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Definition. A Lie group is a group that is also
a manifold, for which inversion and group multi-
plication are smooooooth.

Ezample 3. The unit circle S c C is a Lie group
with complex multiplication (the linear rotation
map). More generally, if K = R,C, then any
matrix group over K is a Lie group.

Theorem 4. If G is a Lie group, then G is
parallelizable.

Proof. Let o1,...,0, be a basis of T;,4G. Then
define 0;(g) = Dy, (0;), where fo(x) = gz is a
diffeomorphism, and hence Rk(Dy,) = dim(G).

St and S® are Lie groups, but what about S77?
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COMPLEXIFICATION

“Complexification is the art of turn-
ing something real, tangible, and in
proper order into something com-
plex, hard to grasp, or even imagi-
nary”

Definition. A complex number is a pair of
real numbers (,y), with multiplication®:

(z1,91) - (x2,92) = (172 = Yoy1, Y221 + Y17T2)
We set (z1,22) = (21, —22).

Definition. A quaternion is a pair of complex
numbers (z,y), with multiplication:

(z1,91) - (x2,92) = (®122 — Yoy1, Y221 + Y1T2)
We set ((x1,72), (23,74)) = ((x1, ~22), (-3, ~4)).

Definition. An Zctonion is a pair of quater-
nions (x,y), with multiplication:

(z1,91) - (22,12) = (T172 - Yoy1, Y2x1 + Y1T2)

We set (((21,22), (23,74)), ((5,26), (27,78))) =
(((z1,-22), (-3, -74)), ((=25, ~26), (-7, ~T5)))

Nice Y

f a is real, @ = a.
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DECOMPLEXIFICATION

“Decomplexification is the art of
turning something horrible into some-
thing reasonable. In other words,
it’s just choosing a basis”

The complex numbers (resp. quaternions),
denoted C (resp. H) are 2 (resp. 4) dimensional
real algebras! A basis makes understanding
multiplication easier: If z = (x,y) € C becomes
zZ=x+ ly, and q= ((1'1,1'2),(.’1,'3,.'134)) € H be-
comes q = x1 + 11Xy + jx3 + kry. Then:

ij=k, jk=1, ki=j
ji=—k, kj=—i, ik=—j

A mne-mon-ic: Convoluded 0@%’

The rules:
1. Players (+) and (=) chant “i,
j, k! and then choose one of

k +1, +7, +k.
/ \ 2. Multiply the choices.
3. If the result has a (-) sign
i in front of it, then player (-)
wins.

4. Argue about the order of mul-
tiplication.
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UNWINDING THE TWISTY TO FLAT

For a manifold M™ to be parallelizable, we
must find n independent nonvanishing vector
fields. This is sometimes impossible, as shown
by the Fundamental Theorem of S2.

Example 2. The torus is
parallelizable (see picture).

Lie Group?

Is M™ orientable?
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