
is strict. This is true when r = 1.

The inequality cannot be strict in general: indeed, if Z is a rational homology manifold, then by
Corollary 10.3, we have

Gy (By) =ker(s + 1) + Y _ t:Grl; ' (By),
=1

and so there are two possibilities: Grj; '(By) = 0, in which case Q% = 0, or the inequality is an
equality.



A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS 39

11. Integer invariants and relations among them. We can now introduce the second integer
invariant of our interest, which is p(Q%, F). Immediately we obtain the following:

Proposition 11.1. We have an inequality
p(Q%, F)+n—1<HRH(Z).
Proof. By definition, Fp(Qz,F)_lQZ =0, so Fp(Qz,F)_lH’”a!(Q) = 0 by Proposition 2.6. d
Before introducing the next integer invariant, we study how the invariant p(QZ , F') relates to the
invariants p(QF, F) = min{p | F,QF # 0}.
Lemma 11.2. The following hold:

(1) p(QL, F) =p(Q", F) = p(Q", F) for all £ > r.
(2) p(Q'~Y, F) = p(Q', F) + ¢ for all £ > 0.
(8) For all k € [1,7) N Z, we have

p(Q) < p(QF) < p(QFFY) + 1.

Proof. The filtered acyclicity of B/(Q, F) for j > 0, given by Proposition 2.5 above, tells us that
there are surjections

T

@Fpgrﬁ’j*l i> FpQT“i’]’,

i=1
which inductively proves p(Qf, F) > p(Q", F) for all £ > r. The same filtered acyclicity tells us that
the map

'
F,Q" % P,
i=1

is injective for all j > 0, so that

p(Q7, F) > p(Qt1 F) for all j > 0.

These together show that p(Q", F) = p(Q', F) for all £ > r.
The filtered acyclicity of C7(Q, F) for all j < 0 gives surjections

T
s .
@FpQ3+1 — Fp1 &,
i=1
for all j < 0, which gives p(Q7, F) > p(Q’*!, F) + 1 for all j < 0. Moreover, it gives injections

z

8. .
FpQJ+r N Fp+1 Q]-H”—l
so that p(Q7, F) < p(Q/*t1 F) +1 for all j < r.
This proves almost all claims, except we need to show that p(Q°, F) = p(Q!, F) + 1.

The long exact sequence in cohomology for ¢* applied to the short exact sequence (2.8) gives
isomorphisms

100" (Q) = H0o™ (Sp(By)) = HOo™ (By).

and all three modules vanish, because By has no quotient object supported on X x {0}.
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Thus, H°(C%(Q, F)) = 0, giving a surjection
T
1 %= 0
@ FpQ — Fp+1 Q )
i=1
and proving the last remaining claim. O
This leads to a natural condition for equality in Proposition 11.1.
Proposition 11.3. Assume p(Q"~', F) = p(Q%, F)+ 1. Then
HRH(Z) = p(Q%, F) +n — 1.

Proof. The assumption tells us that F, gz - Q"' = p(Qz’F)Gr;_l(Bf) = 0. Then
Foqe ' (01(Q) = Fyqe,m Q') Y wibpen Q" = Fpgery@ # 0,
i=1

proving that HRH(Z) < p(Q%, F) + n. O

The next integer invariant is the minimal integer spectral number of Z at a point x € Z, which
we denote by Spin 7(Z, ).
An immediate application of Lemma 2.9 above gives the following lower bound. Here
p(Q%, F) = min{p € Z | (F,Q"), # 0}
is the lowest non-vanishing index of the stalk of the Hodge filtration at .

Proposition 11.4. Let x € Z be a point in the local complete intersection variety Z. Then

Spmin,Z(Za JI) Zp( %7F) +n+1

The same condition in Proposition 11.3 above gives a condition which allows us to ensure equality
in the proposition above in the isolated singularities case.

Proposition 11.5. Let x € Z be an isolated singular point. Assume p(Q. 1 F) = p(Q%Z, F) + 1.
Then

Spmin,Z(Za .f) :p( %7F> +n+1

Proof. The assumption allows us to use [Dir23, Lem. 2.6], which tells us that

Suppy; (Fp(o,m Q") = AL
Then the proof goes through in exactly the same way as the last step of the proof of [Dir23, Thm.
1.1]. O
Remark 11.6. We have the following: Q% = 0 if and only if p(Q%, F) = 400, which implies that
SPminz(Z, ¥) = +00 and that Z is a rational homology manifold.

It is easy to check that Q% = 0 if and only if Gr;_l(Bf) = 0. Example 16.2 below shows, then,
that Q% = 0 is too strong: there is a complete intersection variety Z which is a rational homology
manifold but with Q% # 0.
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Remark 11.7. In the hypersurface case, the situation simplifies immensely. Let Z = V(f) C X. It
is well known that Z is a rational homology manifold if and only if ¢f1(0x) = 0, see, for example,
[JKSY22, Thm. 3.1]. By the previous remark, this is true if and only if Q% = 0. In this remark, we
give another proof of that fact.

We use the following notation as we have fixed a defining function for Z:

Spmin,Z(Zv $) = Spmin,Z(f’ $)7
HRH(Z) = HRH(f).
If Q% # 0, then in this case we have p(Gr}, (Bf), F) = p(QF, F)+1. Indeed, this follows immediately
from the fact that
can = 0;: Gry,(By, F) — G\, (B, F[-1])

is strictly surjective.

By Proposition 11.3, we see that HRH(f) = p(Q%, F) + n — 1 = p(p1(0x), F) + n — 2, which
shows that HRH(f) = +o0 if and only if p(¢f1(0x), F) = 400, proving the equivalence mentioned
at the beginning of the remark. Moreover, if Z has an isolated singularity at x € Z, then we get

SPuminz(Z, ¥) = p(Q%, F) +n+ 1 = p(ps1(Ox), F) +n.
This gives another proof of the equality noted in [JKSY22, Formula (13)].

In [CDMO24], when defining the minimal exponent for the complete intersection subvariety
Z =V(fi,...,fr) € X, an auxiliary construction is used. This is the general linear combina-
tion hypersurface, defined by g = 371, yifion Y = X x A}, Let U = Y \ (X x {0}) with open
embedding j: U — Y and let 0: X x {0} — Y be the inclusion of the zero section. Then we have
the exact triangle

020" 061 (QF [0+ 7]) = 01 (QF [0 +7]) = Juspgy 1 (QF [0 +7]) T

In [Dir23], the Z-module ¢, 1(0y) is compared to the Fourier-Laplace transform of Sp(By). This
comparison implies that 0*0!¢g,1((@5 [n 4+ r]) has a unique non-vanishing cohomology module in the
local complete intersection case, namely, the 0-th one. This is due to the fact that o,0*Sp(By) has a
unique non-vanishing cohomology module, and the Fourier-Laplace transform interchanges the two
types of restriction to the zero section.

Thus, this exact triangle is actually a short exact sequence
0 = 020" g1 (QF [0 +7]) = 24,1 (QF [0 +7]) = oyl 1(QF [ +7]) — 0.

Each term in the short exact sequence is monodromic along the variables y1,...,y.. In fact, this
is the Fourier-Laplace transform of the short exact sequence (2.8). As a corollary of this fact, we get
the following.

Corollary 11.8. In the above notation, we see
Q% =0 if and only if ©qlu1(Ov) = 0 if and only if V(gly) C U is a rational homology manifold.

In particular, V(g|u) being a rational homology manifold implies Z is one, too.
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As explained in the proof of [Dir23, Prop. 3.4], there is an isomorphism
Fpgpg,l(ﬁY)rik = pkarrGr]Xﬁ/(Bf%

where the left hand side is the corresponding monodromic piece. By the short exact sequence and
strictness of morphisms with respect to the Hodge filtration, there is also an isomorphism

(11'9) ij>k909|U,1(ﬁU)T_IC = p—k:-i—er,
which we can use to prove the following.

Proposition 11.10. Let p(py|, (Ov)) = min{p | Fppy, (Ov) # 0} = min{p | Fpj.(¢q, (Ov)) # 0}.
Then

Plegy(0)) = min {p(Q"™", F) — ) =p(Q" F) —r +1.

Proof. The last equality follows from Lemma 11.2, which implies
p(Q F) < p(QY, F)+£—1forall £ € [1,7r]NZ,
and so p(QY, F) —r+1 < p(Q Y F) — ¢ for all £ € [0, — 1].
Note that p(jspg),,1(00), F) = p(¢g),,1(00), F).
We have the formula (11.9) from above
ij*‘Pg,l(ﬁU)r_k = p—k+er,

and so by definition, we get
Pl (O0)) = min{p(Q"*, F) — k}.

Thus, we need to check that this minimum is achieved for k € [0,7 — 1) N Z. For k > r, we have
p(Q " F)=p(Q" F)+1+k—r
and so
pQ T F) = k=p(Q "V F) — (r—1),
and we get that p(¢y, (Ov)) = mingez_, p(QTF F) — k.
For k < 0, we have
p(Q N F) =p(Q", F),
and so
p(QF F) = (r—k)>p(Q", F) -,
proving the desired equality. 0

Remark 11.11. Another way to phrase the result is the following: let
J(2)=#{eL,r = 1NZ|p(Q " F) =p(Q ", F)}
be the number of times when the lowest Hodge piece doesn’t jump in the interval [1,r — 1]. Then

p(Q%, F) = plgg), (O0)) + j.
Indeed, this follows from the observation

p(Q 5 F) = p(Q%, F) + £~ [{j < €| p(Q" ™, F) = p(Q" 71, F)},

so that p(Q" ¢, F) — £ = p(Q%, F) — (the number of missed jumps up to £). The minimum of this is
clearly when / is maximal, proving the claim.
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Corollary 11.12. Let j(Z) be the number of missed jumps in the interval [1,r — 1] as defined above.
Then

(1) HRH(Z) > HRH(g|y) —r +j(Z) + 1.
(2) If p(Q"=Y, F) = p(QF, F) + 1 (which is true if j(Z) =0), then 0 < j(Z) < r —1 and we have
equality
HRH(Z) = HRH(g|y) —r+j(Z) + 1.

Proof. We have equality
p(Q, F) = pleg),1(00), F) + j(Z),
and by Remark 11.7 the right hand side is equal to HRH(g|iy) — (n +7) + 2+ j(Z). Thus, we have
HRH(Z) = p(Q, F) +n — 1 = HRH(glo) — 7 + j(Z) + 1,
as claimed.

For the last claim, equality holds by Proposition 11.3. O

We now describe the relation of the Bernstein-Sato polynomial to the G-filtration when r = 1.
Let f € Ox(X) define a non-empty hypersurface. The module By = @,y ﬁxaf(;f admits an
exhaustive filtration G*B; indexed by Z (defined below also for » > 1). This has the property that
the Bernstein-Sato polynomial bf(s) of f is the minimal polynomial of the action of —d;t on Gr&(By).
As f defines a non-empty hypersurface, it is easy to see that (s+1) | bs(s) using the usual description
in terms of functional equations:

by(s)f* = P(s)f**! for some P(s) € Zx]|s].

The reduced Bernstein-Sato polynomial gf(s) = by¢(s)/(s+ 1) is an invariant of the singularities
of f. The minimal exponent (as mentioned in Remark 3.5 above) is

a(f) = minfA € Q| b(~A) = 0},
and so we can consider a similar formula, only considering integer roots:
&z (f) = min{j € Z | bp(—j) = 0}.
We clearly have an inequality a(f) < az(f).
The G-filtration has the property that

Gry Grd(By) # 0 if and only if (s + \) | bs(s).

To study the reduced polynomial, Saito [Sai94] introduced the microlocalization By = By[0;Y].
This object carries a microlocal V -filtration and a G-filtration. Importantly, these filtrations satisfy:
the minimal polynomial of —9;t on Gr(By) is by(s) by [Sai94, Prop. 0.3], and

Grf‘/Gr%(gf) # 0 if and only if (s + A) |gf(s)

Using the isomorphisms & : Gr{\/Grg(g §) = Gr‘A;j Gr]gj (B +), we see then that
az(f) > j if and only if GGl (By) = 0.

Another important aspect of the microlocalization functor is that the natural map

Gy (By, F) = Gr¥,(By, F)
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is an isomorphism, where F.gf = @k§o+n ﬁxaféf.

Using this property and the fact that Fk_ngf - G_kgf, it follows that p(GrY, (Bf), F) > az(f)—n.

By Proposition 11.4, we get
aZ(f) < Spmin,Z(f: II,')

Even in the isolated hypersurface singularities case, strict inequality az(f) < Spunz(f,) is
possible [JKSY22, Rmk. 3.4d].

Remark 11.13. In Remark 3.5 above, we mentioned that there exists a notion of minimal exponent
for local complete intersection subvarieties. In fact, when Z = V(fi,..., f,) C X is defined by a
regular sequence, the definition is

a(Z) = a(glv),
where the minimal exponent for hypersurfaces was just defined. Associated to the tuple fi,..., fr,
there is a Bernstein-Sato polynomial [BMS06]. It is related to the reduced Bernstein-Sato polynomial
of g, by [Mus22]:

by(s) = by (5).
Moreover, (s+7) | bs(s), so we can consider the reduced Bernstein-Sato polynomial by(s) = by(s)/(s+
r). Then the minimal exponent satisfies a(Z) = min{\ € Q | by(—\) = 0} ([Dir23]).

One might ask whether az(g|r) satisfies a similar formula, that is, whether it is equal to
dz(Z) = min{j € Z | by(—j) = 0}.

This would be beneficial to rewrite the results of Corollary 11.12 in terms of invariants of Z rather
than invariants of g|¢.

It is not true, however, that Ef(s) = ~9|U(S)’ and so the question is slightly subtle. In general, we
have [Dir23, Lem. 5.2]:

br(s) = By(s) = byp (5) [ [ (5 + 7+ ),
i€l
where I C Z>( is some finite subset. So we can see that we have equality az(Z) = az(g|v) if either
one is strictly less than r.

There are two cases: either 0 € T or 0 ¢ I. If 0 € I, then we get

bp(s) = by (s) [ (s+7+1i),

i€\ {0}
and so we have inequality az(Z) < az(g|v)-
In the other case, we get N
= by, ()
by(s) = A T (s + 1+ 0),
f (s+71) g

and so we only get
az(glv) = min{r, az(Z)}.
This case is possible, as Example 11.21 shows below.

Corollary 11.14. In the above notation, let j(Z) be the number of missed jumps. Then
(1) HRH(Z) > Gz(gly) — 7+ j(Z) — 1.
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(2) If az(g|ly) > r, then we have inequality
HRH(Z) > az(Z) — r + j(Z) — 1.

Proof. We have
&Z(g’U) < p((pghj,l(ﬁU)? F) + (n + T)?
and so we get that
p(Q% F) = §(Z) + (n+71) > az(glv),
giving p(Q%, F) +n — 1 > az(g|v) +7(Z) — r — 1. Then the claim follows from Proposition 11.1.

If we assume az(g|y) > r, this implies that (s+7) { by, (s), and so we are in the case 0 € I. Thus,
we have inequality az(Z) < az(g|v). O

As a consequence of these results, we obtain Theorem K and Corollary L.

Proof of Theorem K. The first statement is Corollary 11.8. The first inequality follows from the proof
of Corollary 11.14, and the second inequality from the statement of the same corollary. Finally, the
last inequality follows from Corollary 11.12. O

Proof of Corollary L. The inequalities follow from Theorem K and the last line of Corollary 11.14.
The implication az(Z) = +oo implies rational homology manifold follows from the inequality
az(Z) —r —1 <HRH(Z). In the hypersurface case, the converse follows from the observation that
az(Z) = +oo if and only if for all j € Z, we have GerGrQ/(Bf) = 0, but then by exhaustiveness of
the filtration G, this is true if and only if Gr% (B £) = 0, which is equivalent to the rational homology
manifold condition for hypersurfaces. O

Remark 11.15. As noted in Remark 4.8 above, we have

HRH(Z) < +o0 if and only if HRH(Z) < %
Combined with the inequality above, we see that if
~ d—3 ) n+r—1
Falolo) > 5 - j(Z) + 1= (2),

then Z is a rational homology manifold.

Example 11.16. The previous remark is most clear when r = 2. Indeed, in that case, we have
j € {0,1}. If j = 0, then by Proposition 11.3, we see that HRH(Z) = p(Q%, F) +n — 1. Otherwise,
if j = 1, then we see that if Z is not a rational homology manifold, we have the inequality
n—1

5

az(gly) <

Now, we give some partial results on the invariant az(Z). As in the hypersurface case above, the
polynomial bf(s) is controlled by the G-filtration on By. This is defined as follows: the ring Zr has
a Z-indexed filtration

VEDr = PstP0] | Pasy € Dx, 181 = Iyl + K ¢,
Byy
and so we can define an exhaustive filtration

G*B; = (V*r) - 5.
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Then b¢(s) is the minimal polynomial of the action of s = —>°I_; 9y,t; on Gr(Bs). Moreover,
we have
(11.17) GryGrl(By) # 0 if and only if (s + ) | by(s).

Thus, it is worthwhile to study the induced G-filtration on Sp(Bf)Z. We define it as
G*Sp(By)” = P GG} (By),

where the shift by k is to make it so that G*Sp(By)Z is a filtration by sub-Zr-modules. This induces
G-filtrations on £ and Q by the short exact sequence 2.8. The G-filtration on L is rather simple by
[Dir23, Lem. 5.1]: it satisfies GL = £. In particular, for all j > 0, we have an isomorphism

Grg (Sp(By)) = Grg(Q).
This immediately leads to the following;:
Proposition 11.18. Assume (s + 1+ j) | bs(s) for some j > 0. Then Q% # 0.

Proof. As (s + 7+ j) | bs(s), this means that GrOGGrrVH(Bf) # 0. This is the r 4+ jth monodromic
piece of Gr’ (Sp(By)), proving that

G (Sp(By)") = Grg (%) # 0,
and so Q% # 0. O
Remark 11.19. The result is a bit surprising, in view of the equality

by(s) = by, (s) [J(s + 7 +1).
i€l

Indeed, the claim says that if there is any factor (s + 7+ j) | bs(s) with j > 0, then there is also

an integer root in by, (s), because V(g|y) is not a rational homology manifold in this case. So any

non-zero element of I implies the existence of an integer root in by, (s), and hence the existence of
another integer root in by(s).

This remark naturally leads to the following conjecture:
Conjecture 11.20. For any f1,..., fr € Ox(X) a regular sequence, we have
by(s) = bg‘U(s)(s +7)
bQ\U ()
In other words, the set I is either empty or equal to the singleton {0}.

If r = 1, then we always have by(s) = by, (s)(s +1) by [Lee24]. For r > 1, the case by(s) = by, (s)
is possible, as we see in the following example.

Example 11.21. There is a reduced, irreducible complete intersection variety Z = V(f1, fo) with
bg(s) = by, (s). Indeed, if we let f1 = z? + 1% and fy = 2y + 2w, then Macaulay2 shows that

bo(s) = byl (5) = (s + 1)(5 +2)° <3+2> (s—i-;) <s+§> <s+161>2 <s+1§>2.

Note that, in this example, Z is not normal.



A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS 47

Remark 11.22. Note that if Z has rational singularities, then 0 € I. Indeed, [CDMO24] tells us
that Z having rational singularities is equivalent to a(Z) = a(g|y) > r. But if

bg(s) = by, (s) [L;er(s + 7 +1i) with I C Z,

then we have

(5+7) | b(s) = be(s) = by, (s) [J (s + 7 +1),
el

which forces (s + 1) | by, (s) and so a(g|y) < r, a contradiction.

Corollary 11.23. Assume Z has rational singularities. Then
HRH(Z) > az(Z) —r +j(Z) — 1,

where j(Z) is the number of missed jumps.

Proof. As Z has rational singularities, we have a(Z) = a(g|y) > r. Moreover, by the discussion
above, az(Z) = az(g|lu) > a(gly) > r. So the result follows by Corollary 11.14. O

In any case, we can collect our findings in the following corollary.
Corollary 11.24. The following hold:

(1) If (s +€) | by(s) for some integer £ # r, then Q% # 0.
(2) If by(s) = by, (s)(s + 1), then az(Z) < 400 if and only if Q% # 0.
(3) If by(s) = by, (s), then QF +#0.

Proof. For the first claim, if £ > r, then this is the result of Proposition 11.18.
For ¢ < r, use the equality

by(s) = by, (s) [J (s +7+1),
el

where I C Zxo implies that (s + £) | by, (s). Then we use Corollary 11.8 and Remark 11.7 to
conclude.

For the second claim, we have gf(s) = gg(s)/(s +r) = ~g|U(s), and so az(Z) = az(g|v). So the
claim follows by Corollary 11.8 and Remark 11.7.

For the last claim, we have (s + 1) | bg(s) = by, (s), so that az(gly) < +oo and again we use
Corollary 11.8 and Remark 11.7. O

12. The case of isolated singularities. In this section, we discuss a deeper relation between the
spectrum of an isolated local complete intersection singularity and the Hodge Rational Homology
degree.

Recall that, in this case, we have the Milnor fiber, which can be defined in the following way. Let
(Z,x) be the germ of the isolated singularity, and p: (X, z) — A a smoothing with central fiber Z.
We then let the Milnor fiber F' be the topological space Xy, for t # 0, and note that its cohomology
can be endowed with a mixed Hodge structure. The cohomology is nonzero only in degrees 0 and
d = dim Z, and is independent of the smoothing along with its Hodge filtration. For more details,
see [FL24a, §2.2 and §4].

Following Steenbrink and the notation in [FL24a], let
sp = dim Gr%, HY(F).
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These invariants are deeply connected to the link invariants and can be used to describe HRH(Z).

Proposition 12.1. Let (Z,z) be a normal isolated local complete intersection singularity. Then
HRH(Z) > k if and only if sq—p — sp =0 for all0 < p < k.

Proof. We will use that
(12.2) Sdp — Sp = ppd—p=1 _ gp,d—p
[FL24a, Prop. 2.11 ii)], and
k k
(12.3) D sap =D sy
p=0 p=0

and if equality holds, then ¢4—F=Lk — pk+ld=k=1 — () [F1,24a, Prop. 2.12].

Suppose HRH(Z) > k. Then by Theorem E, 0 = ¢4=PP = pd=p=1 for 1 < k. and by combining
(12.2), (12.3), and using induction on k implies s4—, — s, =0 for all 0 < p < k.

Conversely, suppose sq—, — s, = 0 for all 0 < p < k. We proceed by induction. For k& = 0,

0,d—1 _ 40,d _ pd,0
0=s4—50="¢ — 0 =047,

since £%¢ = 0. By Theorem E, we obtain the conclusion. Suppose now that we know the result up
until degree (k — 1). Then

Sup — Sp = PRA=k=1 _ ghid—k _ pd—kk _ p(h=1)+1d=(k=1)~1,

By the second part of (12.3), we obtain that ¢d=Fkk =0, and by Theorem E we conclude. O

We note that in this setting, the spectral numbers are identified with the cohomology of the Milnor
fiber. Indeed,
Ma,e = dim Grh. HY(F)j,
where p = |d+ 1 — aJ, and A = exp(—27a), since the pullback to a point £ € {z} x A" corresponds
to picking a nearby fiber of a 1-parameter smoothing of Z (see [DMS11, Rmk. 1.3 (i)] for more de-
tails). Furthermore, spectral numbers partially recover the duality classically known for hypersurface
singularities.

Proposition 12.4. Let (Z,x) be an isolated local complete intersection singularity. Then, for o ¢ Z,
Moz = Md+1—a,x-
Proof. This is a consequence of duality applied to the module Q. We also show in the proof what

the construction yields for a € Z.

Since we are working locally around isolated singularity x € Z, we have that Q is supported on
x} x A", hence Q = i, /N and so if j¢: — {x} x A", we have the identification
3

itQ = JiN
and
tDQ = j{(DN) = DjgN = D(jiN)(r)[2r],
the last equality following from the fact that j¢ is non-characteristic.
We get

Maw(Q) =Y (~1)FdimGrf,,_,  HFig(Q*)
keZ
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= Z dlmGr[ T—d— VHET *(NQ+Z)
kEZ
Note that for any mixed Hodge structure H, have the relation
CrI' D(H) = DCrr,(H),
and in particular,
dim GrI D(H) = dim Gr%, (H).

Hence, we have

Mae(DQ) =Y (—=1)"dim Grf,y_, , HF 7ig(DQ)*7)
keZ

= > (D dimGrfy) gy H (D (V) (r)[211))

keZ
=> (D) dimGriy g, KT (DGENTE))
keZ
_Z dlmDGrd+T+1 [a‘lH k= T( é_(N—Oc—}—Z))'
keZ
= Z dlm Grd+r+1 ]'Oz—| Hk T( (N_a+z))
kEZ

Write d+r+1— [a] = [pu] —d — 1 where u + o € Z. Thus,

2d+r+2—Jal = [ul.
Ifa€eZ,then p € Z and we get u=d+n+2— a.
Otherwise, we write & = p — ¢ with € € (0,1), then [a] = p and so we must have

p=|pul+e=2d+r+2—-p—-1+e=2d+r+1—-p+e=d+n+1-—a.

Hence, we get

i Miint2-a(Q) o €Z
ma,z(DQ) - {md+n+1—o¢(Q) o §é 7"

Using the isomorphism Q7% = Sp(B;)7% and D(Q7%) = Sp(B)7Z(n), we have
Sp(Q7%,x) = Sp(Sp(By)*%, ) =t "Sp(Sp(By)7%(n), z) = t "Sp(DQ7*, ).
The result follows. OJ

Remark 12.5. The same duality might not hold for my ,, k& € Z [DMS11, Rmk. 1.3 (iv)], and
depends on the Milnor fiber of a generic 1-parameter smoothing of the 1-parameter smoothing of
Z. Furthermore, to compare the integer spectrum numbers using the proof above, we would need to
consider the spectral numbers of £ and its dual.
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Proof of Theorem J. We show that if Sp,;, 7(Z,7) > k + 2, then HRH(Z) > k around z. By
Proposition 12.1, it is enough to verify s;_, — s, = 0 for all p < k. It is immediate to see that

o= Y ma.
a€(d—p,d—p+1]
Therefore,

Sd—p — Sp = § mgqe — Z Moz = Mp+1,x — Md—p+1,z,
BE(pp+1] a€(d—p,d—p+1]

where the last equality follows from Proposition 12.4.

Suppose Spyin z(Z, ) > k + 2, that is, my, = --- = myy1, = 0. Then by (12.3) we have

k k
1150 SIS o P |
p=0 p=0

and thus, mgy1, = -+ = mg—g, = 0. Therefore, s4_, = 5, =0 for all p < k. ]

E. EXAMPLES

This section is devoted to providing various examples with different features.

13. Affine cones, toric and secant varieties. We first calculate the HRH level of affine cones
over smooth projective varieties following the treatment of [SVV23].

Proposition 13.1. Let X be a smooth projective variety of dimension n, and L be an ample line
bundle on X. Let

Z = C(X, L) :=Spec | P H(X,L™)
m>0

be the affine cone with conormal bundle L. Then HRH(Z) > k for some k < ”7‘"1 if and only if the
following two conditions are satisfied:

(1) H{(QK) =0 for all i # p,0 <p <k,
(2) HO(OX) Uer (L) H1<QA%() Uer (L) Uer (L)

H* Q) are all isomorphisms.

Proof. The blow up f: Z — Z at the cone point v is a strong log resolution of Z with £ = X.
Note that by our assumption, k£ < codimgz(Zgng) = n + 1, whence the bottom map in (4.7) is an
isomorphism by [SVV23, Lem. 2.4]. In what follows, we use (4.7) without any further reference.

Let us first prove the assertion when k = 0. We have the distinguished triangle

Q% = Rf.O0, &0, — Rf.Ox 15 .
Since Z is affine, using the arguments of [SVV23, Appendix A.1], we see that the above induces
(13.2) 0—T(H(QY)) — H(Oz) @ C — H(Ox) — 0,

(13.3) 0— [(H'(QY)) - H'(Oz) - H(Ox) =0 Vi>1.
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By loc. cit., H(O,) = D0 H%(L™) and the map H%(O;) & C — H%(Ox) in (13.2) sends
(z,a) = ¢(x) — a where p: B,,5 HO(L™) — H°(Ox) is the projection. Thus the composed map
L(H'(QY)) = H(Oz) & C — HY(Oy)
is an isomorphism. Finally, by (13.3), for i > 1, T'(H!(Q%)) — H*(O}) is an isomorphism if and only

if HY(Ox) = 0, which concludes the proof for k = 0.

We use induction on k. Assume k > 1 and note the distinguished triangle induced by the residue
sequence on Z:

(13.4) Rf.QE — REOE (log X) — REQET T
It is shown in [SVV23, Appendix A.2] that
(13.5) HQL) =P H Ok o L™ e P H O 0 L™
m>0 m>1
and the map
(13.6) D(H'(QY)) — H'(Q})

induced from
b = REOE - REOK 15

realizes I'(H*(225)) as the following direct summand of H ’(Q%) through (13.5):
T(H(Qy) =P H (@ 0 L™ o @ H QY o L™).
m>1 m>1

Thus, we are reduced to showing that the composition
(13.7) T(HY(Q)) — HY(QY) — H'(Q%(log X))

(the first map is (13.6) and the second one is induced by (13.4)) is an isomorphism for all 7 if and only
if the two conditions in the statement are satisfied. If ¢ # k — 1, &, then we see from our induction
hypothesis and (13.4) that the second map above is an isomorphism, whence the composition is an
isomorphism if and only if H*(Q%) = 0. Note that the connecting map

HY(QY) — HTH(QE)

arising from (13.4) is the cup product Uci (L) map and lands in the direct summand H*(Q% ). This
is injective for ¢ = k — 1 by Hard Lefschetz, by our assumption on k. Thus the second map in
(13.7) is an isomorphism for i = k — 1, whence the composition is an isomorphism if and only if
H k_l(Qlﬁ() = 0. Finally, by the above argument, (13.4) induces the exact sequence

0— H"1 Q) = HY Q) - H(Q% (log X)) — 0.
It follows immediately from the description of T(H'(Q%)) as a direct summand of H Z(Q’%) that the
composed map (13.7) is an isomorphism for ¢ = k if and only if

Uer (L)

) 22 ko)

is an isomorphism. That completes the proof. (|
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Remark 13.8. As before, let X be a smooth projective variety of dimension n, L be an ample line
bundle on X, and Z = C(X, L). Since Z is singular only at the cone point, we have

ledefgen(Z) = ledef(Z)

— minlceN ‘ H(X,C) Ler(D), H™*2(X,C) are isomorphisms for all - 1 <i<n—3 —c,

and injective for i = n — 2 — ¢ with the convention that H~(X,C) =0
where the last equality comes from [PS24, Thm. 6.1]. In fact, when X C PV, setting Z = C(X) C
ANT! t0 be the affine cone, we have the following by [PS24, Thm. A]

ledefgen () = lodef(Z) = min {Hi(PN, C) > HI(X,C)Vi<n—1- c} .
ce

Example 13.9. Here are two explicit examples of affine cones with interesting properties:

(1) There are varieties with k-Du Bois singularities that satisfy HRH(Z) > k but their singularities
are not k-rational (in the sense of [SVV23]). For example, consider Z = C(P?, Op2(2)). Then Z is
a rational homology manifold by the above proposition, but according to [SVV23, Prop. F], its
singularities are 1-Du Bois but not 1-rational.

(2) Let X be a Godeaux surface. These are surfaces with p; = ¢ = 0, h"}(X) = 9 and ample
canonical bundle wx. Thus Z = C(X,wx) satisfies HRH(Z) = 0 by the above proposition. But
their singularities are not pre-0-Du Bois by [SVV23, Prop. F] as h?(wx) # 0. This is an example of
a variety with HRH(Z) strictly higher than its Du Bois level.

Example 13.10 (Normal affine toric varieties). Let Z be a normal affine toric variety. By [SVV23,
Prop. E] and Remark 4.8, we obtain

HRH(Z) = +oo if Zis .simplicial,

0 otherwise.
Example 13.11 (Secant varieties). Let X C PV be a smooth projective variety embedded by the
complete linear series of a sufficiently positive line bundle (i.e. one that satisfies (Q1)-property as
per [ORS24, Def. 3.1]). Let X be its secant variety. Then by [ORS24] and Remark 4.8,

+oo if X 2 P!,
HRH(X) =< 0 if H/(Ox) =0 foralli > 1 and X 2 P!,
—1  otherwise.

14. Ideals of generic, symmetric and skew-symmetric minors. In this subsection, we show
how the main theorem of [RW16] can be used to compute ledefgen (—) and to give a bound on HRH(—)
for determinantal varieties.

We will be interested in subspaces defined by matrices of appropriate ranks of the following spaces:

(1) (Generic) X = Mat,, ,(C) with m > n,
(2) (Odd skew) X = Mat,,(C)**V, n odd,
(3) (Even skew) X = Mat,,(C)***¥ n even,
(4) (Symmetric) X = Mat,, (C)*™.

In cases (1) and (4), we let Z, denote the subvariety of matrices of rank < p and in cases (2) and
(3), we let Z, denote the subvariety of matrices of rank < 2p. In every case, Z, is known to have
rational singularities by [Bou87]. Thus, HRH(Z,) > 0.
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Following [RW16], we let D), be the intersection homology Zx-module associated to the trivial
local system on Z, ;cs. We let I'(X') denote the Grothendieck group of holonomic Zx-modules. For
p fixed, we write

Hy() = Y |1, (0x)] - ¢ € T(X)la)

Jj=0
Finally, for a > b > 0, let (Z)q be the g-binomial coefficient, defined by
<a> (=g (A—g")
b/, (1-¢")...(01—=q) ~
The following computation will be important below:

Lemma 14.1. Let a > b > 0. Then

<Z) = q @Y L higher order terms.
-

Proof. We can write

<a> _ (1 _ q—4a) o (1 _ q—4(afb+1))
b/ - (I—g)...(1-q*)
B g b (a=b+i)) ' (g —1)... (q4(a—b+1) —1)
g ) (@ =1)...(¢" = 1)
= ¢~ %@ (1 + higher order terms)
which completes the proof. O

Now, we can state the main result of [RW16], which gives a formula for Hy,(q) € I'(X)]q].

Theorem 14.2 ([RW16, Main Thm.]). In the notation above, we have the following formula for
Hy,(q) in the cases (1)-(4).

(1) (Generic) For all 0 < p < n, we have
P
s
()=S0, - (n—m2+0%ﬁXm=n)(” s ) .
@ =30 a ),

(2) (0dd skew) Write n = 2m + 1, then for all 0 < p < m, we have

p
_ — _agfm—1—s
Hy(q) = S (D] - 2 0 Hm-p 200 >< - ) ‘
s=0 p 7t

(8) (Even skew) Write n = 2m, then for all 0 < p < m, we have

p
2 —(m—p) (M —1—5
Hyfa) = oD o ).
q

p—S
s=0
(4) (Symmetric) For all 0 < p < n, we have
LgJ n—p+20—1
H,(q) = [Dy2f] - q1+(n—p§2£+1)_(2£;—2> (L2J> |
=0 l ot
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As min{j | Hij(ﬁX) # 0} = codimy(Z),), these expressions immediately imply the following
well-known formulas for the (co)dimension of Z, in X (see [BV88] and [Wey03]).

Corollary 14.3. In the notation above, we have the following formulas in cases (1)-(4).
(1) (Generic) In this case, we have
codimy (Z,) = (m — p)(n —p), and dim(Z,) = p(m +n — p).

(2) (Odd skew) In this case, we have

codimx (Zp) = (m —p)(2(m — p) + 1), and dim(Z,) = p(2(n —p) — 1).
(3) (Even skew) In this case, we have

codimy (Z,) = (m —p)(2(m —p) — 1), and dim(Z,) = p(2(n —p) — 1).
(4) (Symmetric) In this case, we have

— 1 1
codim(2) = (" 75 1). and ain(z,) = o2 —p+1),

We ignore p = 0 as in this case Z, is smooth, and everywhere below we assume p > 1. In fact,
in case (4), when p = 1, Theorem 14.2 implies Z; is a rational homology manifold (it is known
that ledef(Z;) = 0, and by the argument of Proposition 14.4, ICz, = HCZOIdimX(Zl)(ﬁX) which by
Theorem B implies Z; is Q-homology) so we will assume in case (4) that p > 2. More precisely, in
what follows, our assumptions are as follows:

e Incase (1), 1 <p<n.
e In cases (2), (3), 1 <p<m.
e In case (4),2<p<n.

By definition, D), = ICz,, and so we can study for which Z, we have equality ICz, = ’HZdimX(Zp ) (Ox).

Proposition 14.4. In the notation above, let ¢, = codimy (Z,).

(1) (Generic) We have equality 1ICz, = chpp(ﬁx) if and only if m > n.

(2) (Odd skew) We have equality ICz, = ’HCZ”p(ﬁx) for every 1 < p < m.

(3) (Even skew) We have inequality 1ICz, # HZ(@’X) for every 1 < p < m.

(4) (Symmetric) We have equality ICz, = H?p(ﬁx) if and only if n =p mod 2 (when p > 2).

Proof. By definition, one needs only check for which s < p the summand [D;] appears as a coefficient
of ¢°» using Theorem 14.2. The first three claims are immediate, using that the lowest degree term
of the g-binomial coefficient in each expression is the constant term. Note that in case (1), when
m = n, every [D,] appears as a coefficient of ¢ = ¢(m—P)(=p),

For the case of symmetric matrices, we look at the lowest degree term in

B e (S el AN
4 4

which by Lemma 14.1, is at degree

(14.5) 1+(”_p;2“1>—(26;2>—4£<V_1’;%_1J—6).
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We break into two cases depending on the class of n — p mod 2. We write the difference as

[
P=Yok+1

so that the expression in (14.5) can simplify into

1+ (2k+§£+1) - (%;2) —4l(k—1) whenn—p=2k

1+ (PFF302) — (3F%) — 4tk whenn —p=2k+1’
and these are easily seen to simplify to

204+ k(2k+1) whenn—p=2k
(k+1)(2k+1) whenn—p=2k+1"

This proves the claim, as the expression in the second case doesn’t depend on ¢, meaning all [D,,_o/]
appear in ”chpp(ﬁ x), and the first case is minimized for ¢ = 0. O

Now we can compute ledefgen(Z)). To do this, in cases (1)-(3), we look for the highest index such
that [Dp_1] appears with non-zero coefficient. In case (4), we look for the highest index with [D,_s]
having non-zero coefficient. To get the defect, we subtract the codimension.

Proposition 14.6. In the notation above, we have the following formulas for ledefgen(Zy).
(1) (Generic) ledefgen(Z,) =m +n —2p — 2.
(2) (Odd skew) ledefgen(Zy) = 4(m —p —1) + 2.
(3) (Even skew) ledefgen(Zp) = 4(m —p —1).
(4) (Symmetric) ledefgen(Z),) = 2(n —p — 1) (we assume p > 2).

Proof. In the first three cases, we take s = p — 1 and use that

—5— _ g2(n—p)
(Generic) : (n 5 1) = M =14+¢ +--+ g0 PD),
1 q2 (1 - q)

—5— _ gAm—p)
(SkeW) . (m 5 1) = M =1 + q4 + o+ q4(m_p_1).
1 q* (1 - Q)

In the symmetric case, we take £ = 1 and use that the maximal degree term in the g-binomial
coefficient (evaluated at ¢—*) is the constant term, so the g-binomial coefficient can be ignored in
this case.

In summary, the highest degree with [D,_1] (in cases (1)-(3)) or [D,_2] (in case (4)) is
e (Generic) (n—p)?+(n—p+1)(m—n)+2(n—p—1),
e (0dd skew) 2(m —p)? + (m —p) +2+4(m —p—1),
e (Even skew) 2(m — p)2 — (m —p) +4(m —p — 1),
e (Symmetric) 1+ (n_§+3) - (3) = (n—]29+3) -5

The claim then follows by subtracting codimx (Z,) from each of these expressions. (Il

In [RW16], a formula for the the local cohomological dimension

led(X, Z,) = max{j | H), (Ox) # 0}
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is given. Using this and the computation at the end of the previous proof, we can compute the
difference ledef(Z),) — ledefgen(Z)).

Proposition 14.7. In the notation above, we have the following formulas.
(1) (Generic) lcdef(Z,) — ledefgen(Z,) = (p — 1)(m +n — 2p — 2).
(2) (Odd skew) ledef(Z),) — ledefgen(Zp) =2(p —1)(2(m —p — 1) +1).
(3) (Even skew) lcdef(Zy) — ledefgen(Zp) = 4(p — 1)(m —p —1).

. _Jn—=p—-1)(p—2) p even
(4) (Symmetric) ledef(Z,) — ledefgen(Zy) = {(n —p—1(p—-3) poddand p> 3

Proof. This follows immediately from the computations of led(X, Z,,) in [RW16], which is as follows:

e (Generic) led(X, Z,) = mn — (p+1)% + 1,
o (0dd skew) led(X, Z,) = (25H) — (*72) +1
e (Even skew) led(X, Z,) = (Q;n) - (2p2+2) +1
. L+ ("31) = (73?) peven
Symmetric) led(X, Z,) = 2 Y :
e (Symmetric) led( ) {1+ (g) N (p42»1) podd

The assertion follows by combining the above with Proposition 14.6. O

Using this, we can characterize which Z,, are rational homology manifolds. Indeed, by Theorem B
this is equivalent to ledef(Z,) = 0 and ICz, = HCZ’;(ﬁ x). The inequality ledefgen(Z),) < ledef(Z))
shows that if ledef(Z,) = 0, then the difference ledef(Z,) — ledefgen(Z)) is also 0, and so we can use
the previous proposition to simplify our computations.

Recall that in the next proposition we assume p > 1 in cases (1)-(3) and we assume p > 2 in case

(4).

Proposition 14.8. In all cases (1)-(4), the variety Z, is not a rational homology manifold.

Proof. For case (1), the difference ledef(Z,) — lcdefgen(Z,) and ledefgen(Z,) vanish if and only if
m+n=2p+2. Asp <n—1, this gives 2p+ 2 < 2(n — 1) + 2 = 2n, so this equality is only possible
if m =n and p=n — 1. But for m = n, we have observed that H%’p(ﬁx) #1Cz,.

For case (2), we have that ledefgen(Z,) > 2 > 0, so Z, can never be a rational homology manifold.
In case (3), ICz, # HCZ’;(ﬁ x ), 80 Z, cannot be a rational homology manifold.

For case (4), ledefgen(Z,) = 0 if and only if p = n — 1. But then ICz, # ’HCZ’;(@’X) as in this case,
pZn mod 2. O

We conclude this subsection with an application of Theorem G to give bounds on HRH(Z,). To
do this, we must compute codimz, (Z,.rs). Note that Z, ,rs is equal to Z,_ in cases (1)-(3) and
Zp—o in case (4).

Lemma 14.9. In the notation above, we have the following formula for codimz,(Zpurs)-

(1) (Generic) codimzg, (Z,nrs) = m+mn —2p + 1.
(2) (0Odd skew) codimz,(Zpwrs) = 4(m —p) + 3.
(3) (Even skew) codimg,(Zpnrs) = 4(m —p) + 1.
(4) (Symmetric) codimz,(Zpurs) = 2(n —p) +3 (when p > 2).
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Proof. This is immediate by computing the differences codimx (Z,_1) — codimx (Z) in cases (1)-(3),
and codimy (Z,—2) — codimx(Z) in case (4) using Corollary 14.3. O

Proposition 14.10. In the notation above, we have
(1) (Generic) HRH(Z,) = 0.
(2) (Odd skew) HRH(Z,) € {0,1}.
(3) (Even skew) HRH(Z,) € {0,1}.
(4) (Symmetric) HRH(Z,) € {0,1} (when p > 2).

Proof. As Z, has rational singularities, we always have HRH(Z,) > 0, and we know Z, is not a
rational homology manifold for all p, so HRH(Z,) < oo.

By Theorem G, we have inequality
ledefgen (Zp) < codimg, (Zpnrs) — 2 HRH(Z,) — 3.
The assertion follows from Proposition 14.6 and Lemma 14.9. ([l

Remark 14.11. In the generic determinantal case, HRH(Z,) = 0 also follows directly using Theo-
rem B and [Per24, Cor. 1.4]. For this reason, we believe it will be interesting to carry out a study
of the Hodge structures on the local cohomology modules analogous to [Per24] in the cases (2)-(4).

Remark 14.12. Some remarks are in order:

(1) Note that equality holds in Theorem G for generic determinantal varieties.

(2) We observed earlier that the equality lcdefgen(Z) = ledef(Z) holds when Zygrgs is isolated.
However, we see above that equality can also hold when Z,rg is non-isolated. Indeed, take
for example m = 3,p = 2 in case (3) and apply Proposition 14.7.

(3) We also note that Proposition 14.7 gives many examples when lcdefge,(Z) < ledef(Z). The
smallest dimension of such Z that we have in these classes of examples is 10 (generic deter-
minantal with m =4,n =3,p = 2).

15. Examples concerning equality in Theorem G. Previously, we saw that equality holds in
Theorem G for generic determinantal varieties. We thank Mihnea Popa for the following classes of
examples where we also have equality:

e Any threefold with rational singularities which is not a rational homology manifold (equiva-
lently not locally analytically Q-factorial by [PP24, Thm. F], see also [GWS18, Thm. 5.8]).

e More generally, any local complete intersection (2k + 3)-fold Z with k-rational singularities
that is not a Q-homology manifold. In this case, HRH(Z) = k, as if HRH(Z) > k + 1, this
would imply Z is a rational homology manifold. Thus, the non-rational homology manifold
locus is isolated, and we have by the LCI assumption that lcdefgen(Z) = ledef(Z) = 0.

Here are two more examples of this phenomenon:
Example 15.1. Let f = 23 + -+ + 23, for m € Z>5. Then bs(s) = (s + 1)(s +m), and we have
az(f) =m = Spyn z(f) = HRH(Z) + 2.
Let Z = {f =0} C A?™. As Z is a hypersurface, we have
ledef(Z) = ledefgen(Z) = 0.

Thus, Theorem G gives
0+42(m —2) + 3 < codimz(Zyrs)-
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But the right hand side is dim Z = 2m — 1, as Z has isolated singularities and is not a rational
homology manifold. So again, we see that equality holds in Theorem G.

Example 15.2. Equality for Theorem G also holds in the example of [JKSY22, Rmk. 3.4d]. Indeed,
there it is shown that for h = 2% 4+ y° + 239> + 2° + w3, we have Sp;, 7(h) = 2, and so
HRH({h = 0}) = 0.

Equality holds because {h = 0} has dimension 3.

However, strict inequality is also possible in Theorem G:

2m m

Example 15.3 (An example of strict inequality). Let f = ) ;™ «" for m > 2. This defines a

(2
hypersurface Z of dimension 2m — 1 with an isolated singularity. Moreover, its minimal exponent is

2m

i=1
so that Z is not a rational homology manifold. As f is weighted homogeneous, we have a(f) =
Spmin(f) - Spmin,Z(f)? which giVGS
HRH(Z) = Spynz(Z) — 2 = 0.
Thus, Zyrs has codimension 2m—1 in Z, which is strictly larger than ledefgen(Z)+2 HRH(Z)+3 = 3.

16. Thom-Sebastiani examples. Many of the singularity invariants are easier to control when
using defining equations in separate collections of variables (of “Thom-Sebastiani” type), as we see
now.

We will make use of the product formula for Verdier specializations, see [DMS11, Section 3| for
details. Given Z; C X;, we consider the subvariety Z; x Zy C X1 x Xo. Let Z1 =V (f1,..., fr) and
let Zo =V (g1,...,9p),s0 that Z1 x Zo =V (f1,..., fr,91,---,9p)-

We consider modules By, By and Bs,). Then [DMS11, Prop. 3.2] gives an isomorphism
Sp(B(s,9); ') = Sp(By, ) K Sp(B,, F).
In particular, there are isomorphisms
(16.1) G (Bsg), F)= €D Grit(By, F)RGri?(By, F).
a1 t+az=a

Example 16.2 (An example of Torelli). In [Tor09], it is noted that there exists a complete inter-
section variety Z which is a rational homology manifold but such that az(Z) < 4+00. The example
follows from the observation that if f = 22 4+ y? + 22 and g = u? + v? + w?, then we have

bs(s) = by(s) = (s +1) <s + 2) .

Hence, V(f) and V(g) are both rational homology manifolds, and their product Z =V (f) x V(g) =
V(f,g) C AS is also a rational homology manifold.

The Thom-Sebastiani rule for the roots of the Bernstein-Sato polynomial [BMS06, Thm. 5] gives

bitg)(s) = (s+2) (s + ;) (s +3),
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and so g(ﬁg)(s) has an integer root. In this example, az(Z) = 3. As 3 # 2, we see by Remark 11.19
above that this implies az(g|y) < +oo (it is not hard to check that it is also equal to 3 in this case).
Thus, Q% # 0. Moreover, note that since az(g|y) = 3, then Corollary 11.14 recovers the fact that Z
is a rational homology manifold.

In fact, we can be rather explicit using the Product Formula (16.1) above. First of all, as f, g
are homogeneous with an isolated singular point, their V-filtrations are easy to compute (see [Sai09,

(4.2.1)]). As V(f),V(g) are rational homology manifolds, we have that Gri,(By) = Gr{,(B,) = 0 for
all 7 < 0. Thus, we have

1
Gry(By) #0 = A € (§Z\Z) UZs>1,

and similarly for Gr{-(B,).

Thus, we have

Gri (B(f.g) = @ Gr{ (By) X Gri,*(By),
IS YAV/

where we know we cannot include any o € Z in the direct sum because such an o would have to
satisfy a > 0 and 1 — « > 0 in order to be non-zero.

By similar reasoning, we have

Gri (B(f.g) = @ Gr{s (By) ¥ Gr*(B,)

aG%Z
= (G} (By) WG (By)) & @D Gri(By) B Gr o (B,).
YAV

The claim is that this is the decomposition in Corollary 10.3 above. It is not hard to see that
2
Gry (By) B Gry(By) = () ker (01, : Gri(Bysg)) — Gri;(B(rg))) »
i=1

using that Gr(\)/ vanishes for both By and B,.
Finally, for a € %Z \ Z, we have

t1Gr8 1 (By) = Gr$(By),
and similarly for B, showing that

B G (By) B Gri*(By) = t1Gri(B(yg)) + t2Griy (Bys,g))-
YAV

Recall from Remark 11.11, we say that the ¢-th jump is missed for £ € [1,r —1]NZ if p(Q" ¢, F) =
p(Q 1, F). Note that in the above example, the first jump is missed: p(Q%, F) = p(Q"~!, F).

Example 16.3 (Failure of Thom-Sebastiani type rules). An example related to the above shows
that the property of being a (partial) rational homology manifold is not well-behaved under Thom-
Sebastiani sums of hypersurfaces.
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Indeed, if f = 22+ -+ 22 and g = yJ +- - - +52, with n, m both odd, then V(f),V(g) are rational
homology manifolds. However, their sum f + g has Bernstein-Sato polynomial

braos) = s+ 1) (54 5™ ).

and hence it has an extra integer root. In this way, the Thom-Sebastiani sum of two rational
homology manifold hypersurfaces need not remain a rational homology manifold.

17. Examples with liminal singularities. Recall that a local complete intersection Z is said
to have [-liminal singularities for some non-negative integer [ if its singularities are [-Du Bois but
not [-rational (this is equivalent to a(Z) = r + £). Below we study the jumps when Z has [-liminal
singularities, or more generally when &(Z) is an arbitrary integer.

Example 17.1. The jumps are rather explicit when a(Z) =r + ¢ € Z.
For ¢ < 0, this condition is equivalent to §; € V"B, \ V>"+B;. In this case,

a(Z)=LCT(X,Z)=r+{
(where LCT stands for log-canonical threshold) and we have
p(QT+€7F) = p(QT+Z+1aF) == p(szF) = —n.

The claim is that p(Q"T* %, F) = k —n for all k > 0. Indeed, as §; € V" By, we see that
Fy_,Bs C Vr+€—ka using that Fy_,By = ®|a|§k ﬁxaf‘éf. As a result, F(k—l)—an - V>T+€_k6f,
and so we get the desired claim. Thus, in this case, the first —¢ jumps are missed, and after that,
every jump is hit.

For ¢ > 0, this condition is equivalent to Fy_,By C V"B; and Fyi1_,By & V>’"*1[>’f. The last
condition implies that Fy_, Q" # 0, and in fact, it is easy to see that in this case, £ — n = p(Q%, F).
Moreover, by the same reasoning as above, we see that

p(Q"* F) = p(Q%, F) + k for all k >0,
proving that, in this example, no jumps are missed.

In the case a(Z) = r + ¢ > r, the variety Z is ¢-Du Bois but not f-rational. As the difference
between these two is measured by the property that HRH(Z) > ¢, we know that HRH(Z) < ¢—1. By
Proposition 11.1, using that p(Q%, F) = £—n, we see that we actually have equality HRH(Z) = £—1,
which is guaranteed in this case also by Proposition 11.3, once we know that the first jump is not
missed.
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