
4. The function of the function ex

Yes, we defined e¤ as a series, or as some
limit of a sequence, but that’s ok. It’s still a
function, with some nice properties.

(1) ex is a monotonically increasing positive
function from R to R.

(2) ex+y = exey, e0 = 1 (homomorphism!)
(3) If you made a slide in the shape of the

plot of y = ex, you will never stop slidin’
leftward.
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exp(x) = ex

But most importantly:

Theorem. d
dxe

x = ex(⇒ d
dxe

cx = cecx by ® rule).

Proof. Use the first definition, and differentiate
term by term. �
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3. A baker’s story

A baker wants to bake the perfect cookie: a

cookie of 100% chocolate. She bakes it, and sets her

cookie to cool. In the �, the Q of fairies sends a

mischevious fairy upon the cookie, to � it with her

º☆☆☆ that turns chocolate into cookie. The next

☼, the baker finds that her perfect cookie is now

1−1 =� chocolate! She decides to outsmart the Q

by splitting her � chocolate cookie into two pieces.

The Q decides to send two fairies to � the halves

with their º☆☆☆. However, being simple creatures

of ☆☆☆, neither fairy knows which half the other �

and each � the halves randomly. The next day, the

baker wakes up to find that her � cookie is now(1 − 1
2
)2 =� chocolate! She decides outsmart the

Q by splitting her � chocolate cookie into three

pieces...

4

8.ex-tra-ordinarydifferential
equations

Example2.Considerthesystemoflineardif-
ferentialequations

2
:

f′1=a1,1f1+⋯+a1,nfn
f′2=a2,1f1+⋯+a2,nfn
⋮⋮⋱⋮ f′n=an,1f1+⋯+an,nfn

AKA
d
dxf⃗=Af⃗,whereA=(aij)ijisamatrix

ofconstantsandf⃗=(f1,...,fn)isavectorof
functionsofasinglevariable.
Letf⃗(0)=v∈Rnbetheinitialcondition.Then:

d

dx
e
Ax
v=(

d

dx
e
Ax
)v+e

Axd

dx
v=Ae

Ax
v

Meaningthatf⃗=eAxvsolvesthesystem,and
meetstheinitialconditionf⃗(0)=e0v=Inv=v.

Remark.Thisalsoworkswhenreplacingama-
trixwithanylinearoperator.Thisishowphysi-
cistssolveSchrdinger’sequation.

2Whoawhat’sthis?Weonlylearnedwhatewasafew
pagesagoandnowwe’redoingdifferentialequations?
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Havenofear,andletmebeyour
guide.Iwillteachyouabout

1



“log(x), being the inverse func-
tion of ex, has always been contro-
versial. Some say that log makes
them feel Yø

É�
 ”

Captain’s log day 1: e-log-ical musings

>How does a number theorist drown?

>loglogloglog

>What do you get when you integrate

one over cabin with respect to cabin?

>log cabin

>No, it’s a houseboat, you forgot to

add the c!

>No, it’s a priceless yacht, you

disregarded the absolute value

Figure 1. log for scale. Scale
pictured on previous page

6

2. Properties of e

Ok, so we have this number, but what is it

good for? Well, it’s a good approximation for

2.7, which is a good approximation for 3, which

is a good approximation for π for sufficiently

bad approximations of good. Succinctly:

e ≈ 3 ≈ π
Theorem. e is irrational

Proof. If e = a
b , then:

x ∶j b!(a
b
− b∑

n=0
1

n!
) = a(b − 1)! − b∑

n=0
b!

n!
∈ Z

But then by definition of e = ∑n
1
n! :

x = b!( ∞∑
n=0

1

n!
− b∑

n=0
1

n!
) = ∞∑

n=b+1
b!

n!
> 0

Next, note that if n > b, then b!
n! < 1(b+1)n−b , so:

0 < x < ∞∑
n=b+1

1(b + 1)n−b =
∞∑
k=1

1(b + 1)k = 1

b
≤ 1

so 0 < x < 1, a contradiction to x ∈ Z. �
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7.eis�formorethanR

Nothing
1

preventsxfrombeinganotherkind
ofnumber.Anothernumber?Differentnum-
bers?Othernumbers?Complexnumbers.

Theorem.Leta+bi=z∈C.Then

e
z
=e

a
e
bi
=e

a
(cos(b)+isin(b))

Proof.Toproveez=eaebi,wehavetousemulti-
nomialtheoremonthefirstdefinition,likein
therealcase.Toproveebi=cos(b)+isin(b), exponentiateandanduseTaylor’sformulasfor
sinandcos.�
Example1.Wecantaketheexponentofa
squarematrixtogetanothermatrix.
ItturnsoutthatifA∈Mat(n),theneAe−A=In,
soeAisalwaysinvertible.

However,someoftheexponentrulesdon’t
work.IfA=(01

00)andB=(00
10),then:

e
A
e
B
≠e

B
e
A

1well,somethings,likebeingabletotakepowers,
sums,divisionoverQ,convergence...
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1.Howcanoure’sberealifour
numbersaren’treal?

Ifrealnumberswereanocean,ewouldbethe
tropicalislandwherethere’snothingtoeatbut
coconuts.

Definition.Forany@∈R,wedefine:

e
@
=∞
∑e=0

@
e

e!

Thisdefinitionsucks,let’stryagain:

Definition.Wedefine:

e=lim
e→∞(1+

1

e)
e

anditsside-kick:

e
@
=lim
e→∞(1+

@

e)
e

Shit,weaccidentallydefinedthesamething.

Proof.Expandforfinitee.�
2


