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Abstract

We prove an n?(1°8 %) Jower bound on the AC® formula size of DISTANCE k(n) CONNECTIVITY
for all k(n) < loglogn and formulas up to depth logn/(loglogn)®™). This lower bound strongly
separates the power of bounded-depth formulas vs. circuits, since DISTANCE k(n) CONNECTIV-
ITY is solvable by polynomial-size AC® circuits of depth O(logk). For all d(n) < logloglogn,
it follows that polynomial-size depth-d circuits—which are a semantic subclass of n°(®-size
depth-d formulas—are not a semantic subclass of n°®-size formulas of much higher depth
logn/(loglogn)°M.

Our lower bound technique probabilistically associates each gate in an AC? formula with an
object called a pathset. We show that with high probability these random pathsets satisfy a
family of density constraints called smallness, a property akin to low average sensitivity. We
then study a complexity measure on small pathsets, which lower bounds the AC® formula size
of DISTANCE k(n) CONNECTIVITY. The heart of our technique is an n*(°8%) lower bound on
this pathset complexity measure.
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1 Introduction

Understanding the relative power of Boolean formulas vs. circuits is a central challenge in complexity
theory. Circuits are a powerful model of computation, capable of efficiently simulating Turing
machines. On the other hand, formulas (that is, tree-like circuits with fan-out 1) are thought to be
a much weaker model of computation. Many natural problems solvable by small circuits, such as
st-connectivity, are believed to require large formulas. However, no super-polynomial gap between
the formula complexity and circuit complexity of any Boolean function has ever been shown. The
existence of such a gap is a major open question.

Question 1.1. Are polynomial-size Boolean circuits strictly more powerful than polynomial-size
Boolean formulas?

Here we consider non-uniform sequences of circuits and formulas.! In terms of complexity

classes, this is the question whether NC! is a proper subclass of P/poly. (Recall that NC! is
equivalent to the class of languages computable by polynomial-size Boolean formulas [25].) It is
known that Question 1.1 cannot be resolved by simple counting arguments, as Savicky and Woods
[22] have shown that, for every constant ¢ > 1, almost all Boolean functions with formula complexity
< n¢ have circuit complexity > n¢/c.

The uniform version of Question 1.1 (i.e. whether uniform-NC! is a proper subclass of P) is also
wide open.? To answer this question, of course we first need a super-polynomial lower bound on
the formula size of any explicit Boolean function (say, in the class NP). However, despite the fact
that almost all Boolean functions have formula complexity €2(2"/logn) [17], the best lower bound
for an explicit function is only Q(n3—°()) [8].

While Question 1.1 remains intriguingly open, in the meantime we can hope to gain insight
by studying the question of formulas vs. circuits in restricted settings where powerful lower bound
techniques are available. In particular, there are natural analogues of Question 1.1 in both the
monotone setting and the bounded-depth setting.

Monotone Formulas vs. Circuits. The separation of monotone formulas vs. circuits was shown
in a classic paper of Karchmer and Wigderson [11] via a lower bound for directed st-connectivity
(STCONN).

Theorem 1.2. Monotone formulas solving STCONN require size nt108™)

As it was already known that STCONN has polynomial-size monotone circuits, Theorem 1.2
implies the separation of monotone classes mNC! and mP (in fact, it shows mNC! # mAC!). In a
notable recent development, Potechin [14] showed that monotone switching networks for STCONN
require size nf21°8™) Potechin’s result strengthens Theorem 1.2 and implies the sharper separation

mL # mNL.

"Whenever we speak of a circuits or formulas in this paper, this is understood to mean a sequence (Cy,)5%; of
circuits, one for each input size n. In the uniform setting, there is an underlying algorithm which, given 1" as input,
outputs a description of the circuit C,. In the non-uniform setting, C,, are arbitrary. All bounds mentioned in this
paper may be interpreted in the stronger sense: uniform upper bounds and non-uniform lower bounds.

2 A separation of NC! from P/poly implies the separation of uniform classes uniform-NC* from P, as a consequence
of the CIRCUIT EVALUATION problem being in P.



Bounded-Depth Formulas vs. Circuits. In the bounded-depth setting, we consider AC? cir-
cuits and formulas consisting of unbounded fan-in AND and OR gates and NOT gates. Let
Circuits(s, d) (resp. Formulas(s,d)) denote the class of languages computable by ACO circuits (resp.
formulas) of size at most s and depth at most d. (We measure circuit size by the number of gates
and formula size by the number of leaves.) Every depth-d circuits of size s can be converted into
a depth-d formula of size at most s? by repeatedly replacing overlapping subcircuits with disjoint
copies. This brute-force conversion of circuits into formulas implies the following relationship of
class for all functions d(n):

(1) Formulas(poly(n), d) C Circuits(poly(n), d) C Formulas(n®@ d).
It is natural to ask whether this relationship of classes is best possible.

Question 1.3. For which functions d(n) does the containment (1) have a converse of the form

(2) Formulas(poly(n), d) # Circuits(poly(n),d) or
(3) Circuits(poly(n), d) ¢ Formulas(n®®, d).

For constant d(n) = O(1), the containment (1) implies Formulas(poly(n), d) = Circuits(poly(n), d).
However, there are reasons to believe that (2)—and even the stronger (3)—hold for all super-
constant d(n) = w(1). In particular, (2) for d(n) = logn is equivalent to conjecture that NC! # AC!
(which separates NC! from P/poly in a strong way).

As a corollary of our main theorem (Corollary 2.3), we are able to show that (3) holds for all
d(n) < logloglogn. (Prior to this paper, even the weaker separation (2) was not known to hold
for any super-constant d(n).) In fact, we show something even stronger:

(4) Circuits(poly(n),d) € Formulas(n®® log n/(log log n)®)

for the same range of d(n) < logloglogn. In other words, polynomial-size depth-d circuits cannot
be simulated by AC® formulas of size n°4 even allowing much greater depth.

In recent work [20] (subsequent to the initial conference publication of this paper), we show that
(3) holds for all d(n) < O(logn/loglogn) and (2) holds for all d(n) < o(logn) using a completely
different technique. Similar results for AC?[@®] formulas vs. circuits were shown by Rossman and
Srinivasan [21]. However, in contrast to (4), the techniques in [20, 21] do not imply any separation
between circuits of depth d and formulas of depth d + 1 for any d.

Distance k(n) Connectivity. As with the separation of monotone formulas vs. circuits in [11],
our separation of bounded-depth formulas vs. circuits comes by way of a lower bound for (a param-
eterized version of) st-connectivity. In his survey on graph connectivity [27], Avi Wigderson wrote
“Of all computational problems, graph connectivity is the one that has been studied on the largest
variety of computational models, such as Turing machines, PRAMs, Boolean circuits, decision trees
and communication complexity. It has proven a fertile test case for comparing basic resources such
as time vs. space, nondeterminism vs. randomness vs. determinism, and sequential vs. parallel com-
putation.” There has been some significant progress in the 20 years since [27]. Notably, Reingold
[16] showed that USTCONN (undirected st-connectivity) is in DSPACE(logn). However, many basic
questions remain open. Chief among these is the space complexity of STCONN. Savitch’s theorem
[23] that STCONN € DSPACE (log? n) is still the best known upper bound.



As for lower bounds, in addition to various results in monotone models of computation [11, 14,
15, 24, 26], there are lower bounds in structured models of computations whose basic operations
manipulate pebblings on graphs. One result of this type, due to Edmonds, Poon and Achlioptas [5],
gives a tight space lower bound of Q(log2 n) on the NNJAG model. In arithmetic circuit complexity,
lower bounds on the formula size of iterated matrix multiplication (the algebraic cousin of STCONN)
were shown in restricted settings by Nisan and Wigderson [13] and Kumar and Saraf [12] among
others.

In this paper, we consider a version of STCONN parameterized by distance. For a function
kE : N — N with k(n) < n, distance k(n) connectivity, denoted STCONN(k(n)), is the following
problem: given a directed graph with n vertices and specified vertices s and ¢, determine whether
or not there is a path of length at most k(n) from s to t. In contrast to STCONN and USTCONN,
the directed and undirected versions of distance k(n) connectivity are essentially equivalent.® It is
easy to show that STCONN(k(n)) has circuits (moreover, semi-unbounded monotone circuits) of size
O(kn?) and depth 2log k using the recursive doubling (a.k.a. repeated squared) method of Savitch
[23]. (At the expense of logarithmic depth, one gets smaller circuits of size O(kn?38) using fast
matrix multiplication.)

An important relationship between STCONN and its parameterized version STCONN(k(n)) is
the fact every algorithm for STCONN(k(n)) “scales up” to an algorithm for STCONN by recursive
kth powering. Conversely, every lower bound for STCONN “scales down” to a lower bound for
STCONN(k(n)); in particular, Theorem 1.2 implies that monotone formulas solving STCONN(k(n))
require size n21°8%) This “scaling up” can be stated as the implication

sTCONN(k(n)) € Circuits(s,d) = sTCONN € Circuits(n®") - s, (25 - d).

As noted in [27], if STCONN(k(n)) has polynomial-size circuits of depth o(log k), then STCONN has
polynomial-size circuits of depth o(logn) and hence STCONN € DSPACE(o(log? n)). This observa-
tion motivates the following question.

Question 1.4. What is the minimum depth of polynomial-size circuits solving STCONN(k(n))?

Furst, Saxe and Sipser [6] showed that STCONN ¢ AC® via the reduction from PARITY to STCONN.
Via the same reduction, it follows from the PARITY lower bound of Hastad [7] that STCONN(k(n)) ¢
AC® for k(n) = (logn)“(). However, this implies nothing when k(n) = (logn)°™).

Ajtai [1] proved the first lower bound for small distances k(n), showing that STCONN(k(n))
¢ ACP for all super-constant k(n) = w(1). By a careful analysis of Ajtai’s proof, Bellantoni, Pitassi
and Urquhart [3] extracted a lower bound of (log* k) on the depth of polynomial-size circuits
solving STCONN(k(n)). This was subsequently improved to Q(loglog k) for k(n) = (logn)®® by
Beame, Impagliazzo and Pitassi [2], using a special-purpose “connectivity switching lemma” tailored
to STCONN(k(n)). It was left as an open problem to further narrow the gap between the O(log k)
and Q(loglog k) upper and lower bounds. In this paper, we completely close this gap by proving a
lower bound of (log k) for all k(n) < loglogn (Corollary 2.2). For small but super-constant k(n),
we thereby rule out the possibility of showing that STCONN € DSPACE(o(log® n)) by constructing
polynomial-size circuits for STCONN(k(n)) of depth o(log k).

Recently Chen, Oliveira, Servedio and Tan [4] showed a nearly tight n(kY/4/d) size-depth trade-
off for AC? circuits computing STCONN(k(n)) via a clever reduction from STCONN(k(n)) to an

3The reduction from STCONN(k(n)) to USTCONN(E'(n')) converts a directed graph on n vertices into a layered
undirected graph on n’ = (k + 1)n vertices where k'(n’) = k(n).



unbalanced Sipser function. Their result implies an Q(logk/ loglog k) lower bound on the depth
of polynomial-size circuits solving STCONN(k(n)), which moreover extends to all k(n). For small
depths d < logk/loglog k where the bound of [4] is nontrivial, the nk/d) Jower bound of [4] is
quantitatively stronger than the nf2(°¢%) bound in the present paper. However, the significance of
our result is that it applies to formulas of depths much larger than log k, at which point the circuit

size of STCONN(k(n)) is only n®M).

2 Our Results

Our main theorem is a tight lower bound on the AC® formula size solving distance k(n) connectivity.

Theorem 2.1 (Main Result). Formulas of depth logn/(loglogn)® solving STCONN(k(n)) require
size 2198 K) for all k(n) < loglogn.

This lower bound is not only worst-case, it even applies to formulas which STCONN(k(n)) in the
average-case (see §12). The following two corollaries of Theorem 2.1 were previously mentioned in

the introduction. As discussed, these corollaries answer Questions 1.3 and 1.4 for a limited range
of d(n) and k(n).

Corollary 2.2. Polynomial-size circuits solving STCONN(k(n)) require depth Q(log k) for all k(n) <
loglogn.

Proof. For contradiction, assume C' is a circuit of size n®1) and depth d(n) = o(logk) solving
STCONN(k(n)) for some k(n) < loglogn. By the naive simulation of circuits by formulas, C' is equiv-
alent to a depth-d formula of size at most n°1°¢%) But since d = o(logloglogn) < logn/(loglogn)®,
we get a contradiction with Theorem 2.1. O

Corollary 2.3. For all d(n) < logloglogn, the class Circuits(poly(n),d) of functions computable
by polynomial-size depth-d circuits is not contained in the class Formulas(n®® logn/(loglogn)%)
of functions computable by formulas of size n°% and depth logn/(loglogn)®.

Proof. The separating language is STCONN(k(n)) where k(n) = 242, This is computable by
polynomial-size circuits of depth d(n) = 2log k which implement the recursive-doubling algorithm.
However, Theorem 2.1 implies that STCONN(k(n)) is not computable by formulas of size n°® and
depth logn/(loglogn)®, noting that k(n) < loglogn. O

Though we omit the analysis from this paper, we remark that the depth logn/(loglogn)® in
our results can be extended to @logn for an absolute constant ¢ > 0. We state our results
with logn/(loglogn)® since this makes calculations simple and allows us to use Hastad’s switching
lemma [7] in the standard way (rather than rely on a result of [20], which applies the switching
lemma more efficiently to formulas).

3 Proof Overview

Our proof technique is centered on a new notion of pathset complexity. Informally, a pathset is a
subset A C [n]kH whose elements represent potential paths of length k£ in a graph of size n. The
pathset complexity of A, denoted x(A), measures of the minimum number of operations required



to construct A via unions (U) and relational join (), subject to certain density constraints. (The
formal definition of x(.A), given in §5, is not important for this overview.)

The proof of Theorem 2.1 has two parts. Part 1 shows that every bounded-depth formula F
solving STCONN(k(n)) implies an upper bound on the pathset complexity of a certain (random)
pathset A", Part 2 is a general lower bound on y(A) for arbitrary pathsets .A. Combining these
two parts, we get the desired nf?1°¢%) lower bound on the size of F.

Before explaining Parts 1 and 2 in more detail, we state the key property of STCONN(k(n))
which our proof exploits. Instances for STCONN(k(n)) are directed graphs with vertex set [n] and
distinguished vertices s and ¢ (without loss of generality s = 1 and ¢ = 2). An st-path is a sequence
(z0,...,zx) € [n]**! such that xg = s and z; =t and z; # x; for all i # j.

Denote by T" the random directed graph with edge probability 1/n. (Note that 1/n is below the
threshold for STCONN(k(n)), that is, almost surely I' contains no st-path of length k.) Define A"

as the set of st-paths (zo,...,zx) € [n]**! such that
e (xz0,21),...,(xx_1, k) are non-edges of I,
e U {(xo,21),...,(xx_1,7)} contains a unique st-path of length k (namely, (xo,...,zx)).

Then the (average-case) property of STCONN(k(n)) that our proof exploits is:

Key Property (§6.3): Almost surely, AU contains 99% of st-paths of length k.

We now state Parts 1 and 2 of the proof of Theorem 2.1 in more detail.

Part 1 (§6-7): Suppose F is a formula of depth logn/(loglogn)?M) solving STCONN(k(n)).
Then, almost surely (with respect to T'),

(5) size(F) > 270K . =0 .y (AD).
Part 2 (§8-11): For all pathsets A C [n]*!, writing §(A) := | A|/n*T for the density of A,
(6) X(A) 2 2700 p0eb) 5 ).

Combining (5) and (6) with §(A") > 0.99n=2 (by the key property), we get the lower bound
size(F) > 2702 . pQogk) - Gince 270" is n=OM) for k(n) < loglogn, Theorem 2.1 is proved.

Part 1 builds on the technique of [18]. An essential new ingredient, which distinguishes formulas
from circuits, is a top-down argument (Lemma 6.7) relating formula size to pathset complexity.

For Part 2, we develop a combinatorial framework for studying pathset complexity. This involves
analyzing the union tree of joins which predominates the construction of a given pathset A. In §8
we define an auxiliary notion of pathset complexity with respect to a union tree, denoted x(.A). Part
2 then consists of 2a and 2b:

Part 2a (§9): For every pathset A, there exists A" C A such that x(A) > x(A") and 5(A") >
270" . 5(A).



Part 2b (§11): For all pathsets A', x(A') > nStogk) . 5(A").

Part 2a is relatively straightforward. This move from x to x is precisely where we lose the
factor of 20(2k), which is the reason that our main theorem is limited to k(n) < loglogn. Part 2b
is the combinatorial heart of the paper. The proof involves an intricate induction on objects called
union trees.

Organization of the Paper. Section 4 sets out the basic terminology and notation for the paper.
Section 5 introduces the key notion of pathset complexity. Sections 6-7 contain Part 1 of the proof
of Theorem 2.1. Sections 8-11 contain Part 2 of the proof. We state some conclusions and discuss
future directions in Section 12. Three appendices (Sections A-C) contain supplementary material
including key examples and relatively easier special cases of our main lower bound.

4 Preliminaries

Let n be an arbitrary positive integer (which we view as growing to infinity). Let [n] := {1,...,n}.
We note that, for all purposes in this paper, [n] may be regarded as an arbitrary fixed set of size
n. Let k = k(n) and d = d(n) be arbitrary functions of n. As parameters, k represents distance
and d represents depth. No bound on k or d is assumed throughout the paper; assumptions like
k(n) < loglogn are explicitly stated where needed. All constants in asymptotic notation (O(-),
etc.) are universal (with no dependence on n, k, d).

Circuits and Formulas. The circuits and formulas considered in this paper are unbounded fan-
in Boolean circuits and formulas with a single output node and NOT gates at the bottom level.
Formally, a circuit is a finite acyclic directed graph with a unique output (node of out-degree 0)
where each input (node of in-degree 0) is labeled by a literal (i.e. X; or X;) and each gate (node of
in-degree > 1) is labeled by AND or OR. A formula is a tree-like circuit in which every node other
than the output has out-degree 1. The size of a circuit is the number of gates, while the size of a
formula is the number of leaves. (For a formula F', the circuit-size of F' equals the formula-size of
F minus 1.)

Graphs. All graphs in this paper are directed graph G = (Viz, E¢) where Vi is a (possibly empty)
set and Fg C Vg x V. The edge from v to w is written simply as vw to cut down on unnecessary
parentheses.

Two important graphs in this paper are Py (the directed path of length k) and P, (the
“complete k-layered graph” with k + 1 layers of n vertices and kn? edges). Formally, let

Py, = (Vi, Ex) where Vi, = {vo, ..., vt} and Fx = {vvi41 : 0 <i < k}

where vy, ..., v are fixed abstract vertices. We will usually omit subscripts writing simply v and
vw for arbitrary elements of Vj, and Ej. To define Py ,,, we create (k + 1)n fresh vertices denoted
v* for each v € V;, and i € [n]. Then

Py n, = Vi, Eg ) where Vi, = {vi :v € Vg, i €n]} and Ey, = {viwj cvw € Ey, i, € [n]}.

We refer to subgraphs I' C Py, with Vr = V},, as k-layered graphs. Throughout the paper,
' consistently represents a (random) k-layered graph, while G, H, K are reserved for subgraphs of



Pr. We sometimes view I' as the input to a circuit or formula; in this case, we identify the set of
layered graphs with {0, 1}N where N is a set of kn? variables indexed by elements of Eyp.

Layered Distance k(n) Connectivity. As with previous lower bounds for distance k(n) con-
nectivity [1, 2], we consider a variant of the problem on k-layered graphs. Let s,¢ denote vertices
vé,vi respectively. Layered distance k(n) connectivity is the problem of determining whether a
layered graph I' € {0,1}" contains a path from s to t. Following [2], we denote this problem by
DISTCONN(k,n). The layered and unlayered versions of distance k(n) connectivity are essentially
equivalent.? This allows us to restate Theorem 2.1 as a lower bound on DISTCONN(k,n):

Theorem 2.1. (restated) Formulas of depth logn/(loglogn)® solving DISTCONN(k,n) require size
nS108k) for all k(n) < loglogn.

Boolean Functions and Restrictions. Let f: {0,1} — {0,1} be a Boolean function where I
is an arbitrary finite set (of “variables”). We say that a variable i € I is live with respect to f if
there exists = € {0,1}! such that f(x) # f(2') where 2’ equals = with its ith coordinate flipped.
Let Live(f) :={i €I :iis live w.r.t. f}.

A restriction on I is any function 6 : I — {0,1,*}. We denote by f[6: {0,1}¢'*) — {0,1} the
function (over the “unrestricted” variables ¢ such that 0(i) = %) obtained from f by applying the
restriction 6.

Probabilistic Notation. For a finite set I and p, ¢ € [0, 1], we write:

o z € {0,1}] for the random tuple € {0,1}’ where P[z; = 1] = p independently for all i € I
(in particular, we will consider the random layered graph T" € {0, 1}?%),

e R C, I for the random subset R of I where i € R independently with probability p for all
1el,

e 0 € R(p,q) for the random restriction 6 : I — {0, 1,*} where P[6(i) = x| = ¢ and P[0(i) =
1]=(1—¢q)pforalliel.

Whenever we say almost surely, this is understood to mean asymptotically almost surely as n — oo
(i.e. with probability that goes to 1 as n — c0).

Tuples and Relations. The following notation pertains to “V-ary” tuples = € [n]" and relations
A C [n]V where V is an arbitrary finite set.

Definition 4.1 (V-tuples). For z € [n]"V and S C V, we denote by 25 € [n]° the restriction of x
to coordinates in S. For z € [n]V and y € [n]"V where VNW =0, let 2y € [n]"“" denote the
unique z € [n]VYW such that z; = x; for all i € V and zj = y; for all j € W; here xy = yx, as there
is no intrinsic linear order on V U W. We adopt the convention [n]? = {()} where () denotes the
unique @-tuple.

“Since k-layered graphs are graphs with (k + 1)n vertices, there is a trivial reduction from DISTCONN(E,n) to
STCONN(K'(n')) where n’ = (k + 1)n and k¥'(n’) = k. In the opposite direction, there is a simple reduction from
STCONN(k(n)) to DISTCONN(k,n) which converts graphs to k-layered graphs.



Definition 4.2 (Join). For finite sets V and W and A C [n]" and B C [n]", the join of A and B
is the set
A Bi={z e [n]""W 2y € Aand 2y € B}.

The join operation i< is a hybrid of intersection N and cartesian product x: if V = W then
AxiB=ANB, and if VN W = ) then A< B is the product A x B. Note that A > () = () and
A {()} = A.

Definition 4.3 (Density, Projection, Restriction). Let A C [n]V.
(i) The density of A is defined by 6(A) := |A] /nl".
(ii) For S C V, the S-projection and S-projection density of A are defined by

projs(A) :={zs:x € A}, mg(A) := d(projs(A)).

That is, 75(A) = |projg(A)|/n!Sl, as § here refers to the density of the S-ary relation
projs(A) < [n]*.

(iii) For S C V and z € [n]V\%, the S-restriction of A at z and mazimum S-restriction density of
A are defined by

A ={yen)”yz€ A},  ps(A) = max 5(A[F).

2€[n)V\S

It will be convenient (later on in §10) to extend this notation as follows: for any sets S and S
such that SN'S =0 and V C SUS and any z € [n]%, let A|% be understood as A|?/g where

I
2 = 2yng:

The next lemma gives some basic inequalities on projection and restriction densities, which we
will use throughout this paper.

Lemma 4.4. For all AC [n]V and S'C SCV,
6(A) = py(A) < ps(A) < psi(A) < pp(A) = {

I IA A [
v (A) < ms(A) < mer(A) < mp(A)

0 if A=0,
1 if A#0.

In addition, g (A) < pg (projs(A)).
Another basic inequality is given by the following lemma.
Lemma 4.5. For all A C [n]v and SCV,
5(A) < ms(A) - i s(A).

Lemmas 4.4 and 4.5 follow easily from definitions once the notation is understood. We conclude
this section by stating another basic inequality bounding the density of a join. The following lemma
plays a key role later on (when it is reformulated as Lemma 10.9).

10



Lemma 4.6. For all AC [n]Y and BC [n]V and SCV and T C W,

(A< B) < ms(A) - pp\s(projr(B)) - pevuw)sur) (A > B).

Proof. This inequality is mainly derived by two applications of Lemma 4.5. We first project A > B
to SUT:
6(A > B) < mour (A B) - pvuw) (sur) (A < B).

We then project projg (A B) to S:
Tsur (A B) < mg(A > B) - i\ 5(projsur (A o< B)).
Now note that mg(A 1 B) < mg(A) and

pr\s(Projsur (A > B)) < pp\ s(projr (A< B)) < up s(projr(B)).

These inequalities combine to prove the lemma. O

5 Pathset Complexity

In this section, we define the key notion of pathset complexity, state our lower bound for pathset
complexity (Theorem 5.8, to be proved in §8-11), and present a matching upper bound (Proposition
5.11).

Definition 5.1 (Pattern Graph). Recall that Py, = (Vj, E)) is the directed path of length k where
Vi ={v; : 0 < i <k} and By = {vjvix1 : 0 < i < k}. A pattern graph is a subgraph of Py
with no isolated vertices. That is, G = (Vig, E¢) is a pattern graph if, and only if, Fg C Ej and
Ve = Upwer,{v, w}. We write gy, for the set of pattern graphs. (We use the power set notation,
since pattern graphs are in 1-1 correspondence with subsets of Ey.)

Note that every pattern graph is a (possibly empty) disjoint union of directed paths of length
> 1. We refer to maximal connected subsets of Viz simply as components of G. Two important
parameters of pattern graphs are the number of components (= the number of maximal paths)
and the length of the longest path (= the number of edges in the largest component). These are
denoted by

Ag = # of components in G (= |Vg| — |Eg|),
lc = length of the longest path in G.

Definition 5.2 (Pathset). For a pattern graph G, a G-pathset is a set A C [n]V¢. Let Z¢ denote
the set of all G-pathsets, i.e., ¢ is the power set of [n]"¢. We sometimes simply refer to pathsets
when the pattern graph G is clear from context.

The intuition for pathsets is as follows. For a pattern graph G, we view each x € [n]'¢ as
corresponding to a “lifting” of G inside the complete layered graph Py ,,, namely isomorphic copy
of G with vertex set {v' € Vi, 1 i = z,} and edge set {v'w’/ € Ej,, : i =z, and j = x,,}. In this
view, a pathset A C [n]Y¢ corresponds to a set of liftings of G. The choice to define pathsets as
relations (subsets of [n]V¢) rather than sets of liftings of G' (which better matches intuition) allows
us more naturally to work with operations > and projg and pg, etc.

11



We next introduce a notion called G-smallness of pathsets A € Z. Later on we will show that
for any AC® computable function f : {0,1}" — {0, 1}, a certain pathset .A?G randomly associated
with f is G-small with very high probability (Lemma 6.6). Roughly speaking, G-smallness of
pathsets AE,G is a property akin to low average sensitivity.

Definition 5.3 (G-small).

(i) Let € € [1/k,1/2] be an arbitrary “smallness parameter”, which we fix throughout the rest of
this paper. Let 71 := n'~¢.

(ii) A pathset A € P is G-small (we simply say small when G is understood from context) if,
forall 1 <t < Ag and S C Vg such that S is the union of ¢ components of G, A satisfies the
density constraint

{z € A:zyo\s =y}
nls]

pus(A) <@, that is, <7 for all y € [n]"e\S,

(iii) The set of G-small pathsets is denoted 22gmall,

As the terminology suggests, G-smallness is a monotone decreasing property (i.e. if A is G-
small, then so is every A’ C A). Note that G-smallness consists of 286 _ 1 density constraints on
A, corresponding to the nonempty unions of the Ag components of G. Note that for ¢ = Ag and
S = Vg, the constraint pg(A) < A~ is equivalent to 6(A) < 7~2¢. In the special case that G is
connected (i.e. Ag = 1), A is G-small <= §(A) < a1

Regarding the parameter ¢, our lower bound for DISTCONN(k, n) will have the form 7 for
formulas of depth logn/(loglogn)®. A tighter analysis (not included in this paper) extends this
depth O((e/klogk)logn). Choosing ¢ = 1/k or even 1/log* k produces an n®*(1°2%) Jower bound
with the best 1/4.41 constant, while choosing ¢ = 1/2 or even 1/100 achieves the optimal depth
O((1/klog k) logn) with a slightly worse constant.

Q(log k)

Example 5.4. Let G be the pattern graph with components U = {v1,v9,v3} and U' = {vs,v6}
(i.e. Vg = {v1,v2,v3,v5,06} and Eg = {v1v2,v2v3,0506}). A union tree A € P is G-small if, and
only if,

S(A) <a? (A <aTh i (A) <

For example, the pathset A; = {x : 21 = x5 = 1} is G-small (here x ranges over [n]'¢ and we
write x; for x,,) since 6(A;) = n72 < 72 and py (A1) = ppr (A1) = n~! < A=, The pathset
Ay = {z : 21 = 25 and 29 = x4} is G-small as well since §(As) = py(A2) = ppr(A2) = n2.

However, pathsets
A ={z 1 =20=1}, As:={x:z1=u5}

are not G-small since pp(Ag) = 1> 7~! and §(Ag) =n~! > 772

The next lemma shows that smallness is preserved under joins. (Note to the reader: Although
it is natural to state Lemma 5.5 now, we will not use this lemma until §11.)

Lemma 5.5. If A is a small G-pathset and B is a small H-pathset, then A <1 B is a small
G U H -pathset.

12



Proof. Assume A is a small G-pathset and B is a small H-pathset. To show that At B is a small
G U H-pathset, consider any 1 < t < Agug and S C Vg U Vg such that S contains ¢ distinct
components Uy, ..., U; of GU H. We must show that ps(AiB) < it

Without loss of generality, assume Uy, ..., U; are ordered such that, for some ¢’ < ¢, we have
UnNVg #0foralll <i<tand UNVg =0forallt! <j <t LetS =5NVs and
S" = Uyyq U---UU;. Then S’ contains > t' components of G, since U; N Vi contains > 1
component of G for all 1 < i <. Next note that U; is a component of H for all ¢’ < j < t, hence
S” is a union of t —t' components of H. By G-smallness of A and H-smallness of B, it follows that

nsr (A) S ﬁitl and ILLS//(B) S fltlit

Now fix z € [n](VeUVB\S which maximizes §((A > B)|%). Using the basic properties of restric-
tions and joins (Lemmas 4.4 and 4.5), we have

ps(A b B) = 6((Aa B)[g) = 6((Al5) > (Blsry,, )
< 0(A[%) - ps\v (Blsavy,)
< pgr(A) - ps (B).
It follows that pg(A > B) <@t which completes the proof. O

Definition 5.6 (Pathset Complexity). For every pattern graph G and pathset A € P, the pathset
complezity xc(A) of A with respect to G is defined by the following induction:

(i) If G is the empty graph, then yg(A) := 0.
(ii) If G consists of a single edge, then yg(A) := | A|.
(iii) If G has > 2 edges, then

xa(A) = min Z max{xm, (B i, (Ci)}

(Hi,Ki,B5,Ci)i

where (H;, K;, B;,C;); ranges over sequences® where

H,K;CG, HUK =G, B2y Ceczp" and AC|]BixCi.

In plain language, (H;, K, B;,C;); ranges over coverings of A by joins of small pathsets over
proper subgraphs of G.

Note that pathset complexity satisfies the following inequalities:

(base case) xo({0}) <0 and xa(A) <1 if |Eg| = [A] =1,
(monotonicity) xa(A) < xa(A) if A/ C A,

(sub-additivity) xa (A1 U Az) < xa(Ar) + xa(A2) for all A;, As,

(join rule) xcur (A B) < max{xg(A), xua(B)} if Aec pmal B gsmall

We will refer to these inequalities repeatedly throughout the paper.

Sindexed by i € {1,...,m} for an arbitrary integer m (since the length of this sequence is arbitrary, we simplify
notation by leaving the index set unspecified)

13



Remark 5.7. Pathset complexity has a dual characterization as the unique pointwise maximal
function from pairs (G,.A) to R which satisfies (base case), (monotonicity), (sub-additivity) and
(join rule). We will expand on this observation later in Remark 8.4.

We now state our lower bound on pathset complexity (to be proved in §8-11).

Theorem 5.8 (Pathset Complexity Lower Bound). For all A € Pp, ,

n(1/4.41) log k

XPk (A) Z 20(2]“)

In particular, for k& < loglogn and non-negligible §(A) = n=%() Theorem 5.8 implies xp, (A) >

n(1/44)1gk=0(1) ' 1y 3 moment, we will give an upper bound (Proposition 5.11) which shows that
Theorem 5.8 is tight in the regime of k£ < loglogn and non-negligible §(A). First, a couple of
remarks which give a different perspective on the definition of xg(A):

Remark 5.9 (Pathset Complexity as Construction Cost). Pathset complexity can be seen as a
minimum construction cost. In this view, the goal is to construct a pathset A € Zg out of the
fewest possible “atomic” pathsets (i.e., individual edges). The rules of construction are as follows:

(a) A single “atomic” pathset of the form A € P where |Eg| = |A| = 1 may be bought for
unit cost.

(b) Once a pathset .4 has been constructed, we may freely discard elements from A (i.e. replace
A with any smaller A’ C A).

(¢) Having constructed two G-pathsets A and A’, we may merge A and A’ into a single G-pathset
AUA (ie. replace A and A" with AU A’) at no additional cost.

(d) Having constructed a G-pathset A and a H-pathset B, provided both A4 and B are small,
we may join 4 and B into a single G U H-pathset A 1 B paying the maximum construction
cost of A and B.

For a pathset A € P, xg(A) is equal to the minimum cost of constructing A according to
these rules. Construction rules (a), (b), (c), (d) respectively correspond to inequalities (base case),
(monotonicity), (sub-additivity), (join rule). Only applications of rule (a) increase cost (so mini-
mum construction cost = fewest application of rule (a)). Rule (b) can be used to convert a non-small
pathset into a small pathset (in order to use rule (d), for example). Note that only rule (c) can
increase the density of pathsets.

Remark 5.10 (The Role of Smallness). Suppose we modify construction rule (d) by dropping the
smallness constraint on A and B (this is equivalent to substituting &y, and Pk, for ,@E?au and
(@Is(rzlall in Definition 5.6(iii)). We could then construct the complete Pj-pathset [n]"* at a total cost
of kn? simply by joining pathsets [n]{v"?i+1} for 0 < i < k. This shows that the smallness constraint
on joins is essential to Theorem 5.8. Intuitively, smallness is responsible for bottlenecks which drive
up the cost of constructing sufficiently dense pathsets. However, smallness is not necessarily an
obstacle for very sparse pathsets like [y/n]"%: since [\/n]{?"i+1} are small, we can take joins showing

xp ([vn]™) < kn.

We conclude this section with an upper bound.
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Proposition 5.11 (Pathset Complexity Upper Bound). For all A € Pp, ,
Xp, (A) < O(n(M/DMoek]+2)

For k < loglogn and A € &p,_ with §(A) = n~9M our lower and upper bounds show that

xp, (A) = n®Uoek) where the constant in ©(log k) is between ;37 and 3.

Notation 5.12. For a pattern graph G and an integer s, we denote by G* the s-shifted pattern
graph with vertex set {vi;s : v; € Vg} and edge set {vj4svits+1 @ vivit1 € Eg}. For a pathset
A € P, we denote by A™* € Pees the corresponding s-shifted pathset. Note that pathset
complexity is invariant under shifts (i.e. xg(A) = xges (A™)).

Proof of Proposition 5.11. For simplicity we assume /n is an integer. For all k& > 1, define A €
(@small by
Py
Aj = {x e )% 2 zg 2y < Vb

(Note that §(Ax) = 1/n < 1/n, so Ay is indeed Pj-small.)
Letting j = [k/2], we have

.Aj > Azjij = {.%' S [n]{o’“"k} 120,25, Tk < \/ﬁ}
Note that Ay, is covered by /n “copies” of A; b .A?; ; where, for 1 <t <./n,

Copy,(Aj > A;J;j) = {z € ){O* :zg, 2, <V and (- 1)Vn < z; < t/n}.

Note that pathset complexity is invariant under “copies” in this sense (i.e. x¢ is invariant under
the action of coordinate-wise permutations of [n] on Zg):

xp, (Copy,;(A; > Azj_ i) = xp,(Aj < .A?_ ;) (invariance under “copies”)
< max{xp, (Aj), Xpzs (A7)} (join rule)
< max{xp,;(A;j), xp,_,;,(Ax—;)} (invariance under shifts).
Since Ax € Uy << /m Copy(A; > .Azj_ ;), sub-additivity of x implies
xp (Ak) <Y X (Copy,(A; 0 AT ) < V- max{xp, (4)), xp,_, (Ak—j)}-
1<t</n
This recurrence implies

xp, (Ar) < (V)198F1 b (A)) = O(n(/Togkl+1),

Vi

Now note that the complete Py-pathset [n]"* is covered by n “copies” of Pj. Therefore, by a

similar argument,
xp, (1)) < n-xp (A) = O(n/DMoskT+2),

Finally, monotonicity of x implies that yp, (A) < O(n(l/2Mekl+2) for all A € Pp, . O
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6 From Formulas to Pathset Complexity

In this section we derive our main result (Theorem 2.1) from our lower bound on pathset complexity
(Theorem 5.8). Let Fy be a formula of depth d(n) which solves DISTCONN(k,n) where k(n) <
loglogn and d(n) < logn/(loglogn)®. We must show that Fy has size nf1°8%),

As a first preliminary step: without loss of generality, we assume that Fy has minimal size
among all depth d(n) formulas solving DISTCONN(k,n). In particular, we have size(Fy) < kn*~!
since DISTCONN(k, n) has DNFs of this size.

As a second preliminary step, we convert Fy into a fan-in 2 formula F' by replacing each

unbounded fan-in AND/OR gate by a balanced binary tree of fan-in 2 AND/OR gates. We have
size(F) = size(Fy) <n* and  depth(F) < depth(Fp) - log(size(Fy)) < log? n.

We write Fi, for the set of inputs (i.e. leaves) in F', and Fjyate for the set of gates in F', and fou¢ for
the output gate in F'. Note that each f € F' is computed by an (unbounded fan-in) formula of size
< n* and depth < d(n) (by collapsing all adjacent AND/OR gates below f).

In order to lower bound size(F') in terms of pathset complexity, we define a family of pathsets
.A?G associated with each f € F and G € g, and I" € {0, 1}"V. Recall that we identify {0,1}" with

the set of k-layered graphs where N = Ej,, = {v'w’ : vw € Ey, 4,j € [n]}.
Definition 6.1 (Pathsets 'A?,G)' For all G € g and x € [n]"6 and T € {0,1}" and f € F:
(i) Let Ng, = {v'w’ € N :i ==, and j = 2} (= {v%w™ :vw € Eg}).

(ii) Let pax : N — {0, 1, x} be the restriction which equals * over Ng, and agrees with I" over
N\ Ng .. In particular, applying pg’x to f, we get a function f(pgx : {0,1}Nes — {0,1}
(whose variables correspond to edges of G via the bijection Ng, = Eq).

(iii) Let AIJ:,G be the G-pathset defined by
Af g = {x € [n]"C : Live(f[pG,) = No.a}-

That is, A?G is the set of x € [n]¥¢ such that the restricted function f [pgx depends on all
|NG.z| (= |Eg]) of its variables.

In the next three subsections, we prove a sequence of claims about pathsets A?G in three cases
where f € Fi, and f € Fgate and f = fous.

Remark 6.2. Claims 6.3, 6.4, 6.5 rely on few assumptions about F. In particular, these claims
do not depend on the assumption that Fj has bounded depth (i.e. F' has bounded alternations),
nor even that F' is a formula as opposed to a circuit. In fact, these claims are valid if F' is any
Bs-circuit computing DISTCONN(k, n) where By is the full binary basis.

Of course, we will eventually use both assumptions that (I) Fy has bounded depth (i.e. F has
bounded alternations), and (II) F' is a formula as opposed to a circuit. Our main technical lemma
(Lemma 6.6) relies on (I) but not (II) (not surprisingly, since the proof uses the Switching Lemma,
which does not distinguish between circuits and formulas). A second key lemma (Lemma 6.7) relies

n (II) but not (I) (using a top-down argument which only works for formulas).
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6.1 Inputs of F

Suppose f is an input in F' labeled by a literal (i.e. a variable or its negation) corresponding to
some viw/ € N. Then we have the following explicit description of AEG:

e if GG is the empty graph, then .A?G ={()} (i.e. the singleton containing the 0-tuple),
e if E¢ = {vw}, then AEG = {x} for the unique = € [n){**} with 2, =i and x,, = j,
e otherwise (i.e. if |Eg| > 2 or E¢ consists of an single edge other than vw), we have A?,G = 0.

By the base case conditions (i) and (ii) in Definition 5.6 of pathset complexity, we have y;(.A) = 0
and xg(A) = |A| if G has a single edge. The upshot of these observations is the following claim.

Claim 6.3 (Inputs of F). For all f € Fy,, Z XG(»A§70) =1
Gepyg

6.2 Gates of F

Suppose f is an AND or OR gate in F' with children f; and fy. Consider any G € gy and x € Al; a
(assuming AIJ;’G is nonempty). By definition of .A?G, the function f(pgjx : {0, 1}Ver — {0,1}
depends on all variables in Ng ;. Since f(p&x is the AND or OR of functions f; (pgx and fo [pgvx,

each variable in Ng ; is a live variable for one or both f; [pgx and fo [pgz

Define sub-pattern graph G| C G as follows: for each vw € Eg, let vw be an edge in Gy if and
only if v®*w® (€ Ng,) is a live variable for the function fi[pL, .. Define G2 C G in the same way
with respect to fy. Since 7

{v™w™ : vw € Bg} = N = Live(f[py,) = Live(f1[ ol ) U Live(f2 [l ),

it follows that G;1 U Gy = G.
Let y = xv,, be the restriction of z (€ [n]V¢) to coordinates in Vi,. By definition of Gy, we
have

o vVwlv = v™vw® € Live(f (pgx) for all vw € Eg,, and

o vTvwT & Live(f; [pgx) for all vw € Eg \ Eg, -

It follows that Live(f1 [pgl ) = Live(fi [pL ) = Ny .y, hence y € A?l G, - Similarly, for z = zy,, ,
we have z € A1;27G2. This shows that z € A%,Gl B A%,Gz.
The observation may be succinctly expressed as

I r r
Af’G < U Afl:Gl > Afz,Gz'
G1,G2CG: G1UG2=G

Splitting this union into the cases that G1 = G or G2 = G or G1,G2 C G, we have proved:

Claim 6.4 (Gates of F'). For every f € Fgates with children fi, fo and every G € gy,

T T T T N
Ajc € Ay cUAp, o U U Afycy X Af, -
G1,G2CG:G1UGe=G
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6.3 Output of I

We now use the fact that F' computes DISTCONN(k,n). Our previous Claims 6.3 and 6.4 applied
to arbitrary T' € {0,1}". We now shift perspective and consider random I' € {0, 1}]1\;71 That is,

I' is the random k-layered graph (i.e. subgraph of P ,) with edge probability 1/n. Recall that
Vin = {v' :v € V and i € [n]} and s,t are the vertices v}, v}. Each z € [n]"* corresponds to a
path of length & in Py ,,, where x is an st-path if and only if zg = x;, = 1 (writing x; instead of x,,
for the coordinates of x).

Observe that I almost surely contains no st-path. To see this, note that there are n*~* potential
st-paths, each of which is present in I with probability (1/ n)k. Therefore, the probability that I"
contains an st-path is at most (1/n) = o(1).

For = € [n]V* with g = 2, = 1, let us say that z is I'-independent if T’ contains no path from

k—1

vgx") to vl(zj ) for any 0 < i < j < k. By another simple union bound, the probability that a given
z is I'-independent is at most (g) /n = o(1). It follows that almost surely 0.99 fraction of potential
st-paths are I'-independent.

Now suppose that I' contains no st-path and that = € [n]"* with 29 = x3, = 1is a I'-independent.
(zi-1)  (2:)

Let e1,..., e, bethe kedgesin x (i.e.e; = v;_] Vv, ). We claim that 'U{eq,...,e;—1,€i4+1,... €k}
contains no st-path for all 1 < i < k. To see this, assume for the sake of contradiction that 2’ is an
st-pathin T'U{e1,...,e;1,€i41,...,ex}. Let €],..., e} be the edges of 2’. Since e; is a non-edge of

', we have e; # e}. Starting at the endpoint of ¢, we can follow the path 2’ forwards until reaching
a vertex in x; we can also follow ' backwards from the initial vertex of €] until reaching a vertex
in z. This segment of 2’ is a path in I" between two vertices of x, contradiction I'-independence of
T.

Since fout computes DISTCONN(k, n), it follows that

fout(CU{er,...,ex}) =1 and fou(DU{e1,...,€i1,€i41,...,ex}) =0forall 1 <i<k.

This shows that the restricted function fout [p%mx depends on all k unrestricted variables (corre-
sponding to the edges of x); in fact, fout [pl;kw is the AND function. Therefore, x € .A?Olm p, for
every I'-independent st-path z.

By this argument, we have proved:

Claim 6.5 (Output of F). lim P [§(A}  p)>0.99n"%] =1.

n—=oore{0,1}y),,

6.4 Reduction to Pathset Complexity

We now present the two main lemmas in the reduction from formula size to pathset complexity.
Lemma 6.6, below, is the main technical lemma (the proof, which relies in part on the switching
lemma, is given in §7). This lemma is the only place in the overall proof of Theorem 5.8 which
depends on the assumption that F' has bounded depth (though not on the fact that F' is a formula
as opposed to a circuit).

Lemma 6.6 (Pathsets A?G are Small). Suppose f : {0,1}¥ — {0,1} is computable a circuit of
size n* and depth logn/(loglogn)®. Then, for all G € gy,

P AL . is not G-small] < O(n=2k).
ey 14 <O
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Lemma 6.7, below, is the nexus between formula size and pathset complexity. The proof involves
a top-down argument, which is key to distinguishing formulas and circuits. (Though we will apply
Lemma 6.7 to the formula F' which we have been considering so far, Lemma 6.7 is stated in general
terms for arbitrary Boolean functions with fan-in 2.)

Lemma 6.7. Let F be any fan-in 2 formula and let T € {0,1}V. If .A?G € omall forall f € F
and G € py, then ,
Xpo (A% p) <2009 - depth(F)* - size(F).

Proof. Assume A?G € Wéma” for all f € F'and G € . Consider any f € Fgates With children f;
and fy. By Claim 6.4, together with the key properties (monotonicity), (sub-additivity) and (join
rule) of pathset complexity, we have

r r r r I
xa(Afe) < xe (Afl,G UAp,cU U A ™ Afz,G2>
G1,G2CG: G1UG2=G
<ol o)t ha+ Y (xalhe) +xahe,))

G1,G2CG: G1UG2=G

< (xa(Ah0) + 25 3 xu(Af, 1) + (xa(Ah,e) +2° 3 xu(Af, ).
HCG HcG

If we start from xp, (Agouh Pk) and repeatedly apply the above inequality until reaching the
inputs of F', we get a bound of the form

r r
xp(App) < Y ¢raxa(Are)
fEEnv Ge@k

for some ¢y g € Z>p. We claim that

cro < > 2 <depth offinF > < 200%) . depth(F)*.
i,Ho,...,Hi ZPk:HOD"'DHi:G !

To see this, consider any f € Fi, and G € @i and let fouxr = fo,...,fq = f be the branch in F
from the output gate down to f. Then in the expansion of xp, (.Al];mt Pk)’ we get a contribution
of 2% (< 2’“2) from each sequence (i,to, Ho,t1, Hi,...,t;, H;) where 0 = tp < --- < t; = d and
P, = Hy D --- D H; = G} here t; is the location where the expansion of xp, (A?Out Pk) branches as
we move from Xqu(A?i,l H,_,) to 2kx . (.A?Z g,)- Finally, we bound the number of (to,...,t;) by
(f) (< depth(F)¥) and the number of (1'2{0, ..., H;) by 2% (< 2¥*). Summing over i adds only a
factor of k, so in total we get ¢ < 20%°) . depth(F).

We now use the fact that > qc,, Xg(.A?G) =1 for all f € F, (Claim 6.3) and size(F) = |Fiy|
(since F is a formulal!). Concluding the proof, we have

XP, (.A‘l;outypk) < 200K depth(F)* - size(F). O

We conclude this section by giving the proof of Theorem 2.1 assuming our pathset complexity
lower bound (Theorem 5.8) and main technical lemma (Lemma 6.6).

Reduction 6.8. Theorem 5.8 and Lemma 6.6 =—> Theorem 2.1.
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Proof. Assuming Theorem 5.8 and Lemma 6.6, we must show that size(F) > nf¥1°g%) By Claim
6.5 and Lemma 6.6, there exists I' € {0, 1}V such that 5(.A?Ompk) > 0.99n~2 and A?G € pgmall
for all f € F and G € . Fix any such I'. We now have

: 1 r
> . .
size(F) > 200 dop (/) xp, (Af, . P (Lemma 6.7)
1 n(1/4.41) log k

> . . r
= 90(k?) . depth(f)* 90(2F) 6(Afout,Pk) (Theorem 5.8).

Using inequalities
depth(F) <log’n, &(A}  p)>099n"% k<loglogn,

we get the desired bound size(F) > n(1/441)logh=01) 0

7 Small Pathsets from Random Restrictions

In this section, we prove Lemma 6.6 showing that, with high probability over random I" € {0, 1}11\;717
pathsets .A?’G are small for all f € F and G € p. The proof has the following scheme:

Janson’s Inequality [9] Switching Lemma [7]
4 Y

Lemma 7.3 Lemma 7.4

Y

Preliminary Lemma 7.5

4

Main Technical Lemma 6.6

The central argument is contained in the proof of Preliminary Lemma 7.5 (from which Lemma 6.6
essentially follows as a corollary).

Remark 7.1. Lemma 6.6 is similar to the main technical lemma in the k-clique lower bound of
[18]. One important difference is that here we require a upper tail bound where a upper bound
on expectation was sufficient for the k-clique result. (Moreover, the tail bound that we require is
stronger than what one gets by applying Markov’s inequality to the upper bound on expectation.)

Recall that G-smallness consists of 22¢ — 1 density constraints corresponding to the nonempty
unions of components of G. We say that non-small pathset A is G-critical if it violates only the
“top” constraint §(A) > 726, Formally:

Definition 7.2 (Critical Pathsets). For a pattern graph G and pathset A € Z¢, we say that A is
G-critical if §(A) > 7~2¢ and py\s(A) < 7526 for all 1 < s < Ag and every S C Vg such that
S is the union of s components of G.
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Observe that if A € P is G-critical and S’ C Vi has nonempty intersection with exactly
s > 1 components of G, then py g (A) < RS~AG . This is seen by letting S C Vg be the union
of components which S’ intersects and noting that py\ g (A) < py\s(A) < 7°~A¢ by Lemma 4.4
and the definition of G-critical.

The following lemma, to be proved in §7.1, gives a concentration-of-measure inequality for
critical pathsets. Recall that ¢ € [1/k,1/2] is an arbitrary “smallness parameter” chosen in Def.
5.3(1).

Lemma 7.3. Let G be a pattern graph and suppose A is a G-critical pathset. Let ¢ = (1/n)*(/2k),

Then

€/2 €/2

| < (-0’5

We now give the core argument in the proof of Lemma 6.6. We will use the following consequence
of Hastad’s Switching Lemma [7].

n

P [ #{ze€A: Ngo CR} <

Lemma 7.4 (Consequence of the Switching Lemma). If a Boolean function f is computable by
ACC circuits of depth d and size s, then for all0 < q<p <1/2,

sk [ILive(f1O)] 22" ] < 5-O(r(a/p)"")"

Proof. We first hit the circuit with a R(pg, p) random restriction where py = ﬁ(%ﬂ —pq). We
when hit the circuit with a sequence of d unbiased R(1/2, (¢/p)/%) random restrictions, applying
the switching lemma in the usual way. (The preliminary R(pg, p) creates the correct bias of 1’s and
0’s, but does not simplify the circuit.) Letting 6 be the composition of these random restrictions,
we get a bound of s - O(r(q/p)'/%)" on the probability that f[# has decision-tree depth > r. The

lemma follows, since the number of live variables is at most 2 raised to the decision-tree depth. [J

We remark that Lemma 7.4 is not the most efficient bound that can obtained from the switching
lemma, in particular for AC® formulas [20]. However, it suffices for our (preliminary) technical
lemma.

Lemma 7.5. Suppose f : {0,1}N — {0,1} is computed by a circuit of size at most n* and depth
logn/(loglogn)S. Let G, H be pattern graphs with VgV = and let y € [n]V#. For T € {0,1},
define G-pathset A" by

Al = {ZC S [H]VG : NG,;B - Live(f[logUH,a:y)}'

Then P [A" is G-critical] < O(n=3).

Fe{0,1}{V/n

We remark that the bound O(n %) can be strengthened to O(n~=*kloglogn)y or even better.
We state the lemma with O(n~3%) since this is all we require.

Proof. Define Z C {0,1}" by
IT:={Ie{0,1}":I,=0forallve N\ Ny,}.

Note that |Z| = 2Vrvl = 2lBul < 9k,
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For I € Z, define f;:{0,1}" — {0,1} by f/(I') = f(T @ I). For all x € [n]"¢ and T € {0, 1}V,
we have

(7) Ne.o 0 Live(f[pGom.ay) = | Live(f110G.0)-
ez

For R C N, let 9}; : N — {0,1,*} be the restriction taking value % over R and equal to I' over
N\ R. Define pathsets B and C}, by

Br:={z € [n]Ve : Ng. C R},
ch = {z € [n]Vé : Ng. C Urez Live(f1[0%)}-
It follows from (7) that A" N Br C CL. Also, since |[Ng .| = |Eg| < k and |Z] < 2%,
r'1/k . T k . r
(8) |Ck| k< ‘IEL_JZsze(fIWR)‘ <2 -r}léa,IX}Lwe(fI[GR)‘.

We now consider independent random I' € {0, 1}?% and random R C, N where ¢ = (1/n)'*(e/2k),

Note that 912 has distribution R(1/n, q). Also, note that A" and Bg are independent, as A" depends
only on I' and Bg depends only on R.

We may assume that k < logl/ 3n, since otherwise the lemma is trivial. In particular, 2F =
o(n®/?) (recall that € = 1/log k) and hence exp(—Q(n/2/2¥)) = o(1). We have

€/2 €/2
]113 [ A" is G-critical | < IIE [ IE [|./4F NBgr| < n } < exp (—Q(n2k ))} (Lemma 7.3)

€/2

:]FP[]E[yAFmBRb” }21—0(1)]

r n€/2 )

<1+ 0(1))FI?R [\A N Bgr| > 5 } (Markov ineq.)
nz—:/2

< (1+o(1)) P [\cg| > } (A" N Bg C CR)

. ‘ r ne/2k
< (1+o(U)2 max P [[Live(f1[0])| > Geer | (b (8)

< 2 [ . r a/4k]
< (logn) I}leaIXFI,PR |Live(f1[6R)| > n
where this last inequality uses k& < loglogn and € > 1/k (hence 2F! < ne/% for sufficiently large

For each I € Z, f; is computable by ACY formulas with the same size and depth as f, namely
n* and logn/(loglogn)8. Since 0% has distribution R(1/n, (1/n)'*/20)) Lemma 7.4 implies that

' - oglogn)®/logn oo
< O(nk_(a/4k)2(10g10gn)6) < O(n—Q(kloglogn))

again using € > 1/k and k < loglogn. Finally, we get the bound
11E [.AF is G—critical] < (logn)?- O(n*Q(klogbgn)) < O(n=*). u
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Finally, we derive Lemma 6.6 from Lemma 7.5.

Proof of Lemma 6.6. Suppose f : {0,1}¥ — {0,1} is computable a circuit of size n* and depth
logn/(loglogn)®. Fix a pattern graph G. We must show

P [AIJ;G is not G-small] < O(n~2).

FG{O,l}Jl\’/”

Suppose I' € {0,1}" is any layered graph such that Al},G is not G-small. We claim that there

exist S C Vg and z € [n]VG\S such that S is a nonempty union of components of G and the pathset
Bg} . is G|g-critical where G|g is the induced subgraph of G on S and

Bg,z = {y € [n]S : NG|5,y - Live(f(pg,yz)}‘

We first note that it suffices to prove this claim. Since there are 22¢ — 1 (< 2*) choices for S and
< n* choices for z, assuming the claim we have

P AL o isnot G-small] < P [ B is G —critical}
re{o,1}¥ [ 1@ ]_FE{O,I}N \/ S, ls

1/n 1/n S,z
< 28k O (n=3k) (by Lemma 7.5)
=O0(n~ %),

To see why the claim holds, assume that .A?G is not G-small and consider the following proce-
dure. Initially set S <— Vi and z < () (the empty tuple). If Bg,z is G|g-critical, then we are done.
Otherwise, since Bg, . is neither G|g-small nor G|g-critical, there is a proper subset 7' C .S such that
T is a union of ¢ > 1 components of Vg, and MT(BE‘,Z) > nt.
y € [n]*\T such that 6(BS_[%) > 7. Note that 7" is a union of components of G and yz € [n]"c\T.

Also, for all u € [n]T, we have Ngipu € Najg,uy and hence

By definition of pr, there exists

u € Bgzﬁ = uy € Bgvz
= Nejsuy S Live(f[p6 )
= Nejpu C Live(f[0Guy:)
= u€Bp,,.

Therefore, Bgzﬁ C BL., .. It follows that &(BL

Ty Tyz) > 7~ and, hence, BL.

> 15 not G|p-small. We
now update S < T and z < yz. Since B};’Z is not G|g-small, we may repeat this process so long
as Bg’z is not G|g-critical. Since S shrinks with every step, eventually this process will terminate,
at which point Bg,z is G|g-critical (and S is nonempty by definition of G|g-criticality). Thus, the
claim holds and the lemma is proved. O

7.1 Proof of Lemma 7.3

For the proof of Lemma 7.3 we use a concentration of measure inequality due to Janson [9].
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Lemma 7.6 (Janson’s Inequality [9]). Let Q be a finite universal set and let R be a random subset
of Q given by P[r € R] = p,, these events mutually independent over r € Q. Let {S;}icr be an
indexed family of subsets of Q). Define A and T by

A= P[S;CR], T:= > P[S;US; CR].
iel (i,5)€12 137, S;NS;#0

2

Proof of Lemma 7.3. Let G be a nonempty pattern graph, let A be a G-critical pathset, and let
q = (1/n)'*+/2k)  We must show

L[ a5 o (-0(50))
As in Janson’s Inequality, define A and T by
/\:zzlP[NG,mQR]a T .= Z P [Nz UNgy CR].
zeA (,y)€A? : w74y, N o NGy 70
Taking t = A/2 in Lemma 7.6, we get
(9) P[#{red: Noy € By < 3] <exp (—min {2, 2 }).

Recall that Ag = |Vg| — |Eg| and 72 = n'~¢. By G-criticality of A,
|A| = n‘VG‘(S(A) > anG|'FL_AG — n|EG|+6AG‘

Note that P[ Ng. C R] = ¢/F¢! for all z € A. Since |Eg| < k and Ag > 1, it follows that

(10) A=A glFel > pede—IBal/2k) > pe(Ac=(1/2)) > pe/2,
A2 n5/2
To complete the proof, it suffices to show that T > or

For all (z,y) € A2, let
Tyy = {Uw € Fg:xy =y, and x,, = yw}.

Note that z = y iff T:y = Eg,and Ng,NNgy =+ () iff Ty # (), and ‘NG,z UNG,y’ = 2’Eg‘ — ‘Ta:,y‘-
Next, note that T =3 "7 gcpcp, T where

Tr = > P[Ng.UNgy, C R] =#{(z,y) € A% : T,y = T} - ¢*1FcI=IT,
(z,y)€A2: Ty =T
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Now consider any fixed § € T C Eg. Let S = U,y er{v,w} and let s be the number of
components of G which S intersects. Note that 1 < s < |S|—|T, since |S| — |T'| equals the number
of components in the induced subgraph G|s. We have

#ey) e ATy =T < 3 Al sl

2€[n]s
< (% [Aliors]) (ms [4lis)
= | A .plVel=I1S| 'MVG\S(A)
< |A| - nlVel=IST gs—aa (by G-criticality of A)

= |A| - nlPal-ISlHste(Ac—s)
It follows that

Y7 = #{(z.y) € A®: Tpy = T} - P11
< |A| - nlFel-ISltste(Aa—s) . 2|FG|-IT]
< A - plTI=ISIHste(Ac—s) (using A = |A] - ¢/Fel and ¢ < n7h)

< A-nflhel) (using 1 < s < |S] — |T]).

We now have

A2 )2 - n—s(Ag—l)
(11) ~ = > (by the above)
T ZT:@CTCEG Tr 2k
n/? Ac—(1/2
> ok (since A > n®Ae=(1/2) by (10)).
Plugging (10) and (11) into (9) completes the proof. O

8 Union Trees

At this point in the paper, it only remains to prove Theorem 5.8, our lower bound on pathset
complexity y. As the first step in the proof, we introduce the notion of union trees and pathset
complezity w.r.t. union trees, denoted Y. Intuitively, a union tree is a blueprint for constructing a
pattern graph via pairwise unions starting from individual edges. This leads to a more constrained
notion of pathset complexity where the allowable joins are prescribed by a given union tree.

Fixing the union tree of allowable joins can only increase the cost of constructing a pathset,
hence x < x. Counterintuitively, the lower bound on Y is derived from a lower bound on Y. This
lower bound on Y is the true combinatorial lower bound in this paper. (Unfortunately, in the shift
from y to ¥ we lose a factor of 20(2%)
k(n) < loglogn.)

In this section, we present the definition of ¥ and state our lower bound for y (Theorem 8.3).
The reduction from Theorem 8.3 to Theorem 5.8 is given in §9. In §10 we prove some preliminary
lemmas (on properties of y with respect to projections and restrictions). Finally we prove Theorem
8.3 in §11.

, which is the reason that Theorem 5.8 only holds up to

25



Definition 8.1 (Union Trees). A wunion tree is a (rooted, unordered) binary tree whose leaves are
labeled by edges of Py (i.e. elements of Ej, = {v;v;41 : 0 < ¢ < k}). Every union tree A is associated
with a pattern graph denoted G4 = (Va, E4) where E4 is the set of edges of P, which label leaves
in A.

The empty union tree (of size 0) is denoted ). Union trees of size 1 (corresponding to elements of
E}) are said to be atomic. Union trees of size > 2 are non-atomic. Throughout, A and B represent
non-empty union trees. Let {4, B} (= {B, A}) denote the union tree with children A and B. Note
that every non-atomic union tree has the form {4, B} for some A and B; also, G4 5y = GAUGp.

For a union tree A, sub-union trees of A are sub-trees of A consisting a node in A and all nodes
below that node with the inherited labeling of leaves. The sub-union tree and strict sub-union tree
relations are denoted by =< and < respectively.

To simplify notation, for a union tree A we write 924 for #¢, and proj, for projy, and £4 for
{q ,, etc. We consistently write A, B, C for pathsets with underlying union trees A, B, C respectively.

Definition 8.2 (Pathset Complexity w.r.t. Union Trees). For every union tree A and pathset
A € P4, the pathset complexity of A with respect to A, denoted y4(.A), is defined by the following
induction:

(i) xp({(O)}) := 0, that is, the pathset complexity of {()} w.r.t. the empty union tree ) is 0.
(i) If A is atomic and |A| = 1, then y4(A) := 1.

(iii) For non-atomic A = {B, C'},

XA(A) = (émcn) ;maX{XB(Bi)a xc(Ci)}

where (B;,C;); ranges over sequences such that B; € ,@%man, C; € ngau and A C |, B; > C;.

In Appendices A—C we present some key examples of union trees and prove upper and lower
bounds for x with respect to some special classes of union trees. The material in these appendices
is not directly needed for our main results. However, these appendices serve as a warm-up and
motivation for the lower bound that follows.

The following inequalities (analogous to the inequalities following Definition 5.6 of x) are es-
sentially built into Definition 8.2 of y:

(base case) Yo({0}) <0 and ya(A) <1 if A is atomic and |A| =1,
(monotonicity) xa(A) < xa(A) if A’ C A,

(sub-additivity) a(Ar UA) < xalAr) + va(Az) for all Aj, As,

(join rule) X(a,p) (A B) < max{xa(A), xp(B)} if Ae 25 Be gyl

The essential difference between y and Y is that x allows arbitrary joins, while y only allows joins
as prescribed by the given union tree. Viewed as a minimum construction cost (see Remark 5.9), this
means that ¥ has more highly constrained rules of construction compared with y. Consequently,
XG4 (A) < xa(A) for every union tree A and A € Zg. Note that this inequality goes in the wrong
direction for the purpose of proving a lower bound on y. In §9 we give a different inequality between
x and Y in the right direction.
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Theorem 8.3 (Lower Bound for ). For every union tree A and pathset A € P4,
XA(A) > ﬁ(1/4.41)10g(€A)+AA . 5(.A)

The game plan for the rest of the paper is as follows: in §9 we derive our lower bound for y
(Theorem 5.8) from Thereom 8.3. In §10 we establish some important properties of x. Finally, in
§11 we give the proof of Theorem 8.3.

Remark 8.4 (Dual Characterization of ). Similar to the dual characterization of y mentioned in
Remark 5.7, x has a dual characterization as the unique pointwise maximal function from {(A, A) :
A is a union tree and A € Z4} to R which satisfies inequalities (base case), (monotonicity), (sub-
additivity) and (join rule). This fact is established by a straightforward induction on union trees
(omitted here since we don’t actually use this dual characterization in our lower bound).

This dual characterization suggests an obvious “direct method” for proving a lower bound on
x: find an explicit function from pairs (A, .A) to R and show that this function satisfies inequalities
(base case), (monotonicity), (sub-additivity) and (join rule). This is analogous to the “direct
method” of proving a formula size lower bound via a complezity measure, defined as a function
M from {Boolean functions on n variables} to R satisfying inequalities M (f A g) < M(f) + M(g)
and M(fVg) < M(f)+ M(g) in addition to base case inequalities M (f) < 0 if f is constant and
M(f) < 1if fis a coordinate function (see [10]).

Using the direct method, we were only able to prove lower bounds on x for a few restricted
classes union trees (see Appendix B). For general union trees, we could not prove a lower bound
along the lines of Theorem 8.3 using the direct method. We still do not know of any explicit function
which satisfies (base case), (monotonicity), (sub-additivity) and (join rule) and maps (A4, [n]7*) to
nf208k) for all union trees A with graph P;. A priori, it is not even clear whether any such nice
explicit function exists.%

The proof of Theorem 8.3 which we present in §11 does not proceed via the direct method.
In particular, neither the function A(1/441)1og(ta)+24.5( A) nor 7%4.6(A) (defined in §11.1) satisfies
inequality (join rule). Rather, our proof involves a more subtle induction on union trees.

9 From y to y

In this section, we prove:
Reduction 9.1. Theorem 8.3 (lower bound on ) = Theorem 5.8 (lower bound on ).

The following definition of strict union tree is only needed in this section. Rather than A, B, C,
we write «, 8, for this special class of union trees.

Definition 9.2. A union tree « is strict if G4 C G for all o’ < o/ < a. For a pattern graph G,
let Strict(G) denote the set of strict union trees o with graph G.

It is important that the number of strict union trees with a given pattern graph is bounded
(though doubly exponential in |Fg|).

5A natural approach is to consider functions of the form n°4 - v(A) where ca is a constant depending only on
\4
Aand v : P4 — R is a monotone sub-additive function, such as § or g or ms or any norm on RM"™* (viewing

ZR=R{I} 1}["]VA as a subset of RIM"™ ). For such functions, one only needs to show (join rule). The (base case) can
be handled by appropriate scaling.
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Lemma 9.3. For every pattern graph G with r edges, there are only 292" strict union trees with
graph G.

Proof. Denote by s(r) the number of strict union trees supported on any fixed set of r edges. Note
that |Strict(G)| depends only on |E¢| and that s(r) is an increasing function of . We have s(1) =1
and, for r > 2,

sty=" Y s(Ds(lI) < 37s(r —1)°

I1,JC[r]: IUJ=]r]
for all » > 2. Therefore,

) < H?ﬁ” V=gt T 2 90, O

We now give the main lemma needed for Reduction 9.1.

Lemma 9.4. For every pattern graph G and pathset A € P, there is an indexed family {A(a)}aegtmt(g)
of sub-pathsets A C A such that

A= U AD and Vae Strict(G), )Za(.A(a)) < xa(A).
a€Strict(G)

Proof. By induction on |Eg|. The lemma is trivial if |Eg| < 1 (since in this case |Strict(G)| = 1).
For the induction step, suppose G is a pattern graph with > 2 edges. By Definition 5.6 of , there
exists a sequence (H;, K;, B;,C;); with

H,K;,CG, HUK;,=G, B;€ L@small’ C; € L@IS(I?&H

such that
AcUBixC  and  xa(A) =Y max{xu,(Bi), xx,(C:)}-

For each a = {#,7} € Strict(G), define A® inductively by

A = AN U B s,

i Hi=Gg, K;=G.,

First, we show that A = J,¢ Strict(Q) A The inclusion D is obvious. For the inclusion C,
consider any z € A. Then x belongs to B; 1 C; for some i. This means that Ty, € B; and
2y, € Ci. By the induction hypothesis, there exist 8 € Strict(H;) and v € Strict(K;) such that
Ty, € BZ(’B) and zy, € Ci(w). Let o = {3,~} and note that a € Strict(G). Since z € Bl@ D> CZ-(W),

it follows that z € A, proving the inclusion C.
Finally, for all a € Strict(G), we show Ya(A®) < xg(A) as follows:

Xa(A@) < Xal U BZ(B) D C§7)) (monotonicity)
i HZZGﬁ, KliG»y

Z )Za(BZ(B) D] Ci('Y)) (sub-additivity)
i Hz:Gﬁa KZ:G»Y

IN
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Noting that BZ«(B ) and Cim are small (since BEB ) B e ﬁfﬁlan and Cim C( e W%Tall), we continue:

< > max{xs8”), v, @) (join rule)
i:HiZG,g,Ki:G»y

< > max{xnu, (Bi), Xk, (Ci)} (ind. hyp.)
i:Hi=Gg, K;=G

< xG(A). O

The next corollary follows directly from Lemma 9.4.

Corollary 9.5. For every pattern graph G and pathset A € P, there is a strict union tree o €
Strict(G) and a sub-pathset A" C A such that Yo(A') < xc(A) and §(A) < |Strict(G)|-6(A). O

We conclude this section with the proof of Reduction 9.1.

Proof of Reduction 9.1. Assume Theorem 8.3 and consider arbitrary A € &p_. By Corollary 9.5,
there exist o € Strict(Py) and A" C A such that x(A’) < xp,(A) and §(A) < |Strict(Py)|-0(A") <
202" . 5(A') (Lemma 9.3). We now have

XP (A) > xa(A) > pll/4aDloelta) B 50 4" (Theorem 8.3)

7(1/4.41) log(k)+1

- 20(2%) -0(A)
(1/4.41)logk
n o4 — —
> om0 (as 71 = n ¢ = ! ~(1/Toz))
This shows that Theorem 5.8 holds, which completes the proof of the reduction. ]

10 Projection and Restriction

In this section we establish two key properties of y: it is monotone decreasing with respect to
projections to sub-union trees (Lemma 10.2) and restriction to unions of components (Lemma
10.6). We also introduce an operation on union trees A © B (Definition 10.7), read as “A restricted
away from B”. This notation will be extremely convenient in §11.

10.1 y Decreases Under Projection

Claim 10.1. For every non-atomic union tree { A, B} and pathsetC € P4 gy, we have X a(proj4(C)) <
X{4,8}(C).
Proof. By Definition 8.2(iii) of X{4 5}(C), there is a sequence (A;, B;); such that

Aie ol Bie g, CC| JAixB and xap(C) =) max{xa(A), Xs(Bi)}.

Note that proj,(C) C projs(U,; Ai > B;) € |J; Ai. By monotonicity and sub-additivity of x4, it
follows that

Xa(proja(C)) < XA(UAz‘) < ZXA(Ai) < Xqa,8}(C). O
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Lemma 10.2 (x decreases under projections). For every union tree A and pathset A € P4 and
sub-union tree A" < A, xa(proj4 (A)) < xa(A).

Proof. Induction using Claim 10.1 and the observation that projg/(A) = projg (projg(A)) for all
S'C S CVy. O

10.2 y Decreases Under Restriction

For a union tree A and a pathset A € P4, Lemma 10.2 concerns projections of A of the form
proj 4/ (A) where A’ is a sub-union tree of A. The restrictions of A that we consider next are not
restrictions of the form A|%, where z € [n]V4\Va’. Note that .A|%, C proj 4 (A), so we already have
x4 (Al%) < xa(A) by Lemma 10.2 and monotonicity of x .

Rather than restrictions over sub-union trees, we instead consider restrictions of the form A%
where z € [n]V2\¥ and S C Vj is a union of components of G4. We define an operation of
restriction on union trees; the restriction A[S is a union tree with V5 = S. Even though A[S is
not necessarily a sub-union tree of A, we will show that xa;5(A|%) < xa(A).

Definition 10.3 (Restriction of Union Trees).
(i) For all S C V4, let S denote the complement Vj, \ S of S in V4.

(ii) For a union tree A, we say that S is A-respecting if V4 N S is a union of components of G 4.

Note that S is A-respecting <= S is A-respecting <= every leaf in A is labeled by an edge
viviy1 € Ej, such that {v;,v;11} € S or {v;,v;41} C S. Also note that if S is { A, B}-respecting,
then it is both A-respecting and B-respecting and {A, B}|S = {A[S, B[S}.

(iii) If S is A-respecting, we denote by A[S the union tree obtained from A by pruning all leaves

labeled by edges whose endpoints are not contained in S. This pruning operation does not
simplify the pattern above the leaves (i.e. there is no propagation or change in the tree
structure of the pattern.)
For example, if A is the union tree {{vive,v5v6}, {vovs, vgv7}} and S is the A-respecting set
{v1,v2,v3}, then A[S = {vive,vovs}. Note that A]S = {vive,vovs} also when S is the A-
respecting set {v1,vg,v3,v4}; in general, A]S = A[(V4 N S). Also note that A[S is not a
sub-union tree of A in this example.

Recall our convention concerning notation A% (see Definition 4.3): for every union tree A and
pathset A € 24 and S C Vj, and z € [n]”, the pathset Al € P45 is defined by A% := A|€//Ams =
{y € [n]V4"5 . y2' € A} where 2/ = 2y, s-

Lemma 10.4 (Smallness is preserved under restrjction). For every union tree A and small pathset
A€ 2small and A-respecting S C Vi, and z € [n]°, we have Al € e@j‘?gn.
Proof. Immediate from Definition 5.3 of small pathsets. O

Remark 10.5. Smallness is preserved under joins (Lemma 5.5) and restrictions to union of com-
ponents (Lemma 10.4). However, smallness is not preserved under projection to unions of compo-
nents. A counterexample is the union tree A = {vjv2,v3v4} and pathset A = {2z € [n]V4 : 2, =
x3 and xo = x4} € e@jma“. Letting A’ be the atomic sub-union tree vivy of A, we have m:/(A) =1,
hence proj 4 (A) ¢ 25pall,
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Lemma 10.6 (Y decreases under restrictions). For every union tree A and pathset A € P4 and
A-respecting S C Vi, and z € [n]¥, we have Xxa15(Al%) < xa(A).

Proof. By induction on union trees. The lemma is trivial for empty and atomic union trees. For
the induction step, consider a non-atomic union tree { A, B} and assume the lemma holds for A and

B. Let C € P4 By, let S be a {A, B}-respecting subset of Vi, and let z € [n)S. By Def. 8.2(iii) of
X{4,B}(C), there is a sequence (A;, B;); such that

Ave 2 Bre o, cc|JAimB and Xpam(€) = Y max{va(A). xs(5).

7

By Lemma 10.4, A;|% € WZTS?H and B;|% € @%II[@”H. We now have

amys(ClE) < xasys (A B)lE) (monotonicity)

i

<Y Xqasys((Ai > B)l%) (sub-additivity)

= Z X{ars,B1sy (Ails > Bil§)

< Z max{xas(Ails), XB1s(Bils)} (join rule)
< ZmaX{XA(Az'), xB(Bi)} (ind. hyp.)
= X{4,8}(C). u

10.3 The Operation A6 B

We introduce an operation A © B on union trees (“A restricted away from B”).

Definition 10.7. For union trees A and B, we write A © B for the union tree A[.S where S C V4
consists of the components of G4 which do not intersect Vg.

For example, if A = {{v1v2,v4v5}, {vovs, v506}} (SO G 4 is the union of paths vivavs and vivsve)
and B = {vgvr}, then A © B = {v1v9,v9v3}.

Lemma 10.8. For all union trees C = {A,B} and A’ < A and B’ < B,
Ac < Ax + Apsa + Acoqa By

Proof. This follows from the observation that each component of G¢ contains at least one vertex
in Ga, Gpear or Goga,pry, and each component in any of these three graphs is contained in a
component of G¢. 0

Lemma 10.9. For all union trees C = {A, B} and A’ < A and B’ < B and pathsets A € P4 and
Be @B;
6(A > B) < mar(A) - pprea(projp(B)) - posiar,py (A B).
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Proof. By Lemma 4.6,

6(AxaB) < mar(A) - py, v, (Projp (B)) - v\ (v, uvy) (A < B).
Since Vgrgar C Vg \ Var and VC@{A’,B’} C Ve \ (Var UVpr), by Lemma 4.4,
vV, (Projp(B)) < pprear (projp(B)),
BV (V V) (A B) < piosar gy (A > B).

Combining these inequalities finishes the proof. O

11 Lower Bound for Y

In this section we prove Theorem 8.3, our lower bound for . Recall that {4 denote the length of
the longest path in G4, i.e., the number of edges in the largest component of G 4.

Theorem 8.3. (restated) For every union tree A and pathset A € P4,
)_(A(-A) > ﬁ(1/4.41)log(2A)+AA . 5(./4)

To prove Theorem 8.3, first we define an auxiliary function ® : {union trees} — R. We then
prove two lemmas: y4(A) > 7®46(A) (Lemma 11.2) and ®4 > ;47 log(f4) + Ax (Lemma 11.4).

11.1 Definition of ®4

Definition 11.1. Let @ : {union trees} — R be the unique minimal function such that the following
hold:

o &, =0if Ais empty, and 4 = 2 if A is atomic,

e for every non-atomic union tree C' = {A, B} and sub-union trees A’ < A and B’ < B,
(T),(Z;/,B Po > Do+ Apoa + Acofa’,BYs
% s P> %(@v + ®poa +Ac+ AC@{A’,B/}>-

We refer to (1) and (f) as the “one-sided” and “balanced” inequalities. Note that since {A, B} and
{B, A} are considered to be the same union tree, we also have the reverse inequalities ()%, , and

(i)g, - For better readability, we sometimes write ®4 instead of ®(A).
Some remarks on this definition:

e Minimality of ® among functions satisfying these inequalities means that for every non-atomic
union tree C' = {A, B}, at least one of the four inequalities (1)§, 5, (1% 4, (DS 5> DG u

is tight (i.e. holds with equality) for some A’ < A and B’ < B.

e Note that ® is monotone decreasing with respect to sub-union trees, that is, ® 4 < &4 for
all A’ < A (by inequalities (})).
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e ® increases by means of the contribution of A’s: if we remove the A’s from (1)5, p and

1HS 1 (replacing these inequalities by ¢ > ® 4’ and ¢ > 3(® 4 + @) respectively), then
we would have ® 4 = 2 for every nonempty union tree A. Intultlvely, in the attempt to lower
bound ® 4, the objective of the game is to pick up as many A’s as possible.

e For the union trees Ay and By, defined in Appendix A, we have ®4, > @4, ,, +1 by (1)
and ‘I)Bk > (I)Br(k )21 —|— by (i) for all £ > 4. It follows that ®,4, > 1 5logk — O(1) and
dp, > slogk — O(1).

11.2 Showing ya(A) > n®45(A)

We now prove the most important lemma in the overall proof of Theorem 8.3. Lemma 11.2 accounts
for the definition of ® 4 (essentially ® 4 is the maximum function for which the argument of Lemma
11.2 is valid). The two cases (f) and (I) in the proof are inspired by the special cases proved in
Appendix B.

Lemma 11.2. For every union tree A and pathset A € P4, xa(A) > n®W5(A).

Proof. We argue by induction on union trees. The base case where A is empty or atomic is trivial.
For the induction step, consider a non-atomic union tree C' = {A, B} and assume the lemma holds
for all smaller union trees.

We claim that it suffices to show that

(12) A2 D§(Aa B) < max{ya(A), xz(B)}

for all A € ijan, B e @%mall. To see that this suffices, consider any C € &¢. By Definition 8.2
of pathset complexity, there exists a covering C C J; A; > B; by joins of small pathsets A; and B;
such that xc(C) = >, xa(Ai) + xB(B;). Note that

5(C) < o(| A By) <> 6(A; 1 By).

Assuming (12) holds for all A; and B;, we have

a®@s(c <Zn 5(A; > By) <Zmax{XA( D), xB(Bi)} = xc(C).

We now turn to proving inequality (12). Fix small pathsets A € ,@zma” and B € yfama“. Note
that A 0 B € 284l by Lemma 5.5. Recall that at least one of the four inequalities (1)§ g,

DS 5y NS 40 ()G 4 is tight for some A’ < A and B’ < B. By symmetry of the argument, we
consider only the first two possibilities without loss of generality .

Case (f) (one-sided induction case): Assume that there exists A’ < A such that (1)5, B8
tight, that is,

(13) bo = Pa + Apca + Ace(a,B)
By Lemma 10.9, we have

§(AxB) <7mar(A) - ppear(B) - pooqar,py (A B).
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Since B is B-small and A < B is C-small, we have

—~A(BoA) —A(Ce{A".B})

ppea (B) <n and  pioo(a,By (A= B) <7
Combining these inequalities (and substituting d(proj4/(A)) for m4/(A)), we have
(14) §(Aa B) < a~ ABOA)=ACSHABY 5(proj 4 (A)).

Using the fact that ¥ decreases under projections, together with the induction hypothesis, we have

A®O§(A pa B) = a®A)TABEANFACHAABN 5 A q B) (by (13))
< %45 (proj 4/ (A)) (by (14))
< Xar(proja(A)) (ind. hyp.)
< xa(A) (Lemma 10.2)
< max{xa(A), x5(B)}.

Therefore, (12) holds in this case.

Case (f) (balanced induction case): Assume that there exist A’ < A and B’ < B such that
()% g is tight, that is,
(15) o = %(@1’ + ®poa +Ac + AC@{A’,B’})-
By Lemma 10.9, we have
5(A 5 B) < mar(A) - o ar (proj g (B)) - ey (A< B).
By definition of /e 4, there exists z € [n]V2'\VE'©4’ such that
e (Projp(B)) = 6(projp: (B)|prear)-
C-smallness of A 1 B implies both
S(AB) < and  poeparpry (A B) < amAESALED),

Taking square roots and combining these inequalities, we have

(16) DAt B) < \[AmAO-DCSABY 10 (A) - 5(proj o (B) e )

Using the fact that x decreases under projections and restrictions (Lemmas 10.2 and 10.6),
together with the induction hypothesis, we have

(17) A7 4 (A) = 2®A)8(proj 4 (A)) < Yar(proj4(A)) (ind. hyp.)
< xa(A) (Lemma 10.2)
and also
(18) A F N5 (projp(B) o) < Xprea (projp (B) o) (ind. hyp.)
< xp'(projg/(B)) (Lemma 10.6)
< xB(B) (Lemma 10.2).
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We now finish the proof using the inequality of arithmetic and geometric means (AM-GM
inequality):

APO5(Aba B) = /AP AN EBOATACHACHNBN . §(AB)  (by (15))

< \JATAIOBEA) () 6(proj (B)liea) (b (16))

< %(ffb(Al)Tr (A + AP 500 (B)roa))  (AM-GM ineq.)
1

< 5 (al) +xs(8) (by (17), (18))

< max{xa(A), x5(B)}.

Therefore, (12) holds in this case also, which concludes the proof. O

11.3 Showing &4 > ﬁlog(&;) + Ay

We now complete the proof of Theorem 8.3 by proving Lemma 11.4 (®4 > 2= log(fa) + Ay for

141
all union trees A). We require one preliminary lemma.
Lemma 11.3. For every union tree A and A-respecting S C Vi, we have @4 > @415+ Aajs.

Proof. We argue by induction on union trees. The lemma is trivial when A is empty or atomic. For
the induction step, consider any non-atomic union tree C' = {A, B} and assume the lemma holds
for all smaller union trees.

Let S be any C-respecting subset of Vj. Note that S is C’-respecting for any C’ < C. Also note
that CS = {A[S, B[S} and that every sub-union tree of A[S has the form A’[S where A’ < A
(and similarly for B[S). We will also use the fact that (A’© B’)[S = (A']S)&(B’]S) forall A’ < A
and B’ < B.

From the definition of ®¢ g, it follows that at least one the four inequalities

c1s C1s c1s C1s
(T)A’[S,B{& (i)A’[S,B’[S’ (T)B'rS,Arsv (i)B'rs,Afrs

is tight for some A’ < A and B’ < B. Once again, without loss of generality, we consider just the
first two possibilities.
First, consider the case that there exists A’ < A for which (T)i,rfs BIS is tight, that is,

(19) Qs = Parys + Apoanys + Ace{a,B))1S-

In this case, we have

Do > Dy + Apoa + Ace(a,B) (by ()% 5)
> ®a + Apoa + Acefa’ By
+Aci5 — A5 — ABoan s — Ace(a’,B)S (Lemma 10.8)
=0y — Aans + Aeans + Ace{a,Bhs + Acrs
> P s + Apears + Awceia,Byis + Acis (ind. hyp.)
=®c15 +Acts (by (19)).
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Finally, consider the alternative that there exist A’ < A and B’ < B for which () A,% Bris 18
tight, that is,

(20) Do = %(‘I)A/ 15 + @proans + Acys + A(Ce{A’,B’})rs)-
In this case, we have
e > 2 (Par+ Pproa + Ac + Acoqar,py) (by ()% B)
> 3(Pa + Pproa + (Acis + Acrs) + Aceqar,py) +
3 (Acis — Aaris — Area)s — Ace(a,B'))(S) (Lemma 10.8)
=2(Pa — Aus + Pproa — Aroays + Acis + Awce(a,zis) + Acs
> 3(Pats + Ppreans + Acts + Acega,pys) + Acis (ind. hyp.)
= ®cis + Acs (by (20)).
Having shown ®¢ > ®¢15 + Ac|s in both cases, we are done. ]

Lemma 11.4. For every union tree A, ®4 > Llog(£4) + A s where ¢ = 2log(v/13 + 1) < 4.41.

An earlier version of this article had the constant ¢ = 6 in Lemma 11.4. An anonymous referee
pointed out an optimization in the proof which gives the better constant c. (We remark that the
best possible constant ¢ in this lemma is > 2 by Proposition 5.11 and Corollary A.3.)

Proof. Here c is chosen such that 5 — 26% — 261,1 = 26%2

We argue by induction on unlon trees. The base case where A is empty or atomic is trivial.
For the induction step, let A be a non-atomic union tree and assume the lemma holds for all
smaller union trees. We will consider a sequence of cases. In each case, after showing that &4 >
% log(¢4)+ A4 under a given hypothesis, we will proceed assuming the negation of that hypothesis.
The sequences of cases is summarized at the end of the proof.

First, consider the case that G 4 is disconnected (i.e. Ay > 2). Let S be the largest component

of G 4. We have

Dy > (I)A[S + AA@ (Lemma 11.3)
> Llog(Lars) + Aaps + Aars (ind. hyp.)
= 1log(la) + Aa

This proves the lemma in the case where G 4 is disconnected.
Therefore, we proceed under the assumption that G 4 is connected (i.e. A4 = 1). Without loss
of generality, we assume that G4 = Py (i.e. £4 = k). Our goal is to show that

®4 > Llog(k) + 1.

Consider the case that there exists a sub-union tree A" < A such that |Ea/| > 5o Lk and
Ay > 2. Note that €47 > |Ea/|/Aa (i.e. the number of edges in the largest component of G 4/ is
at least the number of edges in G 4/ divided by the number of components in G 4/). We have

Dy > Py > tlog(lar) + AA' (ind. hyp.)
> Llog(k) — <L — Llog(Aar) + Au (KA/>|EA/]/AAIE 5 sarkAa)
> 1log(k) — <=1 — Llog(2) + 2 (Aa > 2 and z — 1logx increasing for z > 2)
= ¢ log(k) +
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This proves the lemma in this case.
Therefore, we proceed under the following assumption:

(®) for all A" < A, if |Ea| > 26—1,116 then Ay = 1.

Going forward, the following notation will be convenient: for a proper sub-union tree B < A, let BT
denote the parent of B in A, and let B~ denote the sibling of B in A. Note that BT = {B, B~} < A.
By walking down the union tree A, we can proper sub-union trees B, Z < A such that

vy € VB, v € Vg, |EBl, |Ez| < k, |Ept], |Egt| > k.

20/2 20/2

Fix any choice of such B and Z. Note that G+ and G+ are connected by (®). In particular,
G+ is a path of length |Ezt| with initial endpoint vy, and G 41 is a path of length |E 1| with final
endpoint vg.

Consider the case that BT and Z' are vertex-disjoint. Note that
sumption (®) implies that B' and ZT are connected and lpt, lzt >

20/214: > QCllk so the as-

k. Let Y denote the least

common ancestor of BT and ZT in A. We have a /2
Dy > Dy > %(@BT + ®ztept + Ay + Aye(st, ZT}) (by (i)BT ZT)
Z%(CI)BT"‘(I)ZT)"'z (Ay >1and ZTe BT = 21
> 3(¢log fBT )+ Apt + Llog(€z1) + Azt) + 5 (ind. hyp.)
2 %(%log 26/2 +1+%10g(2c/2k)+1)+§
= ; log(k) +

Therefore, we proceed under the assumption that BT and Z' are not vertex-disjoint. It follows
that £pt > k/2 or £z+ > k/2. Without loss of generality, we assume that /gt > k/2. (We now
forget about Z and Z7.)

Before continuing, let’s take stock of the assumptions we have made so far:

Ga=PF;,, (®, B=A veVp |Ep < k, |Ept|=1{pr > k/2.

2(-1

Going forward, we will define vertices vy, vs, vy where 0 < r < s <t < k. The following illustration
might be helpful for what follows:
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We first define v, € B and vy € B™ as follows: Let {vg,...,v.} be the component of Gp
containing vg. (That is, the component of vy in G is a path whose initial vertex is vp; let v, be
the final vertex in this path.) Let v; be the vertex in Vg~ with maximal index ¢ (i.e. farthest away
from wvp).

Note that Ep contains edges vjvi41 for all ¢ € {0,...,r — 1} U {¢t,...,[k/2] — 1}. (In the
event that ¢t < k/2, since Gg+ = Gp U Gp~ is a path of length > k/2 and G~ does not contain

vertices vii1,. .., V2], it follows that Gp contains all edges between v; and vry/9).) Therefore,
r+ (k/2) —t < |Eg| < 5i5k. Tt follows that

t—1r> (% - 261/2)]6.

Next, note that |[Eg~| > |Egt| — |Eg| > (3 — 201/2)/-1: > QC%lk We now walk down B~ to find a
proper sub-union tree C' < B~ such that

vt € VCv ‘EC’| < QC%Ika ‘ECT| Z 207171]?

Fix any choice of such C. Note that G+ is connected by (®).
Consider the case that |Egt| < (3 — 527)k. Since G+ is connected and v, € Vr and t — 1 >

c/2
(3 - 26%)]{:, it follows that Vi+ N {vo,... ,21)/,“} = () and hence Apsct > 1. We have
Py > Dpt > Dot + Apect + Apta(B,ct) (by (T)(B;?B)
> Pt + 1
> Llog(let) + At +1 (ind. hyp.)
> Llog(g=rk) +2
> 1log(k) + 1.
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Therefore, we proceed under the assumption that |Eqt| > (5 — 261/2 )k. Since Eq+ = Ec U Ec~,

we have
|Ec~| > |Ect| = |Ec| > (5 — 505 — 5o1)k = 5ok

We now define vertex vs € V. Since v; is the vertex of Gp~ with maximal index, it follows
that vvi11 ¢ Ep~ and hence vvy11 ¢ Eco (since C < B™). Therefore, the component of G¢
containing v; is a path with final vertex vy; let vs be the initial vertex in this path. That is,
{vs,..., v} is the component of G¢ which contains v;. Recall that t —r > (3 — 2C%)k and note
that t —s < |E¢| < 20%114: Therefore,

1 1 1
s—r:(t—r)—(t—s)>(E—W—ﬁ)k——
We now claim that there exists a proper sub-union tree D < C”~ such that
ik < |Bp| < zisk.

To see this, note that there exists a chain of sub-union trees C~ = Do = D1 > --- = D; such that
D; is atomic and D;_ = DiT and |Ep,| > |Ep~| for all i € {1,...,j}. Since |Ep,| > 26%216 and
|Ep;| =1and |Ep,_,| < |Ep,|+|Ep>| < 2|Ep,|, it must be the case that there exists i € {1,...,7}
such that 5k < |Ep,| < 5i=zk.

Since |Ep| > 51k, (®) implies that G is connected. Since |Ep| < 5k and s —r > 325k,
it follows that Vp cannot contain both v, and vs. We are now down to our final two cases: either
v ¢ Vp or vs ¢ Vp.

First, suppose that v, ¢ Vp. We have Apsp > 1 and hence

b4 > Ppt > ®p + Apsp + Apte(B,p) (by (T)IB)TB)
>®p+1
> %log(ﬁD) +Ap+1 (ind. hyp.)
> ¢ log(gerk) +2

\

Llog(k) + 1.

Finally, we are left with the alternative that vs ¢ Vp. In this case Acgp > 1 and hence (substituting
C for B in the above), we have

1
Py > Pt > Pp+ Acep + ACTG{C,D} >®dp+1> Elog(k) + 1.

We have now covered all cases. In summary, we considered cases in the following sequence:

1. Ay4>2 else assume wlog G4 = P,
2. JA' < A with Ay > 2 and Ly > vk else assume (®),
3. B'and Z' are vertex-disjoint else assume wlog |Egt| > k/2,
4. |Bgr| < (3 - 20%)]{ else assume |Eqt| > (3 — 2c%)k‘,
5. v, ¢ Vporuvs ¢ Vp.
Since &4 > %log(fA) + A4 in each case, the proof is complete. O

As we have now proved Lemmas 11.2 and 11.4, this completes the proof of Theorem 8.3 and
hence also of Theorem 2.1.
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12 Conclusion

We proved the first super-polynomial separation in the power of bounded-depth Boolean formulas
vs. circuits via technique based on the notion of pathset complexity. A natural question for future
research is whether the pathset complexity technique can be used to derive lower bounds for distance
k(n) connectivity in other models of computation. In a subsequent work of the author [19], pathset
complexity was used to prove the first average-case lower bounds under product distributions against
the class monotone-NC! of polynomial-size monotone formulas.

We remark that the results in this paper also extend to the average-case setting. Let p(n) =
O(n~(*+1/k) be the exact threshold function such that

P G € STCONN(k(n))| =1/2
L k()] =1/
where G(n, p) is the Erdés-Rényi random graph with edge probability p(n). Our proof of Theorem
2.1 is easily adapted to give the same n(1/44D10gk=001) Jower bound for bounded-depth formulas F
which satisfy
P [F(G)=1 < G e€sTcoNN(k(n))] >1/2+¢
G=G(n,p)
for any constant ¢ > 0. Using the idea behind Proposition 5.11, we can construct formulas F' of
size n(1/2)10g8k+0(1) and depth O(log k) which solve STCONN(k(n)) in a strong average-case sense:
P [F(G)=1 <= G esTconN(k(n))] > 1 — exp(—nSV).
G=G(n,p)

It would be interesting to close the gap between Tiu log k and %logkz in these upper and lower
bounds.

A Key Examples

We introduce two key examples of union trees, denoted Aj and By, and present upper bounds for
X with respect to these union trees. In the next section, we prove lower bounds for two classes of
union trees which generalize A; and Bj. The arguments in these special cases show up in the two
cases (1) and (f) of our main lower bound (Theorem 8.3).

Notation A.1. Recall Notation 5.12 for s-shifted pattern graphs G*® and pathsets A”*. For a
union tree A and integer s, we define the s-shifted union tree A*® analogously by replacing each
label Vi Vi41 with the label Vi45Vi+ts+1-

Definition A.2 (Union Trees Ay and Bj). We define union trees Ay and By for all £ > 1 by
the following induction. Let A; = B; := the atomic union tree labeled by vovi. For k > 2, let
Ay = {Aj, Azj_j where j = [k/2], and let By := {B,_, B}!,}. For example, the explicit pictures
of Ag and By are:

Ag B4

VoV1 V1V2 V2V3 V3V4 UV4Us U5V VU7 U7U8 VpV1 V1V2 V1V2 VU3 V1V2 V2U3 U2V3 U3V4
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Intuitively, the union tree Ay, corresponds to the recursive doubling algorithm for DISTCONN(k, n).
Note that we have essentially already encountered this union tree in the proof of Proposition 5.11
(our upper bound for xp,). In fact, this proof shows:

Corollary A.3. For all A€ Py,, xa,(A) < O(n1/2)logk]+2y 0O

The union tree By has a different nature than Ax. Whereas sub-union trees A; and A;j_ ; of A
overlap at only a single vertex v;, sub-union trees Bj_; and BZ£1 of By, overlap to the maximum
possible extent. Despite this difference, it turns out that there is also a reasonable upper bound
for xB,-

Proposition A.4. For all B € &p,, xB,(B) < nink+1.

Proof. We present a similar argument to the proof of Proposition 5.11. For all £ > 1, define
B e &P By, by

By, :={x e n)"* :xq,...,x < n!HVEFY
We have Bkj—l > le_l = {.CE S [n]Vk LX0y ., Tk < nlfl/k}' For all 1 < th o 7tk < nl/k(k+l)’ let
T; '
Copysy, 4, (Be—r > By ) i={w e n)"* : t; — 1 < W < t; for all 0 <4 < k}.
Note that
By = U Copyyy, 4 (Bio1 >4 BEL,).

lﬁto,...,tkgnl/k(kJrl)

Using (sub-additivity) and (join rule), together with the invariance of y under coordinate-wise
permutations of [n] and under shifts, we have

X5, (Be) <n'* x5, (Bi-1).
This recurrence, together with the base case xp, (B1) = n, implies
)ZBk(Bk) < n1+(1/2)+---+(1/k) < pmk+1
Noting that [n]"* is covered by n copies of By, we have Yz, ([n]"*) < n¥*1. The proposition then
follows using (monotonicity). O

In Appendix B we prove matching lower bounds for x 4, and xp,. In fact, these lower bounds
apply to two classes of union trees which include A and Bj. While the upper bounds for x4, and
X B, are quite similar, our lower bound arguments are significantly different. The arguments in these
two special cases—a “one-sided” induction for x4, and a “balanced” induction using the AM-GM
inequality for xp,—show up in the two cases (1) and (I) of our general lower bound (Theorem 8.3).
For this reason, the reader might find the results in Appendix B to be a helpful warm-up.

Remark A.5. The pathsets A and 55 which show up in the proofs of our upper bounds are of a
particularly simple form: they are rectangular subsets of [n]Vk In Appendix C we discuss a notion
of rectangular pathset complexity ¥*°*. Proving lower bounds for ™' turns our to be much easier
than for x. We present an example (the “palindrome pathset”) which illustrates the difficulty in

attempting to generalize this easier lower bound to the non-rectangular setting.
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B Lower Bound for y: Special Cases

We prove easier special cases of our lower bound for y with respect to two classes of union trees
which include the key examples Ay and By introduced in §A. Although the results of this appendix
are not used in the main body of the paper, the arguments in the proof show up in the two cases
() and () of our general lower bound.

Definition B.1.
(i) For a union tree A,

— let Vonas(A) C Vi denote the set of endpoints in G 4 (i.e. vertices of in-degree or out-degree
zero), and let Vipterior(A4) := V4 \ Vends(A) denote the set of interior vertices in G 4,

— let Z(A) denote the set of intervalsin G 4 (i.e. nonempty subsets of V4 which are connected

in Ga).

Note that £4 = max |I| —1 and Ay = |Venas(A4)| /2.
1€7(A)

(ii) The classes of end-joining and fully connected union trees are defined as follows:

— A is end-joining if no edge of Py, labels more than one leaf of A (equivalently, F4, NE4, =0
for all non-atomic sub-union trees {A;, A3} < A),

— Ais fully connected if G 4/ is connected (i.e. Ay = 1) for all sub-union trees A’ < A.

Note that union trees Ay and By are both fully connected, while only Ay is end-joining (for
k> 3).

(iii) Functions ©4,£4 : 4 — R are defined as follows:

— for end-joining union trees A,

1

1/}A(~/4) =n2 (10g(ZA)+AA) \/Eze[n]vendS<A) [5<A|€/interior(‘4))2 ] ’

— for fully connected union trees A,

£a(A) == max 7 (108THDHINVenas(DI) (1.
I€Z(A)

For non-end-joining union trees A, we set 14(.A) := 0, and for non-fully connected union trees
A, we set {4(A) :=0.

Proposition B.2. Both ¢ and & are lower bounds on pathset complexity. That is, for every union
tree A and pathset A € P4, we have Y4(A) < Xa(A) and £4(A) < xa(A). In particular,

XAk([n]Vk) > wAk([n]Vk) > ,ﬁ%(log(k)-ﬂ) > n%logk’

X5, ([n]%) > €, ([n]"%) > rloskt+2) > glogk



Recall from Remark 8.4 the dual characterization of ¥ as the unique coordinate-wise maximal
function from pairs (4, .4) to R which satisfies inequalities (base case), (monotone), (sub-additive)
and (join rule). It is easy to see that ¢ and ¢ satisfy the first three of these inequalities. To prove
Proposition B.2, it suffices to show that ¢ and £ also satisfy inequality (join rule). We begin with
.

Lemma B.3. For every non-atomic end-joining union tree C = {A, B} and small pathsets A €
yzmall and B € (@%mall

Yo(Ava B) < max{ya(A), ¥p(B)}.

Proof. Without loss of generality, assume that 4 > £p. After making three observations, will show
that Yo (A paB) < ¥4 (A).

First, note that each connected component of Go (= G4 U Gp) is the union of at most Ay +
Ap — Ac + 1 components of G4 and Gg. It follows that {c < (Ag+ Ap — Ac+1) - £4.

Since C' is end-joining, Vongs(C) is the symmetric difference of Vipqs(A) and Vongs(B). By the
Cauchy-Schwarz inequality,

E [6((AxB)I5, )]

ce [n] ends (c)

2
E ( B AR ) - S(BIY )]
xe[n] Vends (A)\Vends (B) Ze[n}VEDds(A)mVends(B) [ ( ‘/mterlor(A)) ( |‘/interior(B))]
yE[ } endb<B)\Vends(A)
S(AF? 2 S(BIY? 2
CCE[ ] Vends (4)\Vends (B) [ ( ‘/lntenor(A)) :| yE[n] Vends (B)\Vends (A4) [ ( ‘/interior(B)) ]
z€[n]Vends (D) NVends (B) 2€[n]Vends (A)Vends (B)

= E [5(A|L‘l/interior(l4))2 ] ]E [ ( ’Vinterior(B))2 ] ’

CLE[TL] Vends (4) be[n}vendsug)

IN

We next note that B-smallness of B implies

]E [5(6‘1‘)/mterior(3)>2:| S ]E [5(B’l€4nterior(3))] = 5(8) S /FL_AB'

be[n] ends (B) be[n} Vends (B)

Putting these inequalities together, we have

2
1nter10r )) }

Yo(AxB) = ﬁ%(log(ﬁc)JrAc) \/Ece[n] Venas (@) [ 6(A D BI{,

< 73 (los(£a) Hoa(Aa+Ap—Ac+1)+Ac-As) VBucttoart [S(ATE )’

_ 73 (log(Aa+Ap-Ac+1)+Ac—Ap-Aa) ~pa(A)

< ya(A)
using the fact that log(s+1) < s for every integer s > 0. We get ¢ (A > B) < max{1s(A),¢¥p(B)}
as required. -

We next show that £ satisfies inequality (join rule).

Lemma B.4. For every non-atomic fully connected union tree C = {A, B} and small pathsets
A e zsmall gnd B e g7gmall

(o) < A (5
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Proof. Fix I € Z(C) such that
to(Ava B) = it (08I DHINVaas () 1 (4 g B,

We consider various cases depending on [INVen4s(C)| € {0, 1,2}. The most important case is where
|7 N Venas(C)| = 2 (i.e. I contains both endpoints of G¢). Because G¢ is connected, this means
that I = Vo (= V4 U Vp) and hence 77 (A1 B) = §(A 1 B).

Within this case, the most important sub-case is where |E4|,|Eg| > §|Ec|. In this sub-case,
we argue as follows. Without loss of generality, Vo = {vo,...,v;} (i.e. G¢ is the path Py) and
vg € Va and v, € V. Let j = L%J and J = {vo,...,v;} and K = {v4_j,..., v} and note that
J €Z(A) and K € Z(B). Since vg € J N Vepas(A) and v € K N Vopas(B), we have

(21) log(k +2) < log(|J] + 1) + 7 N Venas(A)]  and  log(k +2) < log(|K|+1) + |K N Vinas(B)].

Next, observe that (A 1 B) < n~! by C-smallness of A 1 B. We also have the bound
d(AxB) <7mj(A) - mr(B) by Lemmas 4.4 and 4.5 (since J N K = ()). Taking the geometric mean
of these two inequalities, we have

S(AxB) < V2 /m;(A) - ng(B).

Putting these pieces together, we have

1

to(Asa By = it (108+2)42) 50 4 g )

ST
5}
%
ol
_|_
»
=
=
=
3
=
)

<
< %(fzi log(h+2) 7 1 (A) 4 A i loa(k+2) 7 ) (AM-GM ineq.)
< %(,ﬁ(1og<|J\+1>+umvcnds(A>|)WJ(A) 4 7y (oB(K 1)+ KWenae (B >|)7TK(B)) (by (21))

1

<5 (6 +€(B)) (ind. hyp.)

In all other cases (i.e. when |[I N Vepas(C)| < 2 or min{|E 4|, |Eg|} < |Ec|/2), the inequality is
proved by finding J € Z(A) or K € Z(B) such that |INVenas(C)| < [JNVenas(A)| or |K € Vepgs(B)]-
We omit the analysis of these cases, since the arguments are not relevant to our main pathset
complexity lower bound. ]

Having shown that ¢ and £ both satisfying (join rule), the proof of Proposition B.2 is complete.
Combining our upper and lower bounds for x4, and xp, (Corollary A.3 and Propositions A.4 and
B.2), we have

Corollary B.5. With respect to union trees A and By, the pathset complexity of the complete
Py-pathset [n]V*x has the following bounds:

n%logka(l) < XA;Q([ ] ) < anIng+O(1)

n%logk—O(l) < XBk([n]Vk) < anlnkﬁ—O(l).
Since ®p, = %logk — O(1) (as noted in §11.1), Theorem 8.3 gives the stronger lower bound
¥, ([n]V¥) > p1/2)1egk=00) — ,(1/2)logk=0) " Even after extensively studying this special case,

we were unable to narrow the gap between %logk‘ and Ink (= 0.691log k) in the exponent of n in
X5, ([n]").
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C Rectangular Pathsets

A set X C [n]" is rectangularif there exist sets S; C [n],i € V, such that X = {x € [n]V : ; € S, for
alli € V}. For a pattern graph G, let Z¢ = {A € P : Ais rectangular} and Z32! = Zonpgmall,
For A € Z¢, we define rectangular pathset complezity i5<*(A) exactly like pathset complexity
¥c(A) (Definition 5.6) except with %Z¢ and Z5"l! replacing 2 and ZZgMall. Analogously, we

define x’3°*(A) for union trees A. Note that ya(A) < ¥ (A) for all A € Za.

Remark C.1. I venture to guess that ya(A) = x’5"(A) for all A € Z4, but have no idea how to
prove this.

We have remarked that our upper bounds on x4, and xp, (Corollary A.3 and Proposition A.4)

crect crect

involved only rectangular pathsets. It follows that the same upper bounds apply to ¥ A, and Xp

As for lower bounds on ¥, this turns out to be significantly easier than our lower bound
for x. Similar to our lower bound for fully connected union trees in Appendix B, we can lower
bound ¥¢*(A) for all A € Z¢ in terms of the projection densities wg(.A) where S € Z(G) via a
function similar to £4(A). A key difference when it comes rectangular pathsets is that 7g = ug
(projection density = maximum restriction density) and hence smallness of rectangular pathsets is
preserved under projections to a union of components (cp. Remark 10.5). This fact turns out to
greatly simplify the task of proving a lower bound for y ct.

The next example shows that projections of non-rectangular pathsets can be tricky. This

illustrates the difficulty in generalizing the lower bound for ¥™°* to the non-rectangular setting.

Example C.2. For k > 1, let Paly, € &p,, be the “palindrome pathset”
Palyy, = {x € [n]0v2 ;= 2y for all 0 <4 < k.

The palindrome pathset Paly, has low density, while having the maximum projection over
vertices vg, . .., Uk:
§(Palay) =n~% and T vo,...on} (Palag) = 1.

It turns out that Paly; is inexpensive to construct, given the right union tree. Let My, be the
union tree

Moy,

VoV1  V2k—1V2k

Vg—3Vk—2 Vk4+2Vk+3

Vi —1Vk VgVk+1  Vg—2Vk—1 Uk+1Vk42

It is easy to show that Yz, (Palag) < O(n?). On the other hand, for any fully connected union
tree C' with graph Py (such as Agi or Byg), the lower bound of Appendix B implies

Yo (Palyy) > Ec(Palag) > ﬁi(10g(|{”07~-~avk}|+1)+|{vo7--~7”k}mVends(A)|) T ) (A) = nlogk)
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